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RATE OF CONVERGENCE OF THE NANBU PARTICLE SYSTEM FOR
HARD POTENTIALS AND MAXWELL MOLECULES

NICOLAS FOURNIER AND STEPHANE MISCHLER

ABSTRACT. We consider the (numerically motivated) Nanbu stochastic particle system associ-
ated to the spatially homogeneous Boltzmann equation for true hard potentials and Maxwell
molecules. We establish a rate of propagation of chaos of the particle system to the unique
solution of the Boltzmann equation. More precisely, we estimate the expectation of the squared
Wasserstein distance with quadratic cost between the empirical measure of the particle system
and the solution to the Boltzmann equation. The rate we obtain is almost optimal as a function
of the number of particles but is not uniform in time.

1. INTRODUCTION AND MAIN RESULTS

1.1. The Boltzmann equation. The Boltzmann equation predicts that the density f(¢,v) of
particles with velocity v € R? at time ¢ > 0 in a spatially homogeneous dilute gas solves

) s =g [ o [ deBlo— el OL@)AE) ~ fiA.))

where the pre-collisional velocities are given by

vt |U — U*' / ’
2 2 U? ’U* = v* (/U5 /U*, O.) =
(v—v.)

and 0 = 0(v,v.,0) is the deviation angle defined by cosf = o]

B(Jv — v«],0) > 0 depends on the nature of the interactions between particles. See Cercignani
[11], Desvillettes [13], Villani [43] and Alexandre [2] for physical and mathematical reviews on this
equation. Conservation of mass, momentum and kinetic energy hold at least formally for solutions
to (LI) and we classically may assume without loss of generality that [, fo(v)dv = 1.

vt v, v — v
2 2

(1.2) v = (v,v4,0) =

o. The collision kernel

We will assume that the collision kernel is of the form
(1.3) B(|lv—04],0) sinf = ®(Jv—v.|) 8(0) with >0 on (0,7/2) and S=0 on [r/2,7].
This last condition 5 = 0 on (7/2, 7] is not a restriction, since one can always reduce to this case
for symmetry reasons, as noted in the introduction of Alexandre et al. [3].

When particles behave like hard spheres, it holds that ®(z) = z and 8 = 1. When particles
interact through a repulsive force in 1/7%, with s € (2, 00), one has

— 2
O(z) =27 with v = zT? € (—3,1) and B(0) R st with v = 1€ (0,2).
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One classically names hard potentials the case when v € (0,1) (i.e., s > 5 and v € (0,1/2)),
Mazwell molecules the case when v =0 (i.e., s =5 and v = 1/2) and soft potentials the case when
v € (-3,0) (i.e., s € (2,5) and v € (1/2,2)). The present paper concerns Maxwell molecules, hard
potentials as well as hard spheres, so that we always assume v € [0, 1].

1.2. Stochastic particle systems. As a step to the rigorous derivation of the Boltzmann equa-
tion, Kac [28] proposed to show the convergence of a stochastic particle system to the solution
to (LI). Kac’s particle system is a (R3)N-valued Markov process with infinitesimal generator £y
defined, for ¢ : (R*)™ — R sufficiently regular and v = (v1,...,vx) € (R®)V, by

Enol) = 575 > [0+ (1. 0)= et 010 ) =) — ()| Bl =, )

For h € R?, we note he; = (0,...,0,h,0,...,0) € (R®)" with h at the i-th place. Roughly speaking,
the system is constituted of N particles entirely characterized by their velocities (v1,...,vy) and
each couple of particles with velocities (v;,v;) are modified, for each o € S?, at rate B(|v; —
vi],0)/(2(N — 1)) and are then replaced by particles with velocities v'(v;, v}, o) and v} (v;, v, o).

In the present paper, we will consider a slightly modified and non-symmetric particle system
introduced by Nanbu [36]. The Nanbu stochastic particle system corresponds to the generator £y
defined, for ¢ : (R*)™ — R sufficiently regular and v = (v, ...,vx) € (R®)V, by

1) Lyo) =5 X [ lolv + (0 (wi500) = viled) = GWIB(l — 03] 6)dor

i S
This system still describes N particles characterized by their velocities (v1,...,vn), but now each
couple of particles with velocities (v;,v;) are modified, for each o € S?, at rate B(|v; — v;|,0)/N
and are then replaced by particles with velocities v'(v;,v;,0) and v;. Thus only one particle is
modified at each “collision”, but the rate of collision is multiplied by 2. All in all, the asymptotic
behavior, as N — oo, should be the same.

1.3. Aims. Our aim is to prove that as N tends to oo, the Nanbu stochastic system is asymptoti-
cally constituted of independent particles with identical law governed by the Boltzmann equation,
and better, to quantify this convergence.

There are two main motivations for such a study. (i) From a physical point of view, we want to
know how well the Boltzmann equation approximates true particles. Of course, true particles are
subjected to classical (non random) dynamics, so that studying the Kac (or Nanbu) particle system
does not provide any rigorous information on how well the Boltzmann equation approximates true
particles. However, as already mentioned, Kac proposed this problem as an intermediate step. (ii)
From a numerical point of view, we want to know how well the particle system approximates the
Boltzmann equation. It is then important to get rates of convergence, to know how to choose the
number of particles (and the cutoff parameter) to reach a given accuracy.

The main difficulty lies in the fact that even if the particle system is initially constituted of
independent particles, they do not remain independent for later times, because of interactions.
Hence to answer the convergence issue, we have to prove that particles asymptotically become
independent and in the same time to identify their common law: we have to prove that the system
is chaotic in the sense of Kac [28].

We are able to prove and quantify the chaotic property for Nanbu’s particle system. Unfor-
tunately, our study does really not seem to work for Kac’s particle system. From the physical
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point of view, Nanbu’s system is less pertinent. However, we believe that the behaviors of the two
systems are very similar, so that our results should also hold true for Kac’s particle system. From
the numerical point of view, both systems are expected to approximate the solution to (ILI) with
an error of the same order, so that the system under study is as interesting as Kac’s system.

We will also study a cutoff version of Nanbu’s system, where we remove collisions generating
small deviations. For technical reasons, we will not use the standard cutoff procedure where B(z, 6)
is replaced by Bk (z,0) = B(2,0)1y>1/ky for some large K > 0. We will rather use some cutoff
of the form Bg(z,0) = B(z,0)1{9>4(k,z)}, Where the positive function ¢ is chosen in such a way
that fSQ Bk (z,0)do does not depend on z. This will simplify the argument at several places. This
cutoff procedure is motivated by two reasons. From a numerical point of view, the particle system
with generator £ cannot be directly simulated, because each particle collides with infinitely many
others on each time interval (except for hard spheres). Thus we have to introduce a cutoff. From
a technical point of view, we are not able to prove directly our estimates for the particle system
without cutoff: we have to study first the particle system with cutoff and then to pass to the limit.

1.4. Assumptions. We assume that the collision kernel is of the form (3] with

(1.5) Iy €[0,1], V2> 0, ®(z) = 27,

and either

(1.6) Vo € (0,7/2), B(0) =1

or

(1.7) Jve(0,1), 30 < ¢y < c1, VO € (0,7/2), cof™ 7" < B(H) < 167177,

This work could probably be extended to v € (0,2), since the important computations on which
it relies also hold in this case. However, this would introduce several technical difficulties. Since
Maxwell molecules and hard potentials, which we study, satisfy (1) with v € (0,1), we decided
to avoid these technical complications.

The propagation of exponential moments requires the following additional condition

(1.8) B(0) = b(cosf) with b non-decreasing, convex and C* on [0, 1).

In practice, all these assumptions are satisfied for Maxwell molecules (v = 0 and v = 1/2), hard
potentials (y € (0,1) and v € (1,1/2)) and hard spheres (y =1 and g = 1).

1.5. Notation. For § € (0,7/2) and z € [0, 00) we introduce
/2

(1.9) H9) = / B(x)dz and G(z) = H *(z).
0

Under ([L7), H is a continuous decreasing bijection from (0,7/2) into (0,00), and its inverse
function G : (0,00) — (0,7/2] is defined by G(H(#)) = 0, and H(G(z)) = z. It is immediately
checked that under (7)), there are some constants 0 < ¢y < ¢z such that

(1.10) Vz>0, (1427 Y <G2) <es(142)"

and, as checked in |20, Lemma 1.1], there is a constant ¢4 > 0 such that for all z,y € Ry,
2

(1.11) /000 (G(z/x) — G(z/y))* dz < qw.

r+y
Under ([L6]), we have G(z) = (7/2 — z)4 (with the common notation z; = max{z,0}) and a direct
computation shows that (LII]) also holds true.
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1.6. Well-posedness. Let Pi(R3) be the set of all probability measures f on R3 such that
Jzs [v[Ff(dv) < oo. We first recall known well-posedness results for the Boltzmann equation,
as well as some properties of solutions we will need. A precise definition of weak solutions is stated
in the next section.

Theorem 1.1. Assume (L3), (LH) and [L6) or (LT). Let fo € P2(R3).

(i) If v = 0, there exists a unique weak solution (fi)i>0 € C(]0,00), P2(R?)) to (CI). If
fo € Pp(R®) for some p > 2, then supjy o) [gs [v[P fe(dv) < oco. If [pa fo(v)log fo(v)dv < oo
or if fo € P4(R3) and is not a Dirac mass, then f; has a density for all t > 0.

(i1) If v € (0,1], assume additionally (L) and that

(1.12) Ip e (v,2), / el fo(dv) < oco.
R3
There is a unique weak solution (fi)i>0 € C(]0,00), P2(R?)) to (L) such that

(1.13) Vgqe(0,p), sup / el fi(dv) < oo.

[0,00) JR3
Under [LT) and if fo is not a Dirac mass, then f; has a density for all t > 0. Under (LQ) and if
fo has a density, then f; has a density for all t > 0.

Concerning well-posedness, see Toscani-Villani [42] for Maxwell molecules, [24], [15] for hard
potentials and [5] [35, 29] [16, B0] for hard spheres. The propagation of moments in the Maxwell
case in standard, see e.g. Villani [43, Theorem 1 p 74]. The propagation of exponential moments
for hard potentials and hard spheres, initiated by Bobylev [7], is checked in [24] [30]. Finally, the
existence of a density for f; has been proved in [I8] (under (7)) and when fy is not a Dirac
mass and belongs to P4(R?)), in [35] (under (I.6) when f; has a density) and is very classical by
monotonicity of the entropy when fy has a finite entropy, see e.g. Arkeryd [4].

We now introduce our particle system with cutoff.

Proposition 1.2. Assume ([L3), (LH) and [L6) or [L1). Let fo € P2(R3) and a number of
particles N > 1 be fized. Let (V(})i:L,HN be i.i.d. with common law fy.

(i) For each cutoff parameter K € [1,00), there exists a unique (in law) Markov process
(I/;i’N’K)i:17,,,7N7t20 with values in (R*)N | starting from (V§)i=1,.. N and with generator Ly k de-
fined, for all bounded measurable ¢ : (R*)N — R and any v = (v1,...,vn) € R3, by

1
Ly gd(v) =+ > /S2 [B(v + (v'(vi,vj,0) = vi)er) = d(V)IB(|vi — 051, 0)Lip>G (k)03 A0
i#]
with G defined by (L9) and, for h € R3, he; = (0,...,h,. .,0) € (RN with h at the i-th place.
(ii) There exists a unique (in law) Markov process (V,;"™'™)i—1.. N0 with values in (R®)VN,
starting from (V§)i=1,..n and with generator Ly defined, for all Lipschitz bounded function ¢ :
RN = R and any v = (v1,...,vn) € R3, by ().

Let us emphasize that the cut-off used for defining the generator £y, i is not the usual one since
it depends not only on the deviation angle 8 € (0,27) but also of the relative velocity |v — v, |. It is
more convenient in order to perform the computations we want to do. It might also be convenient
for practical simulations. Indeed, the total rate of collision of the particle system does not depend
on the configuration of the velocities: it always equals 27(N — 1)K . Hence, the (mean) simulation
cost of the particle system on a time interval [0, 7] is proportional to (N — 1)KT.
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1.7. Wasserstein distance. For g,§ € P2(R?), let H(g, §) be the set of probability measures on
R3 x R? with first marginal g and second marginal j. We then set

Wa(g,3) = inf{</Rng3Iv—ﬁlzn(dv,d5)>l/2; nE”H(g,Q)}-

This is the Wasserstein distance with quadratic cost. It is well-known that the inf is reached.
We refer to Villani [44, Chapter 2] for more details on this distance. A remarkable result, due to
Tanaka [40} [41], is that in the case of Maxwell molecules, ¢ — Wh(fy, ft) is non-increasing for each
pair of reasonable solutions f, f to the Boltzmann equation. The present work is strongly inspired
by the ideas of Tanaka.

1.8. Empirical law of large numbers. For f € P2(R?) and N > 1, we define
N

(1.14) en(f):=E [WS (f,N_1 Z(S)Q)] with Xy,..., Xn independent and f-distributed.
1

Since a f-chaotic stochastic particle system is asymptotically constituted of i.i.d. f-distributed
particles, ex(f) is the best rate (as far as W3 is concerned) we can hope for such a system. We
recall now the estimate proved in [2I, Theorem 1] (with d = 3 and p = 2) and we also refer to
Rachev-Ruschendorf [37, Theorem10.2.1], [33, Lemma 4.2], Boissard-Le Gouic [§] and Dereich-
Scheutzow-Schottstedt [I2] for earlier (but not optimal) versions.

Theorem 1.3. For all A> 0, all k> 2, all f € Pi(R3) verifying [gs |v]* f(dv) < A, all N > 1,

CapN~k=2/k if | (2,4),
< El
(115) EN(f) = { OA,kN71/2 ka > 4,

This bound is optimal for general laws. The convergence might be faster for some regular laws,
but this should be quite complicated, see [2I, Subsection 1.2] as well as the discussion in Barthe-
Bordenave [6]. We also refer to [27, Theorem 2.13] (and the remarks which follow) for a general
discussion about the rate of chaoticity for independent and dependent random arrays.

1.9. Main result. Our study concerns both the particle systems with and without cutoff. It
is worth to notice that for true Maxwell molecules and hard potentials, v € (0,1/2] so that
1 —2/v < —3 and the contribution of the cut-off approximation vanishes rapidly in the limit
K — o0.

Theorem 1.4. Let B be a collision kernel satisfying (L3), (LX) and (L) or (L) and let fo €
P(R3) not be a Dirac mass. If v > 0, assume additionally (L8) and ([[L12). Consider the unique
weak solution (fi)i>o0 to (LI)) defined in Theorem [ and, for each N > 1, K € [1,00], the unique
Markov process (KLN’K)Z-:LMMQO defined in Proposition .2 Let uiV’K =N"1! Zf[ (S‘/-ri,N,K.

(i) Mazwell molecules. Assume that v = 0, (L) and either [gs fo(v)log fo(v)dv < o0 or
fo € Pa(R3). There is a constant C such that for allT >0, all N > 1, all K € [1, ],

(1.16) sup E)VZ (u ™, f2)] <C(1 4 T)? sup en(f;) + CTK'=2/V,

[0,77] [0,77
If fo € Pr(R®) for some k > 2, we have supp ooy [ |v|* fi(dv) < oo and we can use Theorem [L.3
to bound sup 1 en(ft). In particular if k > 4, then for all T >0, all N > 1, all K € [1, 0],

(1.17) sup EDVE(uVK | £,)] <C( + T)2N=Y2 + CTK'=2/7,
[0,1]
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(i) Hard potentials. Assume that v € (0,1) and (7). For all e € (0,1), all T > 0, there is a
constant Ce 7 such that for all N > 1, all K € [1, 0],

l1—e
(1.18) sup W3 (", fo)] <Cer (sup en(f) + K”/”> :
[0,77 [0,
Consequently, for all e € (0,1), all T > 0, there is C.p such that for all N > 1, all K € [1, 0],
(1.19) sup E(W3 (u ™, f1)] <Cep(N7YV2 4 1-2/v)i=e,
[0,7]

(#i) Hard spheres. Assume finally that v =1, (LQ) and that fo has a density. For alle € (0,1),
alT >0, all g € (1,p), there is a constant Ce g1 such that for all N > 1, all K € [1,00),

1—¢
(1.20) sup W3 (1, £)] <Cequr <supsN<ft>> 4o K| Ok
[0,7 [0,7]

Thus for all e € (0,1), all T > 0, all ¢ € (1,p), there is Co g1 such that for all N > 1, all
K e [1,00),

(1.21) sup E)WV3 (1", f1)] <Ceqp(N7H2FE 4 o7 K )eCoar K
[0,7)

Concerning the rate of convergence of the simulation algorithm, we have the following.

Remark 1.5. Recall that the simulation cost per unit of time is proportional to (N —1)K.

(i) For Mazwell molecules and hard potentials the error (for Wy) is (N~1/6 4+ K1/2=1/")1= For
a given simulation cost T, the best choices are N ~ 74=2)/(4=v) gnd K ~ 7v/4=¥) which leads
to an error in 7~ (2=V)/(=2% " For true hard potentials and Mazwell molecules, this is at worst
77314 and at best 7—1/4F.

(ii) For hard spheres, make the choice K ~ (log N)* with a € (1/q,1). Then e“K << N¢
for any e € (0,1) and e~ 5" << N~ for any r > 1. With this choice, we thus find an error in
N-Y4< for a simulation cost in N(log N)*. Consequently, for a given simulation cost T, we find
an error in /4t

We excluded the case where fy is a Dirac mass because we need that f; has a density and
because if fo = dy,, then the unique solution to (IIJ) is given by f; = d,, and the Markov process
of Proposition [2 is nothing but V,"* = (v, ... ) (for any value of K € [1,00]), so that

lu/év’K = 51)0 and thuS WQ(ft; ,ui\hK) = O

1.10. Comments. We thus show that the empirical law of the particle system converges to f; as
fast as i.i.d. fi-distributed particles (up to an arbitrary small loss if v # 0). This is thus almost
optimal in some sense. However, this is optimal only as far as W, is concerned: we would have
preferred to work with another distance and to obtain a rate in N—1/2 as is expected for laws of
large numbers. Here we obtain a rate in N~%/4, since Wj is squared. However, W, enjoys several
properties that make it quite convenient when studying the Boltzmann equation, mainly because
of the role of the kinetic energy. Another default of this work is that we obtain a non-uniform
(in time) bound. For Maxwell molecules, the bound is slowly increasing (as T?) but for hard
potentials, it is growing very fast.

Note also that for hard spheres, we are not able to treat the case where K = co: we need to
let K and N go to infinity simultaneously, with some constraints. We believe that this is only a



RATE OF CONVERGENCE OF THE NANBU PARTICLE SYSTEM 7

technical problem, but we were not able to solve it. However, we still obtain a very reasonable rate
of convergence (as a function of the computational cost).

Our proof is based on a coupling argument: we couple the N-particle system with a family
of N i.i.d. Boltzmann processes, in such a way that they remain as close as possible. We prove
an accurate control on the increment of the distance between the two systems at each collision.
This last computation is similar to those of [24} 20] concerning uniqueness of the solution to (L.II).
However, we need to handle much more precise computations: in [24], when studying the distance
between two solutions to (1), both were supposed to have exponential moments. Such exponential
moments are known to propagate for solutions to (IZI]) since the seminal work of Bobylev [7], but
for the particle system under study, we are not even able to prove the finiteness of a moment of
order 2 4+ ¢, € > 0! We thus need a very precise refinement of the computations of [24] 20].

All these problems do not appear when studying Maxwell molecules. Roughly, the collision op-
erator is globally Lipschitz continuous for Maxwell molecules and only locally Lipschitz continuous
for hard potentials (which explains why large velocities have to be controlled by using exponential
moments). This is why we obtain a better result for Maxwell molecules.

Note that for the (physically more relevant) Kac particle system moments are known to prop-
agate (uniformly in N), see Sznitman [38] and also [33], which would simplify greatly the proof
at many places. However, we are not able to exhibit a suitable coupling. This is due to the fact
that in Kac’s system, each collision modifies the velocity of two particles. In Nanbu’s system, the
Poisson measures governing two different particles are independent, which is not the case for Kac’s
system (because each time a particle’s velocity is modified, another one has to be also modified)
although the larger is the number of particles, the lower the correlation is. As a consequence, it is
more difficult to couple the N-particle symmetric Kac’s system with IV independent copies of the
Boltzmann process and we did not succeed.

1.11. Known results. Such a chaos result for the Boltzmann equation with bounded cross section,
or for related models, has been first established without any rate by Kac [28] (for the so-called
Maxwell molecules Kac’s model which is roughly a “toy one-dimensional” Boltzmann equation)
and then by McKean [32] and Griinbaum [26]. For unbounded cross section, the chaos property
has been proved by Sznitman [38] for hard spheres, still without rate.

For Maxwell molecules with Grad’s cutoff, a nice rate of convergence (of order 1/N in total
variation distance on the two-marginal) has been obtained by McKean [31] and improved by
Graham-Méléard [25]. This was extended by Desvillettes-Graham-Méléard [14], see also [22], to
true (without Grad’s cutoff) Maxwell molecules, but with a rate in N~'eX7 4 K'=2/¥ (with
the notation of the present paper). From a numerical point of view, this leads to a logarithmic
convergence as a function of the computational cost.

More recently, a uniform in time rate of chaos convergence of Kac’s stochastic particle system to
the Boltzmann equation for two unbounded models has been established in [33, [10] (see also [34]),
by taking up again and improving Griinbaum’s approach. For true Maxwell molecules, uniform in
time rate of convergence of order N ~1/(6+9) for any § > 0, for a weak distance on the two-marginals
has been proved in [33] Theorem 5.1] when the initial condition fy has a compact support. This
result was improved and made more precise in [10, Step 3 of the proof of Theorem 8], where, still
for true Maxwell molecules, uniform in time rate of convergence of order N~1/177, for the same W,
Wasserstein distance as used in ([.T6]), has been proved for any initial condition fy satisfying ([I2)).
Hard spheres have also been studied in [33] Theorem 6.1]: a uniform in time rate of convergence
of order 1/(log N)® with « > 0 small, for the W, distance on the two-marginals has been proved.
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When applying the methods of [33], 34, [10] on finite time intervals, the previous rates can not be
really improved. Finally, let us mention that the present work follows some of the ideas of [19],
which concerns the Kac equation.

To summarize:

e We obtain the first rate of convergence for hard potentials and this rate is reasonable. Recall
that hard potentials are twice unbounded (the velocity cross section is unbounded and the angular
cross section is non-integrable), while Maxwell molecules enjoy a bounded velocity cross section
and hard spheres an integrable angular cross section.

e For hard spheres and Maxwell molecules, we prove a much faster convergence than [33], [34] [10],
but we are restricted to finite time-intervals and we cannot study Kac’s system.

Let us finally mention that we use a coupling method, as is widely used since the famous cours
& Uécole d’été de Saint-Flour by Sznitman [39] for providing rate of chaos convergence for the so-
called McKean-Vlasov model and that such methods have been recently adapted to non-globally
Lipschitz coefficients by Bolley-Canizo-Carrillo in [9], making use of exponential moments.

1.12. Plan of the paper. In Section[2] we make precise the notion of weak solutions, rewrite the
collision operators in a suitable form and check a accurate version of a lemma due to Tanaka [41].
Section [B] is devoted to the cornerstone estimate on the collision integral. In Section @ we prove
the convergence of the particle system with cutoff. The cutoff is removed in Section

2. PRELIMINARIES

2.1. Rewriting equations. We follow here [22]. For each X € R3, we introduce I(X), J(X) € R?
such that (%, %, %) is a direct orthonormal basis of R? and, of course, in such a way that
I, J are measurable functions. For X, v, v, € R3, for § € (0,7/2) and ¢ € [0,27), we set

I'(X, ) := (cos p)[(X) + (sin @) J (X),

1—cosf sin 0

(2.1) a(v,vs,0,p) == — 5 (v =)+ TF(U — Vs, ),

V' (v, vk, 0,0) = v+ a(v, v, 0, @),

I(v—vy)

[v—v]

which is a suitable parametrization of (I2)): write o € S? as - cosf +

g =
=
J‘E)U:UU*') sin @ sin¢. Let us define, classically, weak solutions to (L.

Definition 2.1. Assume (L3)), (LH) and [L6) or (7). A family (fi)i>0 € C([0,0), Po(R3))

is called a weak solution to (L)) if it preserves momentum and energy, i.e.

(2.2) Vit>0, /R3 vf(dv) = /}R3 vfo(dv) and /R3 [v|? fi(dv) = /}R3 [v|? fo(dv)

and if for any ¢ : R? — R bounded and Lipschitz-continuous, any t € [0,T],

sin 0 cos ¢ +

(2.3 [ ot st = [ o) @+ [ [ [ Adtwo) v s(aois

where

/2 27
(2.4) Ad(v,0.) = v — va]" / 5(6)d / Ao [B(v + a(v, 0., 6,0)) — $(v)] .
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Noting that |a(v,v.,0,0)| < COlv — v,| and that fﬂ/z B8(8)do, we easily get [Ap(v,vs)| <
Cylv — v 1T < Cy(1 + |v — vi|?), so that everything makes sense in (2.3)).

We next rewrite the collision operator in a way that makes disappear the velocity-dependence
|v — vi|7 in the rate. Such a trick was already used in [23] and [20].

Lemma 2.2. Assume ([[3)), (L3) and (LH) or (LT). Recalling (LI) and @I, define, for
2z € (0,00), v €10,27), v,v. € R® and K € [1,00),

(2.5) c(v, v, 2,0) 1= alv, v, G(z/|v —vi|7), 0] and cx(v,v4,2,¢0) := c(v, Vs, 2, 0) L <K} -
For any bounded Lipschitz ¢ : R® — R, any v,v, € R3

(2.6) Ad(v, v..) / CZZ/ZTr dso oo+ c(v,vs, 2, 0)] — Plv ])

Forany N>1, K € [1,00), v = (v1,.. € (RHN, any bounded measurable ¢ : (R®)N — R,
2m
@) Lot =5 3 [ / Aold(v + cic (05, v3, 2, P)ei) — G(V).
Z;éa
For any N > 1, any v = (vy,...,vn) € (R®)N, any bounded Lipschitz ¢ : (R*)N — R,
2m
2.8) Lnolv NZ/ = [ dplot + cloivy. 2 pe) = 9V
i#]

Proof. To get (Z4]), start from (24 and use the substitution § = G(z/|v — v«|7) or equivalently
H(0) = z/|v—w.|7, which implies |v—v.|73(0)d0 = dz. The expressions (Z7) and ([2.8)) are checked
similarly. g

2.2. Accurate version of Tanaka’s trick. As was already noted by Tanaka [41], it is not possible
to choose I in such a way that X — I(X) is continuous. However, he found a way to overcome
this difficulty, see also [22) Lemma 2.6]. Here we need the following accurate version of Tanaka’s
trick.

Lemma 2.3. Recall ). There are some measurable functions o, 1 : R? x R® — [0,27),
such that for all X, Y € R3, all ¢ € [0,27),
L(X,0) T(Y, 0+ ¢0(X,Y)) = X - Y cos* (¢ + 01 (X, V) + | X]||Y|sin® (¢ + 91 (X, Y)),
DX, ) =T(Y, 0+ ¢o(X,Y))| < [X =Y.
Proof. First observe that the second claim follows from the first one: writing ¢; = p;(X,Y)
IN(X,0) =T (Y9 +¢0)] =[T(X,0)* + T(Y, ¢ + o) = 2D (X, ) - T(Y, ¢ + ¢0)
=X+ Y = 2(X - Y cos* (¢ + 1) + [X|[Y]sin?(p + ¢1))
<IXPHY)P-2X Y =X -Y]~
We next check the first claim. Let thus X and Y be fixed. Observe that I'( X, ¢) goes (at constant
speed) all over the circle C'x with radius | X| lying in the plane orthogonal to X. Let ix € Cx and
iy € Cy such that X,Y,ix,iy belong to the same plane and ix -iy = X -Y (there are exactly two
possible choices for the couple (ix,iy) if X and Y are not collinear, infinitely many otherwise).
Consider px and ¢y such that ix := T'(X, px) and iy := T(Y, py). Define jx := T'(X, px +7/2)
and jy := (Y, py +7/2). Then jx and jx are collinear (because both are orthogonal to the plane
containing X, Y, ix,iy), satisfy jx - jy = |ix||liv| = |X||Y| and ix - jy = iy.jx = 0. Next, observe
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that T'(X, ¢ + px) = ix cosp + jx sinp while T(Y, ¢ + ¢y ) = iy cos ¢ + jy sinp. Consequently,
I(X,0+px) T(Y,0+ py) =ix -iy cos? o + jx - jy sin ¢ = X - Y cos? p + | X||V]|sin? . The
conclusion follows: choose ¢g := ¢y — px and 1 := —px (all this modulo 27). O

3. MAIN COMPUTATIONS OF THE PAPER

The following estimate is our central argument.

Lemma 3.1. Recall that G was defined in (L9) and that the deviation functions ¢ and cx were
defined in Z5). For any v,v., 7,9« € R3, any K € [1,00),

[eS) 2
/ / (‘v—kc(v,v*,z,gp)—f)—cK(ﬁ,fz*,z,(p—Fgﬁo(v—v*,f)—f)*))|2—|v—1~;|2)dgpdz
o Jo
<AK(0,0,,0,0,) + AK (v, 0., 0, 0.) + AK (v, 04,9, 0,),

where, setting Pk (z) = waK(l —cosG(z/x7))dz and Vi (z) =7 [ (1 — cos G(z/a7))dz,

K 2
AX (0, 0., 5,5, :2|v—v*||6—ﬁ*|/0 G/ v — v]") — G(=/[6 — .7 dz,
A (0,00,8,8) = = [(0-8) + (0 — 82)] - [(© = 0)@iclo — wa]) — (& — 5)@c(15 - 2.])],
A (0,005, 8) =(lo — v+ 200 — 3l — )W — ).

Proof. We need to shorten notation. We write & = |v — vi|, T = |0 — Us|, 0o = @o(V — Vs, D — Dy),
c=c(v,v4,2,9), ¢ = c(D,0x, 2,0 + o) and ¢x = cx (D, Vs, 2,0 + o) = cll<xy. We start with

00 27
Ax ;:/ / (lo 4~ —exl — o~ o) dod
0 0
K 27
:/ / (e + el 26 - e+ 20~ 0) - (¢ — ) dipd:
0 0

+/:/O2w (|C|2+2(v—6)~0)d<pdz.

First, it holds that |¢|> = | — (1 — cos G(z/27))(v — vi) + (sinG(z/27))T(v — va, p)|?/4 =
(1 —cosG(z/z7))|v —v.|?/2. We used that by definition, see (1)), I'(v — v, ) has the same norm
as v — v, and is orthogonal to v — v, and that (1 — cos#)? + (sin#)? = 2 — 2 cosf. Consequently,
we have

K 2r K
/ / lc|2dedz = 7tjv — v*|2/ (1 —cosG(z/27))dz = 2* P ().
0o Jo 0

Similarly, we also have fOK 027r |¢|2dpdz = B> (2) and [ 027r lc|?dpdz = 22T ().
Next, using that ¢ = —(1 — cos G(z/27))(v — v4)/2 + (sin G(z/z7))['(v — vs,p)/2 and that
27
Jo T(v—wv.,0)dp =0,

/OK /027T cdpdz = —(v — v*)W/OK(l — cos G(z/27))dz = — (v — v )P (2).

By the same way, fOK fo% cdpdz = —(0 — 0,) P (Z) and [ fo% cdpdz = —(v — v,V ().
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Finally, ¢- ¢ = [(1 — cos G(z/27))(v — vi) — (sin G(z/27))['(v — v4, )] - [(1 — cos G(z/E7)) (D —

0x) — (SInG(2/Z7))T(D — Us, 0 + ©0)]/4. Since fozﬂ T'(v — vi, p)dp = f027r T(0 — s, 0 + po)dp = 0,
we get

2
/0 c-édy :g(l —cosG(z/27))(1 —cosG(z/Z7)) (v — vs) - (D — D)

+ i(sin G(z/x7))(sin G(z/%")) /027r T(v — vy, @) - T(D — s, p + ©0)dep.
Recalling Lemma and using that fo% cos?(p + ¢1)dp = fo% sin?(p 4 ¢1)dp = 7, we obtain
/027T ¢ édy :g(l —cosG(z/27))(1 —cos G(z/Z7)) (v — vs) - (D — 0x)
+ g(sin G(z/27))(sin G(2/37)) [(v — vs) - (0 — Ts) + |0 — 0|0 — 0. ]].
But G takes values in (0,7/2), so that, since [v — v,||0 — U] > (v — vy) - (D — Du),

2w
/ c- cdp
0

2%[(1 — cos G(z/27))(1 — cos G(2/37)) + (sin G(z/a"))(sin G(z/3"))] (v — vs) - (0 — B

=—[(1 —cosG(z/x7)) + (1 — cos G(2/Z7))](v — vs) - (D — Ty)

3

[\

- ga — cos(G(z/27) — G(2/F))(w — vs) - (¢ — ).

Using that 7(1 — cos#) < 262, we thus get

K 2m ~ K
/ / c-edpdz >(v—vy) - (0— ﬁ*)w - :1050/ (G(z/27) — G(2/37))*dz.
0o Jo 0

All in all, we find
Ak <a?Op(x) + B0 (%) — (v —vs) - (0 — 1) [Pr (z) + Px (T))]
20— 8) - [(7 - 5.)Pk(F) — (0 — 0.)Pxc ()]
K
+ 290:%/ (G(z/27) — G(2/37))*dz
0
+ 22U () — 20 — D) - (v — va) U ().

Recalling that = = |v—wv.|, = |0 — .|, we realize that the third line is nothing but AX (v, v., 7, 7.)
while the fourth one is bounded from above by AX(v,v.,?,7.). To conclude, it suffices to note
that the sum of the terms on the two first lines equals

—(v—v.) - [(0 =) — (55— 8.) — 2(v— )] ()
+ (=) [(6 = 8.) — (v = 02) +2(0 — )]k ()
= = (=0 (0= 0) + (v = BB (@) + (T 8.) - (0 = B) + (02 — 8.)) P ()

which is AX (v, v, 9, 94) as desired. O

Next, we study each term found in the previous inequality. We start with the Maxwell case.
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Lemma 3.2. Assume ([3), (L) with v =0, (1) and adopt the notation of Lemma[31l. For
all K € [1,00), all v, vy, 0,0, € R3,

(i) AF (v,v,,0,0,) =0,

(ii) AKX (v,v.,9,9.) = (i [—|v — 9|2 + |vs — 04]?] where (x = waK(l —cosG(z))dz,

(i) AK (v, v.,0,00) < C(|v]* + |vi|? + |0]2) K1 —2/7.

Proof. Point (i) is obvious. Point (ii) immediately follows from the fact that Uy (x) = (x does not
depend on z. Point (iii) holds true because W (z) = 7 [ (1 — cosG(z))dz < 7 [ G*(2)dz <

CK'™2/v by (LI0). O

The case of hard potentials is much more complicated. The following result gives a possible and
useful upper bound on the AX functions.

Lemma 3.3. Assume ([3)), (L3) with v € (0,1), (1) and adopt the notation of Lemmal3 1l
(i) For all ¢ > 0, there is Cy > 0 such that for all M > 1, all K € [1,00), all v,v,, 7,7, € R?,

AR (00,5, 5,) <M (v — 5% + [0, — 5,]2) + Cpe M7 Callvl*+oal?)
(ii) There is C > 0 such that for all K € [1,00), all v, vy, 0,7, € R® and all z, € R3,

A?(v,v*,f},f}*) - A?(’U,Z*,’D,’D*) SC |’U - ’D|2 + |’U* - ’D*|2

[0 = 2a(L o] 4+ o] + [2a) /077,
(iii) There is C > 0 such that for all K € [1,00), all v,vs, 0,7, € R3,

A?(’U,’U*,’fj,’f}*) Sc(l'i‘ |U|4y/u+2+ |U*|4v/u+2+ |’l~)|2 + |,D*|2)K1—2/V-

This lemma is very technical. The reason is the following. The solution (f;);>0 has bounded
exponential moments while, on the contrary, the particle system has only a bounded energy (mo-
ment of order 2). If K € [1,00), the particle system has all moments finite, which makes all the
computations licit, but the moments of order strictly greater than 2 are not uniformly bounded
with respect to K (at least, we were not able to show it). We will use the previous estimates with
v, v, (and z,) taken from the solution f; and o, 7. taken in the particle system. Thus, it is very
important that these estimates do not involve powers greater than 2 of 0, v,. For example in point
(i), only v, v, appear in the exponential and this is crucial.

Proof. Using (LII) and that |27 — y7| < 2|z — y|/(21 77 + y177), we get

(v = v " = o = 0.]7)?
[v—va|7 + [0 — 0|7
[v — v A D — D]
RN

(3.1) AR (0, 0,, 0, 04) <2¢4|v — 0. ]| — |

<8cy (Jv — va| = B — D4])?.
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Now for any M > 1, this is bounded from above by

M SN2 S~ N2y
- - — v —= - - 1 Vv | A5 — T
g (o=l =0 ="+ Beallo = v VD = BT g, omsatiorel s ary

247
1

M - ~ N2 1664 - ~ =
§7(|v—v|+|v* — Ux])® + 8ey 7(|v—v*|/\|v—v*|) ﬂ{(‘v‘f;”‘i\g‘fﬂ:f;‘ﬂﬂZlé@}
12 - 12 RN
SM (o =0 + |ox = 0u]7) +8ca [16ca(fv = vu A0 = 0 )T Lo, jnj5—. )72 20

_ . 249
SM (v = 0 + [va — 0.]%) + 8ca [16¢a([v] + [02 )] ™ W1 joayrs 2y

T6cy
Fix now ¢ > 0 and observe that

xff—l ﬂ{gﬂZ%} < xft_jye_Mq/ve(mc‘L)Q/’qu < qu—Mq/'*e2(1604)q”mq-
Point (i) follows.
Point (ii) is quite delicate. First, there is C such that for all K € [1,00), all z,y > 0,
DPr(x) <Cz? and |Px(z)— Px(y)| < Clz¥ —y7|.

Indeed, it is enough to prove that for I'x (z) = fOK(l —cosG(z/x))dz, T'k(0) = 0 and [T, (x)] <
C. But T'g(z) =z OK/w(l — cosG(2))dz < @ [ G*(2)dz, so that Tk (0) = 0 and [ (z)| <
JoS (1=cos G(2))dz+a(K/2*)(1—cos G(K/x)) < [;° G*(2)dz+ (K /x)G? (K /x), which is uniformly
bounded by (LI0). Consequently, for all X,Y € R3,

|XPx(|X]) =Y (Y])] <CIX = Y[(IX]" +[Y]") + C(X[ + [YDIIX]" = [Y]7].
Using again that |27 — y?| < 2|z — y|/(z'77 + y'=7), we easily conclude that
(3-2) (X0 (|X]) = YO (Y]] <CIX = Y[(X]" + [Y]7).

Now we write

(3.3) = -

By (B2)) and the Young inequality, we deduce that

AT <C(jo = 0] + [vs = B vs — 2l (Jv = 0] + v = 2]7)
+ Clze —vul(jo = 0 + |20 = 0u|)(Jo = 27 + [0 = ")
<C[(lv = 0] + Jvi = 0a])” + o = 22 (lv = 0] + v = 2.]7)?]
+ Clae = vul(Jo = 0 + |20 = 0u] + [vs = Bu)(Jo = 27 + (J0 = 0] + [0 = v + |vs = Bu])7).
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The first term is clearly bounded by C(Jv — 9|? + |vs — 0x|? + |vx — 242(1 + 0] + |vi| + [24])?)
which fits the statement, since 2y < 2v/(1 — ). We next bound the second term by

Claw = vi*(Jv — 2] + [0 = v])

+Cla — vl (v = 8] + |vs = Bu)7

+ Clze = vl (Jv = 0 + [ox = B )(Jo = 2| + v = va])”

+ Clzx = ve|(Jv = 0] + [ox = 0.7

Using that z2y7 < 2%/(2=7) 4 42 (for the second line), that xyz? < (z27)? 4 y? (for the third line)
and that xy'*7 < 22/(1=7) 4 42 we obtain the upper-bound

Claw = vi (L + [o] + |2] + [vi])?
+ C(Jv = 0] + |vs — 05])? + |20 — 0 [¥ )
+C(Jv = 0] + o = 0])® + |2w = ve2(Jv = 2] + Jo — 0u])*
+ C(Jv = 0] 4 |va — 0u])? + |20 — 0,7 A,
which is bounded by
C(lv = 3> + |vs — 0]?) + Czs — v*|2{(1 + |0] 4 |ze] 4 [0e])Y 4 |20 — v, |/ C7772
(jo = 2] + o = w27 + |z — 0[O

One easily concludes, using that max{v,4/(2 —~v) — 2,27,2/(1 —v) — 2} =2v/(1 — 7).

We finally check point (iii). Using (LI0), we deduce that 1 — cos(G(z/27)) < G?(z/27) <
C(z/x7)~%/V, whence U (x) < Ca>/V Ir 272Vdy = Cx®/VK'=2/V. Thus

(3.4) AR (0,0.,0,0.) <C(Jv = va]? + [ = 0] [0 = ] ) [0 — 02V K2V,
from which we easily conclude, using that [ — 0.]|v — v, |["F27/¥ < |0 — 0, > + Jv — v > TH/Y. O
We conclude with the hard spheres case.

Lemma 3.4. Assume (L3), (LA) with v =1, (L) and adopt the notation of LemmalZ1l
(i) For all ¢ > 0, there is Cy > 0 such that for all M > 1, all K € [1,00), all v,v,, 7,7, € R?,

A (0,00,0,0.) SM(Jv = 0> + |vs — 0.]2) + Oy K (0] + |8|)e ™M eCallol vl
(i) For all ¢ > 0, there is Cy > 0 such that for all M > 1, all K € [1,00), all v,v., 9,9, € R3,
AE (0,04, 0,0) — AN (0, 20,0, 04) KM (Jv = 32 + |04 — 04]?) + Clvw — 222(1 + |v] + |va]| + |2:])?
+ Cy(1 + || + |0 |) K e M7 eCallvlHva [*+]z]%)
(iii) For all ¢ > 0, there is Cy > 0 such that for all K € [1,00), all v, v, 7, 0. € R3,
AR (0, 0,,8,5,) <C(1 + |5])e K" CallvlHoal "z,
Proof. On the one hand, (IL.II)) implies

(o = v.| = 5 — 5.])?
o= 0.+ [6 = )

<des(jv = va Ao = ) (|0 = T + Jvi — B]?).

AR (v, 0,,9,0,) <2ca|v — 0|0 — B4
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On the other hand, since G takes values in (0,7/2), we obviously have

2
-~ ™ ~ ~
AR (v, v, 9, 0,) §7K|v—v*||v — .

Consequently, we may write
Af(v,v*, 0,04) < M(Jv — {)|2 + v, — {)*|2) + T‘;Kh} — V|| = | W e, (Jo—va |A[5—5 ) > M} -
Point (i) easily follows, using that [v — vi|l4c,(jv—v.|nji—v)>M} < [V = Va|Lfacsjo—v. >0y <
|1) _ ,U*|67qu(4¢:4|v7'u*\)q < Oqequ62(4C4\v7v*|)q < Oqequ62q+1(4C4)q(|v\q+\v*|q).
Using all the computations of the proof of Lemma B3} (ii) except the one that makes appear the
power 2/(1 — ), we see that for AL := AL (v, v.,9,0,) — AX (v, 24,9, D)
AK <Ol =02 4+ o, = 02+ o — 2P+ 0] 4+ o]+ [22)% + |22 — vl (0 = 52 + [0, — 5.2)]
SC( A+ |2e = o) (Jv = O + Jvi = 0ul?) + Clow = 2P (1 + o] + Jvu] + |22])%.
On the other hand, starting from (B3] and using that ¢k (z) < 7K, we realize that
AK < OKQ+ 18]+ |5 )(1 + [v]? + [0 + 2. ]?).
Hence we can write, for any M > 1,
Ay <M (Jv =0 + v = 0uf?) + Clox = 2 (1 + [0] + 02| + [24)?
+ CE L+ 10|+ 101+ o + ol + ) Lo +1z.—v. =0y

But (1 + [0 + [0u]? + [z ) Loz —v.pzary < A+ 0] + 0] + |2)* Lic oo 412201 <
(14 0] + [va] + |2 ])2e™ M OOt IFIv I+ 2D < O =M Callol* v ["+121")  Poing (ii) is checked.

Finally, we observe that Vg (z) < 7 [ G*(z/x)dz. But here, G(z) = (7/2 — z)+ whence

Ug(x) < (774/24)I]I{m22K/,r} < 5xll,>K/23. Thus for any ¢ > 0, U (z) < 5xe K" 50 that
AF (0,04,8,04) SCA+ (D)1 A+ [o]? + [0 ?)e ™™ o — v, eI
<C,(1+ |5])e K" eCallvl+lv-]?)
as desired. 0O

4. CONVERGENCE OF THE PARTICLE SYSTEM WITH CUTOFF

To build a suitable coupling between the particle system and the solution to (III), we need
to introduce the (stochastic) paths associated to (II). To do so, we follow the ideas of Tanaka
[40, [41] and make use of two probability spaces. The main one is an abstract (2, F, Pr), on which
the random objects are defined when nothing is precised. But we will also need an auxiliary
one, [0,1] endowed with its Borel o-field and its Lebesgue measure. In order to avoid confusion,
a random variable defined on this latter probability space will be called an a-random variable,
expectation on [0, 1] will be denoted by E,, etc.

4.1. A SDE for the Boltzmann equation. First, we recall the classical probabilistic interpre-
tation of the Boltzmann equation initiated by Tanaka [40, 41] in the Maxwell molecules case.

Proposition 4.1. Assume ([L3), (L3), (L) or (L) and let fo € P2(R3). If v € (0,1], assume
additionally (L) and that fo satisfies (LI2)). Let (fi)i>0 be the corresponding unique weak solution
to (LI). Consider any fo-distributed random variable Wy and any independent Poisson measure
M (ds,da, dz, dp) on [0,00) X [0,1] x [0,00) x [0,27) with intensity measure dsdadzdy. Consider
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also, for each t > 0, a fi-distributed a-random variable W, in such a way that (t, ) — Wi () is
measurable. Then there is a unique (cadlag adapted) strong solution to

t 00 27
(4.1) Wy =Wy + / / / c(Ws_, Wi (a), z,0)M(ds,do, dz, dp).
o JrsJo Jo
Furthermore, Wy is fi-distributed for each t > 0.

We will note (W;):>0 such a Boltzmann process. It can be viewed as the time-evolution of the
velocity of a typical particle in the gas.

Proof. The proof is very similar to that of [I8, Proposition 5.1], see also [20, Section 4] and
is omitted. In [I8, Proposition 5.1], the same Boltzmann equation is studied, with much less
assumptions on fp (so that uniqueness is not known for (II])). But the formulation of the SDE
is different (it is equivalent in law). The same proof as in [I8, Proposition 5.1] works here, with
several difficulties avoided due to the facts that fy has exponential moments and that uniqueness
is known to hold for (LIJ). O

4.2. A SDE for the particle system. Here we write down a Poisson stochastic differential
equation corresponding to Nanbu’s particle system and we prove Proposition [[.2}(i).

Proposition 4.2. Assume ([L3), (L), (L6) or (L) and let fo € P2(R3), N > 1 and K €
[1,00). Consider a family (V§)i=1,.. N of i.i.d. fo-distributed random variables and an independent
family (ON(ds,dj,dz,dp))i=1....n of Poisson measures on [0,00) x {1,...,N} x [0,00) x [0,27)

with intensity measures ds (N_l Z]kvzl Ok (dj)) dzdp. There exists a unique (cadlag and adapted)

.....

strong solution to

) ) 27
(4.2) W’N’K:V5+/// / (VENE i K o 0)ON (ds, dj, dz,de), i=1,...,N.

’i,N,K)

Furthermore, (V; i=1,...Nt>0 %5 Markov with generator Ly k. We have E [|th’N’K|2} =

fR?’ [v|? fo(dv) and, if fRS [v|P fo(dv) for some p > 2, supjo,r E [|th,N,K|p} < Cp1,fo.K

Proof. First of all, observe that we actually deal with finite Poisson measures, since cx vanishes for
z > K. Thus, strong existence and uniqueness for (@2]) is trivial: it suffices to work recursively on
the instants of jumps (which are discrete) of the family (O (ds,dj, dz,dp))i=1,... n. Consequently,
V,{V K — (Vf’N’K, e V;N’N’K) is a Markov process, since it solves a well-posed time-homogeneous
SDE. Its infinitesimal generator is classically defined by (Z7), with actually a sum over all cou-
ples (i,7) € {1,...,N}2, but this changes nothing since the terms with i = j vanish because

cr (v,v,2,0) =0 for all v € R?. Next, a simple computation shows that

27
[V, K 7] =E[[v P Z/// (IVINH g (VIR VINE 2 o)

- |V51’N’K|2>dg0dzds

2w
_EHV’O / / / Vl N,K V2 N,K Z7S0)|2

+ 2V£’N’K (VR VRN so))dwdzds
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by exchangeability. But, as seen in the proof of Lemma B.1]

K 2
/ / (|c(v,v*,z,cp)|2+2v-c(v,v*,z,cp))dcpdz: [[v—ve]? =20 (v — va)] Pk (JU — va]),
o Jo

whence, using again exchangeability,
N-1 [
]EHV}LN’KP] =IE[|V01|2] + - /0 E(“VSLN,K _ VS2,N,K|2 _ 2V51,N,K ) (VSI,N,K _ VS2,N,K)}
O ([VINK VS2,N,K|))dS
v N-1 7 1,N,K 2,N,K |2 1,N,K 1,N,K 2,N,K
=BV)[] + = | B[ v N v Ny
_ VS2,N,K ) (VS2,N,K _ VSI,N,K)} (I)K(Wsl,N,K _ VS2,N,K|))dS_

In this last expression, the integrand is zero, so that, as claimed, E[V,""" 2] = E[|V}[}] =
Jgs [0]? fo(dv). Recalling finally 1) and (Z3F), we see that |c¢(v,v.,2,¢)| < |v — v.]. Thus for
p=2,

K 2
/ / (o + c(v,02, 2, Q)P — [oP)dpdz < CoK (o] + [0s 7).
0 0

Consequently, we obtain as previously
CyK o [ 4
BV NP < BIVEPT+ SR 3 [V v s
N o

and conclude, using again exchangeability, that E[|V,"" 7] < E[|V{[P]e2» K" as desired. O

This allows us to deduce

Proof of Proposition [[LZ(i). The strong existence and uniqueness for the SDE (2] classically
implies the existence and uniqueness of a Markov process with generator Ly . 0

4.3. The coupling. Here we explain how we couple our particle system with a family of i.i.d.
Boltzmann processes. For example, we want to couple Vf’N’K with a Boltzmann process W;'. The
main difficulty is that at each collision, W} is collided by an independent particle (using W;*) while
V;l’N’K is collided by some V;j’N’K. We thus have to choose j in such a way that V;j’N’K

as possible to W/, but j has to remain uniformly chosen.

A technical problem obliges us to introduce the set (R?)Y := {w € (R*)N : w; # w; Vi # j}.

is as close

Lemma 4.3. Let f; € C([0,00), Po(R?)) be such that f; has a density for allt > 0. Let also N >
1 be fived. For v = (v1,...,vn) € (R®)N, we denote by plY = N~! Zf[ du, the empirical measure
associated to v. There exists a measurable map (t,w,v,a) — (Wi (), Zf (w,a), Vi (v, w,a)) from
(0,00) x (RN x (RN x [0,1] into R? x R3 x R? enjoying the following properties

(a) for all t > 0, the a-law of W} is fu,

(b) for allt >0, w € (R®)Y, the a-law of Z}(w,.) is u&,

(c) for allt >0, w € (R, ve (RN, the a-law of V* (v, w,.) is ulY,

(d) for allt >0, w € (R®)Y, v € (R*)V, the a-law of (Z} (w,.), V;*(v,w,.)) is N~1 Eiv S(wivi) s

(¢) for all t >0, all w € (RN, [} |W;(a) — Zf (w,a)?da = W3(fi, ul).
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Proof. We first consider, for each ¢t > 0, W;* such that point (a) holds true and such that (¢, a) —
Wi (a) is measurable.

Next, we recall that by Brenier’s theorem (see e.g. Villani [44, Theorem 2.12 p 66]) for each
t > 0 and each w € (R®)V, since f; does does not charge small sets (because it has a density
by [18]), there exists a unique map F; v : R3 — R3 such that, setting Z; (w, a) := Fi w(W;(a)),
points (b) and (e) hold true. In other words, (W;(.), Z;(w,.)) is an optimal coupling for f; and
plY. Furthermore, Fontbona-Guérin-Méléard [17] have shown that F; v () is a measurable function
of (t,w,z). Consequently, Z;(w, «) is a measurable function of (¢, w, a).

Finally, we define, for any w € (R?)) and any v € (R*)", the map Gwy : {w1,...,wn}
{v1,...,un} by Gwv(w;) = v; (here we need that w € (R?))). We then we put V;*(v,w,a) =
Gwv(Z;(w,a)), which is clearly measurable (in all its variables). Point (d) follows from (b) and
the definition of Gy and finally (c) follows from (d). O

Here is the coupling we propose.

Lemma 4.4. Assume ([L3), (L3), (L8) or (L1). Let fo € P2(R3). Assume additionally (L8)
and [LI2) if v € (0,1]. Let (fi)i>0 be the unique weak solution to (LI)) and assume that f; has a

density for all t > 0 (see Theorem [[1). Consider N > 1 and K € [1,00) fized. Let (V§)i=1. N
be i.i.d. with common law fo and let (M;(ds,do, dz,dp))i=1,.. N be an i.i.d. family of Poisson
measures on [0,00) x [0,1] x [0,00) x [0,27) with intensity measures dsdadzdy, independent of
(Vg )i=1,..N-

(i) The following SDE’s, fori =1,...,N, define N independent copies of the Boltzmann process:

Wi =Vi+ /// /277 Wi_ W (a), z,0)M;i(ds, dov, dz, dg).

In particular, for each t > 0, (Wti)izl _____ N are i.i.d. with common law f;. Consequently, since f;
has a density for allt >0, (W})i=1... n € (R®)Y a.s.
(i) Next, we consider the system of SDE’s, fori=1,..., N,

27
A VA //// gk (VK v VN W a), 20+ @ias) Mi(ds, do, dz, d),

where we used the notation VX = (VK yNNEYy (RO W, = (WL, .. W) e

» Vs—

(R3)N and where we have set @; o5 = @o(Wi_ — Wr(s,a), VENE —vx(VEE W, ) for
simplicity. This system of SDEs has a unique solution, and this solution is a Markov process with
generator Ly i and initial condition (Vg)i=1,. N-

(iii) The family (W}, VPN 50, (WN VNNEY S 0) s exchangeable.

Proof. Point (i) is a direct consequence of Proposition[fIland point (iii) follows from the exchange-
ability of the family (V{, M;);=1, .~ and from uniqueness (in law). In point (ii), the existence and
uniqueness result is also immediate, since the Poisson measures under consideration are finite (or
rather, are finite when z is restricted to [0, K], which is the case since cx = cllj,<k3). Finally
(VK VtN’N’K)tZO is a Markov process with generator Ly g due to the fact that for all
€ RN, all w € (R®)Y, all s > 0, all ;; € [0,27), for all bounded measurable function
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¢: (RN =R,
i /1 /oo /2Tr (¢(v +ex (v, ViV, w,a), 2,0 + @ij).€;) — ¢(v)) dodzda
Z Z/ /277 d(v + cr (vi,v5, 2,0+ pij).€) — ¢(V))d@dz
=¥ #ZJ/O /02” (¢(v + ek (vi,v4,2,).€;) — ¢(v)) deodz,

which is nothing but Ly x¢(v), see (Z71). We used Lemma [L3}(c) for the first equality and the
2m-periodicity of cx (in ¢) and the fact that cx (v, vs, 2, @) = 0 for the second one. O

4.4. Estimate of the Wasserstein distance. We can now prove our main result in the case
with cutoff. We first study hard potentials.

Proof of Theorem [I4}(it) when K € [1,00). We thus assume (L3)), (I5]) with v € (0,1) and ([L.7).
We consider fy € P2(R3) satisfying (I12)) for some p € (7,2) and fix ¢ € (7, p) for the rest of the
proof. We also assume that fy is not a Dirac mass, so that f; has a density for all ¢ > 0. We fix
N >1and K € [1,00) and consider the processes introduced in Lemma (A4

Step 1. A direct application of the It6 calculus for jump processes shows that

W — VYRR

E|
2
/ / / / |VV1 VENE LAl (s, a,2,0) 2 — W —Vsl’N’Kﬂdgodzdads,
where
Al(sv Q, 2, 90) = C(W517 W:(S, a), Z, (P) - CK(n11N1K7 Vs*(vé\LKu W, a)v zZ,p+ (Pi,a,S)'

Using Lemma [3.1] we thus obtain

B V) < [ BEG) + BEG) + BE (s
where, for i = 1,2, 3,
BEG) = [ B[AEQVL W @, VAV (VR W) o
Step 2. Using Lemma [B.3F(i), we see that for all M > 1 (recall that ¢ € (v, p) is fixed).
Bif(s) <t [ CE[IWE - VENEP I 0) — VAV W, )] da

+ Ce‘Mm/0 E [exp(C(IW,] |7 + W] (a)|"))] dov

1
<M / E[[W) = VIVER L Wi (a) - VE(VYE W, )] da+ CeM,
0
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To get the last inequality, we used that W} and W7 (.) are independent and satisfy W} ~ f; and
Wi(.) ~ fs, whence

eC\W\qu(dw)>2 < oo

3

/0E[exp(c(|W;|q+lW;‘(a)lq)]da = (/R
by (LI3).

Step 3. Roughly speaking, B should not be far to be zero for symmetry reasons. We claim
that BX would be zero if W («) was replaced by Z*(Wj, ). More precisely, we check here that

1
BE(s) ::/0 E[Af (W), Z: (W, a), VEVE VHVIE W, a))] da = 0.

By Lemma [A3H(d), we simply have

N
. 1 . . N -1
B2K(S) =E [N Z Aé((Wslv Wslu VSLN’Kv ‘/sZyNyK) = TE [Aé((Wslv Ws27 ‘/;17N7K7 V;ZN,K)]
=1

by exchangeability and since AX (v,v,9,?) = 0. Finally, we write, using again exchangeability,
- N -1
B () =B [AF (WL W2, VIV V2N 4 A (W2 W V2N pENE)]

This is zero by symmetry of AX: it holds that AL (v, v, 9, ¥.) + AL (D, Ve, v, v.) = 0.
Step 4. By Step 3, we thus have

BEG) = [ E[AFOVL W@, VNV (VI W)
0
— AR (WL Z: (W, a), VENE VA (VK W o) |da
Consequently, Lemma B3} (ii) implies
BE(9) < [ E[W2 - VR 4 W) Vi (VW0
+ (W3 (@) = 22 (W, @) 2L+ W + W (@) + |22 (W, 0) )2/ | da
Step 5. Finally, we use Lemma B.3}(iii) to obtain

B (s) <CK'™2/" / (L I @ 4 [VENKR V(IR W, )] da
Since W} ~ f,, we deduce from ([I3) that E[|[W}|*/*+2] = [L; |[v|*/*+2f,(dv) < C. By Lemma
A3k (a), we also have W*(.) ~ fs, whence fol (W ()| +2da = [ [0]2/¥F2f,(dv) < C. Propo-
sition shows that E[[V;:NX12] = [og|v[*fo(dv). We next infer from Lemma E3H(c) that

SV (VK W a))Pda = N-T N [VENK[2. Consequently, E[J) [V (VYK W, a))Pda] =
E[[VINEPR] = [os [v[2fo(dv). As a conclusion,

BE(s) <CK'2/.
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Step 6. We set ul ™ .= E[[W} — ;"% |2]. Using the previous steps, we see that for all M > 1,

t 1
ulN <Cte M g oI 04 0) [ [k [ B (@) = Vi (VI WL, a)dal ds
0 0

t 1
[ (Wi @) - ZiWa )P+ W+ W3 (@) + 12 (W, )0 dads.
0 JO
We now write, using Minkowski’s inequality and Lemma [43}(d) and (e),

43) [ [ e[wi) - v v W ao] "

1/2 1/2

<[ [ Bl - zoweaplaa] [ [ E[1zwWe) - vV W

=E[W3(fe, uiy )]Y? +

) N 1/2
~ D EIW! - v;’N’KF]]

1
=EWE (fo i)V + (w2

by exchangeability. We deduce that
1
(4.4) / E[[W; (o) = VI (VIE, Wy, a)Plda < 2BV (f, iy, )] + 2u
0

Next, a simple computation shows that for all € € (0,1),
' 2 1 % 2
(4.5) / E[IW: (a) = Z: (W, @)P(1 + W + W2 ()| + |23 (W, a)) 75 |da
0

1 o
< [ E[IWi (@) = Z1(Wa@)P (1 W W ()] 4125 (W) )5+ da
0

< (/OlE[IW;(a) - Z:<ws,a>|2}da)75

1 Ay :
(Bl w2 )+ 122,007 o
0

2—¢

<C. (EDV3 (fo p0)) *

For the last inequality, we used Lemma [L3}(e), the fact that by (I3,
1 sats+2 b e 2 Al +2
B[] = [ Wi e = [ 2 <c.
0 R3

and that, by Lemma .3} (b)

1 N
/ |21 (W, o) 755742 doc = - 37 Wi 2] = [jw 75572 < .
0 1
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We end up with: for all ¢ € (0,1), all M > 1,

t
uN K <Cte™M"" 4 CLK Y 4 3(M + C)/O [l K+ EWE(fs, 13%.)]] ds

el / (W2 (for iy )~/

Now we observe that E[W3(fs, uiy.)] = en(fi), recall (LId), because Wi, ..., W} are i.i.d. and
fe-distributed. Since en(fy) < 2 [gs [v]* fe(dv) = 2 [oo [v]? fo(dv), since M > 1 and K € [1,00), we
get

t
U,{V’K SCE (te—MQ/‘Y_’_Mt(S]lV’IE(/’tQ_i_M/O Ué\/v’KdS) )

where we have set

On.xt =K' 4 supen(fs).
[0,%]

Hence by Gronwall’s lemma,

sup uiv’K <C.T (e_MQ/AY + M5]1V_IE(/%> eCeMT
[0,T] o

this holding for any value of M > 1. We easily conclude that

N,K l1—e
Sup Uy SCE,T(SN)K)Tv
[0,T]

by choosing M = 1if oy k7 > 1/e and M = |log 5N1K1T|'V/‘1 otherwise, which gives

N,K 1—¢/2 C.|log s y/ap 1—
sup uy, " <C: (T5N,K,T + 0y K, rllog 5N,K,T|V/q) eCellog oM < O 163 % 1
[0,7]

the last inequality following from the fact that v/q < 1.

Final step. We now recall that uiV’K = uﬁN,K and write
EW3 (", f0] < 2EIW3 (g e 1, )] + 2EDV3 (i, fo)].

But EDVE (e, 1%, )] < BN SO (VK — W 2] = BYVAYK W2 2) = ¥ by exchange-

ability, and we have already seen that E[W3 (ugy,, ft)] = en(f¢). Consequently, for all € € (0,1),
all ¢ € [0, 7],

1—¢
E[sz(,uiv, ft)] S OE,T(S}V_’]E{’T =+ 25N(ft) S Og,T <K12/v 4 [Sup] 5N(ft)>
0,T

and this proves ([LIR). Using finally (I.I3]) and applying Theorem [[3] (with any choice of k > 4),
([CI9) easily follows. O

We next study the case of Maxwell molecules.

Proof of Theorem [I7}(i) when K € [1,00). We thus assume ([3), (I.5) with v = 0 and (7).
We consider fy € P2(R3) not being a Dirac mass. We also assume that fo € P4(R3) or that
Jzs fo(v)log fo(v)dv < oo, so that f; has a density for all t > 0. We fix N > 1 and K € [1,00) and
consider the processes introduced in Lemma (4.4
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Step 1. Exactly as in the case of hard potentials, we find that
t
B!~ VNP < [ B () + BE () + BE (9)ds
0

where BX (s) := folE[Af((Wsl,W;(a),VsLN*K, VS*(VQ’*K,WS,Q))}da for i = 1,2, 3.
Step 2. By Lemma [3.21(i), we have BX (s) = 0.
Steps 3 and 4. By Lemma [B.2}(ii), it holds that for (x = WfOK(l —cos G(z))dz,

1
BE(s) = Gie [ B[ W2 = VIV 4 W (@) = Vi (VI W) da
0
Step 5. By Lemma B2} (iii)
1
BY(s) < K2 [TB[WIE W2 @)+ (VNP da < 2
0

since, as usual, E[|[W}|?] = fol (Wi (@) |Pda = E[|[VIVKR] = Lo o]? fo(dv).
Step 6. Setting up = E[|[W}! — V,PV5 2], we thus have

t 1
ul K ch1*2/”t+<K/ <—u;“(+/ E[|W;(a) - Vs*(Vi,V’K,WS,a)ﬂda) ds
0 0

SOK12/Vt+<K/O <2\/uév’K\/E W3 (fo, i )] +E [Wg(fs,u{zvvs)o ds

by [@3). Next we recall that en (f;) = E[W3 (fs, pyy, ), we set en, 1 = supjo 71 en(f:) and we recall
that (x < [~ (1 — cos G(z))dz < co. We thus may write, for all ¢ € [0, 7],

S

t
ul ! <C(KY72Y 4 ey oT)T + CE}\//?T/O ()2 ds =z o,

Then we have (v %)’ < Cs}v/?T(viV’K)l/z, so that (v "F)1/2 < (C(Kl’z/”—I—EN,TT)T)l/Q—I—CE}V/?Tt.
We conclude that

sup up " < O(KY™" 4 enrT)T + CT?enp < CKY*™2"T + C(T + T?)en 1.
[0,7]

Final step. Exactly as in the case of hard potentials, for ¢ € [0, 7],

EW2(u ™, f)] < 2en(fe) + 2u) ™ < CK'™2"T + C(1 +T)? sup en(f2)
(0,77
whence (LI6). If finally fo € Pp(R?) for all k > 4, then we know that supjy ) [gs [o|* £ (dv) < oo,
so that (LI7) follows by application of Theorem O

We conclude with hard spheres.

Proof of Theorem [I7}(ii). We thus assume ([3), (LD) with v = 1 and (L6). We consider
fo € P2(R3) satisfying (I.I2)) for some p € (v, 2) and fix q € (7, p) for the rest of the proof. We also
assume that fp has a density, so that f; has a density for all ¢ > 0. We fix N > 1 and K € [1,00)
and consider the processes introduced in Lemma [£.4]
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Step 1. Exactly as in the case of hard potentials, we find that

t
WK = EWE - VIV < / BX () + B (s) + BE (s))ds,

where BX(s) := [ E [AK WL W (a), VINE v (VNE W, o)) |da for i = 1,2,3.

Steps 2, 3, 4, 5, 6. Following the case of hard potentials, using Lemma [3.4] instead of Lemma
B3l we deduce that for all M > 1,

iBZK(s) §2M/1E [|W81 _YLNER W (a) — VS*(Vﬁv’K,WS,a)m da
1 0 1
FC(He™M e K) [TB[(4 VK 1 (VR W)
0 x ecuw;|Q+|W;<a>|Q+|z:<ws,a>|Q>}da
+C/ [WH(a) — Z:(VVE W, a)?
X (1 W2+ W3 (o) + 122 (VIR W, )2 da

Proceeding as in (€3, we deduce that the last line is bounded, for all € € (0,1), by

2—¢
Ce (E W3 (foomw,)])
and using ([@4]), the first term is bounded by
AME W3(for )] + 60U,

Usmg finally the Cauchy-Schwarz inequality, that, thanks to Lemma[Z3} (¢) and by exchangeability,

B} VAV, W, a)f2da) = EIN DS ViV R] = BVIVER) = [ o2 fo(do) < oo and
([CI3), we easily bound the second line by C(Ke=M" +e~K") (recall that Wi~ fs, that WE(.) ~ fs
and that, by Lemma 4 (b), fol ClZI(Waa)l? g — N=1 YN CIWIIT,

Recalling that E [W3(fs, u{y.)] = en(fs) and setting ey = supjo,g €N (fs), we thus have, for
any M > 1, any € € (0,1),

K§6M/Otuév’de+Ct(Ke_Mq+ K 4 Cutey />
Thus by Gronwall’s Lemma,
K <Ot(Ke™" 4 e K" e 7/2)etM,
Choosing M = 2K and using that Ke~?5)* < Ce= X" we deduce that

o1 up <O (e e ?)e KT = O (e &S“p] en(fo)m5/2)e KT,
0,7 0,7

Final step. We conclude as usual, using that EW2(ur ™, f,)] < 2en(fi) + 2ul™ to obtain
(C20) and then (LI3) and Theorem [[3 to deduce (T2T]). O
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5. EXTENSION TO THE PARTICLE SYSTEM WITHOUT CUTOFF

It remains to check that the particle system without cutoff is well-posed and that we can pass
to the limit as K — oo in the convergence estimates (L16)-(TI0)-(TI8)-(TI9). We will need the
following rough computations.

Lemma 5.1. Assume ([L3), (L3) and [L0) or (LX). Adopt the notation of LemmalZdl There
are C >0, k>0 and § > 0 (depending on v,v) such that for all K € [1,00), all v,vs, 0,0, € R3,

3
Y ALK @00, 5,5:) < CL+ o] + Joa] + 18] + [ ])"(lo = B + [on — 0.2 + K°).
=1

Proof. Concerning AX we start from (3I)) (this is valid for all v € [0, 1]) and we deduce that
AR (0,0,,0,0,) <8ca(|v — B A ve — )7 ([ = D] + |vs — 0 ])?
SC(L+ o] + Jou] + 18] + [0:]) (Jo = 0 + Jo. = 0.%).
We then make use of [3.2)) (also valid for all v € [0,1]) to write
AZ (0,04, 0, 0,) O(Jo = 0] + Jvi = ) (Jo = 0" + [0 — T.])
<C+ Jo] + |vul + 18]+ [9:]) (Jv = 81 + o = B]?).
For A, we separate two cases. Under hypothesis (7)), we immediately deduce from (3.4)) that
A (0,00, 5,8.) SC(1+ o] + [v] + [3] + [5.)) 227/ K127,
Under hypothesis (L6), we have seen (when v = 1, at the end of the proof of Lemma [B4]) that
Uk () < 527N {pv> K2}, whence Ui (x) < 102*7 /K and thus
AK (0, 04,0, 0,) SO(Jv — 0| V[0 = 0, )* K™ < C(1 4+ o] + |va] + |8] + |8 ) 2T KL
The conclusion follows, choosing xk = 2 + 2v/v and § = 2/v — 1 under (1) and k = 2 + 27y and
d = 1 under (LG). O
Now we can give the

Proof of Proposition [L2-(i1). We only sketch the proof, since it is quite standard. In the whole
proof, N > 2 is fixed, as well as fy € P2(R?) and a family of i.i.d. fo-distributed random variables

(VoM )imt,...N-

Step 1. Recall (Z8). Classically, (Y/f’N’OO)i:17,,,7N7tZO is a Markov process with generator £y
starting from (VJ’N)i:17,,,7N if it solves

t [e’e) 27
) Vv [ [T i v s 0N s, didesdg), i1 N
o JiJo Jo

for some i.i.d. Poisson measures O (ds, dj, dz, dp))i=1
with intensity measures ds (N_l Zlk\f:1 5k(dj)) dzde.

N on [0,00)x{1,..., N} x[0,00) x [0, 27)

.....

Step 2. The existence of a solution (in law) to (BI]) is easily checked, using martingale problems
methods (tightness and consistency), by passing to the limit in (@2)). The main estimates to be
used are that, uniformly in K € [1,00) (and in N > 1 but this is not the point here),

sup [V, | < COr

BV = [ ol fo(d) and B
R3 (0,7]
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for all T > 0. This second estimate is immediately deduced from the first one and the fact that
I 0277 le(v, Vi, 2, 0)] < Clv — v, MY < C(1+ |v] + |vi])?. The tightness is easily checked by using
Aldous’s criterion [1].

Step 3. Uniqueness (in law) for (5.1) is more difficult. Consider a (cadlag and adapted) solution
(VZ’N’Oo)i:L___,N,tZO to (B.I). For K € [1,00), consider the solution to

t
t (e 27
VZ’N’K=VJ+/// / e (VENE VINK oo NON (s, dj, dz,dp), i=1,...,N
o JiJo Jo

where @, = @o(Vo0 — 2N N i NS S guch a solution obviously exists and is
unique, because the involved Poisson measures are finite (recall that cx (v, vs, 2, ) = 0 for z > K).
Furthermore, this solution (I/'tl’N’K)i:17,,,7N7t20 is a Markov process with generator Ly g starting

from (Voi ’N)Z-ley ~ (because the only difference with (£2)) is the presence of ¢, ; ; which does not
change the law of the particle system, see Lemma [} (ii) for a similar claim). Hence Proposition
[[2}(i) implies that the law of (I/'ti’N’K)izl,,,,7N7t20 is uniquely determined.

We next introduce 7y 4 = inf{t >0 : Jie{1,...,N}, [V;"V>®| + |V, | > A}. Using, on
the one hand, the fact that (%i’N’OO)i:Lm,N,tZO is a.s. cadlag (and thus locally bounded) and, on
the other hand, the (uniform in K) estimate established in Step 2, one easily gets convinced that

(5.2) VT >0, lim supPr[ryxa<T]=0.

A—o0 K>1

Next, a simple computation shows that

LN LN K 1 TN KA o0 2T LN LN K 1Lj,N,K 2
BV~ Vi P s SB[ [ [T [ (vt v AR )
= 0 o Jo

‘Vl,N,oo -~ Vl,N,KIQ)dde}

S— S—

where

1,5,N,K 1,N 1,N 1,N,K 1,N,K
Asf’ ) Vvsi 7007‘/57; ,O0 V'S; ) ,Vvsi 5

(Z,QO) = C( 727@)_CK( 72790“‘805,1',]‘)-
Using Lemmas ] and Bl and the fact that all the velocities are bounded by A until 7n x4, we
easily deduce that

]EHVI,N,OO _VI,N,K |2]

tATN K, A tATN K, A

k N tATN K, A . .
SC(l +A) ZE{/ (|VINoo _ yLNE2 L yiNee _yiN K2 4 fr=b) g
N ‘_1 0

t
SCT(1+A)“K*“+O(1+A)“/ E[[ViNoe  _yLNE 214
0

ATN,K,A ATN,K,A
by exchangeability. We now use the Gronwall lemma and then deduce that for any A > 0,
(5.3) lim sup E[|[V,hN>0 LK 21—

ATN K, A ATN K, A
K—oo [O,T]

Gathering (5.2)) and (53), we easily conclude that for all ¢ > 0, th’N’I_( tends in probability to
th’N’Oo as K — oo. Thus for any finite family 0 < ¢; < -+ < #g, (Vtz_’N’K)i:l ,,,,, N,j=1

in probability to (%i’N’OO)i:Lm,N,j:L,,,71, of which the law is thus uniquely determined. This is

.....

classically sufficient to characterize the whole law of the process (V,f’N’OO)i:l,,,,,N,tZO.



RATE OF CONVERGENCE OF THE NANBU PARTICLE SYSTEM 27

Conclusion. We thus have the existence of a unique Markov process (Vti’N’OO)i:L___,NJZO
with generator Ly starting from (VOLN)Z-:LMN, and it holds that for each t > 0, each N > 2,
(I/'tl’N’OO)i:L,,,7N is the limit in law, as K — oo, of (VtZ’N’K)i:l,m)N. O

To conclude, we will need the following lemma.

Lemma 5.2. Let N > 2 be fized. Let (X*NK),_; n be a sequence of (R*)N -valued random
variable going in law, as K — oo, to some (R®)N -valued random variable (X*N);_1  n. Consider
the associated empirical measures vN5 = N—1 sz\il dxinvk and v = N1 sz\il dxin. Then
for any g € P2(R3),

2( N < limi 2 ( N,K _
E W3 (v",9)] <liminfE [W;5 (V™" )]

Proof. First observe that the map (z1,...,2x) — Wa(N~! Ziv 8z;,9) is continuous on (R3)V.
Indeed, it suffices to use the triangular inequality for W, and the easy estimate

(1 & 1 1Y ,
WQ NZ‘SM’NZ% §N2|xi_yi|-
1 1

1

Consequently, W3 (VN’K, g) goes in law to W3 (VN, g). Thus for any A > 1, we have
E W3 (N, g) AA] = lim E W3 (vN5, g) A A] < liminfE [W; (v g)].
Vi (W%, 9) A A] = lim B (W5 (v, g) A A] < Timinf E [V (v™F, g)]
It then suffices to let A increase to infinity and to use the monotonic convergence theorem. 0

This allows us to conclude the proof of our main results.

Proof of Theorem [1.4}(i)-(ii) when K = oco. Recall that (LI6)-(LI7)-(LI8)-(CIJ) have already
been established when K € [1,00). Since (V;""">),=;. .y is the limit (in law) of (V"™ )21 n
as K — oo for each t > 0 and each N > 2 (see the conclusion of the proof of Proposition [[2}(ii)),

we can let K — oo in ([L16)-(LI7)- (LI8)-(LI9) using Lemma O
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