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MARTIN BOUNDARY OF MEASURES WITH INFINITE SUPPORT IN
HYPERBOLIC GROUPS

SEBASTIEN GOUEZEL

ABSTRACT. Given a probability measure on a finitely generated group, its Martin bound-
ary is a natural way to compactify the group using the Green function of the corresponding
random walk. For finitely supported measures in hyperbolic groups, it is known since the
work of Ancona and Gouézel-Lalley that the Martin boundary coincides with the geometric
boundary. The goal of this paper is to weaken the finite support assumption. We first show
that, in any non-amenable group, there exist probability measures with exponential tails
giving rise to pathological Martin boundaries. Then, for probability measures with super-
exponential tails in hyperbolic groups, we show that the Martin boundary coincides with
the geometric boundary by extending Ancona’s inequalities. We also deduce asymptotics
of transition probabilities for symmetric measures with superexponential tails.

1. INTRODUCTION

Consider a probability measure p on a finitely generated group I', whose support generates
I’ as a semigroup (we say that u is admissible). The Green function associated to p is
Gu(z,y) = G(z,y) = Y00 o u™(@'y). The Green function is defined so that the random
walk with transition probabilities p(a,b) = u(a~'b) starting from x spends an average
time G(z,y) at y. We will always assume that this sum is finite (i.e., the random walk is
transient). The function G contains a lot of information about the transition probabilities
and the asymptotic properties of the random walk. Moreover, it is at the heart of the
potential theory of u, making it possible to describe all positive harmonic functions through
the notion of Martin boundary.

The Martin boundary 9,I' is defined as follows: a sequence of points y, € I' going to
infinity converges in I'UQ,I" if and only if, for all z, the sequence K, (2) = G(z,yn)/G (e, yn)
converges, where e denotes the identity of the group. One can associate to any { € 0,
the corresponding Martin kernel K¢(z) = lim K, (2). This function is superharmonic (i.e.,
if P, denotes the Markov operator associated to p, then P,K¢ < K¢), and any positive
superharmonic function on I' can be decomposed as an integral of the kernels K¢ with
respect to some finite measure on I'U 9,,I" (the decomposition is unique if one requires that
the measure is supported on I' and on the minimal part of the Martin boundary, made of
those £ whose kernel K¢ is harmonic and minimal among positive harmonic functions). See
for instance [Dyn69, Saw97, Woe00].

Describing concretely the Martin boundary in specific examples is difficult, especially in
non-amenable situations. A landmark result in this direction is a theorem by Ancona [Anc88|
showing that, for finitely supported probability measures in a hyperbolic group, the Martin
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boundary coincides with the geometric boundary of the group. His result is not restricted
to probability measures: Green functions and Martin boundary can be defined for any finite
measure u, and Ancona’s result is true for any measure p such that ru has a finite Green
function for some r > 1 (we will say that such a p has the property Anc,, since this property
is called (%) in Ancona’s paper). Ancona’s proof is based on an inequality saying that the
Green function of a measure with property Anc, is essentially multiplicative along geodesics
in the group: there exists a constant C' such that, for any z,y, z on a geodesic of the group
(in this order), one has

(1.1) C7'G(z,y)G(y, 2) < G(z,2) < CG(z,y)G(y, 2).

While the first inequality is always true, the second one is highly nontrivial. It is used by
Ancona to show that the Martin boundary coincides with the geometric boundary. It also
plays an important role in the article [BHM11] by Blachére, Haissinsky and Mathieu: they
prove that this inequality is necessary and sufficient so that a natural distance associated
to the random walk, the Green distance, is hyperbolic (and they prove several properties of
the harmonic measure at infinity under this condition). It is also instrumental in the arti-
cles |GL11, Goul2| by Gouézel and Lalley, where the asymptotics of transition probabilities
in hyperbolic groups are determined (note that the authors need to extend Ancona inequal-
ities to some measures that do not satisfy Anc,). All those results rely on the finiteness of
the support of the measure pu.

Our goal in this article is to see to what extent the previous results can be extended to
measures with infinite support. The tails of the measure, i.e., the speed at which p(B(e,n)¢)
tends to 0 (where B(e,n)¢ denotes the complement of the ball centered at e of radius n, for
some word distance in the group) will play an important role in the results. We will say
that a measure has exponential tails if there exists M > 1 such that, for large enough n,
w(B(e,n)¢) < M~". We will say that p has superexponential tails if this condition is true
for all M > 1.

Our first result shows that one can not expect a reasonable description of the Martin
boundary if one only demands an exponential decay of the tails:

Theorem 1.1. Consider a non-amenable finitely generated group I', and a sequence y,
going to infinity in I'. There exists an admissible symmetric probability measure u on I,
with exponential tails, such that y, does not converge in the Martin boundary 0,1

This implies in particular that there exist uncountably many possible different Martin
boundaries for measures with exponential tails, by a standard diagonal argument.

If the tails have a better behavior (i.e., if they are superexponential), we can extend
Ancona’s results:

Theorem 1.2. In a hyperbolic group I', consider an admissible measure satisfying Anc,,
with superexponential tails. Then it satisfies Ancona inequalities (1.1). In particular, its
Martin boundary coincides with the geometric boundary of the group.

It follows that all the results of [BHM11| describing the geometry of the harmonic mea-
sure (and in particular its pointwise dimension), originally obtained for finitely supported
measures, still hold for measures with superexponential tails.
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As we explained before, the results of [GL11, Goul2| require Ancona inequalities for mea-
sures that do not satisfy Anc,. We extend their results to measures with superexponential
tails:

Theorem 1.3. In a hyperbolic group I', consider an admissible measure p with superex-
ponential tails and finite Green function. Assume that one of the following conditions is
satisfied:

(1) The measure u is symmetric.

(2) The group T is a free group on finitely many generators.

(3) The group T is a cocompact lattice of PSL(2,R).

Then u satisfies Ancona inequalities (1.1). In particular, its Martin boundary coincides with
the geometric boundary of the group.

It is likely that the above conditions (u symmetric or I' planar) are not necessary for
this theorem, but this is unknown even in the case of a finitely supported pu. The above
conditions are precisely those that are used in [GL11, Goul2] to obtain (for finitely supported
measures) Ancona inequalities and a description of the Martin boundary.

The motivation for the results of [GL11, Goul2| was to obtain asymptotics of transition
probabilities for random walks. We deduce the corresponding statement in our setting:

Theorem 1.4. In a hyperbolic group T, consider a symmetric admissible probability measure
u with superexponential tails. Denote by R > 1 the inverse of the spectral radius of the
corresponding random walk. For any x,y € ', there exists C(x,y) > 0 such that

p"(2,y) ~ Cla,y) R "n ">

if the walk is aperiodic. If the walk is periodic, this asymptotics holds for even (resp. odd)
n if the distance from x to y is even (resp. odd).

This result is new even for random walks on free groups. Note that, even in the finitely
supported case, the proof requires the symmetry of the measure since the very end of the
argument relies on spectral properties of the Markov operator.

The paper is organized as follows. In Section 2, we recall basic properties of the Green
function. Section 3 is devoted to the construction of pathological Green functions for mea-
sures with exponential tails, proving in particular Theorem 1.1. The main idea of the
construction is that, even with exponential tails, one can ensure that the most likely way to
reach some point is by doing a direct jump. This makes it possible to prescribe very precisely
the asymptotics of the Green function. Finally, Section 4 is devoted to the positive results
in hyperbolic groups, for measures with superexponential tails. Ancona’s arguments to get
his inequality rely on a subtle induction, that does not seem generalizable to the infinite
support situation. We will rather use a lemma of [GL11] (see Lemma 4.4 below) showing
that some upper bounds on relative Green functions imply Ancona inequalities. Such upper
bounds are more manageable, and can be proved for infinitely supported measures as we
will show.

2. THE GREEN FUNCTION

Consider a finite admissible measure p on a finitely generated group I'. We will always
assume that its Green function G(x,y) = Y. u™(x~'y) is finite for some ,y (and therefore
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for all ,y by admissibility). Denote by P, the operator associated to y, given by P, f(z) =
S u(z=ty)f(y) — when p is a probability measure, this is simply the Markov operator
associated to the corresponding random walk. Even when p is not a probability measure,
we will use probabilistic notations such as p"(z,y) = p™(x~'y), and think of G(z,y) =
>.(P}d;)(y) as an average time spent at y if one starts from z.

The Green function can also be formulated in terms of paths. Let 7 = (x,21,...,2n-1,7)
be a path of length n from x to y, we define its p-weight (or simply weight) 7, (7) = m(7)
by

n—1
w(r) = [ p(zi, zirn),
=0

where g = = and z,, = y by convention, and we write p(a,b) = u(a~'b). We think of 7(7)
as the “probability” to follow the path 7. By definition, G(x,y) = >_ (), where the sum
is over all paths from z to y.

If © is a subset of I, one defines the restricted Green function G(z,y;2) as > m(y) where
the sum is over all paths v = (z,x1,...,2,-1,y) such that z; € Qfor 1 <i:<n—1. If Ais
a subset of I' and x,y € A, one has

Gla,y) = Gl y; A% + 3 Gla,a; 4G, y) = Gla, s 4% + 3 Glw, a)Gla, y; A°),
acA acA

where A¢ denotes the complement of A. Indeed, the first (resp. second) formula is proved
by splitting a path from x to y according to its first (resp. last) visit to A if it exists, the
remaining trajectories giving the contribution G(x,y; A°). If all trajectories from x to y have
to go through A, this contribution vanishes. This is used crucially in the usual arguments for
finitely supported measures, where one uses wide enough “barriers” A between x and y that
any trajectory has to visit. In the infinite support situation, the contribution G(z,y; A€)
will always be present.

More generally, if €2 is a subset of I' containing x and y, the above formula holds restricted
to Q, i.e.,

G(x,y;0) = Gz, y; QN A + Y Glw,a;A°N Q)Gla, y; Q)
acANQ
=G, y; QN A) + > G(x,a;Q)G(a,y; AN Q).
acEANQ
Let d be a word distance on I' coming from a finite symmetric generating set. If x and y

are at distance d, there is a path from z to y with weight bounded from below by C~¢, and
staying close to a geodesic segment from x to y. We deduce that, for any z,

(2.1) c-dwy) < G(z,2)/G(y, 2) < cdey),

and similar inequalities hold for the Green functions restricted to any set containing a fixed
size neighborhood of a geodesic segment from x to y. These inequalities are called Harnack
inequalities.

The first visit Green function is F'(x,y) = G(z,y; {y}¢). It only takes into account the first
visits to y. When p is a probability measure, F'(x,y) is the probability to reach y starting
from z. One has G(x,y) = F(z,y)G(y,y) = F(z,y)G(e,e). Moreover, F(z,y)G(y,z) <
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G(z,z) (since the concatenation of a path from x to y with a path from y to z gives a path
from x to z). Hence,

(22) G(2,9)G(y,2) < Gle,e)Glz, 2).
This shows that the left inequality in (1.1) is always true.

3. PATHOLOGICAL CONSTRUCTIONS IN NON-AMENABLE GROUPS

Let T be a finitely generated non-amenable group. In this section, we construct admissible
symmetric probability measures with exponential tails that behave in a pathological way
regarding their Green functions and Martin boundaries.

The basic idea is the following. We start from a symmetric probability measure v sup-
ported by a finite generating set of I', and we add Dirac masses, with a very small mass
but supported far away from the identity. If we adjust carefully the weights, the way to
reach some far away points with highest probability is to jump directly onto them (possibly
with some short jumps), since an accumulation of small jumps has a lower probability that
one single big jump. In this way, we will prescribe the behavior of the Green function at
different scales.

This type of behavior is reminiscent of Lévy processes on R: when such a process is large,
this is typically due to one single large jump, the sum of the other jumps being negligible.
We are constructing a kind of Lévy process on I', but with exponential tails. The reason
behind this counterintuitive phenomenon (in R, Lévy processes need to have heavy tails) is
that exponentially small tails can still dominate the diffusive behavior since the diffusion is
also exponentially small in non-amenable groups.

The precise construction is as follows. Let p < 1 be the spectral radius of the random
walk given by v. It is also the norm of the associated Markov operator P, since v is
symmetric. Let us fix a decreasing sequence r; (the exponential weights) with e¢™p < 1
and limr; = r > 0. Let us also fix a sequence n; tending very quickly to infinity, and a
symmetric measure p; supported on the ball B(e,n;). Let

p=v+y ey and = p/p(T).

The probability measure y' is symmetric, and has exponential tails of order r. We will
see that we can prescribe the behavior of its Green function. Since most interesting things
happen with one jump, we may equivalently work with u/ or u. It will be more convenient
to formulate the estimates for pu.

The fact that r; is strictly decreasing is a central point of the construction. Roughly
speaking, if one uses only the measures p; with ¢ < I, then a jump of size n < ny is made
with probability at most e~"". This implies that a point at a large distance n of e will be
reached with probability roughly e™"". Let us take n = nyy1, and x a point in the support
of pry1. It can be reached by a direct jump, with probability of the order of e~"7+1" which
is much bigger than e™"" since ryy1 < r;. Hence, direct jumps are more likely than a
combination of small jumps, as desired.

The rigorous version of this argument is slightly more complicated: using the measures p;
with ¢ < I, one can in fact reach a point at distance n with a probability at most C'(s)e™*"
for any s < r;. Hence, we need to introduce another sequence: we fix once and for all
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Si+1 € (rig1,7;) (we also require that s;11 < 2r;41 for technical reasons). In the following,
we will always assume that n; grows quickly enough so that

(3.1) Tix1Niy1 > Tins + 1+ 1

and

(3.2) _ s 1
1 — pemo -2

Since 7; — s;41 > 0, this can easily be guaranteed. From this point on, the letter C will
denote a constant that can vary from one line to the other, but does not depend on the
choices we have made provided the conditions (3.1) and (3.2) are satisfied.

Let us estimate the Green function G(e,z) associated to p. This is the sum of the
weights of paths from e to z. We will group together those paths corresponding to the same
measure v or ;. This is most conveniently done in terms of Markov operators as follows.
We will write P = P, and P; = P, for the operators associated respectively to v and ;.
They satisfy P, = P + Y e """ P;. Developing P} and grouping together the successive
occurrences of P, we get

G(e,x) _ Z Pn56,5 Z Z <Paoe—ri1ni1 PilPal . Pa[_le_riﬁnifpizpa[(ge, 5m>
n £=0 ao,i1,a1...,5¢,a¢

Each term in the double sum corresponds to the weight of several trajectories. We will say

that the associated sequence t = (ag,i1,a1,...,a¢) is a template for this set of trajectories.

The norm of P® on ¢*(T) is bounded by p?, and the norm of P; is at most 1. Hence, the

sum of the weights of trajectories in a template ¢ is bounded by its weight 7(¢) defined by

7T(t) = paOJr'”Jrafe*Tilnil cooe TNy
Summing over the templates, we obtain

(3.3) Gle,x) < Y w(b),

where the notation 3"’ indicates that we can remove from the sum all those templates that
give a vanishing contribution to G(e, ), i.e., those for which no trajectory can go from e to
x.

Let us use this formula to show that G(e,z) is bounded, uniformly in x (it is not even
clear that G(e,x) is well defined, since u is not a probability measure). We have

oo 041 1
(3.4) ROESY <Z pa> <Z e") .
V4 a=0

t %
The sum over £ is a geometric series. It is finite if its general term is < 1, i.e., %p dleTTimi <
1. This is a consequence of the (stronger) condition (3.2). As G(e,z) < > m(t), this shows
that G(e, ) is well defined and uniformly bounded.

We need additional notations regarding templates. Given a template t = (ag, i1,a1,.. .,
ay), define its length [t| = > ag + > n;,: any trajectory in the template ends at a point
at distance at most |t| of the origin. Let also maxt = supi, give the size of the biggest
jump in t. We will write ¢4 - to for the concatenation of two templates 1 and 9. It satisfies

7T(7f1 . tg) = 7T(7f1)7'('(t2).
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The crucial estimates for template weights are the following:

Lemma 3.1. For every integers i and n,
(3.5) Z m(t) < Ce "M
max t>1
and
(3.6) Z m(t) < Ce %",
max t<i, [t|>n
As a consequence, for every i € N and for every z € T,

(3.7 Gle,z) < Ce "™ 4 Ce5il?l,

The inequality (3.5) controls what happens when there is at least one big jump, while (3.6)
controls the combination of several small jumps. The last inequality (3.7) is a consequence
of the other two. Note that, if |z| is comparable to n;, then the second term in (3.7) is
negligible compared to the first one since s; > r;. This shows rigorously that the most
efficient way to visit z is to do one big jump rather than many small jumps, as we already
explained informally.

Proof. Let us first show (3.5). A template ¢ with maxt¢ > i can be decomposed as t =
t1 - () - to where t; and ty are shorter templates and j corresponds to a jump of length at
least i. Therefore,

> w(t)ﬁ(Zw(tﬁ) ie—wnj (ZW?))-

max t>1 t1 J=1 to

The first sum and the last sum are finite by (3.4). The middle one is bounded by Ce™""
thanks to (3.1). This proves (3.5).
Let us now show (3.6). Writing ¢ = (ag, 1, .. .,a¢), the corresponding sum is

Z e_Si(GO+"'+a[+ni1+"'+ni[)(pesi)a0+"'+a€e_(7’i1 —=si)niy ., o= (riy=si)ni,
max t<i, [t|>n
The first factor is e 5l < ¢=%i_ This yields a bound

e Sin E (pesz')ao+---+aze*(7’¢1*Si)nil v (rig—sini,

max t<t
00 1 fi
mem s () (Sevmn
¢ \a=0 §=0
This is again a geometric series. Let us bound e® with €™ in the first factor, and e~ (=57

with e~ ("7 =%+1)7 in the second factor. We get that the general term of this geometric series

is bounded by
1
—(rj—sjt1)n;
71_pemze 35+

J=0
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Condition (3.2) guarantees that this is < 1/2. Hence, the geometric series is uniformly
bounded, yielding a bound Ce*". This proves (3.6).

Let us finally prove (3.7) using (3.3). To go from e to z, the templates with maxt > 4
give an overall contribution at most C'e™"" by (3.5). On the other hand, if maxt¢ < ¢, then
it is possible to reach z using a trajectory in the template only if |t| > |z|. By (3.6), those
terms contribute at most Ce~%i?l. U

This lemma implies that, in general, there is no Ancona inequality (1.1) in non-amenable
groups, for measures with exponential tails:

Proposition 3.2. Let I' be a finitely generated non-amenable group. There exists an ad-
missible symmetric probability measure p' on T' whose Green function G' = G, does not
satisfy Ancona inequalities: there is no constant C such that G'(z,2) < CG'(x,y)G (y, 2)
for any x,y,z € I' on a geodesic in this order.

Proof. We use the previous construction, with u; = (65, + 6 —1) /2 where z; is a point at

distance n; of e. We will assume that n; is even, and we will denote by y; the midpoint of
a geodesic segment from e to z;. We will show that

(3.8) G/(e, Zz‘) > CeTimi,
and
(3.9) G'(e,z) < Ce®mi/2

for any z with d(e, z) = n;/2. Hence, G'(e,v;)G'(yi, z;) < C%e=%"i = o(G'(e, 7)), contra-
dicting any Ancona inequality.

The inequality (3.8) is obvious since the Green function is bounded from below by the
contribution of single jumps: G’(e, z;) > i/ (z;) = u(T)~teTimi /2.

As G’ < @G, the inequality (3.9) follows from (3.7) since |z| = n;/2. (The first term in (3.7)
is dominated by the second term since we have requested that s; < 2r;.) O

We now turn to the proof of Theorem 1.1. Starting from a sequence y,, going to infinity,
we wish to construct the measures p and i’ (using the above construction) so that G' = G»
is such that, for some point z, the sequence G'(z,y,)/G' (e, y,) does not converge. We will
write G' = Gy and G = G,,.

We need to fix an additional sequence s; € (r;, s;), for instance the middle of this interval,
to get some additional freedom. Taking a subsequence of y,,, we can assume that

(3.10) (i/ri = 1) lyil = 00, (1 = si/s4) lyi| = 0.

Let n; = (s}/r;) lyi|- One has y; € B(e,n;) by construction. The condition (3.10) ensures
that, for any C, for large enough 4, a point y with |y| < |y;| + C belongs to B(e,n;). Taking
a further subsequence of y; if necessary, we can also assume that the growth conditions (3.1)
and (3.2) are satisfied by n;.

To get the divergence of G'(z,y;)/G'(e,y;) for some point z, we will choose the measures
i so that the limits of this sequence are different along even and odd values of i (with a
limit of the order of 1 along odd i, and a small limit along a subsequence of even 7). For
i even, we let p; = (0y, + 9 _1) /2. The choice of u; for odd i is postponed, let us first see

the consequences of our ch01ce for even i. The statements we will give now are valid for
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any choice of u; for odd 4, with the only restriction that it has to be a probability measure,
supported in B(e, n;).
Let us describe the asymptotics of G(e, zy;) for any fixed z.

Lemma 3.3. There exists a function ® : I' — (0,4+00), tending to 0 at infinity, such that
for every z there exist infinitely many even indices © for which

G(e, zy;) < P(z)e "M,
Let us stress that the function ® does not depend on the choice of u; for odd <.

Proof. The idea is that, to go from e to zy;, the random walk will most likely make one big
jump of size n; (corresponding to the measure p;), with weight e~"i"i /2 and several small
jumps. If z is large enough, a large number of small jumps will be needed, giving a small
contribution ®(z). The other cases (no big jump, or too many big jumps) will have a very
small contribution. In this proof, ¢ will implicitly be restricted to even values.

For the rigorous computation, we start from the bound (3.3) and cut the sum into several
pieces. We should specify in which piece each template t = (ag, i1, ..., ap) goes.

e We put in J; the templates with maxt¢ > 7.

e We put in J, the templates where at least two jumps i are equal to 1.

e We put in J3 the templates with maxt¢ < ¢ for which a trajectory can go from e to
2Yj.

e Finally, we put in Jy the remaining templates, i.e., those with a single jump of size
n; and other shorter jumps, for which a trajectory can go from e to zy;.

Denote by ¥, the sum corresponding to templates in J,. We will show that, for p < 3,
one has ¥, = o(e™"") when i tends to infinity, and that for infinitely many indices 34 <
U(z)e "™ for some function ¥ tending to 0 at infinity. The result follows with ® = 2.
The inequality (3.5) implies that ¥ < Ce "1™+ As im0 > min; +1+ 1 by (3.1),
this is negligible compared to e~ "™, as desired.
A template t € 39 can be decomposed as t =ty - (i) - to - (i) - t3, for some templates t1, to
and t3. Since the sum of the weights of all templates is bounded, we obtain

Yo < Ce MniCe M.

This is again negligible with respect to e~ "™,
A template t in Js satisfies |[t| > |zy;| and maxt < i. Hence, (3.6) gives the bound

s < Cesil2il. We have

s’
sl = i (] = D) = o = sl = D) = st ol =5 (1= 25) l = 1)

)

As (1 —s}/s;) |yil = oo by (3.10), this tends to infinity. Hence,
(3.11) e—silzuil — o(e i),

This shows that X3 is negligible with respect to e™"",

It remains to estimate 4. A template ¢ € Jy can be decomposed uniquely as t = t1-(i)-t2,
for some templates ¢; and to with maximum < 4. If this template contributes to G(e, zy;),
then zy; can be written as uy;* v with |u| < |t;| and |v| < |ta|. Denote by ¢;(2) the minimum
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of the quantities |u| + |v| over all decompositions zy; = uy: v, we get |t1| + [t2| > ¢i(2). In
particular, |t1]| > ¢i(2)/2 or |ta] > ¢i(2)/2. Tt follows that

Yu<2 Z 7T(t1) e i <Z ﬂ(tg)) .

[t1|>¢i(2)/2, maxt1<i t2

The first sum is bounded by Ce%i%i(2)/2 < Ce=79i(2)/2 by (3.6), and the last sum is uniformly
bounded. Hence,

Yy < Ce r#i(2)/2g=rini

To conclude, we have to show that ¢;(z) is large for infinitely many values of i, if z
is far away from e. Let A > 0, let us denote by B; the set of z that can be written as
uyFloy; ! for some u and v with |u| + |[v| < A. The set B; is finite, with cardinality at most
f(A) = 2(Card B(e, A))%. If z € B, it satisfies ¢;(z) > A by definition. The points with
limsup ¢;(z) < A belong to |J,, ;> Bi- This is an increasing union of sets of cardinality
at most f(A), hence it has cardinality at most f(A). This shows that, apart from finitely
many exceptions, limsup ¢;(z) > A, hence ¥4 < Ce "4/2¢="im for infinitely many #’s. [

Let us fix a point z away from the origin, so that ®(z) is suitably small (how small will
be seen later in the proof). We now define the measures p; for odd i. If i is large enough,
zy; € B(e,n;) thanks to (3.10). For those i’s, let

1
i = Z(éyi + 02y, + 5y;1 + 5(2%')’1)'

The choice of p; for smaller i is not relevant (take for instance p; = d.).

If i is large and odd, Lemma 3.1 gives G(e, zy;) < Ce "™ 4+ Ce %1%l By (3.11), the
second term is negligible with respect to the first one. Hence, G(e, zy;) < Ce™"". In the
same way G(e,y;) < Ce "™,

The Green function G’ = G is bounded by G = G,,. For i large and odd, we obtain
G'(e,zy;) < Ce "™ and G'(e,y;) < Ce "™, As it is possible to jump directly from e to
2y; or y; with weight p(I')~te~"i" /4, corresponding lower bounds hold. In particular, there
exists a constant Cy such that, for ¢ large and odd,

G'(e, zy;)

G/(B, yl)

For infinitely many (even) values of i, we have G'(e,zy;) < ®(z)e """ by Lemma 3.3.

Moreover, G’(e,y;) > C~le"i" (since one can jump directly from e to y; with weight
u(T)~te~"m /2). Hence, for those values of i, there exists a constant C; such that

G'(e, zy;)

G/(B, yl)

We can finally specify the choice of z: as ® tends to 0 at infinity, we may choose z such

that C1®(2) < Cy'. The previous estimates imply that

€ [C5h, o).

< C19(2).

G (e, zy;)

. Gl(e zyi)
liminf ————= Fley)

T < C19(2) < Cy! < limsup
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In particular, the sequence G'(e, zy;)/G’ (e, y;) does not converge when i tends to infinity.
Equivalently, G’'(27%,v;)/G’(e,y;) does not converge. This concludes the proof of Theo-
rem 1.1. U

4. POSITIVE RESULTS IN HYPERBOLIC GROUPS

4.1. Preliminaries. A hyperbolic group is a finitely generated group in which geodesic tri-
angles are J-thin for some 4§, i.e., each side of the triangle is included in the d-neighborhood
of the union of the other sides. This notion is independent of the choice of the generat-
ing system (albeit the constant ¢ does change with the generating system). See for in-
stance |GAIH90]. This essentially means that finite configurations of points in the group
resemble finite configurations of points in a tree — this intuition is made precise by the
following classical theorem:

Theorem 4.1. For any n € N and § > 0, there exists a constant C = C(n,d) with the
following property. Consider a subset A of a §-hyperbolic group, of cardinality at most n.
There exists a map ® from A to a metric tree such that, for any x,y € A,

d(z,y) — C < d(®(x), ®(y)) < d(z,y).

Another intuition is that d-hyperbolic spaces resemble the usual hyperbolic space H™.
Again, this is made precise by the following theorem [BS00]:

Theorem 4.2. Consider an hyperbolic group I'. If m is large enough, there exist a mapping
U:T — H™ and A > 0, C > 0 such that |Adg(V(u), ¥ (v)) —d(u,v)| < C for all u,v €T.

Ancona’s original strategy [Anc88| to prove Ancona inequalities (1.1) for finitely sup-
ported measures, based on a subtle induction, is apparently difficult to extend to measures
with infinite support. We will rather rely on the strategy of [GL11], and in particular on
the following lemma (see the proofs of Theorems 4.1 and 4.3 in [GL11]). We recall that the
relative Green function G(z,y;$2) has been defined in Section 2.

Definition 4.3. Let pu be an admissible measure with finite Green function on a hyperbolic
group. It satisfies pre-Ancona inequalities if, for all K > 0, there exists ng such that, for all
n > ng, for all points x,y,z on a geodesic segment (in this order) with d(x,y) € [n,100n]
and d(y, z) € [n,100n], one has G(x, z; B(y,n)¢) < K~

Lemma 4.4. Let i1 be an admissible measure on a hyperbolic group. Assume that p satisfies
pre-Ancona inequalities. Then it satisfies Ancona inequalities (1.1).

This lemma justifies the name “pre-Ancona inequalities”. It is proved in [GL11] as follows.
Assume that z,y,z are given along a geodesic, and one wants to prove that G(z,z) <
CG(z,y)G(y,z). One constructs a string of beads along a geodesic segment [z, z], the size
of a bead being proportional to its distance to y. Then, using pre-Ancona inequalities, one
shows inductively that the weight of trajectories avoiding any bead is comparatively small.
It follows that most weight comes from trajectories passing in a bead within distance O(1)
of y, as desired.

To prove Ancona inequalities, our strategy will always be to show that pre-Ancona in-
equalities are satisfied.
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4.2. Ancona inequalities for measures satisfying Anc,. In this paragraph, we prove
Theorem 1.2. Consider an admissible measure i on a hyperbolic group, with superexponen-
tial tails and satisfying Anc,, we will show that it satisfies pre-Ancona inequalities. We have
to show that, for any points x, y, z on a geodesic in this order with n < d(z,y),d(y, z) < 100n,
the Green function G(z, z; B(y,n)¢) decays superexponentially fast in terms of n.

We express things in terms of operators. Let P = P, be the operator associated to p.
We decompose P as A, + B,, where A,, corresponds to jumps of size at most n/2, and B,
to the bigger jumps. On ¢2, they satisfy [|A,|| < ||P|| < u(T') (which is finite since p has
well-defined tails), and || B, || decays superexponentially fast in terms of n by assumption.

Let us fix a constant Cy. The Green function G(z, z) is the sum of the weights 7 (7) of
all paths 7 from z to z. The contribution of paths with length at most Cyn is

Con Con Con k k
> PRo(e) = D (An+ Ba) o (o) < ZH nt B <30) <€> An ] 1Bal**.
k=0 k=0 k=0 ¢=0
By Anc,, there exists r > 1 such that the measure ru has a finite Green function. The
contribution to G(z,z) of paths longer than Cyn is

Z pF(z,z) < rCon Z rkpk (2, 2) < r=OnG, (2, 2).

k>Con k>Con

The quantity G,,(x, z) grows at most exponentially in terms of n, thanks to Harnack inequal-
ity (2.1) and since d(z, z) < 200n. Hence, we obtain from some constant Dy independent of
Co

Con k

(4.1 Oe.2) < ZZ( ) ARl | Ballt 4 +=Com D,

k=0 ¢=0

Let us now estimate G(z,z;B(y,n)¢). Consider a trajectory from z to z outside of
B(y,n) with jumps bounded by n/2. Putting geodesics between the successive points of the
trajectory, one obtains a path from x to z avoiding B(y,n/2). This path is exponentially
long (since this is the case in hyperbolic space, to which the group can be compared thanks
to Theorem 4.2). Hence, the number of jumps is at least Ce®™/n > CeP™. It follows that,
among trajectories of length at most Cyn, it is necessary to have a jump larger than n/2.
This shows that, in (4.1), the terms with k& = ¢ (i.e., coming from A*) do not contribute to
G(z,z; B(y,n)¢). This equation gives

Con k—1

Gloz5B(nn)) < 303 () 14l 1Bl -0 D5,

k=0 £=0
As k— € > 1, we can bound ||B,||" ¢ with || B,|, yielding

Con k—1 Con

G(z,2;B(y,n)°) < || By HZZ< >HAnH€+r_C°"D6‘ < |1Ball (I An] + 1)* 4+ r~%" Dy
k=0 (=0 k=0
Con

<NBull S"(IP] + 1)+ r=ConDy < || B, || DEo"™ +r=Con Dy,
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for some constant Dy independent of Cj.

We may now conclude the proof. Fix K > 1, we want to show that G(z, z; B(y,n)¢) <
2K " if n is large enough. First, we choose Cj with r~°Dy < K1, so that the second term
in the previous equation is bounded by K~". Then, as ||B,|| decays superexponentially, we
have || B, || DS?™ < K=" if n is large enough. O

Remark 4.5. If the measure p has finite support, the proof simplifies drastically since
there is no trajectory from x to z with length at most Cyn avoiding B(y,n). Hence, one
gets a very simple proof of Ancona’s original results [Anc88] (most of the complexity is in
fact hidden in Lemma 4.4).

4.3. Ancona inequalities in the free group. In this paragraph, we prove the second
item of Theorem 1.3: in a free group, an admissible measure p with superexponential tails
and finite Green function satisfies Ancona inequalities. Since Ancona inequalities for finitely
supported measures are trivial in the free group, the only difficulty comes from long jumps.
The trick we will devise to handle those long jumps (replacing a trajectory involving a long
jump by a longer trajectory with short jumps) will be used several times in the rest of the
paper.

By Lemma 4.4, it suffices to show that p satisfies pre-Ancona inequalities. Consider three
points z,y, z on a geodesic in this order with n < d(x,y),d(y,z) < 100n, we want to show
that G(x, z; B(y,n)¢) is superexponentially small. We may assume without loss of generality
that y = e. We will first give the proof assuming for simplicity that p gives positive mass
to every generator of the group.

Denote by Zy,...,Zn the finitely many connected components of I' — B(e,n/2), with
x € Zpand z € Zy. Let also A; = Z; N (' — B(e,n)).

Consider a trajectory 7 = (xg = z,21,...,2x—1,2 = 2) of the random walk from x to
z, avoiding B(e,n). It can not stay forever in Ay, let us say that the first jump outside
of Ag is from z; to ;1. We associate to 7 a modified trajectory m(7) (again from x to
z) as follows. Let a and b be different elements in the support of u. Let 7; be a geodesic
from z; to e, with length n; = |z;|, and let 7,41 be a geodesic from e to z;;1, with length
Ni4+1 = |,IZ'+1|. We let
(4.2)

m(r) = (zo,..., % 1, (1),a,a" ... a,a L, 0,07 . b, b7 (Tig1), i, ..., xp = 2),

where we put n; copies of a,a™! and n;; copies of b,b~!. The interest of this insertion
is that the map 7 — m(7) is one-to-one: if one knows m(7), then the number of a,a™"
following the first return to e gives n;. In the same way, one can determine n;y;. Removing
the pieces of length n; — 1 before the first return to e, and n;y; — 1 after the last return to
e, one recovers the initial trajectory 7.

To get m(7), we removed a big jump of 7, and we added 3(n; 4+ n; 1) jumps of length 1
(with weight uniformly bounded from below, by a constant C 1). We obtain

a(m(r)) > m(r)Cq " (i)

For any constant K, there exists Cx such that 7(e,u) < CxK —lul gince 1 has superexpo-
nential tails. Hence, we get

7T(’7') < W(m(T))Cg(m-l-ni-H)CKde(:ci,g;iJrl).
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Since x; and ;41 belong to different connected components of I' — B(e,n/2), we have
d(zi,xiv1) > || + |wiv1] — n. As |z;| > n and |x;41]| > n, this gives d(z;, zit1) > (=] +
|zi1])/2 = (n; + niy1)/2. We get

7T(’7') < W(m(T))Cg(ererl)CKK_(ni+ni+1)/2,
If K is large enough so that C3K~'/4 < 1, we obtain
(1) < ﬂ(m(T))CKK*("hL”iH)M < W(m(T))CKKfn/Q,

The map 7 — m(7) is one-to-one. Summing over all trajectories from z to z outside of
B(e,n), we obtain

G(z, 2 Ble,n)) < Cx K 2G(x, 2).
Since d(z,z) < 200n, we have G(x,z) < C™ by Harnack inequalities (2.1). As K can
be arbitrarily large, this shows that G(z,z; B(e,n)¢) is smaller than any exponential, as
desired. This concludes the proof of pre-Ancona inequalities when u gives positive mass to
all generators.

In the general case, one has to tweak the definition of the modified trajectory m(r) to
ensure that m(7) has positive weight, while retaining the injectivity of the map 7 — m(7).
One can for instance proceed as follows. To each generator s, let us associate a path as
from e to s with m(75) > 0 — such a path exists since p is admissible. Then, in the definition
of m(7), one replaces the geodesic 7; = s1--- sy, with the concatenation 7; of the paths
Qs w " Qg In the same way, one replaces 7;41 with the corresponding path 7;;1. Note that

7(%) > O™ and 7(Fiy1) > C; F for some constant C1, since the lengths of 7 and 741
are bounded respectively by Cn; and Cn;41.

A problem that may appear with this construction is that the first return to e in m(7)
might happen before the end of 7;, so that the recovery of 7 from m(7) is problematic. To
avoid this problem, one may add a loop « from e to itself, with 7(«) > 0, that does not
appear when one concatenates paths o, along a geodesic segment. In the end, one chooses
for m(7) the trajectory

(4.3) (T0y oy Tim1, (Ti), (@), By oo s By Yy e ooy Ys (@), (Tig1)s Tigay - oy T = 2),

where  and v are two fixed loops from e to e with positive weight, and one puts |7
terms 8 and |7;41| terms 7. By construction, 7 + m(7) is one-to-one and w(m(r)) >
7(1)Cy T Jr (2, 2441) for some constant Cy. The rest of the argument goes through. [

4.4. Ancona inequalities for symmetric measures. In this paragraph, we prove the
first item of Theorem 1.3: in a hyperbolic group, a symmetric admissible measure p with
superexponential tails and finite Green function satisfies Ancona inequalities. By Lemma 4.4,
it suffices to show that it satisfies pre-Ancona inequalities. Consider three points z, ¥,z on a
geodesic in this order with n < d(z,y), d(y, z) < 100n, we want to show that G(z, z; B(y,n))
is superexponentially small. We may assume without loss of generality that y = e.

The proof follows the strategy in [Goul2, Theorem 2.3|: we will construct several barriers
so that most trajectories from = to z will visit them. The construction is made in H™, using
an approximate embedding of I' inside H = H™ given by Theorem 4.2. We will think of H'™
using the model of the unit ball in R™, hence its boundary is identified with the unit sphere
S™=1 We denote by O the center of the unit ball in R™. Changing the generators of the
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group if necessary, we may assume that p gives positive mass to all of them. We will need
to choose at some point in the proof some very small €, and we will denote by C' a generic
constant that does not depend on e.

We will use the following easy lemma of hyperbolic geometry:

Lemma 4.6. There exist « > 0 and C > 0 with the following property: for any points a
and b in a ball By (u, |uly /9) of H™, the angle between [Oa] and [Ob] is at most C'e™ Uk,

The hyperbolic geodesic from ¥(z) to U(z) can be extended biinfinitely. Composing ¥
with a hyperbolic isometry, we can assume that the center O of the unit ball in R belongs
to this geodesic, and that W(e) is at a bounded distance of O. Let £ denote the limit in
negative time of this geodesic.

To an angle 6 € [0, 7], we associate the union Y (6) of all semiinfinite geodesics [O() (with
¢ € 8™ 1) making an angle # with [O¢) (its boundary at infinity is the set of points of
Sm=1 at distance @ of £). This is a cone boundary based at O. Let Z(f) be the union of
all hyperbolic balls By (u, |u|y /10) for w € Y(6). This is thickening of Y'(), thicker and
thicker close to infinity. It cuts H™ into two connected components (except for § too close
to 0 or ).

Lemma 4.7. If u and v are two points in the two components of H"™ — Z(6), one has
dr(u,v) = (|uly + [v]g)/11.

Proof. The hyperbolic geodesic from u to v intersects Y () at a single point w. It satisfies
dp(u,v) = du(u, w) + dg(w,v). By assumption, u ¢ By(w, |w|y /10), hence dy(u,w) >
|w|y /10. Trivially, dg(u, w) > |uly — |w|g. For any t € [0, 1], we obtain

dyg(u, w) =t wlgg /10 4+ (1 = £)(|uly — [wlg)-

Let t = 10/11, so that the terms involving |w|y cancel each other. We are left with
dp(u, w) > |u|y /11. Since an analogous estimate is true for v, this concludes the proof. 0O

Let A(f) = B(e,n)*N¥~1(Z()) C T be the set of points of I' outside of B(e,n) whose
image under ¥ belongs to Z(#). The previous lemma shows that, if a trajectory in I' jumps
past A(#), it has to make a big jump.

Let N = [e"]. In X = [0, 7], let X; =[(2¢ —1)/N,2i/N] for 1 <i < N. For any 0; € X;
and 6;11 € X;11, the visual angle from O between two points in Y (0;) and Y (0;11) is at
least e=“". It follows from Lemma 4.6 that, if € is small enough and if n is large enough, the

angle between two points in A(6;) and A(6;41) is at least e <" /2. This shows in particular
that A(6;) and A(f;11) are disjoint.

Lemma 4.8. If € is small enough, there exist angles 0; € X; such that, for all 0 <i < N,
(4.4) > Glu,v)? <1/4,

u€A;vEA; 11
where G is the Green function associated to p and we denoted Ay = {x}, Ant1 = {z} and

This lemma shows that one can choose barriers so that the weight of trajectories going
from one barrier to the next is small. This will guarantee that trajectories visiting all barriers
have a superexponentially small weight. It will remain to handle trajectories jumping past
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barriers — we will use Lemma 4.7 to show that the jumps have to be large, implying that
these trajectories contribute again with a very small weight thanks to the argument of
Subsection 4.3.

Proof. The proof is similar to the proof of Lemma 2.6 in [Goul2|, the difference is that we
are considering thicker barriers. For a € T, let Xj;(a) be the set of angles 6 € X; such that
a € A(0). If one shows that

(4.5) Leb(X;(a)) < Ce=?le!

for some a independent of €, the remaining part of the argument of [Goul2| will apply
verbatim. We sketch very quickly the rest of the argument in [Goul2| for the convenience
of the reader.

Using hyperbolicity, one checks that a supermultiplicative function H with ) H(e,z) <
oo has bounded sum on any sphere S¥, i.e., > zesk H(e,z) < C uniformly in k, where C
does not depend on H. This estimate applies to H,(e,x) = G,,(e, x)Gyp(z, e) for any r < 1.
Letting r tend to 1 and using the symmetry of u, we obtain ) ok G(e,x)? < C. Hence,
the function G(e,z) is not in £2(T), but close. In particular, if A is a subset such that
Card(A N S¥) is exponentially smaller than S¥, one expects that typically Y oA Gle,x)?
will be finite (and small if A is thin enough). Of course, this might not be true for all such
subsets A, but it will be true for most subsets A in a suitable sense. The lemma is proved by
showing that, if one chooses #; randomly in X;, then the estimate (4.4) holds with positive
probability. This follows from the combination of the inequality (4.5) with the estimate
> oot Gle,a)? < C.

It remains to prove (4.5). Since distances in the group and in hyperbolic space are
equivalent, it is sufficient to show the corresponding estimate in H, i.e.: for all u € H,

Leb{0 : u e Z(0)} < Ce Ul

For u € Z(0), there exists v € Y () such that dm(u,v) < |v|y/10. Since |v|y /10 <
(dm(u,v) + |ulg)/10, we obtain du(u,v) < |ulg /9, ie., v € Bu(u,|u|y/9). Lemma 4.6
shows that the trace at infinity of this ball gives rise to an exponentially small angle. This
concludes the proof. O

We can now prove the pre-Ancona inequalities. The Green function G(z, z; B(e,n)°) is
the sum of the weights 7(7) of the trajectories 7 from z to z avoiding B(e,n). We will say
that such a trajectory is walking if it visits in this order the barriers Aq,..., Ay constructed
in Lemma 4.8, and jumping otherwise.

Decomposing walking trajectories according to their first visits to the barriers, we get
that their contribution to G(z, z; B(e,n)¢) is bounded by

Z G(z,a1)G(a1,a2) - Glan—1,an)G(an, 2).

a1€A1,...,.aNEAN

Using the estimate (4.4) on barriers and Cauchy-Schwarz inequality, one shows that this is
bounded by 27¢" (see the beginning of the proof of Lemma 2.6 in [Goul2|). Hence, the
contribution of walking trajectories is smaller than any exponential, as desired.

Consider now a jumping trajectory 7 = (z9 = x,21,...,Tk_1,Zx = 2), and assume
that the first jump past a barrier happens at index ¢, from z; to x;51. One associates
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to 7 a modified trajectory m(7) as in Subsection 4.3 (see Equation (4.2) there — as we
assume that p gives positive weight to the generators, there is no need to use the more
complicated definition (4.3)). Lemma 4.7 shows that there exists a constant C' such that
d(xi,zi11) > C Y|z + |@i41]). This is sufficient for all the computations of Subsection 4.3.
It follows that the contribution of jumping trajectories is smaller than any exponential, as
desired. 0

4.5. Ancona inequalities in Fuchsian groups. In this paragraph, we prove the third
item of Theorem 1.3: an admissible measure p with superexponential tails and finite Green
function on a cocompact lattice I' of PSL(2,R) satisfies Ancona inequalities. Since the
argument follows rather closely the previous subsection, we will only sketch the argument.
Note that I' is quasi-isometric with H?, and that the boundary OI' of I' is canonically
identified with the circle S'. The planarity of H? will be essential.

Again, we want to prove pre-Ancona inequalities between points z, y and z with n <
d(z,y),d(y,z) < 100n, and we may assume that y = e. As in the previous subsection, we
will construct several barriers between x and z, and treat separately trajectories that visit
all the barriers (walking trajectories) and trajectories that jump past a barrier (jumping

trajectories).
The basic ingredient for the barriers is constructed in [Goul2, Appendix A]: it is shown
there that, for any finite family of disjoint subintervals I, ... T() of S one can find

paths Xy(f) in the Cayley graph of I' starting from e such that
e One has d(X,gi),X,g?rl) < 1.
e The path X,gi) converges to a point in I when k — oo.
e There exist a > 0 and C' > 0 such that

(4.6) Gle, X'y < e and G(x", x) < Ce** D for all i # j.

e For some s > 0, one has d(e,Xlii)) ~ sk.

The paths X ,gl) are constructed as typical trajectories of another (symmetric) random walk.
The inequalities for G only rely on the supermultiplicativity (2.2) of the Green function
(and a version of Kingman’s ergodic theorem) — in particular, the finiteness of the support
of p is not required.

Given such trajectories, one can replace each point X ]gz) by a ball B(X ,gl),C’) of some
fixed radius C'. This yields barriers that measures with finite support can not avoid, as
in [Goul2|. The inequalities (4.6) guarantee that such barriers satisfy an inequality similar

0 (4.4). However, such a thickening does not imply that a jump past the barrier has to be

long. Let us define a thicker barrier by Z; = |, B(X,gz), ck), where ¢ <1 is a suitably small
constant, and let A; = Z; N (I' — B(e,n)).

As in Lemma 4.7, one shows that jumps above such barriers have to be long. It follows
that jumping trajectories will give a contribution to G(x, z; B(e,n)¢) that is smaller than
any exponential, as in Subsection 4.3.
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To control the contribution of walking trajectories, it only remains to prove that an
inequality similar to (4.6) holds: if n is large enough,

(4.7) > Gu,w)? <1/4.
u€A; vEA;
To prove this estimate, consider two points v and v in A; and A;. They belong to balls

B(X,gi),ck) and B(Xéj), cl). Note first that

n < |u| < ‘X,gi)

+ck < (14 c)k.

In particular, k& > n/2. In the same way, £ > n/2. Thanks to Harnack inequalities (2.1), we
have

(X)X )

CO G(X]?),Xé])) < Cngrcécefa(kJré)‘

If ¢ is small enough, this is bounded by Ce~**+0/2  Hence, we get

G(u,v) < Cg

Y Guw)?<C Y Card Be,ck) Card B(e, cf)Ce**+0),
u€AveB ke>n/2

If ¢ is small enough, Card B(e, ck) grows at most like e®*/2. The estimate (4.7) follows for
large n. O

4.6. Strong Ancona inequalities. The proof of Theorem 1.4 on the asymptotics of tran-
sition probabilities involves a reinforcement of Ancona inequalities, called strong Ancona
inequalities and defined as follows.

Definition 4.9. An admissible measure p with finite Green measure on a hyperbolic group
satisfies strong Ancona inequalities if it satisfies Ancona inequalities and, additionally, there
exist constants C > 0 and p > 0 such that, for all points x,x',y,y" whose configuration is
approximated by a tree as follows

Yy

/ /

Yy T

v
3

one has

G(z,y)/G(2',y)
G(z,y)/G(,y)
Ancona inequalities ensure that the quantity (G(z,y)/G(2,y))/(G(z,y")/G(z',y)) in the

left hand side of (4.8) is bounded from above and from below. Strong Ancona inequalities
strengthen this by saying that it is exponentially close to 1, in terms of the distance between

{z,2'} and {y,y'}.
In this paragraph, we will prove the following theorem:

(4.8) — 1| < Ce™ P

Theorem 4.10. In a hyperbolic group I, consider an admissible measure p with finite Green
function and superexponential tails. Assume that i satisfies pre-Ancona inequalities. Then
it satisfies strong Ancona inequalities.
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Quantitative inequalities such as strong Ancona inequalities are instrumental to get
asymptotics of transition probabilities. Indeed, the following holds. Consider an admis-
sible symmetric probability measure p on a hyperbolic group, let R denote the inverse
of the spectral radius of the corresponding random walk, and assume that the measures
ru (for 1 < r < R) satisfy strong Ancona inequalities, uniformly in r (i.e., with the
same C' and the same p). If the random walk generated by p is aperiodic, it follows that
pM(x,y) ~ Clz,y)R~"n =32 for all 2,y € I'. If it is periodic, this is true for even n (resp.
odd n) if the distance from x to y is even (resp. odd). This statement follows from |GL11,
Theorem 9.1] and [Goul2, Theorem 3.1]|.

Proof of Theorem 1.4. Consider an admissible symmetric probability measure y with super-
exponential tails in a hyperbolic group I'. Let R denote the inverse of its spectral radius.
It follows from the discussion in the previous paragraph that, to prove Theorem 1.4, it
suffices to prove strong Ancona inequalities for the measures ru, uniformly in 1 < r < R.
Pre-Ancona inequalities have been proved in Subsection 4.4 for each of those measures,
hence they also satisfy strong Ancona inequalities by Theorem 4.10. The only remaining
problem is the uniformity of those inequalities for 1 < r < R. One checks in the proof of
Theorem 4.10 that the constants C' and p one obtains only depend on the constants in the
pre-Ancona inequalities and in the Harnack inequalities. The pre-Ancona inequalities for
Rp imply the same inequalities for ru for any r, since ru < Ru. Hence, the pre-Ancona
inequalities are uniform. Moreover, it is clear that the Harnack inequality are also uniform
in r. ]

The rest of this subsection is devoted to the proof of Theorem 4.10. The argument
dates back to Anderson and Schoen [AS85|. For finitely supported measures, the methods
of [AS85| were adapted to the free group by Ledrappier [Led01|, and then to any hyper-
bolic group by Izumi, Neshvaev, and Okayasu [INOOS|. The idea is to define a sequence of
shrinking domains on which two given positive harmonic functions (with a common normal-
ization) have to be closer and closer, by an inductive argument: one shows that two positive
harmonic functions defined on one of those domains have a common significant part on a
smaller domain. One can then subtract this common part to both functions in the smaller
domain, and repeat the argument. In particular, one always works with positive harmonic
functions, but defined on smaller and smaller domains.

While we will essentially follow the same strategy, the difficulty in the case of infinitely
supported measures is that harmonicity becomes a global property, involving the whole
group: it will not be possible to work with functions defined only on subdomains, we will
need to keep track of the behavior of functions in the whole group. We will retain positivity
in the smaller domains, but we will also need quantitative controls everywhere in the group.

The proof will involve not only global Ancona inequalities, but also Ancona inequalities
for Green functions restricted to some classes of domains (as defined in Section 2).

Definition 4.11. Let Hy be a constant. Let [z, z] be a geodesic in T', and let y € [x,z]. We
say that a subset Q of T is Hy-hourglass-shaped around z,y, z if, for any w € [z, z|, the ball
B(w,Hy + d(w,y)/2) is included in ).

The proof of Ancona inequalities from pre-Ancona inequalities (that we described briefly
after Lemma 4.4) still works in Hp-hourglass-shaped domains, since it shows that most
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trajectories flow along the hourglass. This implies the following lemma (this is Theorem 4.1
in [GL11]):

Lemma 4.12. Consider an admissible measure p satisfying pre-Ancona inequalities in a
hyperbolic group. Let Hy be large enough. There exists C' > 0 such that, for any domain

Q that is Hy-hourglass-shaped around three points x,y,z on a geodesic (in this order), the
Green function relative to S satisfies Ancona inequalities, i.e.,

G, % Q) < CGla, y; Q)Cly, % Q).
From this point on, we fix an admissible measure p with superexponential tails, which

satisfies pre-Ancona inequalities. We will prove that it satisfies strong Ancona inequalities.
We fix the constant Hy given by Lemma 4.12 for this measure.

The next lemma gives the basic inductive step for the proof of Theorem 4.10. For u, v,z €
I', we write (u, v), for their Gromov product, given by (u,v), = (d(u, z)+d(v, z) —d(u,v))/2.
This is essentially the length of the part that is common to two geodesics [z, u] and [z, v].

. L L L L L L L .
VT A
A oW
0®)
QG ~ D
06)

u > 0, u harmonic

FIGURE 1. The domains in Lemma 4.13

Lemma 4.13. There exists C1 > 1 such that, for any D > 0, the following holds if L is a
large enough even integer. Consider a geodesic segment v between two points x* and y*, of
length TL. Let QU) = {z : (ys, 2)e, < jL} for 1 < j <6 (this is essentially the points whose
projection on v is at distance at most jL of x*) and let z* be the point at distance 3L/2 of
x* on 7. Let H be the set of functions u : I' = R satisfying the following properties:
(1) the function u is positive on Q6);
(2) for all z € T, one has |u(z)| < D¥*#)u(z*);
(3) the function u is harmonic on QO i.e., u(z) = > wer Pz, w)u(w) for all z € Q)
(note that the previous property ensures that this sum is well defined, since p has
superexponential tails);
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(4) the function |u(z)| is bounded by a finite linear combination of functions G(z,t;).
Then there exists a domain D, included in QO and including Q) such that, for all z € QM)
for allu e H,

_ u(z)
orl <
L= Gz, 2%, D)u(z*)
Note that the Green function G(z,z*;D) satisfies a Harnack inequality on QW of the
form G(z,2*;D) < Cg(z’z )G(z’, z*; D) where the constant Cj only depends on p. Therefore,
the conclusion of the lemma implies that, for all z, 2’ € QM) one has

u(z) < C%Cg(z’zl)u(z').

This inequality should be compared to the second assumption on u, involving an arbitrarily
large constant D). Hence, the lemma asserts that a weak growth control implies in fact a
much stronger growth control (but on a smaller domain). This remark will be crucial to
check inductively the assumptions of the lemma.

< (.

Proof. Let D > 0 be fixed, we will show the conclusion of the lemma if L is large enough.
We will write or,(1) for a term that may depend on D and L, and tends to 0 when L tends
to infinity (with fixed D). We will also write C' for generic constants that do not depend on
D. In particular, the constants in various Harnack inequalities will be denoted by Cj.

Step 1. There exists a domain D, containing Q®) and contained in a fized size neighborhood

of QO such that for all z, 2" € D there exists a path in D from z to 2’ with weight at least
—d(z,2")
Cy .

Proof. For every z,2' € Q®) let us choose a geodesic T, from z to 2'. If p gives positive
mass to all the generators s € S, one can take for D the union of all the traces of the
geodesics 7, s for z,2' € Q0.

In the general case, every generator s can be written as a product ags) e aé‘:) of elements
in the support of pu. To any geodesic 7, we associate an enlargement F(7) as follows: for

every w on 7 and every s € S such that ws € 7, we add to E(7) all the points of the form

(

wals) e aﬁs) for 0 < i < /. Between two points w,w’ in E(7), there exists a path with

weights at least Cg (2. this is clear by construction if w and w’ are on 7, and otherwise

one can reach 7 within a finite number of jumps.
The set D =, ,icqe) E(7,r) satisfies all the required conditions. O

We deduce in particular of the properties of D that, for all z, 2’ € D,
(4.9) G(z,2";D) > Cad(z,’z*)G(z, 2':D)

since a path from z to 2’ can be extended in D by a path from 2’ to z* with weight at least
—d(z’,2%)
Cy .

Let uw be a function in H.

Step 2. For all z € Q@)

(4.10) u(z) = Z G(z,w; D)u(w) + or,(1)G(z, 2*; D)u(z").
weN6) —D
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One interest of this formula is that the values of u appearing on the right hand side are
all positive since w € Q).

Proof. We start from z and follow the random walk given by p until time n, stopping it
when one exits D. Since u is harmonic on D, the average value of w at time n coincides
with u(z), i.e.,

(4.11) ZG<nzwD —{—Zp z,w; D)u(w),

wgD weD

where G<,,(2,w; D) is the sum of the weights of all paths from z to w of length at most n
that stay in D except maybe at the last step, and p"(z,w; D) is the same quantity but for
paths of length exactly n. Note that G<,(z,w; D) converges to G(z,w;D) when n tends to
infinity.

By assumption, the function |u| is bounded by a linear combination of functions G(z,t;).
For each of those functions, ) p"(z, w)G(w,t;) tends to 0 when n tends to infinity (since
this is the sum of the weights of paths from z to ¢; of length at least n). It follows that the
last sum in (4.11) converges to 0 with n. If u were positive, one would readily deduce that
u(z) = ngfD G(z,w; D)u(w) by passing to the limit. However, since u can be negative on
the complement of Q% we should be more careful. To justify the limit and Equation (4.10),
it suffices to show that:

Z G(z,w; D) |u(w)| < or,(1)G(z,z"; D)u(z").
wgO(6)
Denoting by 2’ the last point in D of a trajectory from z to w, this sum can be written as

S 3 G D)l ) u(w)]

wgQe) z’€D

Bounding |u(w)| by u(z*)D¥**") and using the inequality (4.9), we get that this is at most

Z Z G(z, 2" D)Cg(zl’z*)p(z', w) D)y (),

wgQ6) 2/ €D

The required factor G(z, z*; D)u(z*) can be factorized out, one should show that the remain-
ing term is o7 (1). The measure p has superexponential tails. Hence, for any K, one has
p(2,w) < K~4="w) §f T is large enough (since the jump from 2’ to w has size at least L/2).
Hence, it suffices to show that

Z Z Cg(z/,z*)Dd(w,z*)K—d(z/,w) =or(1).
wgQ(®) 2’ €D

Let zg be the point on 7 at distance 3L/2 of y*. By hyperbolicity, any geodesic segment
from w to 2’ passes within bounded distance of zp, and its length is at least L/2. Hence,

d(2',2%) < d(2', 20) + d(20,2") < d(2',w) + 7L < d(',w) + 14d(2’,w) = 15d(2", w).
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Moreover, d(w, z*) < d(w, 2") + d(7’, 2*) < 16d(2',w). Writing n = d(2’,w), we deduce that
the above sum is bounded by

Z Card{(z' € D,w & Q) : d(z',w) = n}(CPFDOC K"
n=L/2

If 2/ and w are at distance n, they both belong to the ball B(zg,n+C'). Hence, Card{(z’, w) :
d(z',w) = n} grows at most exponentially fast, let us say that it is bounded by C%. If K
was chosen so that 02065D16K —1 < 1, the above series is converging, and can be made
arbitrarily small by increasing L, as desired. O

Step 3. Define a domain A = QW — QB For all z € QO

(4.12)

u(z) = Z Z G(z,w';D)G (W', w; D — ANu(w) + or,(1)G(z, 2*; D)u(2*) + o, (1)u(z).
weQ®) D w' e

Proof. We start from the expression (4.10). Every term G(z,w; D) can be decomposed as

G(z,w;D) = Z G(z,w';D)G(W',w; D — A) + G(z,w; D — A),
w/'eA
by considering the last visit of a trajectory to A if it exists. We have to show that the
contribution of the terms G(z,w; D — A) is negligible. Let us consider a trajectory 7 from
z to w that does not visit A, it has to jump past A. Say that the first jump happens from
a point w; to a point wjy1.

If w;11 = w, i.e., the trajectory has jumped directly out of D, then we can use the same
argument as in Step 2 since we are considering a trajectory ending with a very big jump.
The same argument shows that the overall contribution of those trajectories to (4.10) is
bounded by or,(1)G(z, z*; D)u(z*).

Assume now that w; 1 # w, and in particular w;11 € D. Let Z be the middle point of A,
located on v at distance 7L/2 of x*. As in Subsection 4.3, we define a modified trajectory
m(7) by removing the big jump, and replacing it with two almost geodesic trajectories in
D from w; to Z and from Z to w;y1. The construction of D in Step 1 ensures that one can
find such trajectories, with positive weight. One also adds loops around Z, counting the
lengths of the trajectories from w; to Z and from Z to w;y1, to make sure that the map
T +— m(T) is one-to-one. As in Subsection 4.3, one verifies that the weight of m(r) is larger
than the weight of 7 (the ratio w(m(7))/m(7) even tends to infinity when L tends to infinity).
Summing over all those trajectories, we get that their weight is bounded by or,(1)G(z, w; D).

It follows that the term we have to estimate, coming from (4.10), is bounded by

o)) Y Gleywi Dyuw)
weN6) —D
Formula (4.10) again shows that the sum is bounded by u(z) + or(1)G(z, 2*; D)u(z*). This

concludes the proof. O

In the expression (4.12), we can bound each factor G(z,w’; D) using Ancona inequal-
ities in the hourglass-shaped domain D if z € Q). Indeed, a geodesic from z € Q)
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to w’ € A passes within bounded distance of z* by hyperbolicity, and D is Hy-hourglass-
shaped around z, z*,w’ if L is large enough. It follows from Lemma 4.12 that G(z,w'; D) =
CF'G(z, 2*;D)G(2*,w'; D) for some constant Cs (this notation means that the ratio of those

quantities belongs to [C3 ', C3]). As all the relevant values u(w) are positive, we obtain

u(z) = Ci'G(z,2%; D) Z Z G(z*,w';D)G(w', w; D — A)u(w)
we© _Dw'eA
+or(1)G(z,2*; D)u(z*) + or.(1)u(z).

Applying again the equality (4.12), but to the point z* € Q) we get that the double sum
on the right hand side is equal to u(z*) + or,(1)u(z*). This yields

u(z) = C3ilG(z, 25 D)u(z*) + op(1)G(z, 2"; D)u(z") + op (1)u(z).

Let L be large enough so that the or,(1) terms are bounded by min(C5'/2,1/2). We obtain
that the ratio between u(z) and G(z,z*;D)u(z*) is bounded from above and from below.
This concludes the proof of Lemma 4.13. U

Proof of Theorem 4.10. Let us fix a large enough constant D (several conditions will appear
in the proof below), and let L be given for this value of D by Lemma 4.13.

Starting with 4 points x,2’,y,%y’ as in the statement of strong Ancona inequalities, we
want to show that (4.8) holds. Let Z and § denote the branching points of the tree. We can
without loss of generality assume that d(z,g) is of the form 7nL for some large integer n.
We have to show that the functions ug(z) = G(z,y)/G(Z,y) and vo(z) = G(z,y")/G(Z,y)
are exponentially close (in terms of n) in a domain containing x and 2’.

Let v be a geodesic of length 7nL from & to g, we chop it into n pieces 7; of length 7L
(the piece = is closest to 7). We will successively apply Lemma 4.13 along those pieces. We
will denote by v and 2} the endpoints of +;, by z the point at distance 3L/2 of x} on ~;,

and by ng ) the corresponding domains defined in the lemma for 1 << 6.

Harnack inequalities show that ug satisfies |ug(z)/uo(2")] < Cg =) for some constant Cy.
In particular, if D > Cp, the function ug satisfies all the assumptions of Lemma 4.13 along
the geodesic ;. We obtain a domain D; (that does not depend on wug) such that

413 c-l< Uo(2) <0y,
(4.13) R s THeS I

(1)

for all z € Q7. Using (4.13) at the point Z and dividing, we get on le)

-2 UO(Z) 2
< < .
S GG D w(@)/GG, D)

Let
1 G(z,2;D1)
#1(z) = 202 G,z ™
We note that ¢; depends on ug only through its value at . By construction, we have on
1
o)
(4.14) ¢1 < up/2 < iy

7).
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In particular, the function u; = ug— ¢ is positive on le). It is also harmonic there. We will
show that u; satisfies the assumptions of Lemma 4.13 with respect to the geodesic segment
v2. Since Assumption (4) is trivial, we only have to prove the growth control (2).

Let z € T, we have to show that |u;(z)] < DH**3)u;(25). We start with the case
z € le) — {23} (the case z = 23 is trivial). By construction, u;(z) > 0. Using (twice) (4.13),
and thanks to Harnack inequality, we get

[u1(2)] < uo(2) < C1G(z, 253 Da)uo(2}) < C1C5 G5, 213 D)o (25)

< O30y Hug () < 203055 uy (25).

If D is large enough so that 202Cy < D, we obtain |ui(z)| < D¥*%)y(25) for z €

le) — {z3}, as desired. Assume now that z ¢ le). Thanks to Harnack inequalities,
Glz,25:D1) < Gz, 21) < Co T G(e1,25) < CoCy PV a1, 215 Dy)

for some Cy > 0. Hence, ¢1(z) < CgCg(z’zI)gbl(zf). As ¢1(2]) < wp(z]) by (4.14), we obtain

lur(2)] < [uo(2)] + ¢1(2) < DXy (27) + CoCy T g (27).

If D is large enough, this is bounded by 2D%**1)ug(zf). The inequality (4.13) at z = 25,
combined with Harnack inequality, yields ug(z]) < C’ng(zl ’Zz)uo(zi‘ ). Since ug < 2u; on
le), we obtain

jur (2)] < 4C, DA Ty (2).
As z ¢ le), we have d(z,23) > d(z,27) + L, whereas d(z7,25) = 7TL. Hence,

lu1(2)] < AC1(CED™H DY)y (23).
If D is large enough so that 4C,CJD~! < 1, we finally obtain |u(z)| < D¥*22)y;(25). This
is the requested inequality.

We have shown that the function u; satisfies the assumptions of Lemma 4.13 along the
geodesic segment 5. Hence, we may apply the same argument: we obtain a function ¢o
with ¢ < u1/2 < C{¢e on (252), only depending on wu; through the value of u;(Z) (and
therefore only depending on ug(Z)). Let ug = u; — ¢9, it again satisfies the assumptions of
the lemma along 73, and we can continue the construction inductively.

In the end, we construct n functions ¢q,...,¢, such that vy = u, + ¢1 + -+ + Op,
only depending on ug(Z). As up = up_1 — o < (1 — C’f4/2)uk_1, we have in particular

Up < (1 —€)"up on ol for € = C;*/2 > 0. The same construction can be done starting
from the function vo(z) = G(z,y")/G(Z,y). Since vo(Z) = up(Z) = 1, the functions ¢; that
we get are the same. Hence, on QS),
|uo(2) — vo(2)] = |un(2) —vn(2)] < (1 —€)"(uo(2) + v0(2))-
Therefore,
uo(2)/vo(2) = 1| < (1 — €)"(uo(2)/vo(2) + 1).
This implies that ug(z)/vp(2) is bounded by (1 + (1 —€)™)/(1 — (1 — €)™) < 2/e, yielding

uo(2)/vo(2) = 1] < C(1 — €)™
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In other words,

~

Using this inequality at z = x and z = 2’ (those points belong to QS)), we get the conclusion
of the theorem. O
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