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1 Introduction

The modeling of complex structures obtained by assembling simpler elements with very different geo-
metric and/or material characteristics is attracting the interest of engineers and applied mathemati-
cians since it is a source of a variety of problems of practical importance. Many papers have been
published in the last two-three decades to apply rigorous asymptotic methods in order to obtain a
rational simplification of the modeling of complex structures obtained by joining elements of different
dimensions and/or materials with highly contrasted properties. The first modeling of junctions between
elements of different dimensions is due to [10,19]. The influence of a thin layer of highly contrasted
rigidity inserted between two elastic material has been studied in various situations, see for instance
[23,6,7,24,16]. In every situation the authors obtain a limit problem whose solution can be "easily"
computed since a "material surface" substitutes the thin layer. This material surface carries a suitable
surface energy density obtained through the limiting process from the global volume energy of the
thin layer. Approaches based on the I'-convergence of energy functionals (introduced by De Giorgi in
1975, [11], for a very general class of functionals) have also been used to derive, from the original three
dimensional problems, a variational limit problem taking into account the magnitude orders of both
thickness and material coefficients, see for instance [1,14,20,16,5].

Let us recall that the displacement-traction problem of three-dimensional linearized hyper-elasticity
can be formulated as two different minimization problems, depending on whether the displacement vec-
tor field, or the stress tensor field is the unknown. If the unknown is the displacement vector field the
minimization problem constitutes the modern version of the classical principle of minimum potential
energy (for a historical perspective, see Gurtin [18] or Benvenuto [4]) also known as the primal formula-
tion. If the unknown is the stress tensor field the minimization problem constitutes the modern version
of the classical principle of minimum complementary energy (for a historical perspective, see again
Gurtin [18] or Benvenuto [4]) also known as the dual formulation. Under some well-known positivity
and regularity assumption on the elasticity tensor C or on the corresponding compliance elasticity
tensor A each problem has a unique solution; moreover it is usually proved, see e. g. [12], that the
stress ¢ = Cu associated with the primal solution w is also a solution (and hence the solution) of
the dual problem. More difficult is to prove directly, as it is done in section 2, that there exists a
displacement vector field u associated with Ao where o is the solution of the dual problem. Then this
displacement vector field is also a solution (and hence the solution) of the primal problem. To this aim
one verifies that the symmetric tensor field Ao satisfies a weak form of the Saint Venant compatibility
equations, also known as the Donati theorem ( see [18] sect. 18, [15] and, for a brief history of this
result, section 7 in [8]).

All the previously quoted papers on the modeling of complex structures use the displacement vector
field as the unknown for both the original and the limit problems and I'-convergence is applied to the
potential energy. The aim of this paper is to apply, in the framework of linear elasticity, a type of
I'-convergence (more precisely the so-called Mosco-convergence introduced by Mosco in 1969, [21], for
convex functionals), to the complementary energy of a three layers elastic system where a thin and
strong material is inserted between two elastic materials and to compare this limit problem with the
limit problem obtained for the same situation with the primal formulation in [5]. Let us remark that
in [3] an analogous situation is considered for a scalar case. However the method is different since
it uses in an essential way a mixed formulation through a suitable lagrangian and a priori uses the
convergence of the solutions of the primal problem. In a future paper we will use our direct approach
to non-linear problems where only the complementary energy is given explicitly, e.g. for Norton-Hoff
type materials.

After the presentation of the problem we apply in section 3 the usual rescaling procedure to the
complementary energy formulation and in the following section we prove the Mosco convergence of
the family of rescaled complementary energies to a suitable limit energy. At last in section 5 using an
ad hoc Donati’s theorem we prove the existence of a displacement vector field u associated with the
minimum o of the Mosco-limit functional, and that w is the solution of the I'-limit problem obtained
in [5].



The conventions of sum over repeated indexes and of comma representing derivative will be employed. Furthermore,

Mg’ym denotes the space of symmetric 3 X 3 matrices, Latin indexes range in {1,2, 3} and Greek indexes range in {1, 2}.

2 A preliminary classical result in linear elasticity

Let us consider a three-dimensional Euclidian space identified with R? and such that the three vectors
e; form an orthonormal basis. Let {2 be a non-empty open subset of R? with Lipschitz continuous
boundary I', whose outer normal is denoted by n. We assume that I'r and I are disjoint, relatively
open subsets of I, that I' = I'r |J Iy and H2(Ip) > 0.

We look for the equilibrium of a linearly hyperelastic body occupying the open set {2, submitted
to a system of volume force f, to a surface density of forces F' on I'r and to a fixed displacement wuy
on Ij. The solution of such equilibrium problem can be classically, see e. g. [18], characterized as the
stress field o realizing the minimum of the complementary energy :

1
U(T) =3 QAT:T dx —/F T-n-uy dH*(I)
0

on the space of the statically admissible stresses X,q := {'r; DivTt+ f=0in 2,7n = F on FF},
where A is the compliance fourth-order tensor, satisfying the usual symmetry, regularity, boundedness
and positivity assumptions.

In order to recast this result in a functional framework let us recall that in the well-known ap-
proach of Lions-Magenes it has been proved, see e. g. [17], that when 7 € H(Div;2) := {1 €
L2 (;M3,,,) ; Divt € L? (£;R?)} then mn € H~3(I'; R?) and moreover the following Green’s for-

mula holds for all uw € H(£2;R3) and 7 € H(Div; 2):
/T:e(u) d:ch/ Div Tu dx = {(Tn,u)r (1)
7 o)

where (.,.)r denotes the duality between H~2 (I'; R?) and Hz (I'; R?) and, as usual, e(u) = (eij(u))
with €ij (u) = %(alu] + 8Ju2) .

Let us assume that f € L?(2;R?) and that there exists F € H 3(I';R?) such that F|p, = F (this
happens, for instance, when F € L2(I'v;R?) and then F € L2(I';R3) C H~2(I"; R?) is any extension
to all I') and let V := {v € H'(;R?) ; v|p, = 0}. Let us also assume that ug € Hz(I';R3) and
supp(ug) C Iy. We then define ¥,4 in the following weak form:

Yaa={T€ LZ(Q;ngm);/ T:e(v) dx —/ fvdz— (F,v)p =0 forallv e V. (2)
o) 2
Let us explicitly remark that if 7 € X,4 then Div 74+ f = 0 in 2 and hence 7 € H(Div; (2),

™ € H _%(F ;R3) and (1) holds true. Within this functional framework the complementary energy
becomes:

1
U(r):= 7/ AT:T dr — (Tn,ug)r.
2 /0
Hence the stress field o € Y,4 solution of the equilibrium problem realizes the minimum on X4 of

¥(). If, as usual in convex analysis, see e.g. [13], x5, , denotes the characteristic function of ¥4, then
in an equivalent way the stress field o € X4 realizes the minimum of

J(r) = %/QAT:T dz — (Tn,uo)r + Xz,,(T) ®



on L2(2; Mi’ym) It is easy to verify that such a minimum o exists and is unique. This means that for

all 7 € Y4 one has :
/ Ac:(t—0o)de = ((t—0o)n,up)r (4)
o)

It remains to prove that there exists u € H'(£2;R?) verifying Ao = e(u) and realizing, on the set of
admissible displacements U,q := {v € H'(£2;R?); v|r = up}, the minimum of the potential energy:

d(v) = %/Q Ce(v):e(v) dx — /Q fv dz— (F,v)p (5)

where C := A™! is the elasticity tensor field. This is a consequence of the following variant of the
Donati theorem:

Proposition 1 Let M := {n € L*(;M3,,); [,n:e(v) dz =0 for allv € V} and let M+ := {e €
L2(;M3,,.); [, e:m de =0 Vn in M}. Then:

Mt = {e € L>(2; M3, );3v € V such that e = e(v)}.

sym

Proof Let be X := {e € L*(2;M3,);3v € V such that e = e(v)}. From the Green formula (1) it

sym

follows immediately that X ¢ M+ since for all 7 € M one has:

/T:edxzo.
7]

Since H2(Ip) > 0 it follows that X is a closed subspace of L%(£2;M?2 ). Indeed if e, = e(v,) is a

sym
converging sequence in L2(Q;M§ym) then, thanks to the Poincaré and the Korn inequalities v, is a

converging sequence of V' whose limit is v € V. Hence e,, = e(v,,) converges to e := e(v) € X. In order
to conclude it is sufficient to remark that X+ C M since then by virtue of a classical result one has:

Mt c (XH)t =X 0

Thanks to the classical trace theorem, there exists ug € H'(§2;R3) such that wo|r = wug. Since
T,0 € X,q by using the Green formula (1) it follows:

<<7'_0')n7u0>1“2/96(170):(7'—0') iz,

Hence (4) implies that for all 7 € X4 one has :

[ Aci(r—o)do= [ elii):(r o) v (6)

From (2) it follows that (7 — o) € M and so Proposition 1 implies that there exists w € V such that
Ao — e(tp) = e(w). Let us now remark that u := uy +w € H(£2;R?) is an admissible displacement
field since u|; = ug. Also 0 = A e(u) = Ce(u) € ¥,4 means that:

/Ce(u):e(v) dw—/ fvde— (F,v)p =0 forallve V. (7
7 7}

This is equivalent to say that uw € H'(£2;R3) realizes the minimum of the potential energy @(v) on
the set of admissible displacements U,q.

Remark 1 Obviously one can consider other type of boundary conditions (e.g. a combination of some
components of the stress vector and of the displacement).



3 Problem statement

Let us consider a three-dimensional Euclidian space identified by R? and such that the three vectors
e; form an orthonormal basis. Let 2~ and 27 be two disjoint domains with Lipschitz continuous
boundaries 2% and 927, whose outer normal is denoted by n. Let S = {927 N92~}° # ) be
the interior of the common part of the boundaries which is assumed to be projectable onto the plane
{z3 = 0} and such that #2(S) > 0. Let I55 € 902*\§ be relatively open and such that I';-('S = 0
and H2(I5E) > 0 ; let also I'Z C 92F\S be relatively open such that I'55(I'E = () and SO\ Iz = 0.
We assume at last that 902+ = 't |J 5 US.

We consider a multimaterial obtained by the insertion between the materials occupying 2~ and
07 of a third material. For this, 2% (resp. £27) is moved in the e3 (resp. —e3) direction of an
amount equal to the half-thickness % of the third material where ¢ is a small dimensionless parameter
and h is a global characteristic length (for example the diameter of 2~ |J2F). Then we set 2F :=
{a::t%eg,:c € Nt} SF = {m:t%eg,:c € S}, FO{EE = {:c:l:%eg,m € Foi} , F;E = {a::l:%eg,m € F}%}
and B. := {x +cze3, F <z < L,z € S}. At last 2. = 2F UL UB. USH U ST will denote the
physical reference configuration of the assembly (see figure 1 left).

We suppose that the materials are linearly hyperelastic. With the notations of the previous section
we suppose that a displacement wg. € H2(9f2.;R?) is given with supp(ug.) C (EUE) and
that the structure is submitted on I'r. = F;EUFE,E to surface loads F'. such thaf there exists
f’a cH (092.; R3) with f’\pﬂs = F.. Moreover since the external boundary II. := {x + ezes3, —% <

z < & x € 0S5} of B, is traction-free supp(F.)N(II.) = 0. The structure is also submitted in 2 U2
to applied body forces _fg':.

Iy e

Fig. 1 Left: the physical configuration (£2¢), Right: the limit configuration ({2), Below: the rescaled configuration



In this situation the complementary energy density, ¥° (<, 7¢), associated with a stress tensor field
T 2, — M3 is defined by

sym?

%A+T€IT€ in 2F
€ £ g\ __ 1l A= € . - 7 -
Y25, 7) = AT T in (2]

séASTE : 7€ in B,

and AT (x%), A (x), A®(x®) are the hyperelastic fourth-order tensors satisfying the usual symmetry,
boundedness and positivity assumptions. Let us explicitly point out that the "adimensional" coefficient
€ in the complementary energy density of the thin layer B, expresses the "welding" character of our
model.

Using the notations analogous with those of the previous section, the elastic energy associated with
a statically admissible stress field 7¢ is given by the functional

U (1°) := / Y& (xf, 7%)dx
Qs
and the space of the statically admissible stresses is, in the weak form:

ca={7° € L*(2;M3,,); /Q T e(v) dr — /Q fovdr— (F. ,v)po, =0 forallve Vel

with V¢ := {v € H'(£2.;;R?) with v|p,. = 0}. Let us explicitly remark that when 7 € X2, then
Div 7¢ € L2(£2:;R3) and so 7°n € H~2 (92.;R3) and the analogous of (1) holds true in f2..

Hence we can define the complementary energy for all ¢ € L?(f2.; Mfym) as:
Je(7°) = We(77) — (71, w0 c)o0. + Xzz, (T7) (8)

where (., .)90n. denotes the duality between H—3 (092:;R?) and H? (082¢;R?). Tt is easy to verify that
there exists a unique o° € L?(£2:; M2, ) realizing the minimum of J. on L?(£2;; M3, ).

As mentioned in the introduction, our aim is to study the behavior of o := argmin J.(7°) when
€ tends to zero and to identify the variational problem whose solution is a suitable limit of . Our
strategy consists in computing a suitable variational limit of the sequence (J;).0. In order to make ap-
parent the dependance on € of the problem, we define, following the approach of Ciarlet and Destuyn-
der [9], an equivalent problem in the fixed domain {2 (see figure 1 right). For this purpose, we set
€ = (v1,22,23) = (T, x3) € 2 = x° = (25, x5, 25) € {2 defined by

ﬂs(azl,xg,zg):(zl,mg,xg—%(l—e))EQ;, for x € 2}
7-(-6(1'171'27‘%3) = ($1,$2,€$3) € BE; forxz € B (9)
T (21, 2, 23) = (21, 22,25 + 2(1—¢)) € 27, forxm e (2,

with QF = {z £ Les,z € 2%}, B = {x +ze5,-% < 2 < Lz € S}, ST = {z + Les,z € 5},
I = {x + zes, f% <z < %,:c € 0S5} Let us explicitly remark that since ST and S~ are obtained
by a fixed translation in the direction es from S, the Sobolev spaces defined on S* |, S~ and S are
isomorphic. In order to simplify the notations, we identify (2} with 2% and (2, with £2~ and denote
by I, resp. I'r, the transformed of I ., resp. I'r.. At last, we set 2 =027 U2~ UBUSTUS™ and
we identify 7 with a triple (7F,77,7%) € L*(21; M3, ) x L*(27;M3,,,) x L*(B; M3, ).

The external loads, the elastic properties of the bodies and the stress tensor field in £2% are defined
without rescaling by:

e, £

TE (e, z) =5 (xf) = 5F o (x); ... (10)



and the stress tensor field in B is defined with rescaling:

€,8

(e, &) = 7%(xf) = 1% o (). (11)

Let us explicitly remark that thanks to the previous assumptions and with natural notations

(T°1n,u0.c)a0, = (Tn,u)on, (F.,v)a0. = (F,v)a0. (12)

Let us also recall the usual relations for any differentiable function ¢° defined in B.:

[ .
5oz ((2%) = 5= (0(@)

0 e o1 0

(¢()),

3 81'3

and

/Bs ¢ (z°)dz* :6/]3¢€O”5($)d$56/9¢(w)dm.

After this change of coordinates and the rescalings (10),(11), (12), the functional ¥¢ becomes

U(r)=v(rt, 17,7 =

1 1 1 13
= Atrt ot do 4+ = A 7 17 dx—l—f/AsTS:Ts dx (13)
2 Jos 2 /o 2 /s
and the weak form of the space of the statically admissible stresses is :
Suale) 1 = {r = (177, 7%) € L2 ME,,)  L2(2702,,) x L2(Bi M)
forall v=(v",v ,v%)€V:
/Q+ Trie(vt) do + / ) Tie(vT) dr + /B{T;ﬁeaﬂ(vs) + Ta303 o fd (14)
1 ~
+ 7/ {7231);;,3 + T?fgv?f,g}d:ﬂ 7/ fvde — (F,v)p0 = 0}
€JB o)
where:
Vi={v=(vh,v,v") € H(2F;R?) x H'(27;R3) x H'(B;R?);
vl g+ =05+, v |- =v°[5-, v|p, =0},
At last the functional J.(7¢) defined from L?(27; M2, ) x L*(£2;M2,,,) x L*(B;M2,,,) in RU{+o0}

becomes
J(e;T) = J(E;T'*"T_,TS) = W(T"‘,T_n-s) —(mn,ug)a0 + XZH,d(a)(T+,T_7TS)'

Let us stress that J(e;7) is convex, lower semicontinuous and proper. For further use we explicitly
remark that F € H~2(862;R?) fulfills the condition supp(F) N (IT) = (. At last, in order to avoid
inessential technicalities, in the following we assume that S is indeed contained in the plane x3 = 0.



4 Mosco-convergence
4.1 Preliminaries

The so-called Mosco-convergence was introduced by U.Mosco [21] in 1969 as a useful tool to study the
asymptotic behavior of convezr functionals.

Definition 1 Let X be a reflexive Banach space, F,, F : X — RU {400} convez, lower semicontin-
uwous and proper functionals. The sequence (F,)nen Mosco-converges to F if and only if:

i) for all w € X and all sequence (uy)nen weakly converging to u one has:

liminf F, (u,) > F(u) ;

n—-+oo
it) for all u € X there exists a sequence (u,)nen strongly converging to u in X, such that

lim sup F), (uy,) < F(u).

n—-+oo

An essential property of Mosco-convergence is that the Young-Fenchel transformation is, for the Mosco-
convergence, sequentially bicontinuous from the set I'(X) of convex, lower semicontinuous and proper
functionals F' : X — RU {400} onto the set I'(X™*) of convex, lower semicontinuous and proper func-
tionals F' : X* — RU{+o00}, [22]. The proof of this result and of several others interesting properties of
Mosco-convergence are given in Chapter 3 of Attouch [2]. Some years later, De Giorgi has introduced
the fundamental concept of I’-convergence for a very general class of functionals, [11]. As stated in
Chapter 3 of Attouch [2], Mosco-convergence of a sequence of functionals defined on a space X is
equivalent to I'-convergence when X is equipped with its strong and weak topology.

4.2 Mosco-limit of J(e;T)

Let us consider the convex, lower semicontinuous and proper functional .J : L*(£2%; M3, )xL*(27; M3, ) x
L3(B;M2, ) — RU{+oc} given by

sym

Jr)=J(rt, 77, 7)) =0t 77, 7°%) — (tn,uo)on + x5, (7T, T, T%) (15)
with
ad ::{T =(rt, 77, 7°) e L*(2M2,,,) x L*(27;M2,,,) x L*(B;M2,,.);
7—;3 = O7and for all v = ('U+,’U_)’US) eV
/ T:e(vh) dm—i—/ T re(v7) dw—i—/ 72 5e0p(v°)da (16)
o o :
7/ fo dx*u}awan:()}
2

and

Vo :={v e V,ui; =0}
Let us remark that when 7 € Y4 then
U(r)=v(rt, 77,75 =
1

1 o 1 s s s
; Q+A+7_+:7.+ dx+§/,A T T d$+§/BAanéTv5T;/3 dz.

(17)



Moreover, since v € Vy implies v1|g+ = v¥|g+ = v¥|g- = v |g-, it follows also that when 7 € X4
one has:
1/2
{(t7es)ls+ea — (T7e3)ls-€a)} = Tsl5+ — Tasls- = —/ ) Tap,pd73 (18)
—1/2
fora =1,2 and
Tohlgr = (T7es)|sres = (T7es)|s-e3 = 335 (19)

1

where the equalities have to be understood in H=2(S) ~ H™2(St) ~ H-2(S™).

Theorem 1 Let us equip the space L?(Q2T; M2, ) x L*(27;M32,,) x L*(B;M3,,) with the stan-
dard strong and weak product topologies. Under the previous assumptions, the sequence of functionals

(J(€))e>o Mosco-converges to J.
The proof consists in establishing Proposition 2 and Proposition 3 below.

Proposition 2 For all 7 = (7F,77,7%) € L*(27;M3,,,) x L*(27; M3, ) x L*(B;M3,, ) and all
sequence (T¢)zso weakly converging to T in L*(Q2T; M3, ) x L*(27; M3, )< L*(B; M3, ) the following
inequality holds:

J(T) < hgi)l(l;lf J(g; ). (20)

Proof Clearly one may assume that liminf._,q J(g; 7¢) < +o0. Therefore for a non relabeled subse-
quence one has 7° € X,4(¢). Since ¥ is convex one has only to prove that 7 € X,4. Let us remark at
first that for all v € Vj:

/ Ttie(vh) dx—i—/ T re(vT) dx—i—/{Ti%eag(vs)—|—T§§v§’a}dx

} (21)
—/ f’U d$—<F,U>5Q=O
Q
and passing to the limit:
/ T:e(vh) dx+/ T re(v) do + / {Tapeap(v®) + To30°s, a}dx
24 - B
—/ fv dz — (F ,v)p0 = 0.
2
By multiplying equation (14) by € and passing to the limit we find for all v € V:
[ Aziave + misos bz =0, 22
B
In order to conclude we have to prove that 773 = 0. From (22) it follows that 73 3 = 0 and so 73 is
constant with respect to x3. By choosing v € V such that v;r\s+ = vf|s+ = 0 and v; |g- = vi|g- is
arbitrary in H%(S*) and v; = 0 for ¢ # j we get 755 = 0. Hence 7 € Xyq. O

In order to conclude the proof of Theorem 1 for every element 7 € X,4 we have to construct a so-called
recovery sequence (7¢).so0 C X,4(€) strongly converging to 7 in L2(Q2T; M3 ) x L2(027;M3, ) x

sym sym
L?(B;Mz3,,,,). This is the object of Proposition 3. The following preliminary result will be useful in the
proof of Proposition 3.
Lemma 1 Let T € Y,q. There exists a sequence (T")yso in L?(2F; M3, )< L*(27; M3, )xL*(B; M2,
strongly converging to T and whose elements satisfy 7,5 = 0, (18), (19) and moreover are such that

(155]5% )y C C®(SE;R®) and (77%), C C=(B\ (STUS™);M2,,).
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Proof Since T € Y,q then the trace theorem implies that 75n® € H~2(92%;R3) where n* is the
outer normal to 92F. Thanks to the assumptions on 2 and on F the restrictions (7%e3)|g+ , can be

extended by zero in a neighborhood S* of S* contained in the plane x3 = i% and these extensions

belong to H~2 (S*; R3). Let also extend 7 by zero to B = {x+ies,—-h<z<hxe S}. One can then
make a tangential regularization of such extensions with a sequence of mollifiers depending only on Z. In
this way one constructs sequences (g=7), C C*°(5F; R?) converging to (¥ es)|g= in H~2(S*;R?) and
(7'775) c C>=(B*; M3,,,,) converging to 7 in L2(B M?2,,,,) where B* :=B\(S5TUS™) = {x+zes, —h <
z < 2,x € S}. These sequences satisfy 75 = 0 and the conditions (18), (19). In order to conclude
the proof of the lemma we have to construct a suitable lifting 7%7 of g*”. This will be done solving
some auxiliary elasticity problems with suitable boundary conditions of mixed type. For every 7 let us
consider in 2% a mixed elasticity problem with an elasticity tensor C (for simplicity with components
Cijr = %(6ik6jl + 0;10;%) ) where the source terms correspond to f, F and to g*" and the zero
Dirichlet data is imposed on I o - These problems have a unique solution ut” € HY(QF;R?). Let
T = Ce( m) € L2(0F; Mg’ym) The continuous dependence on the data implies the convergence
of 757 to 7+ in L2(02%; Mz?,,,). For further use let us point out that the weak formulation of these
elasticity problems implies that:

/Q+ T e(vt) do +/7 T e(v) do — /va dz — (F ,v)o0 -

—/ got df—i—/ g "v dz=0
S+ -
for all (vF,v™) € HY(2F;R3) x H(27;R3) such that v |Fi =0. o

Proposition 3 ForallT = (t+,77,7%) € L>(2T; M3 )x L*(27; M3 )xL?(B;M3 ) there evists

sym sym sym

a sequence (T¢)cs0 strongly converging to T in L*(2T;M3,,) x LZ(Q M2, X L%(B:; M3,,.) such
that

lim J(g; 7°) = J(7). (24)
e—0
Proof Let T be a fixed element in L*(27;M3, ) x L*(27;M3,,) x L*(B;M3,,,). One can assume
that J(7) < oo otherwise there is nothing to prove and hence that 7 € X,4. Let then be (77),50
a sequence in L*(27; M2, ) x L*(27;M3,,) x L*(B;M2,,,) converging to 7 constructed by using
Lemma 1 and hence such that:

+ +
T s =97 (25)
Let us now define 75" = 77 + 7" as follows:

(i) 7% e L*(B;M3 ) is given by

sym

my =0 (20
T3 1/2
g = [ n e = [ n e, £y
—-1/2 T3
T3
R A e (29

(ii) 7T e L2(02+; M3 ) satisfies for all vt € H'(2F;R3) such that vl =0

sym

1 2
/ 7 e(vh) do — / { / Tonydastvy di = 0; (29)
2+ S+

(i) 7 =0.
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Let us explicitly remark that 7 can be obtained solving a suitable mixed elasticity problem. From

the previous choices for every e, n > 0 it follows that 7" € X,4(e). Indeed (23), (29) and (26) imply
that for every v € V

/Q+ Tt e(v™h) dz:—&—/iT6 daf—&—/{TZZSeag + To3 03 o ydT
]' S S s

1 [ ritts vl vgg}dx—/fvdx—w v)on

— [ aenlsivt di- [ (g7 els v o
s+ 5-

1/2
rel () Fndrse )
S+

(30)
+ [ ean(”) + Mo + [ (0 A 0}
= [ eastot) 7 et [ arreie— [ grecd
1/2
/ / Ton ndzs}vg dT) Jr/ g vTdz f/ g9 vy dT
s+ J_1/2 S+ 5-
+ [ R o+ R b = 0,
since from (27) it follows that
T €0 )+ Tod%vS S hdx + gMtutdz — g vldz =0
af ;8 a3 Ya,3 « a Ya
5+ S-
and from (28) it follows that
1/2
+ 5/ {/ ol ndrsyvs dT —|—/ gg+v§'d§?—/ 99 vy dT
s+ J-1/2 5-
+ [ R, + T e =0,
B
Since
en "
;1_r>n J(g; ) =w (")
then
%%;%J(E ) =¥(r) = J(71).
From the construction of 7<" it follows that lim, o lim. 077 = 7 strongly in L*(27; M3, ) x
L2(027;M3,,,) x L*(B;M2,,,,). Hence, thanks to a diagonalization lemma (see e.g. Attouch [2]), there

exists a map € — n(e) such that n(e) — 0 when € — 0 and such that

lim J(e; Tan(a)) J(T) and lim 7€7() = .
=0 e—0
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5 A Donati-type theorem

Let us remark at first that the functional J(7) = J(7+,77,7°) has a minimum o = (67,07 ,0%) €
Yaa on L2(2F; M3, ) x L*(27; M3, ) x L*(B;M3,,,); this means that
Ate™ (77 —oT) dr + A o™ (17 —07) dx
N+ - (31)
—|—/ A prs05s  (Tag — 0ap) dv = (T — o)n, ug)ap for all T = (T7,77,7%) € Xaa.
B

Thanks to the classical trace theorem there exists @y = (TUg , Uy , ug) € H'(2;R3) with @ = 0 such
that @g|an = up and hence from the Green formula (1) it follows:

(= o)n, uo)on = /Q e(iio) : (1 — o) da. (32)

Let

sym sym sym

Mo = {n=(",n".7") € L3 M,,) x LA(07:M3,,,) x L2(B;M2,,,);
/ nt:e(vt) do —|—/ n :e(v”) dx —|—/ Nap€ap(v™)dr =0 for all v € Vo}.
2 Q- B

Thanks to (32) one can write (31) for all n € My as follows:

/Q+ Atet i nt dx+ A o™ :im dx —|—/BA;‘;6750%?]\2§ dx = /Qe(ﬁo) :m dx. (33)

-

This means that (Aot —e(ug), A" o~ —e(wy ), ;1\53'8) € Mg where (;l\s)ag = Alps (07 )5 =035
and the orthogonality is taken with respect to the scalar product in L?(27; M2, ) x L*(27; M3, ) x

sym sym
L?(B;MZ,,,). Hence we need to identify Mg . This is a consequence of the following variant of the
Donati theorem.
— S

Theorem 2 e = (et,e™,e°) € Mg if and only if there ezists v = (vF,v™,v%) € V such that
et =e(vt), e =e(v7) and (€%)ap = eap(v®).

Proof Let Xg be the subspace of L2(£2F; M2, ) x L?(027; M3 ) x L?(B;M?2 ) of e such that there

sym sym sym

exists v = (vh,v7,v*) € V; satisfying e™ = e(v"), e = e(v™) and (€°)ap = €ap(v®). From
this definition it follows immediately that Xg C M&. We claim that X, is a closed subspace. Indeed
if (e,) = (e(v}),e(vy,),(eap(vs))) is a sequence in X, converging to 0 then the sequence (v;),

resp. (v;;), converges in H'(£2;R3), resp. H'(27;R3), to RT | resp. R~ with R and R~ rigid
displacements. As far as it concerns the sequence (v%), whose elements are independent from x3, we
deduce only that the sequence converges to a displacement R® = (a1 — biza, as — baz1,as(x1,22)).
However the definition of V; implies that RT™ = R~ = R® = 0 and the claim is proved. In order to

conclude it is now enough to prove that

Xt € Mo (34)
since then M- C (Xg)* = Xq. For this let be 7 = (71, 77,7°) € X, i. e. such that

/ Trie(v?) dx—l—/ T ie(v) d:c+/ 7 geap(v®) dz =0 (35)
for all v € V4. It is then obvious that 7 € M . O

Corollary 1 There erists u = (u™,u™,u®) € H'(£2;R3) such that

(Ao" A0, A'a%) = (e(u’),e(u”), (eap(u”))). (36)
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Proof Theorem 2 implies that there exists w = (w™,w™,w®) € V; such that

o~

(ATo" —e(ug), A0~ —e(tg), A’5") = (e(w™),e(w"), (eap(w")))
hence setting u = w + g, (36) is satisfied. O
Let us denote by C™ and C~ the inverses (as linear operators in M3,,,) of A" and A” and by c’
the operator inverse in M2, of A", Then (15) implies that w realizes the minimum in (wo + V) C
HY(£2;R3) of the functional:
1 1
P(v) =P(vh, v, v°) = = Che(v™):e(v™) de+ = Ce(v):e(v)dr
2 0+ 2 - (37)

1 ~
+ 5/ Caprseys(V°)eap(v®) dx —/ fvde—(F v)r.
B I7)

When g = 0 this functional coincides with that introduced in [5].
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