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Far field model for time reversal and application to selective
focusing on small dielectric inhomogeneities

Corinna BURKARD*T# Aurelia MINUTS Karim RAMDANT*f*

Abstract

Based on the time-harmonic far field model for small dielectric inclusions in 3D, we
study the so-called DORT method (DORT is the French acronym for “Diagonalization
of the Time Reversal Operator”). The main observation is to relate the eigenfunctions
of the time-reversal operator to the location of small scattering inclusions. For non
penetrable sound-soft acoustic scatterers, this observation has been rigorously proved
for 2 and 3 dimensions by Hazard and Ramdani in [20] for small scatterers. In this
work, we consider the case of small dielectric inclusions with far field measurements.
The main difference with the acoustic case is related to the magnetic permeability and
the related polarization tensors. We show that in the regime kd — oo (k denotes here
the wavenumber and d the minimal distance between the scatterers), each inhomo-
geneity gives rise to -at most- 4 distinct eigenvalues (one due to the electric contrast
and three to the magnetic one) while each corresponding eigenfunction generates an in-
cident wave focusing selectively on one of the scatterers. The method has connections
to the MUSIC algorithm known in Signal Processing and the Factorization Method of
Kirsch.

Keywords
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1 Introduction

Time reversal techniques have demonstrated in the last decade their efficiency for many
applications. In particular, focusing waves using time reversal mirrors (TRM) has been
successfully used in medicine, submarine communications and non destructive testing (see
for instance Fink et al. [17], Fink and Prada [18] or Fink [16] and references therein).
In this work, we are interested in the so-called DORT method which is an experimental
technique used to focus waves selectively on small and well resolved scatterers (i.e. when
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multiple scattering can be neglected). The case of extended (penetrable or non penetrable)
obstacles is only skimmed here (see Section 3). More about inverse problems for extended
scatterers can be found for instance in Arens et al. [5], Borcea et al. [7] and Hou et
al. [21] in the time-harmonic case and Chen et al. [9] in the time domain. For the case
of small but not necessarily distant scatterers (case where multiple scattering must be
taken into account) see Devaney et al. [14]. The DORT method is in some sense related
to (but different from) the MUSIC algorithm (see for instance Cheney [10], Kirsch [26]
or Ammari et al. [2]) where the eigenelements of the the so-called multi-static response
matrix is used to construct an indicator function of the positions of the scatterers. Let us
also point out that the DORT and the MUSIC algorithm can be seen as limit cases of the
Linear Sampling Method [12, 11] and Kirsch’s Factorization method [23, 24, 25] for small
obstacles.

Let us turn now to the description of the DORT method. Consider a homogeneous
acoustic medium containing small and distant scatterers. One can generate experimen-
tally the matrix corresponding to one cycle “Emission-Reception-Time Reversal”, where
the coefficient (i,7) of this matrix, is the time reversed acoustic field measured by the
transducer ¢ of the TRM when transducer j emits an impulse wave. The time reversal
matrix T is then defined as the matrix corresponding to two successive cycles like the one
above. It turns out the eigenelements of the time-reversal matrix carry important infor-
mation on the propagation medium and on the scatterers contained in it. More precisely,
according to the DORT method: 1. the number of nonzero eigenvalues of T is directly
related to the number of scatterers contained in the medium, the largest eigenvalue being
associated with the strongest scatterer, 2. each eigenvector generates an incident wave
that selectively focuses on each scatterer.

From the mathematical point of view, this assertion has been studied in the time-
harmonic case, where time reversal amounts to phase conjugation. A mathematical jus-
tification of this result has been given in Hazard and Ramdani [20] for the 3D acoustic
scattering problem by small non penetrable scatterers using a far field model. In this
model, the TRM was supposed to be continuous and located at infinity. For other models
of TRM, we refer the reader to Ben Amar et al. [6] and Fannjiang [15]. Then, it has
been extended in Pingon and Ramdani [29] to the case of a 2D closed acoustic waveguide
and in Antoine et al. [4] to the case of perfectly conducting electromagnetic scatterers.
The case of electromagnetic time reversal has also been considered from a different point
of view (more physically or numerically oriented) and with different assumptions on the
TRM (near field measurements, discrete TRM) in many other references [8, 22, 28, 33].
In this work, we are interested in the case of 3D acoustic scattering by small dielectric
(penetrable) inhomogeneities. Using a far field model for time reversal, we prove that for
kd — oo (k denotes here the wavenumber and d the minimal distance between the scat-
terers), each inhomogeneity gives rise to 4 eigenvalues (one corresponding to the dielectric
contrast and three to the magnetic one). Furthermore, each corresponding eigenfunction
generates an incident wave focusing selectively on one of the scatterers.

The paper is organized as follows : the mathematical setting of the problem used
throughout the paper is described in Section 2. In Section 3, we give some focusing
properties of the eigenfunctions of the time reversal operator in the case of extended inho-
mogeneities. The last three sections of the paper, constituting the core of the paper, are
devoted to the case of small inhomogeneities. A mathematical justification of the DORT
method is given in Sections 4 and 5, respectively in the the cases of closed and open (or



finite aperture) TRM. For the latter, an additional symmetry assumption (see 5.7) on the
open TRM is needed. Finally, we conclude the paper by presenting in Section 6 some
numerical simulations to illustrate our theoretical results.

2 The mathematical model

We consider a three-dimensional homogeneous electromagnetic medium described by a
dielectric permittivity eg > 0 and a magnetic permeability pg > 0. The time dependence
is supposed to be of the form e~™* and will therefore be implicit. We assume that a local
inhomogeneity is embedded in the above medium. In particular, let e, € L>®(R3) be
strictly positive functions describing the dielectric permittivity and the magnetic perme-
ability of the perturbed medium. We set B = Supp (¢ —e¢) USupp (1 — j19) and we assume
that B is a possibly multiply connected, smooth and bounded domain, i.e. B C {|z| < a}
for some a > 0. The outgoing unit normal to B is denoted v.

We consider the scattering problem of an incident plane wave u¢(x) = e of direction

a € S?, with wave number k = w,/Eg/ig by the local inhomogeneity B. The total field
u® € H},.(R3) satisfies

v (2 u®(x w?e(x)u®(x) =0 in R?
d1v<'u(x)v ()>+ (2)u®(x) = 0 in RS, (2.1)

In order to ensure existence and uniqueness of the solution of 2.1, it has to be completed
by Sommerfeld’s radiation condition for the scattered field v* = u® — u¢,

1
7_‘ f— —_—
ikv (ac)—O(‘ |2>, x| — .

Denoting by A(a, 8) the scattering amplitude, the far field asymptotics of v® in the
direction B € S? reads

ezk\.’n| 1

v (Blel) = - Al p) +0 (15 )

|| |z

Proposition 1. The scattering amplitude is given by the formula

1 o 8uj_ﬁ —g O™
Ala, B) = E/BB {v 5, W 8V} ds. (2.2)

Moreover, it satisfies the reciprocity relation

A(B,a) = A(—a, —B), Va,BeS? (2.3)

The proof of this result follows easily by adapting the one given in Colton and Kress
[13, Theorem 8.8] for the case where 4 is constant (TE case).

The far field operator F € L£(L?(S?)) is defined as the integral operator with kernel
A('a )
FfB) = | Al B) f(e)der

SQ



By linearity of the scattering problem, note that F'f is nothing but the far field obtained
after illumination of the inhomogeneity B by the incident Herglotz wave associated to
a density f € L*(S?): ui(z) = [quf(z)f(a)da = [qe**®f(a)da. As the kernel
A(-,-) belongs to L?(S? x S?) (in fact A(-,-) is an infinitely differentiable function), the
operator F' € L(L?(S?)) is clearly compact. Moreover, since € and y are supposed to take
real values, it is also a normal operator (this follows from a straightforward adaptation of
the proof given in [13] for the TE case). Finally, the reciprocity relation 2.3 implies the
following result.

Proposition 2. The adjoint F* € L(L*(S?)) of F is the integral operator with ker-
nel A*(a, B) = A(—a, —B), so that: F*f = RFRf, where R is the symmetry operator
Rf(a) = f(-a).

The time reversal operator is defined as the operator corresponding to two successive
cycles “Emission—Reception—Time Reversal”. Recalling that reversing time amounts to a
conjugation of the acoustic field when the time dependence is of the form e ™!, we see
that Tf = RFRFf. The presence of the symmetry operator R in this formula indicates
that a measured field in a given direction B is re-emitted in the opposite direction —f.

Combined to Proposition 2, the last formula yields the following result.

Theorem 3. The time reversal operator T is the self-adjoint, compact and positive semidef-
inite operator given by the relation T = F*F = FF*,

3 Global focusing

Theorem 3 implies that the far field operator F' and the time reversal operator T have
the same eigenfunctions (see Zaanen [35, p.442]). Furthermore, the nonzero eigenvalues
of T are exactly the positive numbers |A;|? > |A2|? > ... > 0, where the complex numbers
(Ap)p>1 are the nonzero eigenvalues of the normal compact operator F'.

Proposition 4. Let A\, # 0 be an eigenvalue of F' and f, € L?(S?) an eigenfunction of F
associated to \,. Then, the incident Herglotz wave

urp(x) = /S uf (@) fyla) da, (3.1)

associated to f, is given by

wpl@) = =5 [ kil - yl) ( ) )

(3.2)
+Jo(kf|!m—y\|) ( )} dsy.

where vy(x) = / v¥(x) fp(a) da the diffracted field corresponding to the incident wave
52
urp and jo(&) = sin(&) /€ is the spherical Bessel function of order 0.



Proof. Since we have by assumption f,(8) = /\;1Ffp(,8) = )\;1 Jg2 A, B) fp(ar) dex,
expression 2.2 of A(a, 8) implies that

9vp

u—ﬁ
fo(B) = {8 L (y)up(y) — u7® (y)

- A, Jog | Ovy

(y)} dsy.

Ovy

The incident field generated by the eigenfunction f, is given by

1 ;P kB
urp(x) = e 86( —L_(y)e'P dﬂ) up(y) dsy

52 Oy
1 ikB-(@—y) ) Oup
— dg | —(y)d
47T)\p 9B (/52 € /3 ayy (y) Sya
Using the identity (see Abramowitz and Stegun [1, p.155])
L e e sz —gl)
Ry ag = 2T 7Y _ o kil — ), 3.3
= 8=yl = okl —yl) (33)
8u;ﬂ

and noting that (y) =vy- Vu]ﬁ(y), we obtain

Vy

1 - ikp- 1 ik (x— .
E/Sgyy'vulﬁ(y)ekﬂx dﬁ:Eyy.vy/SQekB(m y)dﬁzVy'Vy(Jo(/f\|:v—y||)>.
Equation 3.2 follows then from V, (jo(k||z — — k- ETY ke — -
quation 3.2 follows then from V, (jo(klle — yl)) = —kp—wio(kllz = yl):

Remark 5. Equation 3.2 shows in particular that the incident field associated to an eigen-
function f, of F' (and thus of T') focuses on the inhomogeneity, as us,(x) decreases like
the inverse of the distance from x to the inhomogeneity.

4 Selective focusing for closed time reversal mirrors

From now on, we are interested in the case of several small inclusions, and more especially
in the relation between the eigenfunctions of the time-reversal operator and the location of
the (asymptotically small) scatterers. We suppose that the inhomogeneity is constituted
of a collection of M homogeneous small imperfections of typical size § centered at the
points s, € R3 : B% = uff:l(sp + 0Bp). Here, the “reference” inhomogeneities B, C R?,

p = 1,...,M are smooth and bounded domains containing the origin. Moreover, we
assume that there exist positive constants (ep, 1p), p =1,..., M, such that

(@) =eo, p(®) = po, VaeR\ B,

(@) =ep, 1(x) =y, Ve (sp+0By).

We also introduce the minimal distance between the inhomogeneities

d:= ISIEIQHSM‘SP—S(I’ (4.1)



Define respectively by u»® and v>® the total and scattered fields associated to the scat-

tering problem of the incident plane wave uf(x) of direction o by the small imperfections
0.

1
div <5Vu5’°‘) + w?eu®® = 0 in R?,
[ (4.2)

v =% —u$ s outgoing.

Finally, let A‘S(-, ), F% and T° be respectively the scattering amplitude, the far field
operator and the time-reversal operator associated to the above scattering problem. We
first state a result due to Ammari et al. which gives an explicit representation of the
asymptotic behavior of the scattering amplitude (formula (23) of [3]) .

Theorem 6. (Ammari et al. [3, Theorem 2/) For allp € {1,..., M}, we set

~ , orx € R3\ B,,
up<m>={““ ! VB

ps for x € B,.

We also introduce the following quantities measuring the electric and magnetic contrasts

ﬁa.:i’_ —
D ’ D

- . (4.3)

Furthermore, let @, ;, for all 1 < j < 3, be the unique solution of
div (fip(2) VP, j(x)) =0 in R3,

|m1|iinoo Dy j(x) — 2 =0.

Let M, = (Mip»)lgmgg be the polarization tensor associated to the inhomogeneity B, given

’-]
by
oD, ;
MP; = (’“J)/ TP g, V1< i,j < 3.
’ Hp By 6%1

Then, as § — 0, the scattering amplitude A°(-,-) admits the asymptotics

A, B) = — (i) A%, B) + 0(8°), (4.4)

where

M
Ae, B) = " et B [att (- My ) — 5By ||,
p=1

with |Bp| being the volume of the inclusion By,.

The asymptotics 4.4 holds uniformly for all o, B € S? provided § = o(d) and § = o(\),
where d is defined by (4.1) and \ = 2w /k denotes the wavelength.

Remark 7. Formula (23) of [3] contains a little typo (a minus sign is missing in front
of the leading term of the asymptotics) and we have corrected this in (4.4). However, this
typo has no influence at all on our analysis, as we only work on the leading term AY(,-)
of the scattering amplitude which is defined up to a multiplicative constant.



Remark 8. The fact that the term o(6%) is uniform for all o, B € S? follows from the
reciprocity relation and the last statement in [3, Theorem 1], which gives the near field
asymptotics for small inhomogeneities. Indeed it is shown there that this remainder term
is independent of the observation point.

We denote by FO : L2(S?) — L?(S?) the limit far field operator, namely the integral
operator corresponding to A°. From Theorem 6, the far field operator is explicitly given
by

FE) =Y [ (5 1y 0) - 1)) Seda (1)
p=1 5

From now on, we will study the focusing properties of the time reversal experiment using
this limit far field operator. In particular, we are interested in the eigenelements of the
limit time reversal operator T? := (FY)*FY. As the tensor M, is hermitian and positive-
definite (see for instance [3] and references therein), we clearly have A%(3,a) = A%(a, B).
Therefore, FO is self-adjoint and hence normal.

Remark 9. The above result implies in particular that FO and T° have the same eigen-
functions. Moreover, the nonzero eigenvalues of T® are exactly the squares of the nonzero
eigenvalues of the self-adjoint operator F° (see [35]).

In order to study the properties of the operator F, let us introduce some notation.
Given p = 1,..., M, we denote by e, € L*(S?) the function

ep(a) := e~ hesp, Vac S (4.6)

Let M, € £(L?(5?)) be the integral operator

Myf(8) = [ (8 ) (@) dex %
Then, formula (4.5) can be rewritten in the more compact form
M
FOf = 37 kb My(fe5) e — 55 Byl (s ep) 1252y p- (48)
p=1

The next Lemma collects some properties of the integral operator M,,.
Lemma 10. The following assertions hold true.
(i) For all f,g € L*(S?), we have the identity (Mpf,g)LQ(SQ) = (M,F,G)cs , where
F,G € C? are given by F := Jgz af(a)da and G := [4 ag(a) da.

(ii) M, € L(L*(S?)) is a positive compact self-adjoint operator, and hence it is diago-
nalizable.

(111) My, is a finite rank operator : Rank M, < 3.

(iv) Let (Vp1,Vp2,Vp3) be an orthonormal basis of C3 constituted of eigenvectors of M,
respectively associated with the (strictly positive) eigenvalues &p1,&p2,&p3. Then,
M, has exactly 3 non-zero eigenvalues:

Mphp o = Cpohpes vVi=1,2,3



where the eigenvalues ¢ and eigenfunctions hy ¢ are given by

47
Cpe = gfp,é hp,f(a) = Vpy.

Proof. (i) Straightforward consequence of the definition of M,,.

(ii) The self-adjointness and positivity of M, follows immediately from (i), since the
polarization tensor M, = (Mf’ j)lgmgg is a hermitian positive matrix. The compactness
of the integral operator M,, is also clear, as it has a analytic kernel.

(iii) From expression 4.7, one clearly has Ran M, C 8- Ran M), and the result follows

then from M), being of rank 3.

(iv) Let us first note that [¢» v’ dow = 471 for the identity I € R3*3, which one easily
verifies by using symmetry arguments or by direct calculation via spherical coordinates.
Using that the vectors V), , are eigenvectors of M,, we then find that

Myphye(B) = 8- (Mp /Sz afa- vp,z)da> =8 (Mp Usz aa’ da] VM> = Cpihpe-

O]

4.1 Eigenvalues and eigenfunctions of the limit far field operator

In this section we focus on the regime kd — o0, i.e. when the inhomogeneities are distant
enough. Under this assumption, we derive an explicit formula for what we call “approxi-
mate” eigenelements of the limit far field operator F° (and thus of the limit time reversal
operator T°). Before stating this result, we first recall a classical result for oscillatory
integrals that will be very useful for our analysis. This result, which can be found in
[31, p. 348], is restated here in a slightly different form that is more convenient for our
purposes.

Theorem 11. Let S be a smooth hypersurface in RN whose Gaussian curvature (i.e. the
product of the principal curvatures) is nonzero everywhere and let 1 € C§°(RYN) such that
Supp () intersects S in a compact subset of S. Then, as |€| — 400, we have

[ p(@)e=Eda = 0(lg/-"2)
S

Theorem 12. Let k;, and kj) be the contrasts defined by 4.3. For allp =1,...,M and
all £ = 1,2,3, we introduce the following functions of L*(S?)

ep(a) = efika-spj gp,e(a) = hp,f(a)ep(a)a

where hy, € L*(S?) is an eigenfunction (with eigenvalue C,y) of the compact self-adjoint
integral operator M,, € L(L?(S?)) (see statement (i) in Lemma 10). We also set

A, = —4mkp|Byl, /\Z,f = Kb Cpot (4.9)

Then, we have the following two results.



(i) As kd — oo, the functions e, satisfy
Flep = Xee, + O ((kd) ™) . (4.10)
(it) As kd — oo, the functions gy satisfy
FOgp0 = Mo ygpe + 0 ((kd) ™). (4.11)

Proof. (i) We compute Fe, for a fixed 1 < p < M. Thanks to 4.8, we have
M
(Foep)(B) = > _ Tpq(B)eq(B)
q=1

in which I;,(B) = i Mg(epeq)(B) — kgl Byl(€ep, €q) 2(s2)- According to 3.3, we note that
for ¢ # p, we have (ep,eq)2(s2) = O ((kd)™'). On the other hand, Theorem 11 shows
that for ¢ # p, the integral M,(e,2q)(8) = [q2 (B - M, ) e (5a=%) dav behaves like
O ((kd)~!). Consequently, for all ¢ # p, we have I,;(8) = O ((kd)~!) uniformly for all
B € S2%. Concerning the diagonal term (¢ = p), we remark that for all B € S? (1 is the
constant function equal to 1)

M,(e,e)(8) = M,(1)(8) = /S (B-M,a) da =8 -M, /S ada=0  (412)
Therefore, I,,(8) = —4mk5|By| = X5 and hence Fle, = Xse, 4+ O ((kd)™'), from which
one easily gets 4.10.

(ii) Let 1 < p < M and 1 < ¢ < 3 be fixed. Using once again 4.8, we get that
(Fogpj)(ﬂ) = Zé‘il I,4(B)eq(B) where we have set now

Lg(B) = KMy by %) (B) — K5 Bl (e €4) r2(s2)-

For q # p the two terms (hy sep, €q)2(s2) and Mq(hp7g€p eTI) (B) are oscillatory integrals

of the form given in Theorem 11. Therefore, I,;(8) = O ((kd)™!) for ¢ # p. On the other
hand, for ¢ = p, we see by Lemma 10, (iv), that

Ipp(B) =Ky Mphyo(B) — K| Bp|(hypcep, ep)L2(S2)
=6 Cpehpe(B) — K| Bpl(hpe, 1) 2(s52)-
By (4.12) we observe that 1 is in the null space of M,,. Since M), is self-adjoint, this yields

(hp7g,l)L2(32) = é(/\/lphng,l)[g(sz) = Cjﬁ(hpvé’Mpl)LQ(SQ) = 0, and, thus, Ipp(ﬂ) =
Kb Cp,ehp ¢ (B) which concludes the proof. O

Remark 13. We note that the approzimate eigenfunctions of FO are the far fields cor-

responding to monopole or dipole sources located at the centers of the small inhomo-
etklz—y|

geneities. More precisely, let G(x,y) = Trla—y| denote the outgoing Green’s function

of the Helmholtz operator in R3. Then, ey(B) = e~ B3p s nothing but the far field in
the direction B € S? of the point source G(-,s,) located at s,. Similarly, the function
Gpt(B) = hpe(B) ep(B) = (B Vpu) e~ By represents the far field in the direction B € S?
of the dipole source -V G(-,8,) - Vpy of direction V,y located at sp.



4.2 Justification of the DORT Method

We recall that the DORT method consists of the observation that eigenfunctions of the
time-reversal operator possess selectively focusing properties. In the following section, we
provide a precise signification of this property. We start with a straightforward conse-
quence of Theorem 12 (see Remark 9), which provides the approximate eigenelements of
the limit time reversal operator in the regime of uncoupled scatterers (kd — 00).

Corollary 14. Under the notation of Theorem 12, we have the following estimates as
kd — oo

T, = (X5)%e, + O ((kd) ™), 10,0 = (s ) 2gpe + O ((kd) 7).

The next result shows that the above 4M approximate eigenfunctions e, and g, , for
p=1,...,M and ¢ = 1, 2,3 span a subspace of dimension 4M.

Proposition 15. Under the notation of Theorem 12, the functions e, and g, for p =
1,...,M and £ =1,2,3 are linearly independent.

Proof. Suppose that there exists complex coefficients (ap)p=1,...m and (bpx)f;if’.?M such
that

M M 3
STape,(B)+ 3. ikbyy gpe(B) =0, VBeS?
p:]_ p=1 /=1

According to Remark 13, the above relation amounts to saying that the function u(x) :=
Zﬁil a, G(x, sp) + sz,\il S8 1 b, VG(x, sp,) - V,p has a vanishing far field. By Rellich’s

lemma, uw must vanish everywhere, so that

M M 3
ZapG(a:,sp)+Zpr,gVG(:c,sp) Ve =0, Vad{s,...,snm} (4.13)
p=1 p=1/=1

Fix ¢ € {1,..., M} and choose ® = s, + pZ, for Z € S? and 0 < p < p* small enough.
Multiplying 4.13 by p? and taking the limit as p — 0, we note that the only non van-
ishing contribution comes from the most singular term. More precisely, the dipole term

corresponding to p = ¢ gives lin% P’V G(sy + pZ,8,) - Vyu = o (@ - V). Therefore,
p— 7

T - (E?:l bqyﬂ/}]@ = 0. Since Z € S? is arbitrary and since the vector columns Vg1, Vg2

and V3 are linearly independent, the above relation yields bé = bg = bg = 0 for all
g€ {l,...,M}. Finally, 4.13 reduces then to Zéwzl a,G(x,sp) =0forallx ¢ {s1,...,sm}
from which one can easily get that a; = --- = aj = 0. O

Summing up, we have proved that in the regime of small and distant inhomogeneities
(§ < A\ < d), the limit time reversal operator T° admits 4M eigenvalues : ()\;)2, (AZE)Q
forp=1,...,M,£=1,2,3. In order to complete our justification of the DORT method,
we need to show that the corresponding (approximate) eigenfunctions e, and g, , generate
incident waves focusing selectively on the inhomogeneities. Given p in {1,..., M}, let us
first consider the incident Herglotz wave associated with a density e, (TE eigenfunctions).
Then, from (3.3), ur,(z) = O (| — s,|™1). Regarding the TM eigenfunctions, the incident
Herglotz wave associated with g, = hypep is urpo(x) = [g2 eF*@=50)h, )(a) der, which
behaves like O ((kd)~!) from Theorem 11.

10



Remark 16. Clearly, similar selective focusing results hold for the two dimensional prob-
lem. More precisely, by using once again Theorem 11 with N = 2, one can show that each
inhomogeneity gives rise to 3 eigenvalues, one associated with the dielectric permittivity
contrast and 2 with the magnetic permeability contrast. This is also confirmed by our
numerical investigations, which are detailed in Section 6.

Remark 17. In the particular case of spherical inclusions, the polarization tensors become
(see for example [3]) : M, = 8 |B, |# Jr#OI One can then easily check that the TM ezgen—

values )\; of the far field operator are given by relations 4.9, with o = 3272 | B, |

up+uo

5 Selective focusing for open time reversal mirrors

In this section, we investigate the case of an open TRM, i.e. the case where the TRM
does not completely surround the inhomogeneities. For the sake of brevity, we will only
stress the main differences with the case of a closed TRM. Let S C 5?2 denote the set of
emission directions covered by the open TRM (and thus -3 represents the set of reception
directions). We assume that the emission (resp. reception) directions of the open TRM are
described by a smooth cutoff function x; € C§°(S?) (resp. x_ € C5°(S?)) with Supp x4 C
S (resp. Supp x— C —§) The smoothness assumption on x4 is purely technical and is
used to derive more easily the asymptotic behavior of the oscillating integrals. However,
our results still hold in the more realistic case where x+ are characteristic functions of
+S (see Remark 23). Then, we define the far field operator corresponding to an open
TRM by F = P_FP* € L(L*(S), L*(-5)), where Py : L?(S?) — L?(+S) denote the
g and PI : L2(+£8) — L2(5?), whose adjoints are
the extension operators by zero from +5 to S2. Then, following the arguments detailed
n [20, Sect. 5], one easily gets that for open TRM, the time reversal operator is once
again of the form T = F*F € E(LQ(S)), and is nothing but the integral operator with
kernel t{(a, B) = [ & 5 A(a,v) A(B,~y) dy. Moreover, T defines a compact positive and self-
adjoint operator. Nevertheless, unlike the full far field operator F', the “finite aperture”
far field operator F is not anymore normal and the eigenfunctions of F and T are not
necessary the same. Regarding the case of small inhomogeneities, the limit time reversal
operator denoted 70 € L£(L2(S)) is then the integral operator with kernel fo(a,ﬁ) =
I3 A%, ) A%(B,~) dy where A? is the limit scattering amplitude is given by 4.4. Then,

given ]? € L2(§ ), the time reversal operator can be represented by

5 Z ([ st sl
[ngw :M,B) — ki|Byl| ep(7) €g(7) A7) (@) fle) darf ey(B).

restriction operators Pyf = (x+f)

(5.1)

Concerning the selective focusing properties, the main difference with the case of a closed
TRM is that, unlike in 4.12, 1 is not anymore in the kernel of the integral operator
M,, (or more exactly to its counterpart for finite aperture TRM). Indeed, the integral
J5 (B - M) da does not necessarily vanish for an arbitrary subset Sc s

In the sequel, we consider successively the three cases : the purely TE case (i.e. xf =0
for all p =1,..., M), the purely TM case (i.e. s, = 0 for all p =1,..., M) and finally
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the mixed TE/TM case. For the latter case, we prove that the DORT method still works
provided the TRM satisfies a symmetry condition (see 5.7).

We start with the case of vanishing magnetic contrast. One can prove the following
result using the same arguments as those developed in [20, Sect. 5.2].

Theorem 18. Let us assume that xj) =0 for allp =1,...,M (TE polamzatwn) Then,
as kd — oo, the functions ép(o) = (P+ep)( ) = e*”m‘ s o € S, are approzimate
eigenfunctions of T°, in the sense that T0 (/\5) »+O ((kd)™1), with X5 = k5|Bp||S].

Proof. In the case of vanishing contrast s} = 0 for all p =1, ..., M, equation (5.1) reduces
to

07 ~
"f = Z Z’i ‘B HB ’ €p; €q Lz(_g)(fvep)L2(§)eq
p,q=1q=1
Since x_ is assumed to be a smooth function, we can still apply Theorem 11 and get that

e (eps€q) 2_g) = O (k) ™) (5.2)
P> =9/ 12(-8) ) .

which leads to 7°¢,, = (k5,)%|Bml? ’§’2 em + O ((kd)™1). -

In the case of purely TM polarization, i.e. when 7 = 0 for all of the inhomogeneities,

we proceed similarly to the case of the closed time reversal mirror. That is, we shall see
that the eigenfunctions of T° can be approximated using eigenfunctions of the integral
operator M,, € L(L?(S)) with kernel

(e, B) = [ (v Mya)(y-M,B) dy. (5.3)

The next Lemma, given without proof, summarizes some simple properties of the integral
operator M,,.

Lemma 19. The following assertions hold true.
(i) M\p € L(L*(S?%)) is a positive self-adjoint compact operator and hence it is diago-
nalizable.

(i7) M\p is a finite rank operator : Rank M, < 3. In particular, M\p admits at most 3
non zero eigenvalues Cpy, £ =1,2,3.

Theorem 20. Let r;, = 0 for allp =1,..., M and let lALM € L2(§) be an eigenfunction
of the compact self-adjoint integral operator M\p with kernel (5.3), associated with an
eigenvalue Cp o # 0 for £ =1,2,3. Then, as kd — oo, the function

Gpe(ar) = hy(a)ep(a), VaecS (5.4)
is an approrimate eigenfunction of TO, in the sense that

TG0 = (\s ) Gpe + O ((kd) ),

. N =
with )‘p,f = KhCpe-
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Proof. From (5.1) and for x5, = 0 for all p=1,..., M, we have

~

f(8) = 3. wing [ | [ My (v MuB) () @ b | @) () davey (B),

pql

For ¢ # p the inner integral behaves like O ((kd)~!) by Theorem 11. Thus, the time
reversal operator can be represented by

77 = 3 (w250, (7 5) & +0 (b)), (55)
p=1

Noting that, for m # p,
My, (b g6 &) (B) = O ((kd) ™), (5.6)

the statement follows immediately from the representation (5.5) of T° and the circum-
stance that hy, is an eigenfunction of the integral operator M,,. O

In the case of mixed TE/TM polarization (i.e. when both contrasts are present), the
following statement shows that for particular shapes of .S, we can still obtain expressions
of approximate eigenfunctions of the limit time reversal operator.

Theorem 21. Let S be chosen such that
/Aada =0. (5.7)
S

Then, as kd — oo, the functions e, and gy ¢, p =1, ..., M, respectively defined in Theorem

18 and Theorem 20, constitute approximate eigenfunctions of T° with an error bound of
size O ((kd)™1).

Proof. For the functions e;, £ = 1,..., M, the statement is a result of the representation
(5.1), the assumption that the integral [5ada vanishes and Theorem 11. In particular,
we have

M
T°%,(8) =(+7)*B:|? | S| (B Z M, (€%,) (B) ep(B) + O ((kd) ™)
Zm wilBil ([ v Me) e @ d ) @) el dace, ()
— Ky k| B M,yB) ep(y) eq(y) dv | ep(e) er(a) daey(B).
Z_ 5B, [ ([ v MaB) e e ) e e dare (8)
Using for p # ¢ Theorem 11, we find that

| vememiay=o (k). (5:8)

Hence, for kd — oo, the two double sums simplify respectively into
M —_—
C3 wS|By) /ga ‘M, (/ 7 d7> 8,(a) erla) dar e, (8) + O ((kd) ™).
p=1 B
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and

_ﬁnfj/ﬁ;\[y’p[ /é\ﬁ - M, </_§'y d’y) %ég(@) de ey(B) + O ((kd)—l) _

Thus, we have

M
T0%0(B) =(v9)*Bi* |S|2u(B) + > (k) * M, (0, ) (B) e(B)

p=1

énzéwb’pl et 8)- 1, ([ vdr) Gla)enda) da e (8)

+0 ((kd)™?)

By 5.7, we obtain

p=1
But from Theorem 11
Aq ([~ = o ) ((kd)71> ) p 7é Ea
My (¢055) 8) = { My(PyL)(8), =t

Moreover, from assumption 5.7, Py1 is in the null space of the integral operator M\p.
Hence, TY€,(B) = (x5)%|B.|? |S|e(B) + O ((kd)~1).

Let m € 1,...,M be fixed. For the functions g,,, defined in (5.4), according to the
representation (5.1) we obtain

T0Gm.0(8)
M
= (58> My (5.0 7) (B) en(8) + (55)* By 15] (Gt 9) 12 5, €0(6)

p=1
M M

_g;ﬁ;ﬁ@&\/:g\</_§('y.Mpa)ep(’Y) €q(7) d'y) ep (@) Gmo(c) daey(B)
M M i

_ ;; /‘Ggﬁp’Bp| 5 (/_§(7 . Mqﬁ) 619(7) €q(’)’) d’Y) ep(a) gmx(a) de 6,1(,3)

+0 (kd)_1>

Since P+1 € Ker M\p, (?Lmj,P_._l) .= Cm% (?Lmyg, M\mP+l)L2 .. = 0, we get like above

L2(S5) (S)
that 1
~ o _ Oo((ka)7Y), m # p,
(gm,fa ep)L2(§) - (hm7€€m7 6p)LQ(:S'\) o { 0, m =p,
and hence foﬁme = (K%)ng,@m,e +0 ((k’d)_l)- M
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In order to justify the DORT method for the case of open and symmetric mirrors, it
remains to show that the functions €, and g, ¢ generate incident waves focusing selectively
on the inhomogeneities. Given a fixed p in {1,..., M}, let us first consider the incident
Herglotz wave associated with a density €, (TE eigenfunctions). From (5.2) we immediately
see that uy, decreases like |z — sp| 1. Regarding the TM eigenfunctions, the incident
Herglotz wave associated with g, = Ep,g €p is an oscillatory integral given by uy, () =
Jghpe(e)e> @) do= O ((kla = 5,]) 7).

Remark 22. Condition (5.7) is satisfied whenever S is symmetric i.e. S = —S. Its
main advantage lies in the fact that it allows us to decouple between the TE and TM
approzimate eigenfunctions €, and g, . Nevertheless, numerical experiments indicate that
selective focusing still holds for open TRM even when 5.7 is not satisfied (see Section 6).
Unfortunately, we have not been able to prove this result.

Remark 23. We have assumed the open TRM to be described by a smooth cutoff function,
so that we can apply directly Theorem 11. Of course, it would be more relevant for practical
applications to assume the TRM to be defined via the characteristic function 1\i§. In this
case, one has to derive high frequency asymptotics (i.e. for k — +00) of integrals of the
form f§$(a)eika's da. Describing the TRM by spherical coordinates S = {o = (6, ) €
Jo X Jp}, the above integral reduces to two dimensional oscillatory integrals of the form
fJG wa (0, 0)et®s(09) dfdp. Using a two dimensional version of the stationary phase
theorem [34, Chap. VIII], one can show that the above integrals decay as k — oo, with
a rate of decay of 1/k (as in the case of a smooth TRM). This is due to the fact that
the possible (interior) critical points of ®s are non degenerate as it can be checked from
lengthy but not difficult calculations.

6 Numerical tests

We consider the case of spherical two-dimensional inclusions, i.e. 9B, = s, + apSQ, p=
1,..., M, where a, denotes the radius of the disk B,. We use an integral equation approach
to solve the scattering problem (4.2). Taking advantage of the particular form of the inho-
mogeneities, we use a spectral approach (also known as multipole expansion or Mie series
method) to solve the system of integral equations (instead of a using a boundary element
method). Each boundary unknown density is then decomposed on the local Fourier basis
associated to each inhomogeneity. Using the projection of the integral operators in these
Fourier basis, it is possible to obtain an explicit expression for the integral kernels, for
more details see for instance [27, 32]. This leads to solving a linear system whose diagonal
blocks represent single scattering, while the off-diagonal blocks take into account multiple
scattering phenomena. The above method can be adapted to tackle the three-dimensional
case, the unknown density being then approximated via an infinite sum of spherical har-
monics. Of course, this leads to much larger systems to solve (more details on the case of
non penetrable scatterers can be found for instance in [19]).

We illustrate the DORT method for several different setups. The implementation was
realized under MATLAB. Throughout this section we assume that up = g9 = 1 (which is
equivalent to considering € and p as being not the absolute but the relative permittivity
and permeability) and w = 2, leading to a wavelength A = 1. The radius of the spheres
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is given by a, = 0.002 for all p = 1,..., M. The emission and reception directions are ob-
tained by discretizing uniformly the unit circle (0,27) using 200 points. These directions
will be fixed and in the case of an open TRM, we will restrict ourselves to those emission
and reception directions which are in the interior of the given set S resp. ~-S. We begin
with an example of one single inclusion. Then, we proceed by an example with two in-
clusions, by considering successively a symmetric and a non symmetric configuration (i.e.
two inclusions different magnetic and dielectric contrast). More realistic setups (with an
open TRM and noise) are presented in Examples 3a and 3b.

Example 1. One inclusion. We first consider the case of one single inclusion, and
we show in Table 1 the four largest eigenvalues of the time-reversal operator for different
values of the dielectric and magnetic contrasts. In particular, we observe that for each
setup, there are three significant eigenvalues, two of them being equal. These eigenvalues
correspond to the TM polarization (magnetic contrast) while the third one is related to the
TE polarization (dielectric contrast). This fact is in agreement with the DORT method
in dimension two (see Remark 16).

mla | M [ X [ N [ M
4 | 2 | 0.0049019 | 0.0017636 | 0.0017636 | 6.8683e-13
5 | 1.5 ] 0.0021772 | 0.0021772 | 0.0012253 | 8.4791e-13

Table 1: Single inclusion at position s; = (0,5). We present the different eigenvalues of
the time-reversal operator (rescaled by a factor 1/|B1| = 1/(wa?)).

Figure 1 shows the absolute values of the DORT Herglotz waves for the case 1 = 4 and
€1 = 2. We see that the Herglotz wave function associated to these eigenvalues represents
a dipole situated at the (unknown) location of the inclusion. Also, the first Herglotz wave
associated to the largest eigenvalue is a monopole, which confirms our theoretical results.
In Figure 2 we present similar results for the case y; = 5 and €1 = 1.5. Here, the first
two eigenvalues are equal, see Table 1, and hence, they are most likely associated to the
magnetic contrast. Indeed, as we can see in Figure 2, the first two Herglotz waves are
dipoles whereas the third is a monopole situated at the unknown location of the inclusion.

Example 2a. Two non symmetric inclusions. We consider a second inclusion at
position (10,22) with the same size as inclusion B; and with e = 3 and pe = 15. In
Figure 3 one can see that the first six eigenvalues (ordered by their magnitude) of the
time-reversal mirror are significantly larger than the subsequent eigenvalues. Moreover,
the second and third as well as the fourth and fifth eigenvalues are equal. This indicates
that the Herglotz waves associated to the 2nd and third eigenvalue are dipoles focusing on
one inclusion and that the Herglotz waves generated from the 4th and 5th eigenfunctions
should focus on the other inclusion. Indeed, as can be seen in Figure 4, this is the case.
Also, the first and six Herglotz waves are monopoles each focusing on one of the two
inclusions which is what one expects from the theoretical results.

Example 2b. Two symmetric inclusions. Let us again consider the two inclusions
B and Bs at (0,5) and (10,22) but with the same magnetic and dielectric contrast given
by e1 = e9 = 3 and ;3 = pe2 = 5. In Figure 5 the obtained eigenvalues are shown.
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Figure 1: Herglotz waves (in modulus) generated by the eigenfunctions of the time reversal
operator for parameters p; = 4 and ;1 = 2. (a) uses the eigenfunction of the first
eigenvalue, (b) of the second and (c) of the third eigenvalue.

The absolute values of the associated Herglotz waves is presented in Figures 6(a)—(f).
Noting that the eigenvalues associated to By equal those associated to Bsy, there are two
of the first six (associated to the first six largest eigenvalues) eigenelements of T° which
are in span{ei, ea}, further two are in span{g; ¢, £ = 1,2}, and the remaining two are in
span{gs ¢, £ = 1,2}. In particular, this explains the observation that the Herglotz waves do
not se