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Abstract

The Douglas-Rachford algorithm is a popular iterative method for finding a zero of a sum
of two maximally monotone operators defined on a Hilbert space. In this paper, we propose
an extension of this algorithm including inertia parameters and develop parallel versions to
deal with the case of a sum of an arbitrary number of maximal operators. Based on this
algorithm, parallel proximal algorithms are proposed to minimize over a linear subspace of a
Hilbert space the sum of a finite number of proper, lower semicontinuous convex functions
composed with linear operators. It is shown that particular cases of these methods are the
simultaneous direction method of multipliers proposed by Stetzer et al., the parallel proximal
algorithm developed by Combettes and Pesquet, and a parallelized version of an algorithm
proposed by Attouch and Soueycatt.

Keywords: Monotone operators, convex optimization, proximal algorithms, parallel algorithms.

Mathematical Subject Classifications: 47H05, 47N10, 656K10, 68W10.

1 Introduction

The use of parallel methods for convex optimization has been an active research area for about
two decades [9, 12, 34]. With the widespread use of multicore computer architectures, it can be
expected that parallel optimization algorithms will play a more prominent role. Recently, a number
of proximal parallel convex optimization algorithms have appeared in the literature [22]. These
algorithms are especially useful for solving large-size optimization problems arising in the fields of
inverse problems and imaging.

A splitting algorithm which will be subsequently designated by the simultaneous direction
method of multipliers (SDMM) was recently proposed in [45] to solve the following problem:

m
inimi (Li 1.1
minimize ;fz( iv) (1.1)



where G is a real Hilbert space, for every i € {1,...,m}, f; is a proper lower semicontinuous convex
functions from a real Hilbert space H; to |—oo, +00], and L; belongs to B (G, H;), the set of bounded
linear operators from G to H;. This algorithm was derived from the Douglas-Rachford algorithm
[17, 19, 25, 35] by invoking a duality argument. Such a duality argument can be traced back to the
work in [31] (see also [25, 48]). It was also pointed out in [45] that the proposed method generalizes
to a sum of more than two functions the alternating-direction method of multipliers [30, 32]. Note
that parallel alternating-direction algorithms had been previously proposed in [24] for monotropic
convex programming problems and for block-separable convex optimization problems in finite
dimensional Hilbert spaces. It is also worth noticing that augmented Lagrangian techniques have
become increasingly popular for solving imaging problems. These approaches appeared under
different names such as alternating split Bregman algorithm [29, 33, 51, 52] or split augmented
Lagrangian shrinkage algorithm (SALSA) [1, 2] in the recent image processing literature.

On the other hand, another splitting method called the parallel prozimal algorithm (PPXA)
was proposed in [21] to minimize a sum of convex functions in a possibly infinite dimensional
Hilbert space (see also extensions in [18] for monotone inclusion problems). Since the splitting
algorithms in [21, 45] were derived from the Douglas-Rachford algorithm by working in a product
space, a natural question is to know whether there exist connections between them.

Despite the fact that the work in [45] puts emphasis on duality issues whereas [21] relies on
results from the theory of proximity operators, this paper shows that both algorithms are particular
instances of a more general splitting algorithm. This optimization algorithm itself is a specialization
of an algorithm for solving the following problem:

find y € E such that <sz LfAi(Ligj)> NELt +# o (1.2)
i=1

where F is a closed linear subspace of G, E+ is its orthogonal complement and, for every i €
{1,...,m}, A;: H; — 2" is a maximally monotone operator, L7 is the adjoint operator of L;, and
w; € 0,400 The latter algorithm for finding a zero of a sum of maximally monotone operators is
derived from an extension of the Douglas-Rachford algorithm which includes inertia parameters.
Note that another framework for splitting sums of maximally monotone operators was developed
n [27]. Other parallel methods based on a forward-backward approach were also investigated in
[5].

Convergence results concerning various inertial algorithms can be found in [3, 4, 36, 37, 38,
40, 41, 42]. Recently, a proximal alternating direction of multipliers method was introduced in [5]
which can be viewed as an algorithm within this class. Applications to game theory, PDEs and
control were described in [10].

Conditions for the convergence of inexact forms of the algorithms presented in this paper will
be given in the following. These convergence results are valid in any finite or infinite dimensional
Hilbert space. First versions of the algorithms are provided, the convergence of which requires
that > " | w;L¥L; is an isomorphism. This assumption is relaxed in slightly more complex variants
of the algorithms. The resulting unrelaxed optimization method is shown to correspond to a
parallelized version of the algorithm in [5] for equal values of the inertia parameters.

In Section 2, we introduce our notation and recall some useful properties of monotone operators.
In Section 3, we propose a variant of the Douglas-Rachford algorithm in a product space, which
includes inertia parameters, and study its convergence. In Section 4, we deduce from this algorithm
an inertial algorithm for solving Problem (1.2). In Section 5, we consider an application of this



algorithm to convex minimization problems and examine the connections of the resulting parallel
convex optimization methods with some existing approaches.

2 Notation

Let (Hi, || - ||i)1<i<m be real Hilbert spaces. We define the product space H = Hi X -+ X Hp
endowed with the norm

-1l @y m) (2.1)

m

> willzil?
i=1

where (w;)1<i<m €]0,400[™. The associated scalar product is denoted by ((- | -)) whereas, for
every i € {1,...,m}, (- | -); denotes the scalar product of H;. Let k € {0,...,m} and let us define
the following closed subspace of H:

KkZ{(.%'l,...,xk,O,...,O)EH} (2.2)

(with the convention (x1,...,2,0,...,0) = 0 if £ = 0). In the following (z1,...,zm) € H1 X -+ X
Hy, will denote the components of a generic element x of H.

An operator A: H — 2* is monotone if
(V(z,y) € H)(V(u,v) € A(z) x A(y)) ((—ylu-v)) >0 (2.3)

For more details concerning the properties of monotone operators and the definitions recalled below
the reader is referred to [7].

The set of zeros of A: H — 2" iszer A = {x € H | 0 € A(x)} and its graph is grad =
{(z,u) € H? ‘ u € Ax}. A: H — 2% is maximally monotone if, for every (z,u) € H?,

(x,u) egraAd & (V(y,v)egraA) ((x—y|u—wv)) >0. (2.4)
Recall that an operator T: ‘H — H is
e [-cocoercive with § € |0, 4+o0] if

(V(z,y) e H?) BTz - Tyl < (Tz-Ty|z-y)); (2.5)

firmly nonexpansive if it is 1-cocoercive;

1/B-Lipschitz continuous with 8 € |0, +oo] if

V(. y) e H?)  BllITz - Tylll < [ll= - ylll; (2.6)

e nonexpansive if it is 1-Lipschitz continuous;

1/(-strictly contractive if it is 1/8-Lipschitz continuous with 5 €]1, +o0].



If A is maximally monotone, then its resolvent J4 = (Id +A)~! is a firmly nonexpansive operator
from H to H, and its reflection R4 = 2J4 — Id is a nonexpansive operator.

Let I'o(H) be the set of proper (i.e. not identically equal to +00) lower semicontinuous convex
functions from H to |—oo,+o0] and let f € I'o(H). Then, its subdifferential 0f is a maximally
monotone operator and the proximity operator of f is proxy = Jyg [39, 44]. The domain of f is
dom f = {x e H | f(x) < +o00}. The conjugate of fis f*: H — |—o0,+00] : T supyeq ((z |
y) — f(y).

Let C be a nonempty closed convex subset of H. Its indicator function o € I'g(#) is defined
as

(V% S H) Lc(ﬁc) =

{0 ifeeC 2.7)

+o00 otherwise.

The projection onto C'is Pc = prox,, and the normal cone operator to C'is N¢: H — 2H defined
as

(Ve e H) Nc(x) = {{Qu <H | WMy eC) ty—=up < 0} gt}sfefw?se. (2.8)
The relative interior (resp. strong relative interior) of C' is denoted by riC' (resp. sriC).
The weak convergence (resp. strong convergence) is denoted by — (resp. —).
3 An extension of the Douglas-Rachford algorithm
We will first consider the following problem:
find  czer(A+B)={wcH | 0c A(x) + B(x)} (3.1)
where B: H — 2% is a maximally monotone operator,
A:H — 2% (2, ) = Al(z) X - X Ap(T) (3.2)

and, for every i € {1,...,m}, A;: H; — 2™ is a maximally monotone operator.

We first state a quasi-Fejérian property which will be useful in the following.

Lemma 3.1 Let S be a nonempty set of H x K. Let (ty)nen be a sequence in H and let
(Py)neny = ((an, ey Py 0, ’0))n6N be a sequence in Iy such that

(V(t,p) € S)(Vn e N)

k k
~ ~ 1/2 ~ - 1/2
(s =P+ 3 nsillpiner = l1F) " < (b = B2+ 3 sinllpin = 5lF) " + A
i=1 i=1
(3.3)
where, for everyi € {1,...,k}, (1in)neN is a sequence of nonnegative reals converging to a positive

limit, and (Ap)nen s a summable sequence of nonnegative reals. Then,

(i) (tn)nen and (p,,)nen are bounded sequences.



(ii) For every (Z, 13) €S, (|||tn —Atv|||2 + Zle Win||Dim — ﬁi”?)nEN converges.

(iii) If every weak sequential cluster point of (t,,p, )nen belongs to S, then (t,,p,)nen converges
weakly to a point in S.

Proof.
(i) Let (t,p) € S. According to [16, Lemma 3.1(i)], there exists p € ]0, +-00[ such that

k
~ N 1/2
(vnenN) (Ilitn = EI2+ 3 pinlpin = 5ill2) < p. (3.4)
i=1
Since, for every i € {1,...,k}, (1tin)nen is a sequence of nonnegative reals converging to a
positive limit,
Jp €]0,4+00[,Ing €N (Vi€ {1,...,k})(Vn >ng) pin > pw (3.5)
It can be deduced that
< g\ /2
(vn=n0)  (Ilitw =82+ plllp, — BIIZ) < p. (3.6)
This implies that
(Vn>mno)  |llta —#lll <p
llp, =Bl <p % (3.7)

which shows the boundedness of the sequences (t,)nen and (p,,)nen-
(ii) This fact follows from [16, Lemma 3.1 (ii)].

(iii) Since (¢, P,,)nen is bounded, it is enough to prove that this sequence cannot have two distinct

weak sequential cluster points. Let (¢;,p;) € S and (t2,p,) € S be two such cluster points.
We have

(VneN)  2((t, | t1 —t2)) = |[[tn — tal[|> = [|[tn — Eal|]” + [[E2]1” = [I[E2]]”
and
(Vie{l,....k)(¥n €N) 2(pin | Dia—Pi2)i = Pin—Di2ll; = 1pin—Dia |F+ i1 17 = 1Pi2ll7
(3.8)
Then, it can be deduced from (ii) and the fact that, for every i € {1,...,k}, (tin)nen is
convergent that ({(t, | Zl —¥2>> + Zle Win(Din | Dig — Di2)i)nen converges to some limit
¢. In addition, there exist some subsequences (t,,,p,,)en and (tngﬂpn[/)f'EN converging

weakly to (t1,p,) and (t2,p,), respectively. Passing to the limit, we have thus

k k
(118 =) + > io(Pin | Bt = Pi2)i = ¢ = ({2 | 01— 82)) + D pioo (P2 | Bit — Pi2)i
i=1 =1
_ _ k
& Ity = E2lll> + > picollBia — Dizll; =0 (3.9)
=1

where, for every i € {1,...,k}, ftico = limy 400 ptin > 0. Consequently, t; = ty and
P =Dy



O
We will also need the following property concerning nonexpansive operators.

Lemma 3.2 Let (v, ) € ]0,400[* and let (e1,...,em) € [0,1[™ be such that
(Vie{l,...,m}) (ei >0 i <k). (3.10)

Let T and U y be the operators from H x KCr to H x Iy, defined as

(Vte H)(Vp € Ki) T(t,p) = (2, Px,p) (3.11)
ALA )
Ui(t,p) = <(1 - St+ §Z,P;ckp) (3.12)
where
p = <J7(1751)A1 (L —eti+epr)s- o Jyaemyan (1 —em)tm + €mpm)> (3.13)
z=R,p(2p —t). (3.14)

We have the following properties:
(i) FixT =Fix U, and

(t,p) € FixT
~ gt ifi<k
& Jyat €zer(A+ B) and (Vi€ {1,...,m}) p; = ati s . (3.15)
0 otherwise.
(ii) T is nonexpansive operator in H x Iy, endowed with the weighted norm
v (z,p) = (Il=lI2 +2 ) T lpil?) (3.16)
i=1 ¢
(iii) For every (t,s) € H? and (p,q) € K2, let (2,P) = T(t,p) and (u,q) = T(s,q).
Then,
A A b Mo
0= )6~ )+ 5z = wlIP + A 25, — g, < [l — sll + 2D 2 s — i)
i=1 ! i=1 !

k
W;&; _ _ 1
A TP T pi il — @ VAl s -z P (3.7)
i=1 v

Proof.

(i) It can be first noticed that FixT = FixU . In addition, (¢,p) is a fixed point of T" if and
only if

. - P ifi <k
Vied{l,...,m P = !
( { Hop {0 otherwise (3.18)

t=R,p(2p - 1)

6



(i)

where
(Vie{l,....m}) D= Jya-ena (1 —ei)ts + ). (3.19)
The latter relation yields, for every i € {1,...,k},
(1 —e)ti + &by — B € v(1 — &) Ai(P})
& b — P € YA(D))
& = Jyat (3.20)
So, by using (3.10), (3.19) is equivalent to
p = J,at. (3.21)

and (¢t,p) € Fix T if and only if

Jyat; ifi<k

i (3.22)
0 otherwise

(Vie{l,...,m}) Fi= {

t=R,p(2J,at - 1). (3.23)
On the other hand, ¢ satisfies (3.23) if and only if it is a fixed point of the standard Douglas-
Rachford iteration, that is if and only if J,at is a zero of A+ B [17, 35].

For every (t,s) € H? and (p,q) € K3, let (2,p) = T(t,p) and (u,q) = T(s,q). Let p’ be
given by (3.13) and ¢’ be similarly defined as

q’ = (Jy(l—al)Al ((1 - 61)81 + 61(]1), R Jv(l—am)Am ((1 - 5m)5m + €mqm)) . (3.24)
For every i € {1,...,m}, as Jy(1_¢,)a, is firmly nonexpansive, we have

/

19 — aill? < 0 —qi | (1 —&i)(ti — i) + €i(pi — @)
-
& lpi = gillf < (L =2 i — ai [ ti = sidi + 5 (P} = aill} + i — aill?

— lpi — @i — pi + %’H?)

€ € €
& —(1 =) — i |t — s < = (1= )k = gl + Sllps — all? = 59k — ¢} — i + il
(3.25)
On the other hand, we deduce from the nonexpansivity of R,p that
Iz —ull[* < |ll2(p" — ¢) =t + s|||?
& llz =l < 4llp" — g'lII> + It = sl = 4((p — q' [t —s)). (3.26)

By combining this inequality with (3.25), we get

k
Wi€;
Iz =l +2)  ——lpi — 4l
i—ll &

k k
WiE; Wi
<l = sllP+2>7 T pi = all? 23 T gk - df - i+l (3:27)
i=1 v i=1 v



This leads to

k k
Wi E; Wi;E;
lz —wlll>+2) Z;Hpé—qéllzSlllt—8|||2+2z i;”pi_%‘”?- (3.28)
i=1 v i=1 v

1- — 1

Since p = (p},...,0%,0,...,0) and @ = (¢},...,¢},0,...,0), the above inequality implies
that T is a nonexpansive operator, as stated above.

(iii) In addition, we have

A A )
(- 5)(t —8)+ §(z —u[|
A A2 1
=(1- 5)2lllt— s||I” + ZIIIZ —aull]*+ 5(2—A)A<<t —s|z—u))
A A 1
=(1- §)|Ilt —s||]” + §|Ilz — ul|]* - 1(2 — VAt —s—2z+ul|]’ (3.29)

which, combined with (3.27), yields (3.17).

O

We are now able to provide the main result of this section, which concerns the convergence of a
generalization of the Douglas-Rachford algorithm.

Proposition 3.3 Let v € |0, +o0[, (€1,...,6m) € [0,1]™ and (An)nen be a sequence of reals. Let
(an)nen and (by)nen be sequences in H, and let (t,)nen and (p,)n>—1 be sequences generated by
the following routine.

Initialization

to S 7‘[,])_1 EH

Forn=0,1,...
Fori=1,...,m

L Pin = J’y(lfsi)Ai ((1 - Ei)ti,n + Eipi,n—l) + Qjn
trr =ty + A (JVB (2p,, — tn) + by — pn).
Suppose that the following hold.

(i) zer(A+ B) # @

(3.30)

(ii) There exists A €]0,2[ such that (Vn € N) A < A\pp1 < A\, < 2.
(i) > pen llan|ll + [[[bal]| < +o0.
Then, (tp)nen converges weakly to t and Jq/Aftv € zer(A + B).

Proof. Without loss of generality, it can be assumed that (3.10) is satisfied (up to some re-indexing).
For every n € N, let

pgm = (J'y(lfel)fh ((1 - 61)751,n + €1p1,n71), B ny(lfem)Am ((1 - 6m)tm,n + 5mpm,n71)) (331)

zn = R,B(2p;, — t) (3.32)
An An
thpr = (1= 5 )tn + 520 (3.33)



We have then ( /) ( )
zn, Pic, D)) =T (tn, Prc,Pr—1
Vn € N 7 ek TR 3.34
( ) { (t;z—f—lv PK:kp;L) = U\, (tn, Pfckpnfl) ( )
where T' and U, are defined by (3.11)-(3.14). According to Lemma 3.2(i) and Assumption (i),
FixU,, = FixT # @. Let (t p) be an arbltrary element of FixT and, for every n € N, define
t, =t, —t, Dp_1=Dp_1— D, tn+1 =t —t, and p P, = pl, — p. By applying Lemma 3.2(iii), we
get

WiEj WiEj
[ llI” + A Z — 2P Pinlly + Z — H Pim = Pign—1l; + ( = Xa)Anllltn = 2all”

=1 =1
~ Wi€i |~
< [I[tall* + AnZ Pl (3.35)
i=1 v

From the triangular inequality, we have, for every n € N,

k k
~ Wi€§ 1~ Wi 1 1/2
(Bostll? A0 Y T Ml + A D T lpin = i1l + 7(2 = M) Aal it = 2all?)
i=1 ¢ i=1 ¢

k k
~ WiE; WiE; 1 1/2
< (a1 + A D2 T2 Bl + 2 D2 TPk = Pl 4+ 52 = M)At = 1)
i=1 ¢ i=1 ¢

k
wi€; 1/2
41 = taalll+ @A) (D2 T lph = piall?) (3.36)
. 1

=1

By straightforward calculations, the iterations of Algorithm (3.30) can be expressed as

b = p/n +an
Vn €N 3.37
( ) { tyi1 =t + 2 (R,B(2p, — tn) — zn + 2by). (3:37)

From the nonexpansivity of the R,pg operator, it can be deduced that

(VneN)  l[tnp1 —tolll < "IIIRwB(2pn—tn)—Zn|||+/\n|||bn||| (3.38)
1Ry B (2P, — tn) — 2alll < 2[[lpn — polll = 2lllax]]] (3.39)

and, by using (3.35), (3.36) becomes

k k
~ WiE5 1 WiE; 1 1/2
(11nsall2 + A D Pl 2 3 T W = Pl 52 = Al zul 1)
1=

W;i€; 5 1/2
(1P + 2 Z Pinil}) T+ Ay (3.40)
where

c— ]
=1

k
W;&; 1/2
An = An(lllanll + 11oal ) + (20) /(D0 T asnll?) (3.41)



Since, due to Assumption (ii), (A, )nen is decreasing, (3.40) leads to

k k

-~ Wi€5 1~ 1/2 ~ WiE; 1/2

(sl + 20 0 T lBinll?) < (Il + At D Tl lF)  + A (342)
i=1 ! i=1 !

Since Assumption (iii) holds and (A, )nen is bounded, the above expression of (A, ),en shows that it
is a nonnegative summable sequence. Then, as (A, )nen converges to a positive limit, Lemma 3.1(ii)
allows us to claim that (||[t.]][? + An_1 Zle || 1|7 )n>1 18 a convergent sequence. In turn,

as lim, 100 Ay, = 0, we deduce from (3.40) and (3.42) that

k
WiE; 1
A; T ;Z Ipisn = pinll + 72 = 20)Allltn — znll?

k
Wi€; 1
< 3 i = il @ A llltn — 2l = 0, (3.43)
=1

By using now (3.37), we have

k
Wi€; 1 1/2
(Z 1P — pin—1llf + =2 = Xo) [|[tn — znm2>
(]

y ; 4
=1
k
WiE; 1 1/2 g \1/2
< @ b = P+ 3@ = Mollltn = zall?) T+ (75) lllaalll 5 0 (344
where € = maxj<;<j €;. This entails that
V(T(tn’ P’Ckpnfl) - (tn’PKkpnfl)) —0 (345)

where v is the norm given by (3.16). Appealing to Lemma 3.2(ii), if (£,, Pxc,Pp,—1)een is a weakly
converging subsequence of (t,, Px,P,_1)neN, we deduce from the demiclosedness principle [11]
that its limit belongs to FixT. As a result of Lemma 3.1(iii), we conclude that

(tna P’Ckpnfl) - (taﬁ) € FixT. (346)

By using Lemma 3.2(i), we have thus J,at € zer(A + B). O

Remark 3.4
(i) In Algorithm (3.30), (An)nen and (g1, ..., &) correspond to relaxation and inertia parame-
ters, respectively. The sequences (a;n)neny with ¢ € {1,...,m} and (by,)nen model possible

errors in the computation of J, ., 4, and J,B.

(ii) When (Vi € {1,...,m}) & = 0, weaker conditions than (ii) and (iii) are known [17] to be
sufficient to prove the convergence result, namely

(a) ZneN An(2 - An) = 400
(b) 2nen Anllllan]ll + [[|bn]l]) < +o0.

10



Stronger convergence results can be deduced from the previous proposition:

Proposition 3.5 Suppose that the assumptions of Proposition 3.3 hold. Let (t,)nen and ( In>—
be sequences generated by Algorithm (3.30). Then, (p,)nen and (Y,)nen = (JyB(2P, —
both converge weakly to y € zer(A + B).

)neN

Proof. We proceed similarly to the proof in [7, Theorem 25.6] for the convergence of the standard
Douglas-Rachford algorithm, which is inspired from [26, 49].
By using the same notation as in the proof of Proposition 3.3, it can be deduced from (3.46) that

(Vie{l,....m})  (1—etin+epin-1 — (1 —e&)ti +eib; (3.47)
(since i > k = &; = 0), which implies that ((1 —&i)tin+ eip@”*l)neN is a bounded sequence. For
every i € {1,...,m}, as a consequence of the nonexpansivity of J,(1_¢,)a,, (P),)nen as defined by
(3.31) is bounded. Hence, there exists a subsequence (py,, )een of (P}, )neny and y € H such that
P, = . (3.48)
Due to (3.37) and Assumption (iii) of Proposition 3.3, we have also
Pn, = U (3.49)
and, by using (3.46),
Vie{l,....k}) i =pi (3.50)
Furthermore, we have
(Vn € N) |||pn_yn|||:%|||tn_R’YB(2pn_tn)|||

1
< S (Iltn = 2l + 11120 = Ry 20, — ta)l])
1
< gllitw = zalll + lanll (351)

where (3.39) has been used to get the last inequality. In addition, according to (3.45), |||t,—zx||| —
0 and we know that a,, — 0. Hence, (3.51) yields

~Y, =0 (3.52)
p,—vy, — 0. (3.53)
This implies that
Yn, = Y- (3.54)
In turn, (3.31) and the relation defining (y,,)nen can be rewritten as
(Vn € N) u, € yA(p),) (3.55)
v, € YB(y,) (3.56)
where
(Vie {1 1} n = tin + ——p; L (3.57)
1 yeees, M Ujn = Uin 1 — gipz,n—l 1_ Eipi’n .
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By using (3.10), (3.47), (3.48) and (3.50), it follows that

gy (3.59)
while (3.46), (3.49) and (3.54) lead to

TS (3.60)
On the other hand,

(V’I’L S N)(VZ € {Lam}) Ui + Vin = Pin — Yin +

1 (Pin—1 — Dip) + i (3.61)
s

According to (3.45), (Vi € {1,...,k}) p;,, — pin—1 — 0, and it follows from (3.52) that
u, + v, — 0. (3.62)

In summary, we have built sequences (p),, w,, )nen of gra(yA) and (y,,, vy )nen of gra(yB) satisfying
(3.48), (3.53), (3.54), (3.59), (3.60) and (3.62). By invoking now [8, Corollary 3], it can be deduced
that

t—yevA®@) (3.63)
y—teyB(®). (3.64)

Summing the two inclusion relations leads to y € zer(A + B).
To end the proof, it is sufficient to note that (3.63) is equivalent to y = J, At. This shows that
(P,,)nen cannot have a weak cluster point other than J, At. We have then p,, — y and the weak
convergence of (y,,)nen follows from (3.52). O

Under some restrictive assumptions, a linear convergence property can also be proved:

Proposition 3.6 Let v € |0, +o0[, (€1,...,6m) € [0,1]™ and (A\n)nen be a sequence of reals. Let
(tn)nen and (p,)n>—1 be sequences generated by Algorithm (3.30) when a, = 0 and b, = 0.

Suppose that the following hold.
(i) zer(A+ B) # @
(ii) There exists A €]0,2] such that (Vn € N) A < A\pp1 < A\, < 2.
(iii) For everyi€ {1,...,m}, (g; >0 i <k).
)

(iv) Foreveryi € {1,...,k}, Jy1—e, 4, is (1+74,)-cocoercive and that R, is (14-718) "/ 2-strictly

k+1

contractive, where (Ta,,...,7a,,TB) € ]0,+00[""" and

Vie{l,... k) A>2(1——1’>. (3.65)

Then, there exists p €]0,1[ such that

Wi Wi

k
P = Bill? < o™ (1112 =1 + 20>

k
(Vn € N)  ftner = 8lI° + X0 Y
i=1 i=1

—
- Tl il

(3.66)

where (t,p) is the unique fized point of the operator T defined by (3.11)-(3.14).
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Proof. Let (¢,p) € FixT, and set

Di if i <k
Viefl,....m}) p={P _ "Br=- (3.67)
Jya;ti  otherwise

and (Vi € {k+1,...,m}) 74, = 0. Let n be any positive integer. For every i € {1,...,m}, as a
consequence of the cocoercivity of J,1_¢,)4,, we get

(L +7a)pin = Bl < (pin — 57 | (1= &) (tin — ) + €i(Pisn—1 — D))
£ € ~
= —(1= &) (pin = Bt | tim — 85 < = (1= 5 + 74, ) Ipi = B + S lpins —BillZ. (368)
Furthermore, since I2,p has been assumed strictly contractive, we have

(1 +78)ll|RyB (2P, — ta) = 8l|[* = (1 + 7B)|l|R,B (2D, — tn) — RyB(20' — O)]|?
< [12(pn = B) — tu + HI1* = Alllp, — Pl + l[tn — ¢l|* — 4{(p, — D' | tn — ). (3.69)

Combined with (3.68), this yields

(1 +78)|l|RyB (2P, — ta) — |

€i + 274, WiE;
< —2sz%llpm pillz + ll[tn —t|||2+22 — ||pzn 1 = bill?

1
i=1
€ + 274, i€
< —22 Zlillpzn pill? +1ltn —t|||2+2z — ||pzn 1= pill}- (3.70)
i=1

By using (3.37), we have then
(1 +78)|[tn+1 — I

An ~ An 7
< (4 78) (1= S0 lltn = B2 + SRy B (2, — ) — )

k
A ~ Wig; _
< (1+78(1= )t = EI2 + A0 Y T llpin-1 — il
. (2

=1

k

gi + 274, -
_Anzwlllinpzn pz”? (371)
i=1

By using Assumption (ii), it can be deduced that

. 27 4, Wi€ ~
(1 {22} ) (s =0 203 25— )

(1+TB(1——>)(|||t — |2+ A lz i = o = Bil). (3.72)

By setting now
L+7(1-3)
1+ min{7g, (274, /€ )1<i<k }

p= (3.73)

13



(3.66) is obtained by induction. The fact that p €]0,1] follows from (3.65). The uniqueness of

(t,p) is a straightforward consequence of (3.66) and Lemma 3.2(i). O

Remark 3.7 If (Vi € {1,...,k}) A; = 0f; where f; € I'g(H;) is ky,-strongly convex with ry, €
]0, 4+00], then Jy1_c)a, = ProxX,(q_g,)y, is (1 + 74,)-cocoercive with 74, = v (1 — &;)ry,. (see [15,
Proposition 2.5], for example). On the other hand, let B = dg where

(veeH)  g(@) = h(@)+ 2l (8.74)

h € To(#) has a B-Lipschitz continuous gradient and (8, kg) € ]0, +-00[>. Then, it is readily shown
that R,p = rprox., is (1+ 7p) Y/ 2-strictly contractive with 75 = ((1 — vkg)? + 4dyrg(1 +v8(1 +

wig))_l)_l(l + vkg)? — 1 (see the appendix).

4  Zero of a sum of an arbitrary number of maximally monotone
operators

Let (G, - ||) be a real Hilbert space and let (- | -) be the scalar product of G. Let E be a closed

linear subspace of G and let
L:G—>H:y— (L1y,...,Lny) (4.1)

where, for every i € {1,...,m}, L; € B(G,H,;) is such that L;(E) is closed. Thus,

(V(@,y) e xG) (@ Ly)) =Y wilwy, Liy)i = O wilizi,y). (4.2)
i=1 i=1
This shows that the adjoint of L is
L*:H—G: (xl,...,xm)HZwiL;‘xi. (4.3)
i=1

In this section, the following problem is considered:

find y € zer (ZwiL’; oAjoL;+ NE> (4.4)
i=1

where, for every i € {1,...,m}, A;: H; — 27 is a maximally monotone operator. Since

E+ yeE

& otherwise,

(VyeG) Nely) = {

Problem (4.4) is equivalent to Problem (1.2).
An algorithm derived from Algorithm (3.30) can be applied to solve Problem (4.4).
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Proposition 4.1 Let v € ]0,40[, (¢1,..-,m) € [0,1[™, and (An)nen be a sequence of reals.
For every i € {1,...,m}, let (ajn)nen be a sequence in H;. Let {yn}nen C E, {chtnen C E,
{tntnen CH and {p,}n>—1 C H be generated by the routine:

Initialization
(tio)1<i<cm € H, (Di—1)1<i<m € H

Yo € Argminep Y iy willLiz — tiol?
Forn=0,1,...
Fori=1,...,m (4.6)

L Pin = Jy(1—e)A, ((1 —&i)tin + 5z'pi,n71) +a;n
Cp € Arg min,cg Z:i1 Wz'HLiZ - pz’,n”?
Fori=1,...,m

| ting1 =tin + M (Li(2¢n — Yn) — Dim)

| Yn+1 = Yn + An(cn - yn)

Suppose that the following assumptions hold.
(i) zer (Z;ilwiL;‘ oA;oL; + NE> + &
(ii) There exists A €]0,2[ such that (Vn € N) A < X\11 <\, < 2.

(iii) (Vie{l,....,m}) >, en llainlli < +oo.

Then ((Llyn, e ’Lmy”))neN’ ((Llcn, . ’men))nEN’ and (p,,)nen converge weakly to (L1y, ..., Lny)
where § is a solution to Problem (4.4).

Proof. By using (4.5) and the definition of A in (3.2), we have the following equivalences

7 € zer (ZML; o A oLi—i—NE) — zer(L* o Ao L+ Np)
=1
& yeE and (3z€ A(Ly), L*zeE")
& yeE and (3z€ A(Ly), z¢€ L(E)Y)
& yeFE and Lye€zer(A+ Np) (4.7

where D = L(E). Hence, Problem (4.4) reduces to finding a zero of A+ Np. This latter problem
is a specialization of Problem (3.1) when B = Np. We have then J,p = Jy9,,, = prox,, = Pp.
According to Proposition 3.3, under Assumptions (i)-(iii), the algorithm:

Initialization

Ltoe?{,p,le?{

Forn=0,1,...
Fori=1,...,m (4.8)
[ Pin = Jy(1-e)A; ((1 —¢&i)tin+ €z‘pi,n—1) + ain
dn - PD o
Ty — PD tn
thi1 =1, + \n <2dn —x, — pn)
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allows us to generate a sequence (t,)nen converging weakly to ¢ such that Jy At € zer(A 4+ Np).
As a consequence,
Jyat € D. (4.9)

According to the fixed point properties of the Douglas-Rachford algorithm,
t=(2Pp —1d)(2J,at — t). (4.10)
Due to (4.9), (4.10) is equivalent to N N
Ppt = J,at. (4.11)
By using the weak continuity of Pp, it can be deduced that
x, = Ppt, — Ppt = J,at. (4.12)

In other words, (&, )nen converges weakly to Ly = J, At where § € E is a solution to Problem (4.4).
In addition, (x,),>0 can be computed in a recursive manner through the relation

(Vn eN) x,41 = Pptyy1 = Ppt, + \(2d, — x,, — Ppp,,) = ®n + A\(dy, — y) (4.13)

where we have used the fact that (z,),>0 and (d,)n>0 are sequences of D. Algorithm (4.8) then

becomes
Initialization

ty € 'H,p_1 EH

rg — PDtO

ﬁornz(),l,...

Fori=1,...,m (4.14)
[ Pin = Jy(1-c)A; ((1 —&i)tipn + 5ipi,n71) +a;n

d, = Ppp,

the1 =1n + A\ <2dn —x, — pn)

| Tpt1 = Ty + A(dy — ).

According to Assumption (ii), (A,)nen converges to a positive limit, and we deduce from (4.13)
that d,, — Ly. In turn, the last update equation in Algorithm (4.8) yields p,, — Ly.
Finally, it can be noticed that, for every u € ‘H, v = Ppw if and only if v = Lw where

w € Argmin,cp ||| Lz — ul|. (4.15)

Since by construction (x,)neny and (dy)nen are sequences in D, for every n € N, there exists
yn € F and ¢, € E such that ¢, = Ly, and d,, = L¢,. Hence, Algorithm (4.6) appears as an
implementation of Algorithm (4.14). O

Algorithm (4.14) requires to compute the linear projection onto D = L(F) which amounts to
solving the quadratic programming problem (4.15) for any uw € #. Note that w € G is a solution
to (4.15) if and only if

(w, L*(Lw — u)) € E x E™. (4.16)

This shows that this problem can also be formulated in terms of the generalized inverse of L w.r.t.
E. In particular, if L*L = ", w; L L; is an isomorphism on G, for every u € H, there exists a
unique w € G satisfying (4.16) (since z + ||| Lz — u|||? is strictly convex).

In this case, a stronger convergence result can be obtained as stated below.

16



Corollary 4.2 Suppose that the assumptions of Proposition 4.1 hold and that Y ;" | w,LiL; is an
isomorphism. Let (yn)nen be a sequence generated by Algorithm (4.6). Then (yn)nen converges
weakly to a solution to Problem (4.4).

Proof. According to Proposition 4.1,
Ly, — Ly (4.17)

where ¥ is a solution to Problem (4.4). By recalling that any bounded linear operator is weakly

continuous, we have therefore
L*Ly, — L*Ly (4.18)
and, consequently,
Y, = (L*L)"'L*Ly, — (L*L)"'L*Ly =7. (4.19)

d
The assumption that > ", w;LfL; is an isomorphism may be restrictive. However, a variant
of Algorithm (4.6) allows us to relax this requirement.

Proposition 4.3 Let vy € |0,4+00], (€1,..-,m) € [0,1[™, a € ]0, +00[, and (An)nen be a sequence
of reals. For everyi € {1,...,m}, let (a;n)nen be a sequence in H;. Let {yn}tnen C E, {cnlnen C
E, {ro}tnen CG, {tn}tnen CH, and {p, }n>—1 C H be generated by the routine:

Initialization
(tio)i<i<cm € H, (Di—1)1<i<m € H, 10 €G
yo = argminep Y i willLiz — tioll7 + allz — rol|?
F_orn:O,l,...
Fori=1,...,m
L Pin = J'y(l—ei)Ai ((1 - 5i)ti,n + 5ipi,n71) + ain (420)
Cp = argminzep Y willLiz — pinll; + allz — 7,
Fori=1,...,m
| ting1 = tin + A (Li(2cn — Yn) — i)
T'n4+1 = Tn + )\n(QCn —Yn — Tn)
L Yn+1 = YUn + )\n(cn - yn)

Suppose that Assumptions (1)-(iii) in Proposition 4.1 hold. Then, (yn)nen converges weakly to a
solution to Problem (4.4).

Proof. Problem (4.4) can be reformulated as
m+1

find y € zer < Z w;LioA;oL;+ NE) where A,;,11 =0 and L1 =1d. (4.21)
i=1

In this case, for every wy,11 € ]0,400[, the self-adjoint operator Z:f{l wiL¥L; =Y " w; LT L; +

wm+11d is an isomorphism. By applying a version of Algorithm (4.6) to the above problem with
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m + 1 operators, we get:

Initialization
(tio)1<i<cmi1 € Hi X -+ X Hi X G, (pi,—1)1<i<mi1 € H1 X -+ X Hm X G
Yo € Argmingep Y70 wil Liz — tioll7 + wmsillz = tmiaoll?

Forn=0,1,...
For:=1,.... m+1
| Pim = Jya—ena, (1 — €)tin + €iDin—1) + i (4.22)
cp € Argmincp Zzﬁil wiHLiz - pi,n”? + merlHZ - perl,nH2
For:=1,.... m+1
L ti,n—l—l = ti,n + )\n (Lz(zcn - yn) - pi,n)

L Yn+1l = Yn + )\n(cn - yn)'

Setting & = wp,41, defining (Vn € N) ry, = t,41,, and setting also e, 41 = 0 and ay,41,, = 0 yields
Pm+1,n = tmt1,n, and Algorithm (4.20) is derived. O

Remark 4.4 Another variant of Algorithm (4.6) which allows us to take into account errors in
the computation of the projection onto D is the following;:

Initialization
L (tio)i<i<m € H, (pi—1)1<i<m €H
Forn=0,1,...
Fori=1,...,m (4.23)

L Pin = Jy(1-e)A; ((1 —&i)tin + €ipz‘,n—1) + ain
¢n — b, € Argmingep Y7 wil| Liz — pinl|?
Yn — bf € Argminzep Y10 wil|Liz — tin|?

th1 =th + Ay (L(2Cn - yn) - pn)-

Under the assumptions of Proposition 4.1 and provided that the error sequences (b} )nen and

b¢)nen are such that
n/ne
400

S+ 1] < oo (4.24)
n=0
the same convergence results as for Proposition 4.1 can be proved. Note however that this algorithm
requires two projections onto L(F) at each iteration. Algorithm (34) in [18] is a special case of
this algorithm corresponding to the case when ¢y = ... = ¢, =0, H1 = ... =H, = F =G,
Li=...=Ly,=1d,and b}, =1 = 0.

5 Application to convex optimization

In this section, the following optimization problem is considered:
m
minimize i(L; 5.1
eh ; fi(Liy) (5.1)
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where, for every i € {1,...,m}, fi € To(H;). As a preliminary result, it can be noticed that:
Proposition 5.1 If there exists y € E such that
(Vie{l1,...,m}) Ly € dom f; (5.2)

lim fi(Lyy)+ -+ + fi(Limy) = +00, then the set of solutions to Prob-
YEE, || L1yllit -+ + [ Lmyllm—+o00

lem (5.1) is nonempty.
Proof. Problem (5.1) is equivalent to

minimize f(x) where D = L(E). (5.3)
xzeD

As a consequence of classical results of convex analysis [28, Proposition II.1.2], the set of solutions
to Problem (5.3) is nonempty if dom f N D = dom f N L(E) # @ and

lim f(x) =+o0 (5.4)
zeD, |||z|||—+oo

which yields the desired result. 0
An algorithm derived from Algorithm (4.6) can be applied to solve Problem (5.1). In the
following, (w;)1<i<m are positive constants, as in the previous section.

Proposition 5.2 Let (g1,...,6m) € [0,1[™ and (An)nen be a sequence of reals. For every i €
{1,...,m}, let (ain)nen be a sequence in H;. Let {yn}nen C E, {cn}nen C E, {ty}nen CH and
{pPn}n>—1 C H be generated by the routine:

Initialization
(tio)i<icm € Hy (pi—1)1<i<m € H
Yo € Argmin.ep Y7 wil|Liz — tipll}

Forn=0,1,...
Fori=1,...,m

L Pin = ProX(1-«;); ((1 —&i)tin + €ipz‘,n—1) + ain (5.5)
¢, € Argmincp Zzw;l wiHLiz - pz}n”?
Fori=1,...,m

| ting1 = tin + An(Li(2cn — Yn) — i)

L Yn+1 = Yn + )‘n(cn - yn)

Suppose that the following assumptions hold.
(i) 0 € sri{(le—xl,...,Lmz—xm) ! z€FE, r1 €dom f1,..., x,y € domfm}.
(ii) There exists A €]0,2[ such that (Vn € N) A < X\11 <\, < 2.
(iii) (Vie{l,....,m}) >, en lainlli < +oo.
If the set of solutions to Problem (5.1) is nonempty, then ((Llyn, e ’Lmy"))neN’ ((Llcn, . ’men))neN’
and (p,,)nen converge weakly to (L1y, ..., Ly,Yy) where y is a solution to Problem (5.1).
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Proof. Problem (5.1) is equivalent to

minimize f(Ly)+ tp(y). (5.6)
yeg

A necessary and sufficient condition [53, Theorem 2.5.7] for y to be a solution to the above problem
is:

gezerO(foL+up). (5.7)
Provided that
Ocsti{Lz—x |z€E, xcdomf} (5.8)
we have [53, Theorem 2.8.3]
foL+up)=L 0dfoL+dup. (5.9)
Due Assumption (i), (5.8) is obviously satisfied and (5.7) is therefore equivalent to
J e ser(L* 0df o L+ dip) = zer (iL; 0df;o L+ NE> (5.10)
i=1

where we have used the fact that 0f = (w;'0f1) x -+ X (w;,'Ofm), which follows from the
definition of the norm in (2.1). So, Problem 5.1 appears as a specialisation of Problem 4.4 when
(Vie{l,...,m}) A; = 0fi/w;. Algorithm (5.5) is then derived from Algorithm (4.6) (with v =1)
since J(1-¢;)a, = PrOX(1_¢,)f; /0, and its convergence follows from Proposition 4.1. O

When )", w;LfL; is an isomorphism on G, a stronger convergence result can be deduced from
Corollary 4.2.

Corollary 5.3 Suppose that the assumptions of Proposition 5.2 hold and that > ;" w;LfL; is an
isomorphism. Let (yn)nen be a sequence generated by Algorithm (5.5). If the set of solutions to
Problem (5.1) is nonempty, then (yn)nen converges weakly to an element of this set.

A variant of Algorithm (5.5) is applicable when Y " | w;L¥L; is not an isomorphism.

Proposition 5.4 Let (¢1,...,em) € [0,1[™, a € |0,400[, and (An)nen be a sequence of reals.
For every i € {1,...,m}, let (a;n)nen be a sequence in H;. Let {yntnen C E, {cptnen C E,
{rntnen C G {tn}nen CH and {p, }n>—1 C H be generated by the routine:

Initialization
(tio)i<i<m € H, (Di—1)1<i<m € H, 10 €G
Yo = argmingep Y-y wil Liz — tioll7 + allz — ro?

F_orn:O,l,...
Fori=1,...,m

L Pijn = PrOXie; .. (1= &i)tim + €iPim—1) + Gin (5.11)
¢n = argmingep Y ivq willLiz — pinll? + oz — 0 )?

Fori=1,...,m
L tint1 = tin + An (Li(2cn - yn) - pi,n)

Tntl = Tn + An(2cn —Yn — Tn)
L Yn+1 = Yn + )‘n(cn - yn)
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Suppose that Assumptions (i)-(iii) in Proposition 5.2 hold. If the set of solutions to Problem (5.1)
is nonempty, then (yn)nen converges weakly to an element of this set.

Proof.

By proceeding similarly to the proof of Proposition 5.2, it can be deduced from Proposition 4.3
that the sequence (y,)nen generated by Algorithm (5.11) converges to a solution to Problem (5.1)
when such a solution exists. [

Remark 5.5

(i) When H is finite dimensional, Assumptions (i) in Proposition 5.2 takes the form
Jye E, Ly €ridom fy,..., L,y € ridom f,. (5.12)
Indeed, in this case, we have (see Proposition 3.6 in [21]):

0 € sri{D —dom f} =ri{D —dom f} =riD —ridom f = D —ridom f
& D Nridom f # @. (5.13)

(ii) We have seen that Problem (5.1) can be put under the form of Problem (5.3). The dual
formulation of this problem is

minimize (p(—x) + f*(x). (5.14)
zeEH

Recall that +7, = ¢51. The dual problem can thus be rewritten as

minimize f*(x). (5.15)
reDt
Algorithm (4.8) can again be used to solve the dual problem. However, since P,1 =1d —Pp
and, (Vy > 0) (Vi € {1,...,m}) prox, ;- =Id —yproxy, . (-/7) [23, Lemma 2.10], the result-
ing algorithm for the dual problem takes a form very similar to the algorithm proposed for
the primal one.

6 Connections with some other parallel splitting optimization al-

gorithms
Firstly, is interesting to note that PPXA (Algorithm 3.1 in [21]) is a special case of Algorithm (5.5)
corresponding to the case whene; = ... =¢, =0, H1=...=Hp,=F =G, and L1 = ... =
L, =1d.

In order to better emphasize the link existing with other algorithms, it will appear useful to
rewrite Algorithm (5.5) in a different form.

21



Proposition 6.1 Let (¢1,...,ey) € [0,1[" and (A\,)n>—2 be a sequence of reals. Algorithm (5.5)

with (pi,—1)1<i<m = (L1%Y0, - - -, LmYo) s equivalent to the following routine:
Initialization
Ao=X_1=1

(€i0)1<i<m € H
. m 2
ug € Argmin, . p Zizl willLiz + eioll;
Fori=1,...,m
lip =0
wi—1 =0
L w0 = Liu;
Forn=0,1,...
. m 2
Unt1 € Argmin,cp > " wil|Liz — A—qwipn + € nll;
Fori=1,...,m
Vint1 = Lipg1
. — DroOXi_c. 1 — e\ v:s .. oy .
) - f. ) ) ) ) )
Wi n+1 Proxi—e fi (( 52)(”2 n+1 +ezn gz n) +52wz n) +azn
Wy

(6.1)

kn41 € Argmin,cp Z:il wil|Liz — € pn + )\n,gw@n,lH?

Fori=1,...,m
Uin+1 = (1 — X\p)Liknt1
€intl = Vint1l + €in — AWint1 + Liny1-

Suppose that Assumptions (i), (ii) and (iii) in Proposition 5.2 hold. If the set of solutions to
Problem (5.1) is nonempty, then ((vl,n, e ,vmm)) converges weakly to (L1Y, ..., Lyy) where
y is a solution to Problem (5.1).

n>0

Proof. Let us start from Algorithm (4.8) and express it as follows: for every n € N,

(Vi € {1,...,m}) pi, + Py = proxazs, o (1= ) (8], +15,) + &Py + Pise—1)) + ain

d, = pr?

x, = tP

tD  =tD + X\, (2d,, — ., — p?)

tai1 =ty — APy

(6.2)

where pP (resp p;-) denotes the projection of p,, onto D (resp. D), and pfn (resp. pin) is its i-th
component in H;, a similar notation being used for the other variables. The above set of equations
can be rewritten as

(Vi€ {1,...,m}) p, + Py, = proxi—e , ((1—e)(th, + i) +e(pfy +pi1)) + i

th =t + ), (ﬁg —tD)
n+1 — Yn — Anpn

(6.3)
Let us now introduce sequences (wy,)nen and (e, )nen such that
Wp = Pp—_1 (64)
e,f = t#.
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Then, for every n € N, (6.3) becomes

(Vie{l,...,m})
wh iy + kg = proxie, (L= 2) (L= A-0)th,y + Arwh, +eb,) +eiwh, + i)
+ai,n
t%l = (1f An)tgj— Anw?
€ht1 = €n — )‘nwn—i-l
(6.6)

provided that A_; = 1 (thus allowing us to choose tf?_l arbitrarily) since p_; = (L1yo, - - -, Lmyo) =
xo €D < wé) =p_|=xg = té). In addition, for every n € N, set

D D D
€n+1 = )‘N—lpnfl - tn+1
= Apw? -t . (6.7)

Then, we have: for every n € N,
th = (1= \)th + \wh
A 654’1 =(1- An)(eg - )‘n72w£—1) + Anflwg - )‘nwﬁrl (6.8)

provided that A\ 5 = 1 and w?; — eOD = 'wOD. By using the two previous relations, we see that

(6.6) is equivalent to

(Vi e {1,...,m})

wz‘l,)n+1 + wiJ,_nJrl = pI‘OX%fi ((1 - 81)((1 - )‘N—l)()‘n—3wl'l?nf2 - el{)n*l) + )‘N—lwz‘l,)n + ef,_n)

+ei(wh, + wi{n)> + ain

erlz)—i-l =(1—-X)(e) - )‘n—2w£—1) + Apo1wy) — )‘nwrlz)—i—l
€, = - )\n'wﬁﬂ.
(6.9)
By introducing intermediate variables v, 11 and £,1, this can be rewritten as
( VUnp+1 = Anflwg - 65
(Vie{l1,...,m}) wl-l?nH + wifnﬂ
= Proxi— ((1 —&i)(Vint1 + efn + el-fn —lin) + ai(wf?n + wfn)) + ain

Lop1=(1- An)(eg - )‘n72w£—1)

D D D
erfrl = vTLl + enL— AWy g + £
€1 = €y — AWy

(6.10)
where an appropriate initialization is
Aog=A1=1 (6.11)
£h=0 (6.12)
wP =0, wh =-ef. (6.13)
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Eqs (6.10)-(6.13) obviously yield the following algorithm:

Initialization
Ao=A_1=1
=0
eg €EH

w_1 = 0, woy = —PD €
Forn=0,1,... (6.14)
VUnp+1 = PD()\n—lwn - en)
En—f—l - (1 - )\n)PD(en - )\n—an—l)
Fori=1,...,m

L Win41 = ProXi-e; o (1= &) (Vi1 + €imn — lim) + €iWin) + Gim

L €n+1 = Untl +en — )\n’wnJrl + enJrl-

By setting now wy = Lug and, for every n € N, v,,11 = Luy41 and £,,41 = (1 — A\,) Lk, 11 where
(un)n>0 and (kp)n>0 are sequences of E, Algorithm (6.1) is obtained.

Since the assumptions of Proposition 5.2 hold, ¢, = t” — Ly where Ly is a minimizer of f
over D. It can be deduced from (6.8) that A, (w2, ; —t2) — 0. In addition, from the definition
of v,41 and (6.7), for every n € N*¥,

Unp+1 = )\nfl’u)g — >\n72w£,1 + tg
= A1 (wy) =7 0) = Ana(wy g — 7 5) + Anaty = Aot o + 17, (6.15)
Due to Assumption (ii) in Proposition 5.2, )‘nfltr?—l — )\n,gtf_z — 0, which allows us to conclude
that v,41 — Ly. O

Similarly to Corollary 5.3, we have also:

Corollary 6.2 Suppose that the assumptions of Proposition 5.2 hold and that > ;" w;L{L; is an
isomorphism. Let (un)nen be a sequence generated by Algorithm (6.1). If the set of solutions to
Problem (5.1) is nonempty, then (u,)nen converges weakly to an element of this set.

Note that Algorithm (6.1) may appear somewhat less efficient than Algorithm (5.5) in the sense
that it requires to compute two projections on D at each iteration. This disadvantage no longer
exists in the unrelaxed case (A, = 1) where Algorithm (6.1) takes a simplified form.
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Proposition 6.3 Let (¢1,...,em,) € [0,1[™. Algorithm (6.1) with A\, = 1 is equivalent to the
following routine:

Initialization
(€i,0)1<i<m € H
Ug = argminZeE 27;1 wZHLZZ + el}OHZZ

Fori=1,...,m

i | wio = Liug

Forn=0,1,... (6_16)
Upy1 = argmin,ep Y 10 wil| Liz — win + ei,nH@Z
Fori=1,...,m

Vimt1 = Ling1
Win+1 = ProXize; ,. ((1 — &) (Vint1 + €in) + 5iwi,n) + ain
Wy

€intl = Vintl T €in — Wintl-
Suppose that the following assumptions hold.
(i) (0,...,0) Esri{(le—xl,...,Lmz—xm) ‘ z€ E,z1edom fi1,..., x,;, € domfm}.

(i) (Vie{l,...,m}) >, enllainli < 4oc.
(i) D7, wiLIL; is an isomorphism.

If the set of solutions to Problem (5.1) is nonempty, then (u,)nen converges weakly to an element
of this set.

The above algorithm when £ =G, e; =... =¢,, =0, w; = ... =wp, and (a;,)1<i<m = (0,...,0)
was derived in [45] from the Douglas-Rachford algorithm by invoking a duality argument. We have
here obtained this algorithm by following a different way. In addition, the convergence result stated
in Proposition 6.3 is not restricted to finite dimensional Hilbert spaces and it allows us to take
into account an error term ((ai,n)lgigm)n N in the computation of the proximity operators of the
functions (f;)1<i<m and to include inertia parameters. It can also be noticed that Algorithm (5.5)
may appear more flexible than Algorithm (6.16) since it offers the ability of using relaxation
parameters (A, )nenN.

Similarly to the derivation of Algorithm (5.11), when Assumption (iii) of Proposition 6.3 is not
satisfied a variant of Algorithm (6.16) can be employed to solve Problem (5.1).
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Proposition 6.4 Let (g1,...,e,) € [0,1[™ and o € ]0,+00]. For every i € {1,...,m}, let
(ai,n)nEN be a sequence in H;. Let {un}neN CF, {vn}nEN CH {wn}nEN CH and {en}nEN CH
be generated by the routine:

Initialization
(€i0)1<i<m € H
up = argmin,e g 3" wil| Liz + el + al|z||?
Fori=1,....m
| [ wio = Liug
Forn=0,1,... (6.17)
Up41 = Argmin,ep >0 Wil Liz — win + €in[F + a2 — up |
Fori=1,....m
Vint1 = Litpi1
Wint1 = PTOX%ﬁ ((1 — &) (Vint1 + €in) + 6iwi,n) + ain
:

€intl = Vintl T €in — Wintl-

Suppose that Assumptions (i) and (ii) of Proposition 6.3 hold. If the set of solutions to Prob-
lem (5.1) is nonempty, then (u,)neny converges weakly to an element of this set.

Proof. Problem (5.1) can be reformulated as

m+1
inimi (Li 6.18
minimize izlf@( iv) (6.18)

where f,,41 = 0and L,,,11 = Id. Hence, for every wy,+1 € ]0, 00|, 27;{1 wiLiL; =Y " w, LT L+

wWm+1 Id is an isomorphism. By applying a version of Algorithm (6.16) to the above problem with
m + 1 potentials, we get:

Initialization
(€i0)1<i<m+1 € H1 X -+ X Hpy X G
— : m . . .12 2

ug = argmin,cp > ;0 wil|Liz + € 0|7 + wm1lz + em+10|
Fori=1,... m+1
|| wio = Liug
Forn=0,1,... (6.19)
Upy1 = ArgMin e Y ity Wil Liz — Wi + €inllf + Wit |12 — W10 + emirnl?
Fori=1,... m+1

Vint1 = Liupg1

Wint1 = ProXi=e; ;. ((1 — &) (Vi1 + €in) + 5iwi,n) + ain

Wi

€in+l = Vin+l T €in — Wintl.

Then, by setting e,4110 = 0, W41 = &, €mt1 = 0, amy1,, = 0, and noticing that (Vn € N)
em+1n+1 = 0, Umpint1 = Upt1 and W41, = Uy, Algorithm (6.17) is obtained.
In addition, Assumption (i) in Proposition 6.3 is equivalent to assume that

V = U{)\(le—xl,...,Lmz—xm) ‘ z €K, xlédomfl,...,xmedomfm}
A>0
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is a closed vector subspace of H. V x G is therefore a closed vector subspace of H x G. But, since
dom f,,+1 = G, we have

ng: U{A(le—l'l,...,Lmz_ﬂjmgz_wm+1)|

A>0
z€ E, 1 €dom f1,..., &y € dom fp,, Typy1 € dom frpi1}.
This shows that
0c sri{(le — 1,y Linz — Ty 2 — Tpg1) | z€ FE, x1 €dom fi,...,Tme1 € domfm+1}.
(6.20)

Since this condition is satisfied and Assumptions (ii) and (iii) hold, the convergence of (u,)nen
follows from Proposition 6.3 applied to Problem (6.18). O

Remark 6.5

(i) In the case when g1 = ... = ¢, = 0, Algorithm (6.16) can be derived in a more direct way
from Spingarn’s method of partial inverses [46, 47], which is recalled below:

Initialization

(s0,q9) € D x Dt

Forn=0,1,... (6.21)
(w),, €}, 1) such that w), ., + €}, =s,+q,and e, € 0f(w] ;)

Spn+1 = PD’w;H_l

| @ui1 = Ppreng

Indeed at each iteration n € N, w;, ; and €], ; are then computed as

Wy, 1 = Proxg(sn +q,,) (6.22)
€ni1 = Sn + qn — Wiy (6.23)

By setting w( = sp and e}, = gy — So, and by defining, for every n € N,

v, = S, — Ppe}, = Pp(w), — €,) (6.24)
we have
Sp+4q, =Y+ Ppel,+ Ppie, =v, ., +e. (6.25)
Altogether, (6.22)-(6.25) yield the following algorithm:
Initialization
ep€H
w( = —Ppe;
Forn=0,1,... (6.26)

”%H = Pp(wy, - e,) /
wn-‘,—l = prOXf (vn—f—l + en)

/ A / /
€nt+1 = Unt1 + €n — Wy

By setting (w))neny = (Wn)nen, (€),)nen = (€n)nen, and (v))n>0 = (Vn)n>0, the above
algorithm leads to Algorithm (6.16) when ¢; = ... = g, = 0, in the absence of error terms.

27



(i) When e; = ... = ¢, = /(1 + @) and a,, = 0, the iterations of Algorithm (6.17) can be
re-expressed as

(Vn € N) Upy1 = argmin,cp ||| Lz — w, + e,||* + allz — u, | (6.27)
1 «
Wp41 = pI'OXHLa <1+—a(Lun+1 + en) + H—awn) (628)
€nt1 = Lun+1 + e, — Wn+1 (629)
which is equivalent to
(Vn € N)  wpy1 = argmin,cg tp(2) + |[|Lz — wy, + e, + allz — uy|? (6.30)
. 1 e
Wp41 = argmilg,cqy H—af(w) T3 e — H—a(Lun_H +en) — H—awn’HQ

. 1 «
= argming ey f(@) + Sllle — Luns — enl||* + e = w,|[[* (6.31)
ent1 = Lupy1 + e, —wpy1. (6.32)

By setting v = a~'/? and (Vn > 0) e/, = ve,,, these iterations read also

. 1
(¥ €N) g = avgmineg () + (e | D) + 1Lz — wall + -1z = el (6.33)

) Y 1
Wy 1 = argmingeq 7 () — ((e;, | @) + 5\!\%‘ — Lup||]* + %!Hw — wy||]?

(6.34)
€ny1 = €n +V(Ltpt1 — Wnt1). (6.35)

Therefore, this algorithm takes the form of the one proposed in [5] when applied to the
optimization problem

miniergize te(y) +vF(Ly). (6.36)
y

In other words, whene; = ... = ¢, = a/(14+«) and a,, = 0, Algorithm (6.17) can be viewed
as a parallelized version of the algorithm proposed in [5].

7 Numerical experiments

In order to evaluate the performance of the proposed algorithm, we present numerical experiments
relative to an image restoration problem. The considered degradation model is z = Ay 4 ¢ where
7 € RY denotes the image to be recovered, z € RV are the observed data, A € RV*Y corresponds
to a circulant-block circulant matrix associated with a blur operator, and € € RY is a realization
of a random vector with independent and identically distributed components following a uniform
distribution. The restoration process is based on a variational approach aiming at finding an image
7 € RY as close as possible to § € RY from the observation z, and prior informations such as the
dynamic range of the pixel values and the sparsity of ¥ in a wavelet-frame representation. The
considered optimization problem is :

find y € Argmin ||z — Aylly, + I Fylle, +ec(y) (7.1)
yeR
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with p > 1 and ¥ > 0. F € RE*N denotes the matrix associated with the frame analysis operator.
The frame is supposed to be tight, i.e. F*F = vpId, for some vg > 0. C = [0,255]" models a

dynamic range constraint. The notation || - [|¢, stands for the classical £, norm:
N al 1/p
(Vy = (mhi<isy €RT) lyllg, = <Z !m\p) : (7.2)
i=1
Problem (7.1) is a particular case of Problem (5.1) whenm = 3, E =RY | f; = Hz—-pr, foa=1"lley,

fBZLC, L1:A, LQZF, andL3:Id.

In the following, this approach is used to restore a satellite image of size N = 256 x 256 corrupted
by a Gaussian blur with a large kernel size and a noise uniformly distributed on [—30,55]. The
latter values are not assumed to be known in the recovery process. In order to deal efficiently with
the uniformly distributed noise, the data fidelity measure f; is chosen to be an ¢3-norm (p = 3). F
corresponds to a tight frame version of the dual-tree transform (DTT) proposed in [14] (vp = 2)
using symmlets of length 6 over 2 resolution levels.

Algorithm (5.5) is then employed to solve (7.1). The proximity operator of f; here takes a
closed form expression [13], whereas the proximity operator of fo reduces to a soft-thresholding
rule (see [20] and references therein). In order to efficiently compute ¢, at iteration n of (5.5), fast
Fourier diagonalization techniques have been employed. It can be noticed that the qualification
condition (i) in Proposition 5.2 is satisfied since dom f; = dom f, = RY and int C = ]0,255[" # @
(see Remark 5.5(i)). The convergence to an optimal solution to Problem 7.1 is then guaranteed
by Corollary 5.3.

The original, degraded, and restored images are presented in Figure 1. The value of 9 has
been selected so as to maximize the signal-to-noise-ratio (SNR). The SNR between an image y and
the original image 7 is defined as 201ogo(||7lle,/|ly — Flle,). In our experiments, we also compare
the images in terms of structural similarity (SSIM) [50]. SSIM can be seen as a percentage of
similarity, the value 1 being achieved for two identical images.

Note that for such an application, the Douglas-Rachford algorithm would not be a proper
choice since there is no closed form expression for the proximity operator of f; o A. Regarding
PPXA [21, Algorithm 3.1], it would be possible to split the data fidelity term as proposed in [43],
but this solution would not be as efficient as the proposed one due to the large kernel size of the
blur.

The effects of the parameters (A, )nen and (€;)1<i<m are evaluated in Figures 2(a) and (b) where
the criterion variations (||z— AynH?p + || Fynl|e, )n are plotted as a function of the iteration number
n. On the one hand, it results from our experiments that for a fixed relaxation parameter A\, = A,
a faster convergence is achieved by choosing A close to 2. Recall that, according to Proposition 6.3,
there exist close connections between the proposed algorithm and SDMM when A = 1. On the
other hand, an identical value ¢ = 0.4 of the inertial parameters (¢;)1<i<m, also appears to be
beneficial to the convergence profile. In particular, the introduction of inertial parameters allows
us to reduce the oscillations in the variations of the criterion.
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Original Degraded Restored
SNR = 8.56 dB SNR = 12.4 dB
SSIM = 0.43 SSIM = 0.71

Figure 1: Image restoration result.
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Figure 2: Impact of the algorithm parameters on the convergence rate. (a) Relaxation parameter
when € = 0.4 and A, = A with A = 0.5 (gray solid line), A = 1 (black dashed line), and A = 1.9
(black solid line). (b) Inertial parameters when A = 1.9 and ¢; = ¢ with ¢ = 0 (gray solid line),
e = 0.4 (black dashed line), and ¢ = 0.8 (black solid line).

Appendix
Proposition 7.1 Let g be the function defined as

(VeeH) g(x)=h(z)+ gH\wH!2 (7.3)
where h € T'g(H) has a B-Lipschitz continuous gradient and (8,rk) € |0, -|-oo[2. Then rprox, is

strictly contractive with constant (1+ k)~ ((1 — k) 4+ 4s(1 + B(1 + m))_l)lﬂ.

30



Proof. From (7.3) and standard properties of the proximity operator [22, 23], we get

(Ve e H) Prox, T = Prox_n_ < i )

i+ \1+ &
1
= 1+ r (IE — pI'OX(l_’_K)h* IE)
1
S IPIoX, T = o e ((1 — K)T — 2 ProX(i4.)p* a:> (7.4)

Then, we have
(V(z,y) € H?) ||| rproxg = — rproxg yl||?

1
= T (L Pl =il = 400 = ) — y | Droxgne @ = Proxqone v)

4l Prox (1 g @ = Prox(up e yll[?)

1
< e (= #Plllz = Il P+ 4@ =y | proxenne @ = proxcn- u)))
(7.5)

where the fact that the proximity operator is firmly nonexpansive has been used in the last in-
equality. On the other hand, according to [6, Theorem 2.1], we know that h has a 1/8-Lipschitz
continuous gradient if and only if h* is strongly convex with modulus /3, that is

. s
h =+l I (7.6)
where ¢ € I'g(#H). Thus,
T
T Y L 7
(Ve e)  proxapon @ =Proxacoe (150 (1)
By invoking now the Cauchy-Schwarz inequality and the nonexpansivity of prox (14« , we deduce
1+8(1+k)
that
((x—y| ProX(14x)h* € — PrOX(144)n* Y))
T
<|||e — O Ltne (7) — pro . ( )
o=l s e () o e, ()|
1 2
< —nr—— || — . 7.8
—1+5<1+m>’” yll| (79

By combining (7.5) and (7.8), we finally obtain

(V(z,y) € H?) |||rproxg @ — rprox, yl|?

< e (0= + gl il (79)
Since
(= Tgi) < (@ + e =1 (7.10)

Iprox, is thus strictly contractive. [
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