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Quasilinear and singular elliptic systems

Jacques Giacomoni, Jestis Hernandez and Paul Sauvy

Abstract. In this paper, we investigate the following quasilinear elliptic and singular sys-
tem (P):
—Ayu = fi(z,u,v) InQ; ulpg=0, uw>0 inQ,

—Agv = fo(z,u,v) inQ; vjpe =0, v>0 inQ,

where Q is a bounded domain with smooth boundary in RY, 1 < p,q < oo and fy, f> €
E(Q x R* x %) two positive functions. Under suitable conditions on f; and f,, we
first give a general result on the existence of positive weak solutions pairs (u,v) € W(')’p (Q)x
W(l)’q(Q) to (P). Next, we give some applications to Biology.

Keywords. Quasilinear singular elliptic systems, weak comparison principle, sub and
super solutions, cone condition, Schauder fixed point Theorem.
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1 Introduction

In this paper we are interested in the following quasilinear elliptic and singular
system,

—Apu = fi(z,u,v) InQ; ulpg=0, u>0 inQ,
(P)

—Agv = fo(z,u,v) InQ; vlpg =0, v>0 inQ.

Here, Q is a bounded domain of RY, N > 2 with €2 boundary 0Q, A,u def

div(|Vu|"~2Vu) denotes the r -Laplace operator and 1 < p,q < co. In the right-
hand sides, f| and f> are two Carathéodory functions in Q x (Rj_ X ]Rj_) possibly
singular. More precisely, for every (¢1,t,) € R xR and for almost every = € Q,
we assume that

(Hy) fi(-,t1,t2) and fo(-,t1,t2) are Lebesgue measurable in Q,

(H») fi(x,-,-) and fo(z,-,) are in €' (R% x R%).
We aim to establish the existence of a positive weak solutions pair to problem
(P) using the Schauder Fixed Point Theorem. Namely, if we can compose two
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order-reversing mappings,

(u,v) = Ti(u,v) €% and (u,v) = Tr(u,v) déff), (1.1)

where @ € W(l)’p (Q)and v € W(l)’q(Q) are defined to be the (unique) positive weak
solution to the Dirichlet problems

—ApU+hi(z,0) = fi (x,u,v)+hi(z,u) inQ; @lpa=o, «@>0 inQ, (1.2)

—Ag 0+ ho(z,0) = fo(z,u,v) +ho(z,0) inQ; Tlpg—o, >0 inQ, (1.3)

respectively, in suitable conical shells of positive cones in W(l)’p (Q) and W(l)’q(Q),
with appropriate functions i and hy; then any fixed point of the mapping

(u,v) = T(u,v) & (T) (u,v), To(u,v)) (1.4)

is a positive weak solution pair to (P) and conversely. To prove that T is well
defined and invariant in some conical shell, we use monotonicity methods together
with the existence of sub- and supersolutions which prescribe the behaviour of
the right-hand side singular non-linearities, namely f; and f;, near the boundary
OQ. The continuity and the compactness in €% (Q) x €%(Q) for some suitable
0 < a < 1 follow from the regularity result Theorem 1.1 in [11] we recall in the
appendix (see Theorem A.1). We derive further uniqueness results in case where
the system (P) is competitive or cooperative (see Theorem 3.8). To establish the
uniqueness of a positive pair of solutions to (P), it is essential that the mapping T’
is subhomogeneous. In the cooperative and "strong" singular case, we also prove
the existence of very weak solutions in Wllc;f (Q) x Wll(;g(Q) (see Theorem 2.3).

Quasilinear elliptic systems have been quite intensely investigated in the liter-
ature with various methods. In [23], the authors take advantage of the variational
structure of the problem to apply variational methods. In [3], a blow up argument
combined with a Liouville theorem yields universal a priori bounds. Then, the
existence of solutions is obtained by a topological degree argument (see also the
review article [5]). In [4], the key ingredients to prove existence of solutions are
the Strong Comparison Principle and Krein-Rutman theorem for homogeneous
non-linear mapping. While dealing with subhomogeneous systems, one usually
appeals the method of sub and supersolutions.

Related problems for singular quasilinear systems have been also studied in
[16] and [12]. Accordingly, we study in our paper a more general situation that
handle more singular cases. We point out additionally that in the present work
non-linearities f; and f, are not necessary non-negative.
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The case of singular semi-linear systems (p = ¢ = 2) has been studied even
more frequently in [1], [2], [21], [14], [15] and [8]. We refer to [14] for additional
references on the subject.

Throughout this paper, we will use the following notations and definitions:

def

(i) Tor € (1,+00) we associate ' = -5 > 1 and we denote by WL (Q) the

dual space of W(l)’T(Q) with respect to the standard inner product in L>(Q).

(ii) We denote by d(x) o i%fQ d(z,y), the distance from = € Q to Q.
ye

(iii) We denote by D def sup d(z,y), the diameter of the domain Q.
z,yeQ

(iv) Let f,g: Q — [0, +oc] be two functions of L}

loc

f(x) ~ g(x) in Q

(Q). Then, we write

if there exist two positive constants C'; and ', such that for almost every
T € Q,

Cig(z) < f(z) < Cag(z).

(v) The function ¢, € W(l)’r (Q) denotes the positive and L"-renormalized eigen-
function corresponding to the first eigenvalue of —A,.,

def .

Ay = 1nf{/ [Vo["de e R, v e W(')’T(Q) and / [v|"dz = l} .
Q Q
It is a weak solution of the following eigenvalue problem:
—Aw = A0 inQ; wlpg =0, w>0 inQ.

Using Moser iterations, ¢ , € L°°(Q) and using the Holder regularity result
in LIEBERMAN [19], @1, € €1 (Q) for some 0 < o < 1. Moreover the
strong maximum and boundary principles from VASQUEZ [24], guarantee
that ¢ , satisfies

o1p(z) ~d(x) inQ. (1.5)

(vi) We say that a Lebesgue measurable function f : Q — R is locally uniformly
positive if essinfi f > 0 holds over every compact set K C Q.

(vii) In this paper, we primarily look for positive weak solution pairs (positive
solutions, for short) of problem (P), that is, pairs of functions (u,v) €
W(l)’p (Q) x W(l)’q(Q) with both « and v locally uniformly positive and each
satisfying the respective equation in problem (P) in the weak sense. More
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precisely, given 1 < r < oo and f € W~1"'(Q), we say that a function
u € W' () satisfies the equation

—Au=7f inQ (1.6)

in the weak sense if « is locally uniformly positive and satisfies

1, -2
Vw e Wy (Q), /Q |Vu|""*Vu.Vwdz = (f, w>W71’TI(Q)><W(1)’%(Q)'
In the case where the existence of positive solutions of (P) cannot be es-
tablished, we discuss the existence of weaker solutions. Then, we say that
(u,v) € WiP(Q) x W4(Q) is a positive very weak solution pair of (P) if
both v and v are locally uniformly positive and satisfy the respective equation

in problem (P) in the sense of distributions.

In the three last points, for 1 < r < 400, <(Q) represents the space
W, (Q) or the space W,/ (€2).

loc

(viii) Letw,w € o7,.(Q), two locally uniformly positive functions such that w < w
a.e. in Q. We define the convex set

[w, W] déf{w €cAH(QNE(Q), w<w<w ae inQ}.

(ix) Let u,u € o,(Q) and v,T € 27 (Q) four locally uniformly positive func-
tions such that u < @ a.e. in Q and v < T a.e. in Q. The couples (u,v)
and (T, D) are said to be sub and supersolutions pairs to (P) if the following
inequalities are satisfied in the distribution sense

—Apu < fi(z,u,v) inQ, foranyv € [v,7], (1.7)
—Aqv < fo(x,u,v) inQ, foranyu € [u,ul, (1.8)
—Apu > fi(z,w,v) inQ, foranyv € [v,7], (1.9)
—AgT > fo(x,u,7) inQ, foranyu € [u,Tl. (1.10)

(x) Let(u,v), (@,v) € 4,(Q) x o7,(Q) be respectively sub and supersolutions
pairs to (P). Then, the conical shell [u, @] X [v, 7] is denoted by C.

The paper is organised as follows. The next section (Section 2) contains the state-
ments and the proofs of our main results (Theorems 2.1 and Theorems 2.3). Dif-
ferent applications of Theorems 2.1 and 2.3 arising in population dynamics models
are given in Section 3. The appendix contains the regularity result (Theorem A.1)
used to prove Holder continuity of solutions. Theorem A.1 is proved in [11].
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2  General results

Theorem 2.1. Let (u,v), (4, 7) € Wy (Q) x W39(Q) be sub and supersolutions
pairs to (P) and assume in addition that the following conditions hold:

(i) there exist constants ky,k, > 0 and 61,0, € R such that
|fi(z,u,0)| < kid(z) and | fo(2,u,0)| < kad(2)  in QxC, (2.1)

(ii) there exist constants C',Cy > 0 and by, by > 0 such that
T < Crd(z)"  and T < Chd(x)? in Q, (2.2)

(iii) and there exist k1, Ky > 0 and oy, ay > 0 such that

%(w, w,v)| < k1d(z)"™  in QxC, (2.3)
%(I, u,v)| < kod(z)?™  inQ xC, (2.4)
v

with the following conditions on the coefficients
1 " 1 4
51>—2—|—1—9+(o¢1—b]) , 52>—2+a+(a2—b2) . (2.5)
Then, there exists a positive weak solutions pair (u,v) € C.

Remark 2.2. Instead of conditions (2.3) and (2.4), as in [12], we can rather sup-
pose that there exist <1, k2 > 0 and 1, oy > 0 such that for all (u,v) € C,

w i fi(x,w,v) + r1d(2)" ~1wP~! is non decreasing on [u, ],
w s fo(x,u,w) + kad(z)? 2w is non decreasing on [v, 7).
Replacing condition (2.5) by

1 1
9 >*2*Z—)+(@1*(p*1)b1)+; 52>*2+5+(a2*(qfl)bz)+7

we get the same result and the condition is sharper if p, ¢ > 2. For that, it suffices
to replace the first equation of the problem (Q), given below, by

—Apw + g1 (z,w) = fi(z,u,v)+ md(x)‘s‘_o“up_l in Q,



6 J.Giacomoni, J. Hernandez and P. Sauvy

with g1 : Q x R — R% the cut-off function defined as follows:
wrd(z)or—gp—! if z > u(x),
Gi(,2) E X wd(x)—ap-t if 2 e [0,7(x)], (2.6)
0 ifz<0

and proceed similarly for the second equation of (P).

Proof. Let (u,v) € C. We first prove the existence of T (u,v) € W(])’p (Q), where
Ty (u,v) is defined in (1.2) with o (2, u) & kd(z)" 1w in Q x [u, ). For that,
let us introduce the following problem :

—Apw + gi(x,w) = fi(z,u,v) + rid(x) 1y in Q,
(Q) _
wlpg =0, w>0 inQ,
with g1 : Q x R — R% the cut-off function defined as follows:
rid(x) T if 2z > a(x),
g1z, 2) &t kid(z) >z if 2 € [0,7(2)], 2.7
0 if z <0.

Then, g is a Carathéodory function on Q x R. Thus, for (z,s) € Q x R, setting

S

Gi(x,s) déf/ g1(x, z)dz, we consider the following functional: Yw € W(])’p(Q),
0

E(w) dg%/g\Vdex—i-/QGl(x,w) dm—/ﬂ(fl(x,u,v)+md(m)‘s"“1u)wdx.

By assumption (2.5) and Hardy’s inequality, F is well defined in W(])’p (Q) and for
all w € WyP(Q),

1 5]70”
E(w) > ;BHIUHPW(;,;J(Q)—CH(fl(w,%v) +rid(@) ") d(@)]| gy [0yt 28)

So, let us define
def

1% it Bw) (2.9)
weEW,P(Q)
and let (wy,),cny C W(l)’p(Q) be a minimizing sequence of E, i.e. lim E(wy) =
n—o0
I. Using (2.8), (wy),cy is bounded in W(l)’p (Q), therefore there exists a subse-
quence (W, ) ey and @ € W, (Q) such that w,,, b weakly in Wy ”(Q) and
—00

a.e. in Q. Therefore,

hkrgngwnkHwéP(Q) > Hané’P(Q)



Quasilinear and singular elliptic systems 7

and using Fatou’s lemma,

hmlnf/ G (x,wp, )dx >/hm1nfG] Z, W, dm—/Gl x, @)
Q

k—o0

Hence, E(i) = I and @ is a solution to the Euler-Lagrange equation associated to
Ey, thatis:

/Vap—zva.deer/gl(%ﬂ)wdx
Q Q
=/ (fl(:v,u,v)+n1d(m)5““1u>wdm, (2.10)
Q

for any w € W(l)’p (). Now let us prove that @ € [u,u]. Combining (1.7) and
(2.10), we get for all w € WoP(Q)* & {w e W)P(Q), w >0 acinQ},

/ (\Vﬂ|p72Vﬁ — |Vg|p72Vg) Nwdz +/ (g1 (z, @) — g1 (z,u)) wdz
o o

2/ [(fi(2,u,0) + m1d(2) ") = (fi(,u,0) + mid(2) ") wdz.  (2.11)
Q

By assumption (2.3), applying this inequality with w = (& — u)~ € WO’ Q)
we get @ > w a.e. in Q. Similarly, combining (1.9) and (2.10) we also get @ <
a.e. in Q. Then, @ satisfies the equation

—Ayii 4 k1d(2)7 0 = fi(x,u,0) + rd(2) e inQ, (2.12)

in the weak sense. Moreover, using a classical local regularity result in [22], @ €
€7 (K) for some v > 0 in any compact subset K of Q. So using inequality
(2.2), @ € € (Q), which gives us that @ € [u, ). Finally, by the weak maximum
principle, @ is the unique function in the conical shell [u, u] satisfying (2.12). Then,
the mapping 7} : (u,v) +— @ is well-defined from C to [u,W]. In the same spirit,
we get the existence of the mapping 7> : (u,v) — ¥ defined from C to [v,7],
where ¥ is the unique weak solution in [v, 7] of

—AT + Fpd(2)2 70 = fo(z,u,v) + Kod(2)? v in Q. (2.13)

This proves that the operator 7" defined in (1.4) is well-defined and makes invariant
the conical shell C.

Now, the continuity and the compactness of 7" follow from a regularity result in
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[11] we recall in appendix A. Indeed, let (tuy, vy )neny C C and (u,v) € C such
that (upn, vn) — (u,v) in ¢ (Q) x € (Q) as n — +oo. Then, from Theorem A.1
and assumptions (2.1), (T (tn,vn) = Tn),,cy is bounded in €%(Q), for some
0 < a < 1. By Ascoli-Arzela theorem, there exists a subsequence (i, )xen and
@i € [u,u] such that @,,, — @ uniformly in Q as kK — oo. Moreover, using the local
regularity result in [22], (iy, )ken is bounded in €'Y (K) for some v > 0 and for
any compact subset K of Q which entails that up to a subsequence denoted again
(Tin, ) ken such that Vi, — V@ uniformly in K as k — +oo. Then, @ satisfies

—Ayli 4 k1d(2)7N G = fi(z,u,0) + r1d(2) T in Q) (2.14)

in the sense of distributions. Moreover, since @ < @ a.e in Q, fi(z,u,v) +
kid(z)~ (u — @) € W-I(Q), which implies that @ € Wy”(Q). Hence
@ € [u,u] and is a weak solution of (2.14). By uniqueness of a such solution
in [u, @], it follows that & = T} (u,v) and all the sequence (i, ),cN converges to
i in €' (Q). The same arguments hold to prove that T (up,, v,) — Ta(u,v) uni-
formly in Q as n — 4o0. Then, T : C — C is continuous. Finally, it easy from the
compact embedding of €%*(Q) in €(Q) to get the compactness of T'. Applying
the Schauder Fixed Point Theorem to 7" in C, the proof of Theorem 2.1 is now
complete. 0

We now give a more general result which guarantees the existence of a "very
weak" positive solutions pair, in the cooperative case, when the inequalities (2.5)
may not be satisfied.

Theorem 2.3. Assume that (P) is a cooperative system, i.e.

ofi of , . o
%(x,u,v)>0 and %(ac,u,v)>0 in Q x RY x RY. (2.15)

Let (u,v), (w,v) € [Cf(ﬁ) N Wféf(ﬂ)} X [%”(ﬁ) N Wll(;g(Q)} be sub and super-
solutions pairs to (P). Assume in addition that the following conditions hold:

(i) there exist constants C,C, > 0 and by, by > 0 such that

T < Cid(z)"  and T < Chrd(x)? inQ, (2.16)

(ii) there exist k1, ky > 0 and 61,6 € R such that

9

——(z,u,v)

o < kod(2)% in QxC. (2.17)

< kyd(z)® and ’%(x,u,v)
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Then, there exists a positive very weak solution pair (u,v) € [LOO (Q)n Wlléf(ﬂ)} X
[Lw(g) N wl’q(g)} to (P) such that (u,v) € C.

loc

Remark 2.4. Since f; and f> are continuous with respect to the two last variables
in R x R%, assumptions (2.16) and (2.17) imply that for any X' CC €, there
exist Cx, Cj > 0 such that

|fi(z,u,v)] < Ck and  |fo(z,u,v)| < Ck in K xC. (2.18)

Proof. Since Q is a smooth domain, we can introduce (), .y~ C Q an increas-
ing sequence of smooth subdomains of Q such that Q,, — Q in the Hausdorff

n—oo

topology with
1 1
Vne N, —— <dist(0Q,0Q,) < —.
n+1 n

Then, for all n € N* we consider the following iterative scheme:
—Apuy, + md(x)‘slun = fi(z, Gp—1, Up—1) + md(ac)‘s'ﬂn_l in Q,,
(Pn){ —Ayvy + kod(2)20, = fo(z,@in—1,Bn—1) + k2d(x)2¥,—1  in Qp,
UnloQ, =%, Unlog, =v and wu, >0, v, >0 inQ,,
with initial data ug = v and v9p = v in Q¢ and for all n € N,
Uy, def Lo, un +1g\q, u and 7, def Lo, .vn + 1o\, v in Q.

By induction on n € N*, (P,,) has a solution (u,,v,) € W'"P(Q,) x WH(Q,)
satisfying for all n € N*,

U<y <bpy1 <uw and v <0, <Tpy1 <T ae. inQ. (2.19)
Indeed, using estimates (2.16) and (2.18),
fi(@,w,v) + mrd(z)Pu € LO(Q) = W H(Q))

and since u € WHP(Q;) < Wl/p,’p(ﬁﬂl) in the sense of the traces, we get u; €
WLP(Qq) as a minimum of the functional E; defined for w € W!'P(Q;) by

1
Eiw) > [ Vw+wlPde+2 | d@) (w+w)?de
p Q] 2 Ql

- / (fl (xauv ﬂ) + Hld(x)élﬂ)w dx (220)
Q
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Since the operator u + —A,u + #1d(z)°u is monotone in W'?(Q), applying
the weak comparison principle we get

u<u <u a.e.inQ.

Using the same arguments as above, we prove the existence of v; € WH4(Q)
satisfying v < v; < Ta.e. in Q. Now, let us fix n € N* and suppose that for all
k < n, (Pg) has a solution (ug,vy) € WHP(Qy) x WHi(Qy) satisfying (2.19).
The existence of positive solutions of (Pp11), (Uni1,vns1) € WHP(Q,11) x
Wha(Q,, ) satisfying

U< upry <uw and v <wv,11 <V ae.in Q,,q,

can be established using similar techniques as above. To prove the monotonicity
of the sequences (T, and (9m),, - We remark that @, € W?(Q,,11) and
satisfies

—Ayiiy, + 1 d(2) Vi < f1 (2, Bn1, Do) + K1d(2) 10—y 0 Quyg, (221)

in the weak sense. Then, using (2.21) together with (2.18), we deduce from the
previous inequality that,

- pﬂn + "Q]d(x)élﬂn < fi (I, Up—1, T)n) + Kld(x)élﬂnfl inQpqy,

in the weak sense. Hence, by estimate (2.17) and from the weak comparison prin-
ciple applied in W!'?(Q,, 1), we obtain

Uy < Upyp a0 Qpyg.

Similarly, we get the existence and the behaviour of v, 1. Then, for almost every
r € Q, we define

u(z) = nl;n;o Up(xz) and v(x)= nl;rgo O ().

Moreover, using a classical local regularity result of SERRIN[22], iy, Ty, € So’jog (Q

for some 0 < v < 1 and Vii,, — Vw and V9, —) Vv, uniformly in any com-

n—00
pact set K of Q. Thus, (u,v) € [u,u] X [v,7] and passing to the limit in (Py,),
(u,v) is a solution of (P) in the sense of distributions. o

n)
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3 Applications
3.1 Example 1

In this section we focus on the following quasilinear elliptic and singular system,

®) —Apu = Ki(z)u®” inQ; ulpg =0, u>0 inQ,
P

—A = Ky(x)v@2u?? inQ; w[pe =0, v>0 inQ.

In this problem,

(i) The exponents a; < p — 1, ap < ¢ — 1 and by, by # 0 satisfy the subhomo-
geneous condition

(p—1—a1)(g—1—az) —[bibz| >0, (3.1
which is equivalent to the existence of a positive constant ¢ > 0 such that
(p—1—a))—olby| >0 and o(¢g—1—ay)— |ba] > 0. (3.2)
(i) K, K, are two positive functions in Q satisfying
Ki(z) = d(z) ™™ Li(d(z)) and K»(z) = d(z) ®Ly(d(x)) in Q, (3.3)

with 0 < k) < p,0 < ky < g and for ¢ = 1,2, L; a lower perturbation in
%2((0, D)) (D the diameter of the domain Q), of the form:

Vt € (0, D], Li(t) = exp < /t 2D Zi(s)ds) : (3.4)

with z; € €([0, D]) N ¢'((0, D]) and z;(0) = 0.
Remark 3.1. a. Let us notice that (3.4) implies that

Ve > 0, lim ¢ °L;(t) = 400 and  lim t°L;(t) = 0. (3.5)

t—0F t—0F
b. Definition (3.4) also implies that

I 7
fim B g g pm O
t—0+ Li(t) t—0+ L;(t)

c. If Ly, L, are two functions satisfying (3.4), then for any «, 8 € R, the
function L,.L,? also satisfies (3.4).
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d. Such functions L;, L, defined as above belong to the Karamata Class
[17].

Example 3.2. Let m € N* and A >> D large enough. Let us define

vt € (0, D], Li(t) = ﬁ <1ogn (?))“,

n=I

where, log,, &f logo---olog (n times) and p, > 0. Then L; satisfies (3.4).

In our study, b; # 0 and b, # 0. In the case where b; > 0 and b, > 0, the ex-
pression of the right-hand sides of the two coupled equations in system (P) define
a cooperative interaction between the two components (species) « and v:

8% (Kl(x)u‘“vbl) — by K (2)usoh ! > 0, (3.6)
8 ay b2 ay b2—1
Pu (Kg(:r)v u ) = by K (2)v?u > 0. 3.7)

In the case where b; < 0 and b, < 0, both partial derivative in (3.6) and (3.7) are
negative and the expression of the right-hand sides of the two coupled equations
of (P) defines a competitive interaction between u and v.

First, we discuss the existence of positive weak solutions pairs to problem (P).
For that, regarding Theorem 2.1, we take

fl (1’, u, ’U) = Kl (x)ualvblv fZ(xvuvv) = Kz(x)vazubz

and construct suitable sub and supersolutions pairs of (P) in W(l)’p (Q) x W(l)’q(Q).

Then, in the cases where (P) is either competitive or cooperative, we investi-
gate the uniqueness of such positive weak solutions pairs. For that, it is essential
that the mappings 77 o 75 and 75 o T (where 17 and 75 are defined in (1.1)) is
subhomogeneous, which is equivalent to condition (3.1).

Preliminary results

Letl <r <oo,d <r—1land K : 2 — d(z)*L(d(x)), with0 < k < r and
L a perturbation function satisfying (3.4). In view of constructing suitable pairs of
sub and supersolutions to (P), we first introduce the following problem:

—Aw=K(@)w inQ; wlog=0 w>0 inQ. (3.8)
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Theorem 3.3. Under the above hypothesis, we have:

1) If k—1 < § < r—1, problem (3.8) has a unique positive weak solution
P € W(])’T(Q) that satisfies the following estimate:

W(x) ~ d(x) in Q. 3.9

In addition, we have 1 € €1 (ﬁ),for some 0 < o < 1.

(ii) Ifd = k—1, problem (3.8) has a unique positive weak solution 1) € W(l)’T(Q)
that satisfies the following estimate:

2D r—Fk
U(z) ~ d(x) (/d( )L(t)t’] dt) in Q. (3.10)

In addition, we have 1) € €% (ﬁ),for some 0 < o < 1.

(i) Ifk—2+ % < 0 < k—1, problem (3.8) has a unique positive weak solution
P € W(])’T(Q) that satisfies the following estimate:

b(@) ~ d@)T T L) T in Q. G.11)

In addition, we have 1) € €% (ﬁ),for some 0 < o < 1.

v) If 0 < k—2+ %, problem (3.8) has at least one positive weak solution
(NS W]’T(Q) N %o (ﬁ) that satisfies the following estimate:

loc
W(@) ~ d(z)T T3 L(d(@)) T in Q. (3.12)
Proof. See Lemma 3.3 in GIACOMONI, MAAGLI, SAUVY[9]. ]
Remark 3.4. In (iv) above, it can be proved that ¥V >=DU2i=8 47 € Wi (Q).

We give now a weak comparison principle used to establish the uniqueness of a
positive weak solutions pair of (P).

Theorem 3.5. Let K : @ — R, be a L, (Q) function and § < r — 1. Assume
u,v € W(l)’T(Q) N L>®(Q) are two locally uniformly positive functions satisfying
the sub and supersolution inequalities:

—Au < K(:r)u‘s and —Aw > K(I)U‘s mn Q, (3.13)

in the sense of distributions (i.e. Radon measures) in w-Lr (Q). Then
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(1) If § <0, inequality u < v holds a.e. in Q.

(i) If 6 > 0 and if we suppose in addition that there exist C1,Cy > 0 and a
locally uniformly positive function wy € L>(Q) such that Ciwy < u,v <
Chwy a.e. in Q and

/ K (2)we®™ do < +o0, (3.14)
Q
inequality u < v holds a.e. in Q.

To prove this theorem, we use the well-known inequality in Lemma 3.6 and the
Diaz-Saa inequality (see DIAZ-SAA[6]).

Lemma 3.6. There exists a constant C,. > 0 such that, for all z,y € RY,

Crle —y|" if r>2,
|2|” = Jy|” = rla| e (y — 2) > lz —y|? .
— qf 1<r<2.
(Jz + ly[)*="
Proof. See Lemma 4.2 in LINDQVIST [20]. ]

Proof. (OF THEOREM 3.5)

(i) If 6 < 0, we wish to prove that the function w = (u — v)* satisfies w = 0
a.e. in Q. First notice that 0 < w € W(])’T(Q). Applying the duality between
W(l)’T(Q) and W' (Q), respectively, to w and the the difference

—Aru+ Av < K(2) (u‘s - 1)5)

which is < 0 on the set Q. def {r € Q, w(xz)> 0}, weobtain

/ (IVu|"2Vu — [Vo|"2Vv) (Vu — Vv) dx

+

= / (IVu|"2Vu — |[Vo|"2Vv) .Vwdz < 0.
Q

This forces Vw = 0 a.e. in  and, consequently, also in Q. Since w &€
W(l)’T(Q), we conclude that w = 0 a.e. in Q as claimed, that is, © < v a.e. in
Q.

(i) If0 < § < r—1, following some ideas in LINDQUIST[20] (see also DRABEK-
HERNANDEZ[7]), we use the Diaz-Saa inequality.
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. def def .
More precisely, for € > 0, we set u. = u+eand Ve = v +¢in Q and we
define

r r r r
def Us — Ve def Veg' — Ug

¢=—-——— and ¢ = in Q.
u""

U5r7]

Then, %, %= € L®°(Q) and ¢, € Wy (Q) with

> e Ue

7 r—1
Ve = 1+(r1)<%> Vur<k) Vo inQ, (3.15

77 r—1
Vi = 1+(r—1)<%> vv—r<%) Vu inQ.  (3.16)

Ve Ve

Setting Q, & {r € Q, wu(x) > v(z)}, we have that ¢ > 0 and ¢ < 0 in
Q. and

/ \Vu|"2Vu.Vodr < K (z)u’¢pdr < 400,
Q. Q

/ |Vo|" 72V Ve do < K (x)v° dz < +oc0.
Q, Q,

Using equalities (3.15) and (3.16) and the fact that

Ve and |Vlnv5|:‘vv|

€ Ve

[VInu.| = in Q, (3.17)

we get

/ VUT—zvu.V¢dm+/ \Vo|""2V0. V) dx
Q. Q.
:/ (0" — .Y ([VInw|” — |V inv.|") de
Q4

- / rve" |V Inue|""(Vinu.). (Vinv, — Vinu,) dz
Q4

/ ru"|VInv""2(Vinw,). (VInu, — Vinov,) dz.
Q4
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a. If »r > 2, from Lemma 3.6, it follows that

/ vu”w.wdx+/ \Vo|""2Vu.Ve) da
Qy

Q4
> (ue" —v")(|VInue|" — |Vinw|") dx
Qy
—|—/ ve" (|VInu.|" — [VInv,|" + Cr|[VInue — Vinv|") de
Qp
—|—/ u" (|VInv.|" = [VInu.|" + Cr|VInu:. — Vinv|") dz
Qp

1 1
= C’T/ |ue Vs — veVue|” (—r + 7) dx.
Q. Ue Ve

b. If 1 <r <2, Lemma 3.6 entails

/ |Vu|”vu.v¢da;+/ \Vo|"2V0.Ve) dz
Qp

Q4
> O, [us Vive — ”6V“5|22 (L + L) dz.
o, (Ue|Vve| +ve|Vue| )2~ \ue”  ve”

In the right-hand side, we get

/Q+ K(x) (u5¢ + v5w> dx =

u5 u r—1 ’U(S v r—1
— (—) - — <—> (us" —v:") da.
u Ue v Ve

Then, since u% — 1, % — lase — 0" ae. in Q, we get from (3.14) and
Lebesgue’s Theorem that

lim /Q K(x) (u‘S(b + v‘szb) dr <0.

e—0*t

Q4

By Fatou’s Lemma and using the above estimates, we obtain in the both cases
that [uVv —vVu| = 0 a.e. in Q., from which we get that on each connected
component set w of Q_, there exists k£ > 0 such that u = kv a.e. in w. From
sub an supersolution inequalities (3.13) we have,

kT/K(x)v‘H] dxgkr/ Vv|rdx:/ |Vu|" dz

g/K(x)u5+‘ dx:k5+‘/K(x)v5+1 dz. (3.18)
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Hence, £ < 1 which implies that © < v a.e. in Q4 and from the definition of
Q. ,u<wa..in Q.

Main results

Theorem 3.7. Assume that the exponents a1 < p— 1, ap < q— 1 and by, by # 0
in problem (P) satisfy the hypothesis (3.1).

(1) Set
R 7a?);11:163a2)fb,b2’ R 7a110)(_qlf_lciaz)fb1b2’
o= (p—1 *al)(qbfl 1 —az) = biby’ fo= (p—1 *al)(qu I —a) = biby’
- (p—ki)(g—1—a2)+ (g —k)bu _(g=k)p—1-a)+(p—Fk)b

(p—l—al)(q—l—az)—blbz ’ 7= (p—l—al)(q—l—az)—blbz
and assume that

1 1
1—1—)<’y]<1 and l—a<’yz<l. (3.19)

Then, problem (P) possesses positive solutions (u,v) € W(l)’p (Q) x W(l)’q(Q)
that satisfy the following estimates:

u(x) ~ d(x)"Ly(d(x)M La(d(z)) inQ, (3.20)
v(x) ~ d(x)?Ly(d(z))*? Ly (d(x))”  in Q. (3.21)

In addition, we have (u,v) € €% (Q) x €% (Q), for some 0 < o < 1.

(i) Now assume that
ki—1<a+b<p—1 and k—-1<a+b <qg-—1. (3.22)

Then, problem (P) possesses positive solutions (u,v) € W(])’p (Q) x W(])’q(Q)
that satisfy the following estimates:

u(x) ~ d(x) and v(x) ~ d(x) inQ. (3.23)

In addition, we have (u,v) c¢he (ﬁ) x ¢ho (ﬁ),for some 0 < a < 1.
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(iii) Set
_p—ki+bh
Cp—l-a
and assume that
1
l——<~v<1l and k—-1<a+bhy<qg—1. (3.24)
p

Then, problem (P) possesses positive solutions (u,v) € W(])’p (Q) x W(])’q(Q)
that satisfy the following estimates:

1

w(z) ~ d(x)'Li(d(z))»~"==  and wv(x) ~ d(z) nQ. (3.25)

In addition, we have (u,v) € ¢0 (ﬁ) x ¢ho (ﬁ),for some 0 < a < 1.

(iv) Symmetrically to part (iii) above, set

_q—kat+b
R
and assume that
1
ki—1<a+biy<p—1 and 1-—-<~vy<I1. (3.26)
q

Then, problem (P) possesses positive solutions (u,v) € W(])’p (Q) x W(])’q(Q)
that satisfy the following estimates:

1
u(z) ~ d(x) and v(z) ~ d(x)"La(d(z))e""2 inQ. (3.27)
In addition, we have (u,v) € €1 (Q) x €% (Q), for some 0 < o < 1.

Theorem 3.8. Let a; < p — 1, ap < ¢ — 1 and by, by # 0 satisfying the subhomo-
geneity hypothesis (3.1). Assume that (P) is either a competitive or a cooperative
system, i.e. biby > 0. Then, each solution provided by Theorem 3.7 is unique.

The cooperative case is further analysed in the following result:

Theorem 3.9. Let us suppose that the exponents a; < p— 1, ap < q — 1 and
b1,by # O satisfy the subhomogeneity hypothesis (3.1). Moreover, assume that
(P) is a cooperative system, i.e., by > 0 and by > 0.
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(i) Set
(p—ki)(g—1—a) + (g — k)b
_ , 3.8
T T —an(g— 1 - )~ biby 429
(@—k)p—1—a1))+ (p— k)b
= 3.29
T T T—an(g—1-a) - biby 029
and assume that one of the three following conditions are satisfied:
1 1
O0<m<l——= and O0<y»<I1—- (3.30)
p q
1 1
l——-<ym<l and 0<yp<1—-— (3.31)
p q
1 1
O<m<l—-= and 1—-<m<I. (3.32)
p q

Then, problem (P) admits positive solutions (u,v) € Wi P(Q) x WrY(Q) in

loc loc

the sense of distributions satisfying the estimates (3.20) and (3.21).
(ii) Set

— k1 +b
_p—mth (3.33)
p—1—a
and assume that
1
O0<~y<1—- and kx—-1<a+by<qg-—1 (3.34)
p

Then, problem (P) nevertheless admits positive solutions (u,v) € Wl1 P(Q)x

W(])’q(Q) in the sense of distributions satisfying the estimates (3.20) and (3.21).

(i) Symmetrically to part (ii) above, set

—ky+b
_ 94— Rt (3.35)
qg—1—-a
and assume that
1
ki—1<a+by<p—1 and 0<~vy<1—-—. (3.36)
q

Then, problem (P) possesses positive solutions (u,v) € W(l)’p(Q) XWL(Q)

loc
in the sense of distributions that satisfies the estimates given in (3.27).

The next result deals with some limiting cases:
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Theorem 3.10. Assume that the exponents a; < p — 1,ay < q— 1 and by,bp #0
satisfy the subhomogeneity hypothesis (3.1).

(1) Assume that

(ii)

(iii)

ar+b=ki—1 and ky—1<ay+b<q-—1. (3.37)

Then, for all € > 0 small enough, there exist Cy,C > 0 and C},C5 > 0 such
that problem (P) possesses positive solutions (u,v) € W(])’p(Q) X W(])’q(Q)
that satisfy the following estimates:

Cid(z) <u< C’gd(m)l_e and Cid(x) < v < C’éd(m)l_w inQ, (3.38)

where o > 0 is given in (3.2).In addition, we have (u,v) € €% (Q) x
¢ (Q),for some 0 < o < 1.

Symmetrically, assume that
a+by=ky—1 and ki —1<a1+b <q-—1. (3.39)

Then, for all € > 0 small enough, there exist Cy,C > 0 and C},C5 > 0 such
that problem (P) possesses positive solutions (u,v) € W(])’p(Q) X W(])’q(Q)
that satisfy the following estimates:

Cid(z) <u< C’gd(m)l_e and Cld(x) <v < C’éd(m)l_w inQ. (3.40)

In addition, we have (u,v) € €% (Q) x €% (Q), for some 0 < o < 1.

Let us abbreviate

_p—ki+bh
Cp—l-a
and assume that
1
l——<~v<1l and ay+byy=Fky—1. (3.41)
p

Then, for all ¢ > 0 small enough, there exist Cy,Cy > 0and C',C} > 0 such
that problem (P) possesses positive solutions (u,v) € W(l)’p(Q) X W(l)’q(Q)
that satisfy the following estimates in €.

Crd(x)"" < u < Chd(z)" ¢ and Cd(z) < v < Chd(z)' 7. (3.42)

In addition, we have (u,v) € €0 (ﬁ) x €0 (ﬁ),for some 0 < o < 1.
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(iv) Symmetrically, let us abbreviate

q— k2 + by
qg—1—-a
and assume that
1
ai+biy=k -1 and 1—-<y<I. (3.43)
q

Then, for all ¢ > 0 small enough, there exist Cy,Cy > 0and C,C% > 0 such
that problem (P) possesses positive solutions (u,v) € W(])’p(Q) X W(])’q(Q)
that satisfy the following estimates in L.

Crd(z) < u < Cod(z)' ¢ and C1d(z)777 < v < Chd(x)' ™7,  (3.44)
In addition, we have (u, v) € ¢0 (ﬁ) x €0 (ﬁ),for some 0 < a < 1.

Proof of Theorem 3.7

Thanks to Theorem 3.3, we apply Theorem 2.1 with a suitable choice of sub and
supersolutions pairs (u,v), (a,7) € W(l)’p (Q) x W(l)’q(Q) in the following form:

u=my; and Hzm”zm in Q,

v=mY, and T=m %Y, inQ,

where o > 0is given in (3.2), 0 < m < 1 is an appropriate constant small enough
and ¢ € W(l)’p (Q), ¥y € W(l)’q(Q) are given by Theorem 3.3 as the respective
unique solutions of problems

—Ayw =d(z) ML (d(z)w’  inQ; wlag =0, w>0 inQ, (3.45)

—Agw =d(x) R Ly(d(x)w”? inQ; wlpa =0, w>0 inQ, (3.46)

satisfying some cone conditions we specify below. In the following alternatives,
we choose suitable perturbations £, £, as in (3.4) and suitable values of expo-
nents & —2+% <o <p-1 andk2—2+% < 3 < ¢ — 1in order to
satisfy

Ay ~ K () D" and = Aghy ~ Ko(z)tny? inQ, (347)

which provide us the inequalities (1.7) to (1.10) in order to apply Theorem 2.1.
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Alternative 1: We look for positive solutions (u,v) € W(l)’p (Q) x W(l)’q(Q) to
(P) by making the "Ansatz" that

u(z) ~ (@) Li(d(@) " Lo(d())*  inQ,

v(z) ~ d(x)?La(d(x)) 2 Ly (d(2))>  in €,

for some y; € (1 — ;—7, 1),y € (1— é, 1) and a1, az, 81, B> € R. For that, we take
in (3.45) and (3.46)

ki —2+

<o <k -1 and k,—2+

1 1
kll Mol k1. (3.48)

L1=LM LM and Lo=L2.L1"» inQ,

where i, A2, p1, 2 € R are suitable exponents we fix later. By Theorem 3.3,
1 € WyP(Q), 9 € Wy9(Q) and satisfy

Gi(@) ~ d@) TR Ly (d@) T Ld(@) T i@, (3.49)
o) ~ d(@)T T Ly(d() TR L(d(2)TE Q. (3.50)

In view of satisfying estimates given in (3.47), the comparison of the term —A,v
with K (ac)wl‘“z/;zbl on one side, and the term —A,v, with Kz(x)zbz“zz/;lbz on the
other side, imposes the exponents A\, Az, j41, 2 and &y, d; to satisfy the following
system:

p—k_ _ p—k q—ky
01 p—1-=6; — alp—l—é; + b1 q—1-96"

q—ky _ q—ky p—k
52(]—1—52 - a2q_1_52 + b2p_1_5] ’

p—1 Al K2
)\]p—l—él =1 +a1p—1—51 + b1 q—1-07"

g—1 K1 A
A2 1 +b2p,],51 +a2q,],527

q—1-0,

1 A
e e b e e b
-1 A
2 qfqlféz = bzp*]IﬂSl + aijltiéf
Then, we get
= Pk _(-k)@—1-a)+(@=kb (3.51)
P15 G- l-a)— - @) b
e A=k @—k)p=1—a)+ (k)b (3.52)

Cg-1-6  (p-1l-a)lg—1—ay) —biby ’
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Al q—1—a
o — — , (3.53)
"Tp—1-8 (p—1-a)(g—1-a)—bb
)\2 P — 1 —
= = , 3.54
2 Q71752 (pflfal)(Q*]*az)*lhbz ( )
1 by
_ — , (3.55)
ﬁl p—1—61 (p—l—al)(q—l—az)—blbz
b
fp=—F— = : (3.56)

_Q*17(52_ (pfl*G])(Q*l*az)*b]bz7

which imply estimate (3.47). Moreover, inequalities (3.19) are then equivalent to
inequalities (3.48). Let (u,v) € [u,u] X [v,7]. On one hand, we have

—Apu < mPT CLLy (d(2) MO Ly (d () d () R in Q,
—Agv <m7 IO Ly (d(2)) 22 Ly (d(z))H2 4022 ()22 7R in Q.
On the other hand,
Ki(z)umob > Com®FoPIA (d(z))d(z) =k in @
with A} = L Taeathib paibitbios  gimilarly,
Ky (x)v®@u® > Chm @02l Ay (d(2))d(x)@2 02—k in Q,

with Ay = L, t@athpi 1 @brtber Then under condition (3.2) and thanks to
(3.51) to (3.56), (u,v) is a subsolutions pair of problem (P), for m small enough.
Next,

—Aya > m PO Ly (d(x) MO Ly (d(z)) 0P ()0 R in Q)
—AT > m D Ly (d(2)) 202 Ly (d(z))H2 0252 ()22 7R in Q.
Furthermore,
Ky (2)u®o® < Cym~~WIA (d(z))d(z) 02—k in Q.
Similarly,
Ky(x)v2ub < Cym=o%2 "2l Ay (d(a))d(z) 22—k i Q.

Then under (3.2) and thanks to (3.51) to (3.56), (u, ) is a supersolutions pair of
problem (P), for m small enough. Therefore estimates (1.7) to (1.10) hold. Let
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us check that conditions (2.1) to (2.5) of Theorem 2.1 are satisfied. By estimates
(3.49) and (3.50) and using the properties of the perturbations L; and L, given in
point (a) and (c) of Remark 3.1, for all € > 0 there exist positive constants C'j, C>
and C, C} such that

Crd(z)" <wu,u < Cod(z)"™° and Cld(z)"? <v,7 < Chd(z)?*™° inQ.
In addition, using (3.51) to (3.56), there exist positive constants 1, k2 such that
|1z, u,0)| = Ky (2)u®o® < gid(2)? M7 inQxC,

|folz,u,0)| = Ka(2)v®2u” < kod(2)2 7575 inQxC

and
8f1 _ a;—1,b (6171 —k1—e)— .
a—(x,u,v) = |a1 | K (z)u™ " 0™ < kid(z) 0T L inQ xC,
u
of> _ ay—1, b (02y2—ko—e)—7. :
a—(m,u,v) = |az| K (z)v® ™ 'u” < Kpd(x)\022 " 2 inQxC.
v

Since 7, € (1 — }D, 1) and 3, € (1 — é, 1), inequalities (2.5) hold for ¢ small
enough. Then, applying Theorem 2.1 we conclude about the existence of positive
solutions to (P) in Wy () x Wy?(Q) satisfying the estimates (3.20) and (3.21).

Finally, using Theorem A.1, we get that any positive weak solutions pair to (P) in
the conical shell C belongs to €% (ﬁ) x ¢ (ﬁ) for some 0 < o < 1. This
proves (i) of Theorem 3.7.

Alternative 2: In this part, we look for positive solutions (u,v) € W(l)’p (Q) x

W(l)’q(Q) by making the "Ansatz" that both function « and v behave like the dis-
tance function d(x) for x € Q near the boundary Q. For that, similarly as in
Alternative 1, we take in (3.45) and (3.46)

ki—1<& <p—1 and ko—1<& <q-—1, (3.57)

,C] = L] and ,Cz = L2 in Q.
By Theorem 3.3, ¢; € W(l)’p(Q), Py € W(l)’q(Q) and satisfy

Y1(x) ~ d(x) and n(x) ~ d(x) inQ.
In view of satisfying estimates given in (3.47), we fix §; and J; as follows:

0p=a;+b and & =ay+ bs. (3.58)
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Then, (3.47) holds and inequalities given in (3.57) entail (3.22). The rest of the
proof is as in Alternative 1. This proves (ii) of Theorem 3.7.

Alternative 3: Now we combine our methods from Alternative I and Alternative
2. We search for positive solutions (u,v) € WyP(Q) x Wy9() to problem (P)
by again making the "Ansatz" that

u(z) ~ d(x)"Li(d(x))*La(d())” in Q,

for some v € (1 — }D, 1) and o, 8 € R, and v behave like the distance function in
Q. For that, we take in (3.45) and (3.46)

—1
1<51<k:]—1 and ko —1<d<q—1, (3.59)

k1
ki —2+

p—

Ly =L M L,"M  and Lo =L.L1" inQ,

where A1, Az, p1, pp € R are suitable exponents to be fixed. By Theorem 3.3,
1 € WP (Q), 1r € WyI(Q) and satisfy

p—k A

i) ~ d(2)7 T Li(d(@)) 7T Ly(d(@) 7 and () ~ d(x) in .

In view of (3.47), the exponents have to satisfy

ki _ - _p—ki_
51p—1—51 - lp 1 +b]7 52 - b2p_1_51 +CL27
p—1 _ _ 1)
/\1]0_1_51 = ;= 1 5 +1, XN = bzp_1_51 + 1,
n p—1 = q w = b Al
p—1—51 p—1—517 p—l—(sl'

Hence we obtain

p—ki p—ki+b

_ _ p—ki+b;
v =550 = S and 0 = ap + b=t

p—l—a;’

DY I 1 — M
p—1-6, = p—1-46; and 6  p—1-46 0.

o =
The rest of the proof is as in Alternative 1. This proves (iii) of Theorem 3.7 and
(iv) is the corresponding symmetric case of (iii). O
Proof of Theorem 3.8

To prove uniqueness of solutions, we apply a classical argument of KRANSNOSEL-
SKII [18]. Let (u,v), (@, 7) € WyP(Q) x Wy?(Q), be two distinct positive weak
solutions pairs to problem (P) in the conical shell C = [u, u] X [v, 7], where (u,v),
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(u,v) are given in the proof of Theorem 3.7. This means that T'(u,v) = (u,v)
and T'(@,?) = (4@, ¥), which implies that, T} o Tp(u) = u, T o T1(v) = v and
Ty o Th(@) = @, Ty o TH(0) = ¥, respectively. Let us define

Coax Lsup{C eR,, Ci<u and Ci<v ae.inQ})  (3.60)

by by by )

Ty o TZ(Cmaxﬂ) = (Cmax)p717a1 ‘== T o TZ(ﬂ) = (Cmax)pilia] famiTer g,

b,

_b by b by
T, 0Ty (Cmax@) = (Cmax) a=l=ay'p=1=a1 T o T (T)) = (Cmax) ¢-lmay pmlma g,
Therefore, by Theorem 3.5, both mappings 7} o T> and 75 o T being (pointwise)
order-preserving, we arrive at

by b

u=T oTs(u) > T} o To(Crmaxit) = (Cax) P~—21 =1-22, (3.61)

by b

0 =Ty 0T(v) > Tp 0 Ti(Crax®) = (Chnax) &2 7~ -1 3, (3.62)

From 0 < Chax < 1 combined with the subhomogeneity condition (3.1) we de-

duce that

def b b

S I
Chax = (C’max)p_l_al.q_l_a2 > Crax,

max

which contradicts the maximality of the constant Cyax in (3.60), by inequalities
(3.61) and (3.62). Then, Cinax > 1 which entails @ < v and ¥ < v a.e. in Q.

Interchanging the roles of (u, v) and (@, ), we finally get (u,v) = (@, 7) a.e. in
Q. O

Proof of Theorem 3.9 The proof is very similar to the proof of Theorem 3.7.
So we omit it. O

Proof of Theorem 3.10

Alternative 1: Assume thata; +by =k —landky — 1 <ar+ b < g—1. We
look for positive sub and supersolutions pairs (u,v), (@, ) in the form:

u=map; and ﬂ:m_l(aplm)l_e in Q,

v=m%), and T= mfa(gom)l*“ in Q,

where 0 > 01is given by (3.2), ¢ < 1 and m < 1 are appropriate positive constants
small enough and ¢, € W(l)’p (Q)and ¢, € W(l)’q(Q) are the respective solutions to

—Aw = Ki(z)w”  inQ; wlpe=0, w>0 inQ,
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—Aw =Ky(2)w” inQ; wlpo=0, w>0 inQ,

withk; —1 < d; <p—1landay;+by < dy < ¢g— 1. By Theorem 3.3, both v/ and
10, behave like the distance function in Q. Let us remark that by estimate (1.5),
u < uand v < Tin Q, for m small enough. Now, let 1 < r < coandy € (0, 1),
then we have

A [(p1)] =7 (1) = (v = D = 1) (01,) 0T Ve 7]
=" 1) "I A (010)” (1 =) (= 1) Vepre 7]
in Q. By estimate (1.5), we conclude that
—Ar [(p1,0(2))] ~ d(2)"UI0=D= i g, (3.63)
So, let (u,v) € [u, ] x [v,7]. On one hand, we have
—Apu < mPTIOVK (2)d(2) and  — A < miTIC Ky (x)d(2)?  inQ.
On the other hand, we also have

MUt K (1)1 1y if b >0,
Ki(z)u®o? >

m® =K (2)1h ™ (p1,4) 01 (1750 if b <0,

Z ma|+a'|b||CzK] (x)d(l‘)kl_l+6abl_ in Q’
in Q. Similarly, we get
Ky(z)v®2u?? > mo@ el O K (2)d(2) 2<% in Q.

Then, for m and ¢ small enough, (u,v) is a subsolutions pair of problem (P).
Similarly, using estimate (3.63), we obtain

—Ay@ > m'PC3d(x) P and — AT > mUmDCGd(x) 717D in Q.
Furthermore, by (3.5), for any &’ > 0, there exists C4y = Cy(e’) > 0 such that

m~ @+ K (2) (01,5)" ) (1,150 i by > 0,
Ki(z)amo? <
m (I () (91,)" if b <0,

< m*(a1+a|b1\)C4d(x)7175(a1+abfr)fa’ in O

)
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Similarly, we have

!

Kz(x)yazubz < mf(aa2+\b2|)Czlld(x)fk1+a2+b275(aa2+b2+)75 in Q

)

with C) = C}(¢’). Then, for m, ¢ and &’ small enough, (@, 7) is a supersolutions
pair of problem (P). Applying Theorem 2.1, we get the existence of positive
solutions (u, v) € WP (Q) x Wy9(Q) of (P) satisfying (3.69). This proves (i) of
Theorem 3.10.

Alternative 2: When k) — 1 < a1 +b) < g—landay + by = ky — 1,
interchanging the role of u and v, the proof of (ii) is the same as above.

Alternative 3: Assume that (3.41) is satisfied. To prove (3), we follow the
proof in Alternative 1. We construct positive sub and supersolutions pairs (u,v),
(@, T) € WyP(Q) x Wy9(Q) in the form

u=m(p1p)" T=m (1) and v = m7Y, T=m " (p1,,) " in Q,

where o > 0 is given by (3.2), and £, m are appropriate positive constants small
enough and ¢ € W(l)’q(Q) is the solution (see Theorem 3.3) of

—Aw = Ky(z)uw’ inQ; wlpgg =0, w>0 inQ,
with ay + by < § < g — 1. (iv) is the symmetric case of (3) by interchanging the

role of u and v. Finally, from Theorem A.1, we get the Holder regularity of (u, v).
]

3.2 Example 2
We consider now the following singular system
—Apu = uMo? — 1Pt in Q; ulpa =0, u>0 inQ,
®) —Agv = v2u” —v2u®  inQ; wjpe =0, v>0 inQ,
where the above exponents satisfy

(p—l—al)—a\b]|>0 and (a]—a])—0(|51|—|b1\)>0, (364)

J(q*] fa2)7|b2\ >0 and U(azfaz)f(‘ﬁz‘ — ‘b2|) > 0, (3.65)

for some constant 0 > 0. Then, we have the following result:

Theorem 3.11.
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plg—1—az) 4 gb qp—1—ai) +ph

. = 3.66
p—l—al)(q—l—az)—blbz " (p—l—al)(q—l—az)—blbz ( )

’Yl:(

and assume that

1
1— 5 <m <1l and (ay—a))y+ (B —0b1)y2 >0, (3.67)

1
1— 5 <1<l and (Ozz — az)’)/z + (ﬁz — bz)’yl > 0. (3.68)

Then, problem (P) has a positive solution (u,v) € W(l)’p(Q) X W(l)’q(Q)
satisfying

u(z) ~d(xz)"  and v(x)~d(z)”? inQ. (3.69)

In addition, we have (u,v) € €% (Q) x €% (Q) , for some 0 < o < 1.

(i1) Assume that
—I<a+b<p—1 and (ay—a))+ (B —b) >0, (3.70)

—l<a+b<q—1 and (az—az)+ (B2—by)>0. (3.71)
Then, (P) has a positive solution (u,v) € W(l)’p(Q) X W(l)’q(Q) satisfying

u(x) ~d(z) and wv(z)~d(x) inQ. (3.72)

In addition, we have (u,v) € €1 (Q) x €1 (Q) , for some 0 < o < 1.
(i) Ler

b
v = _ptoh (3.73)
p—1—a
and assume that
1
l—]—)<7<1 and (a; —ap)y+ (81 —b1) >0, (3.74)

1 <a+by<p—1 and (az—ay)+ (B2—b)y>0. (3.75)
Then, (P) has a positive solution (u,v) € W(l)’p(Q) X W(l)’q(Q) satisfying

u(z) ~d(z)” and wv(x)~d(z) inQ. (3.76)

In addition, we have (u,v) € €% (ﬁ) x ¢he (ﬁ) ,for some 0 < a < 1.
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(iv) Symmetrically, set
q+b

_ 4T (3.77)
qg—1—a

and assume that
—1l<a+by<p—-1 and (ay—a1)+ (B —b1)y>0, (3.78)
1 — é <y<1l and (az—az)y+ (B2—02) >0. (3.79)
Then, (P) has a positive solution (u,v) € W(l)’p(Q) X W(l)’q(Q) satisfying
u(z) ~d(x) and wv(x)~d(x)” inQ. (3.80)
In addition, we have (u,v) € €1 (Q) x €% (Q) , for some 0 < o < 1.
Proof. We apply Theorem 2.1 with
u=mi, u=m 'Y and v=mYy, T=m Y inQ,
where o > 0 is the constant given in (3.64) and (3.65), m < 1 is a positive constant
small enough and ¢; € WyP(Q), ¢, € Wy?(Q) are given by Theorem 3.3 as the
respective unique solutions of problems
— pw:w‘Sl inQ; wlpa=0, w>0 inQ,
—Aqw = w?  inQ; wlga =0, w>0 inQ,

satisfying some cone conditions we precise below. In the following Alternatives,
we choose —2 — ﬁ <d<p-—1land -2 — q%l < 0y < q — 1 such that

—Apr ~ oM and  — Ags ~ ™ in Q. (3.81)

Alternative 1: Assume that conditions (3.67) and (3.68) hold. Then, arguing as
in Alternative 1 in the proof of Theorem 3.7, we choose —2 — Iﬁ <) < —1and

-2 — q%] < 0y < —1 unique solutions pair of the following system:

o b 0 b
1P B ap n 19 and 24 _ aq 2P

p1-0 p-1-0 g 1-5 10 q-1-86 p1-8

Since
i(2) ~d@) and (e) ~d(@) i,
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where 71 = = - 5 and 7, = rrl+62 are given by (3.66), estimates (3.81) follows.

Let (u,v) € [u,u] X [v,v]. First, we have
—Apu <mPTICd(x)P and  — A < mVCd(2)%” in Q. (3.82)

On the other hand, by (3.64) and (3.67),

v

Qalvbl 7Q(X1U51 ma1+0‘bl‘wlal¢2bl [1 _ mm*al*U(\ﬁl|*\bl|)¢la1*alwzﬁlfbl}

v

m@ el Cyd(z)amthie in Q. (3.83)
for m small enough. By (3.65) and (3.68), we also have
v2ybr — y22yP2 > maaz+|bzlcéd(x)az’¥2+bz“/1 in Q, (3.84)

for m small enough. Then, under conditions (3.64), (3.65), (3.67) and (3.68) and
for m small enough, (u, v) is a subsolutions pair of problem (P).
Similarly, we have

—AT > m! PC3d(x)® and  —AT > mUTVCd(2)2 in Q. (3.85)
In addition,
o — g < mamolbily @bt < gpma—elbil oy gy thie - (3.86)
in Q. We obtain further
720 — 720 <m0l d(2)2 e i Q. (3.87)

Then, under conditions (3.64), (3.65) and for m small enough, (u,v) is a superso-
lutions pair of problem (P).

Applying Theorem 2.1, we get the existence of positive solutions (u,v) €
WP (Q) x W9(Q) of (P) satisfying (3.69). Again from Theorem A.1, (u,v)
are Holder continuous. This proves the assertion (i).

Alternative 2: Now, assume that conditions (3.70) and (3.71) are satisfied.
Then, we choose §; = a; + by and d = ay + b. By Theorem 3.3, since

Yi(z) ~d(z) and  o(z) ~d(z) inQ,
estimates (3.81) hold. Instead of inequalities (3.82), we have in this case

—Apu < mP'Oyd(x)M TP and — Ajp < m?@= D d(z)> 2 in Q.
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From (3.64), (3.65), (3.70) and (3.71), we get for any (u,v) € [u,u] X [v,7]:
Qalfvbl _ ualvﬁl > mal+0|bllczd(x)a1+bl inQ,

vy — 2P > m0G2+\b2|C£d(x)az+bz inQ,

for m small enough. Then, under conditions (3.64), (3.65), (3.70), (3.71) and for m
small enough, (u,v) is a subsolution pair of problem (P). Instead of inequalities
(3.85), we have in this case in Q,

—AT > m! TPOsd(x)M T and — AT > m1=D Chd(x)®2 b,
In addition, instead of inequalities (3.86) and (3.87), we get
gt — gt < ol oy d ()t
7%2ub? — g2 < o bal o g ()2t

in Q. Then, under conditions (3.64), (3.65) and for m small enough, (w,7) is a
supersolution pair of problem (P). Then, we conclude as in the Alternative 1 and
(ii) is proved.

Alternative 3: Now, assume conditions (3.74) and (3.75) hold. Then, arguing as
in the proof of Theorem 3.7, we choose —2 — }D < <-—-land—-1<d <qg-—1
unique solutions pair of the following system:

1) a
P _ WPy, —ay+ —— .
p*1761 p71761 p*1*62

Estimates in (3.81) hold since

Yi(z) ~d(z)” and  is(z) ~d(z) inQ,
with  given by (3.73). Instead of inequalities (3.82), we have in this case
—Apu < mP~'Cyd(z)®Y  and  — Agv < m?@DCld(z)>  in Q.
From (3.64), (3.65), (3.74) and (3.75), we obtain now
o — y1h > matellCyd(z) Tt in Q,
v — 2P > Mot Cld() =t inQ,

for m small enough. Then, under conditions (3.64), (3.65), (3.74), (3.75) and for
m small enough, (u,v) is a subsolution pair of problem (P). Instead of (3.85), we
have

—AyT > m!TPC3d(2)? and  — AT > moUTDCd(x)®  inQ.
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And inequalities (3.86) are replaced by
7o — P < mmamolCyd(2)* Y in Q,
72 — g2y < moeRlCnd(p) = in Q.

Then, under conditions (3.64), (3.65) and for m small enough, (@, ) is a super-
solution pair of problem (P). We conclude as in the Alrernative 1. Thus, (iii) is
proved. Note that (iv) is the symmetric case of (iii) by interchanging v and v. o«

We can further prove similarly (we omit the proof):
Theorem 3.12. Assume that conditions (3.64) and (3.65) are satisfied.
(1) Assume that
aj+b=—-1 and (ag—ay)+ (B1—b1) >0, (3.88)

—1<a+b<q—1 and (az—az)+ (B2—by)>0. (3.89)
Then, for all ¢ > 0 small enough, there exist Cy,Cy > 0and C',C} > 0 such
that (P) admits positive solutions (u,v) € W(l)’p(Q) X W(l)’q(Q) satisfying:

Crd(z) < u < Cyd(z) ¢ and Cld(z) < v < Chd(x)' ™7 inQ, (3.90)

with o > 0 is given in (3.2). In addition, we have (u,v) € ¢ (ﬁ) X
¢ (ﬁ),for some 0 < o < 1.

(i1) Symmetrically, assume that
—1<a+b<q—1 and (Oz1—CL1)—i—(,81—b1)>07 (3.91)

ay+by=—1 and (az—az)+ (B2 —by)>0. (3.92)

Then, for all € > 0 small enough, there exist Cy,Cy > 0and C',C} > 0 such
that (P) admits positive solutions (u,v) € W(l)’p(Q) X W(l)’q(Q) satisfying:

Cid(x) < u < Cod(x)' ¢ and Cld(x) < v < Chd(z)' ™7 in Q. (3.93)

In addition, we have (u,v) € €% (Q) x €% (Q), for some 0 < o < 1.
(iil) Let
_ pth
p—1—a
and assume that

1
1 -5 <y<1l and (ag—a))y+(Br—b1) >0, (3.94)
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ay+byy=-1 and (ap—a)+ (B2 —b)y>0. (3.95)

Then, for all ¢ > 0 small enough, there exist Cy,Cy > 0and C',C} > 0 such
that (P) admits positive solutions (u,v) € W(l)’p(Q) X W(l)’q(Q) satisfying:

Cid(z)"" < u < Cod(x)? ™% and Cjd(x) < v < C3d(z)' ™7 in Q.  (3.96)

In addition, we have (u,v) € €% (Q) x €% (Q), for some 0 < o < 1.

(iv) Symmetrically, let

o q+ by
Cq-l-am
and assume that
ap+biy=—-1 and (a3 —ay)+ (81 —b1)y >0, (3.97)
1
1— . <y<1l and (va—a)y+ (B2—10)>0. (3.98)

Then, for all € > 0 small enough, there exist Cy,C > 0 and C},C5 > 0 such
that (P) admits positive solutions (u,v) € W(])’p(Q) X W(])’q(Q) satisfying:

Cid(x) < u < Chd(z)' =% and C|d(x)7757 < v < Chd(z)" ™7 in Q. (3.99)

In addition, we have (u,v) € €% (Q) x €% (Q), for some 0 < o < 1.

3.3 Example 3

In this section, we consider the following singular competition system

—Apu = Au® — P — pum? inQ; ulpg =0, u>0 inQ,
(P)

—Agv = Mv? — v — pv2u inQ; s =0, v>0 inQ,

where A\j, Ay and p, pp are positive and oy, oz, 51, B2, a1, az, by, by satisfy

1
—2——1<a1<p—1, a;<f1 and a; —a; —olb| >0, (3.100)
p—

1
fzqu<a2<q—1’ ay < B and a(a27a2)7|b2\>0, (3.101)

for some constant o > 0. Then, we have
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Theorem 3.13. (i) Assume that

1 . b
e — <o <—1 and (a1 —on)p 9 <0, 3.102)
p—1 p—1l-a g¢g—1-m
1 . b
D <oy <—1 and (a2 — a2)g 2P 0. (3.103)
q-—1 g—1l-a p—-1-a

Then, (P) admits positive solutions (u,v) € W(l)’p(Q) X W(])’q(Q) satisfying:
u(z) ~ d(x)ﬁ and v(xz) ~ d(x)ﬁ in Q. (3.104)

In addition, we have (u,v) € ¢ (ﬁ) x €0 (ﬁ) , for some 0 < o < 1.

(i1) Assume that

—l<ar<p—1 and ay—o;+0b >0, (3.105)
—l<m<qg—1 and ap—ay+by>0. (3.106)
Then, (P) admits positive solutions (u,v) € W(l)’p(Q) X W(l)’q(Q) satisfying:
u(z) ~d(z) and wv(z)~d(z) inQ. (3.107)

In addition, we have (u,v) € ¢ (ﬁ) x ¢he (ﬁ) , for some 0 < o < 1.

(i) Assume that

1
2oy <ar<-l and (a—ar+b)p=bi(ai+1) >0, (3.108)

—l<ay<qg—1 and (ax—ar+by)p—(az—az)(ag+1) > 0. (3.109)
Then, (P) admits positive solutions (u,v) € W(l)’p(Q) X W(])’q(Q) satisfying:
u(z) ~ d(m)”—lp—al and v(z)~d(z) inQ. (3.110)

In addition, we have (u,v) € ¢ (ﬁ) x ¢he (ﬁ) , for some 0 < o < 1.

(iv) Symmetrically, assume that

-1 <o <p—1 and (a1—o1+b1)g—(a1—ar)(az+1) >0, (3.111)
1

72—(1_—1 < <-—1 and (ap—ar+b)g—br(an+1) >0. (3.112)

Then, (P) admits positive solutions (u,v) € W(l)’p(Q) X W(])’q(Q) satisfying:

u(z) ~d(x) and wv(z)~d(z) mw in Q. (3.113)
In addition, we have (u,v) € ¢ (ﬁ) x €0 (ﬁ) , for some 0 < o < 1.
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Proof. We apply Theorem 2.1 with
u=my, u=m P and v=mYr, T=m Y nQ, (3.114)

where 0 > 0 is the constant given in (3.100) and (3.101), m < 1 is a suitable
small positive constant and ¢; € WP(Q), 1 € Wy(Q) are (given by Theorem
3.3) the respective unique solutions of problems

—Apyw =w" inQ; wlpg =0, w>0 inQ,

—Aqw =w"? inQ; wlpe =0, w>0 inQ.
Alternative 1. Assume conditions (3.102) and (3.103) are satisfied. Then, from
Theorem 3.3, we get

Ui(x) ~ d(z)7 =5 and  a(z) ~ d(z) 7% in Q.

Let us prove that, for m small enough,

(u,v) and (u,v) are respectively sub and
supersolutions pairs of (P). Let (u,v) € [u

u, U] X [v,7]. We have in Q,

a|p @q
—Apu < mp_lC]d(x)p“]‘al and —Aju < mg(q_l)C{d(m) q—lz—az. (3.115)
From (3.100) and (3.102), we obtain:

Ayt — uft — pyutioh

> )\](mwl)al |:1 _ )\L}(mw])@—al _ i_:(mw])al—al (m—(rsign(b])wz)bl}

ap

> %malCzd(x)m,
(3.116)
for m small enough. In addition, from (3.101) and (3.103), we get:
A _a
A — 0 — oyl > émmzcéd(w*‘zﬂz inQ, (3.117)

for m small enough. Then, under conditions (3.102), (3.103) and for m small
enough, (u,v) is a subsolutions pair of problem (P). We also get

| p @q
~AT > mITPCad(z) 7 and — AT > m1mDCld(z) % in Q. (3.118)

Similarly, one has

ap

MTY — TP — @ < \ym TN Cyd(z) P in Q, (3.119)
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@9

MT® — T — 2t < Dm0 CLd(2) T in Q. (3.120)

Then, for m small enough, (@, ) is a supersolutions pair of problem (P).
Applying Theorem 2.1, we get the existence of positive solutions (u,v) €
WP (Q) x Wy(Q) of (P) satisfying (3.104). From Theorem A.1, we get the
Holder regularity of « and v. This proves (i).
Alternative 2: Now, let conditions (3.105) and (3.106) be satisfied. Then,

P1(x) ~d(z) and p(z) ~d(x) inQ.
Let (u,v) € [u, ] X [v,7]. Instead of (3.115), we now get
—Apu <mP10d(x)™  and  — A < m@ D d(z)*  in Q.

From (3.100), (3.101), (3.105) and (3.106), instead of (3.116) and (3.117), we have

A
Au® — Pt — o > %mo“Czd(I)o“ in Q,

A
M — 0?2 — ppv®u? > TQmMZC’éd(JC)az in Q,

for m small enough. Then, under conditions (3.105), (3.106) and for m small
enough, (u,v) is a subsolutions pair of problem (P). Instead of (3.118), we have

—AT > m'PCyd(x)™  and  — AT > mUTDCkd(2)*  in Q.
Furthermore, the following inequalities
MT — TP — o < \ymm M Cyd(2)™ in Q,
M0 — 57 — 520 < A\ym =72 Chd(x)* in Q

replace (3.119) and (3.120). Then, for m small enough, (%, ) is a supersolutions
pair of problem (P). We conclude as in the Alternative 1 and (ii) is proved.

Alternative 3: Now, assume that conditions (3.108) and (3.109) are satisfied.
Then,

D1(@) ~d(x)7=  and  o(z) ~d(z) inQ.
Let (u,v) € [u, ] X [v,7]. Instead of (3.115), we have

ap

—Ayu <mPIOWd(z)7 o and — A < mPYUTVCd(x) inQ.

From (3.100), (3.101), (3.108) and (3.109), instead of (3.116) and (3.117), we get

A _p
Au® — Pt — o > Tlmalczd(w)”*‘*”l in Q,
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A
Mo — 0?2 — @ > TQmMZC’éd(JC)az in Q,

for m small enough. Then, under conditions (3.108), (3.109) and for m small
enough, (u,v) is a subsolutions pair of problem (P). Finally, Instead of (3.118),
we have

op

—AyT > m'TPCyd(z)7 o1 and  — AT > mT0Cd(2)*? in Q.

Instead of (3.119) and (3.120), we obtain

ap

MTY — T — g a@ o < \ym TN Cyd(z) P in Q,

MT? — 57 — pp5®2u” < A\ym =72 Chd(x)*  in Q.

Then, for m small enough, (%, ) is a supersolutions pair of problem (P). Then,
we conclude as in the Alternative I. Thus, (iii) and by symmetry (iv) are proved.
O

Concerning the above theorem, we analyse further some limiting cases. The
proof of the next result follows the proof of Theorem 3.10. So we omit it.

Theorem 3.14. (i) Let

aj=-1 and (a;—a;+b1)g— (a1 —aj)(aa+1)>0, (3.121)

1
—2——1 <ap<—1 and (ap—aa—by)qg—ba(ar+1) > 0. (3.122)
q—

Then, (P) admits positive solutions (u,v) € W(l)’p(Q) X W(])’q(Q) satisfying:

u(z) ~ d(z)| ln(d(m))ﬁl’ and v(x) ~ d(m)ﬁ inQ. (3.123)

In addition, we have (u,v) € ¢ (ﬁ) x €0 (ﬁ) , for some 0 < o < 1.

(i) Let
ar=—1 and a; —ay+b; >0, (3.124)

ap=—1 and ar)—oap+by>0. (3.125)
Then, (P) admits positive solutions (u,v) € W(l)’p(Q) X W(])’q(Q) satisfying:
w(z) ~ d(z)|In(d(z))[7 and v(z) ~d(z)|n(d(z))]7 nQ. (3.126)

In addition, we have (u,v) € ¢ (ﬁ) x €0 (ﬁ) , for some 0 < o < 1.
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(i) Let
ay=—-1 and a; —a;+b >0, (3.127)
—1l<ap<qg—1 and ay—ay+by>0. (3.128)
Then, (P) admits positive solutions (u,v) € W(l)’p(Q) X W(l)’q(Q) satisfying:

u(@) ~ d(z)|In(d(@))[r  and wv(z) ~d(z) inQ.  (3.129)

In addition, we have (u,v) € ¢ (ﬁ) x ¢he (ﬁ) , for some 0 < o < 1.

A A useful Holder regularity result

We consider the following quasilinear elliptic boundary value problem,
—“Aw=f inQ;, wlpg=0 w>0 inQ. (A.1)

In this equation, fisaL/

loc () function such that there exist two constants C' > 0
and ¢ > O satisfying

|f(z)] < Cd(x)™%, ae.inQ. (A.2)
Then, we have the following Holder regularity result on the solutions to (A.1).

Theorem A.l. Assume that f satisfies the growth hypothesis (A.2). Let u €
W(l)’T(Q) be a positive weak solution to (A.1). Letu € W(l)’T(Q) be a superso-
lutions to (A.1) such that

AT > |f] inQ, (A.3)

in the sense of distributions in W~ (Q). In addition, assume that there exists
C" > 0 such that
0<u<u< C’d(x)5 a.einQ, (A.4)

with 0 < 0’ < 0. Finally, let o be an arbitrary number such that

T

_— 1.
r—144/0 <

O<ax<

Then, there exists a constant M > 0, depending solely on Q, r and N, on the
constants C and d in (A._2), on the constants C' and &' in (A.4), and on the constant
«, such that u € %O’Q(Q) and

Hu %ﬂo,a(ﬁ) S M.
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Proof. The proof is quite similar to the Theorem 1.1°s in [11] with a : (z,7n) —
[n[P~2nin Q@ xR, Indeed, to overcome the non-positivity of f, we add conditions
(A.3) and (A.4). Then, introducing the same boundary value problem (2.12),in-
stead of inequality (2.14), we get here

lu(z) —v(z)] <a(x) < Cady  forallz = (¢, xx) € BA(0). (A.5)

Then, estimate (A.18) still holds and the end of the proof is exactly the same. o
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