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Breaking a magnetic zero locus: asymptotic analysis

N. Raymond*

March 25, 2013

Abstract

This paper deals with the spectral analysis of the Laplacian in presence of a mag-
netic field vanishing along a broken line. Denoting by 6 the breaking angle, we prove
complete asymptotic expansions of all the lowest eigenpairs when 6 goes to 0. The
investigation deeply uses a coherent states decomposition and a microlocal analysis of
the eigenfunctions.

Keywords: Semiclassical analysis, vanishing magnetic field, coherent states.
Classification MSC: 35P15, 81Q10, 81Q20

1 Introduction

This paper is concerned with the effect of breaking a magnetic zero locus in the Schrédinger
equation. We investigate the spectrum of self-adjoint realizations on the plane R? or on the
half-plane Ri of the operator (—ihV+A)? when the magnetic field 3 = V x A cancels along
a line. The case when the magnetic field non-degenerately vanishes along a smooth line is
considered in the initial paper of R. Montgomery [27] where the behavior of the spectrum
is investigated in the semiclassical limit A — 0. In particular, the model operator, in the
semiclassical limit, which is considered there is the self-adjoint realization on L?(R?) of:

£ =D} + (Ds — st)?,

where we use the standard notation D, = —id,. In this case the magnetic field is given by
B(s,t) = s so that the zero locus of (3 is the line s = 0. Let us write the following change
of gauge:

24

" 52 2\ 2
gMont — o=i%" gei*s = D2 4+ (Dt + 82> :

The Fourier transform (after changing £ in —¢) with respect to ¢ gives the direct integral:

® 2\ 2
gMont — / glomtdg,  where Yo =D?+ (—5 + 52> :

Notation 1.1 If 2 is an operator, we denote by s(2A) its spectrum and by Sess(™A) its
essential spectrum.
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From this representation, we deduce that:

5(2) = 5ess(£) = [,UMonta +OO) » (1'1)

where pipmont is defined as:
HMont = inf lull\/lont(g)’
£eR

where Mo (€) denotes the first eigenvalue of 22"0’“. The main properties of Mo (€) can

be found in [28, 17, 20]).

Waveguides induced by magnetic fields We notice that the reduction, through the
Fourier transform, to the one dimensional Montgomery operator is possible due to the
translation invariance of the zero line of the magnetic field. This invariance is also the
reason for which the spectrum is essential. This situation is reminiscent of the paper of
Duclos and Exner [13] (see also [6, 22, 16] and [14, 5, 23, 24, 25, 29] where the same
philosophy appears for quantum layers). In particular Duclos and Exner notice that, in
the waveguides framework, there is discrete spectrum below the threshold of the essential
spectrum if and only if the waveguide is not translation invariant. In the present situation,
we can think that the zero locus of the magnetic field “plays the role” of a waveguide.
Let us also mention the paper [11] where the problem of quantum transport in magnetic
waveguides is analyzed.

Semiclassical motivation In the semiclassical limit the leading operator of Mont-
gomery which appears (after a suitable rescaling) is translation invariant because of the
smoothness of the magnetic zero locus. In particular it does not create bound states on its
own. It is even proved in [12] that bound states appear under an additional assumption on
the normal derivative of the magnetic field along its zero locus. Concerning the semiclas-
sical analysis in presence of smooth vanishing magnetic fields, we refer to [19, 18, 12]. The
results of this paper could be used in the semiclassical spectral analysis of vanishing mag-
netic fields in the case with boundary (which is still an open problem). In the case when
the zero locus has a corner, the limiting model is no more translation invariant. Therefore
we can hope for bound states and another behavior for the semiclassical problem related
to the principal symbol of the magnetic Laplacian and no more to the subprincipal terms
as in the smooth case.

Breaking a magnetic zero locus The question that we tackle in this paper and which
echoes to the paper of R. Montgomery [27] is the following:

“Can we hear the smoothness of a magnetic zero locus 7”.
More precisely we want to analyze the two following model situations (with A = 1):

1. making the magnetic zero locus meet a Neumann boundary,

2. breaking the zero locus.

It turns out that the first situation is investigated in [28] and that both of them are
analyzed through numerical experiments in [4]. In particular the paper [4] displays new
model operators which naturally appears when we break the translation invariance. The
spectral analysis of these operators gives rise to numerical simulations which enlighten nice
structures of the eigenfunctions of the magnetic Laplacian (see [4, Section 4]). The aim of
this paper is to explain such structures by using the strong “breaking limit” 6 — 0 where
0 is the angle which breaks the magnetic zero locus.



Organization of the paper Section 2 aims at introducing the main operators with
which this paper is concerned and at stating our main results. In Section 3 we perform
a formal series (with respect to §1/2) analysis to provide accurate estimates of the first
eigenvalues of the magnetic Laplacian. In Section 4, by using the formalism of the coherent
states, we establish microlocalization properties satisfied by the lowest eigenfunctions of
the magnetic Laplacian. In Section 5 we use the microlocal estimates to reduce the analysis
to perturbation theory and deduce complete asymptotic expansions of the eigenpairs.

2 Main operators and results

In order to deal with each model situation we use the notation e where e = Dir, Neu, (). We
denote R2 = R? when o = () and R2 = R? = {(3,#) € R? : { > 0} when e = Dir, Neu. Let
us fix the breaking parameter 0 € (0, g) We are concerned by the Friedrichs extension
flt‘an o on L?(R2%) of:

D; + (D§ + sgn(t)§ — St tan 6’) ,

where sgn is the sign function. When e # (), the boundary # = 0 carries the Dirichlet (Dir)
or the Neumann (Neu) condition.

Remark 2.1 The corresponding magnetic field is given by 3(3,t) = |t| — tan @ and van-
ishes along the line |t| = 3tané.

Notation 2.2 We let € = tan¥.
For (o, &) € R? and € > 0, we introduce the unitary transform:
Veagt(3,1) = e (5= 2,0)
€

and the conjugate operator:
;,a,f = Vfl,gSEVe,a,ﬁ-

€,

Its expression is given by:
. ) ) 2 A
cae =D; + <§ —at + Sgn(t)g + Dy — 5.§t) )

We perform the change of variables:

o, t=r. (2.1)

Main operator The operator ﬁ; aE is unitarily equivalent to 9M? ¢ whose expression
is given by:

2 2
o =DI+ <—€ —ar+ sgn(r)% +e2D, — 51/2ar> : (2.2)

Notation 2.3 Since the spectrum of Sﬁ;af does not depend on («,§), we just denote by
Ar(e) its n-th Rayleigh quotient.



Model operators Taking ¢ = 0 in (2.2), we are led to introduce a family of model
operators depending on two parameters.

Notation 2.4 We introduce the notation Re. If ¢ = Dir,Neu, Ry denotes Ry. If o = (),
we let Re = R.

For a, ¢ € R, let us introduce the following 1D model operator, on L?(R,):
72\ ?
Mie=D2+ (6 —ar+sgn(n )

with boundary condition at 7 = 0 given by e. This operator has compact resolvent and
its form domain is independent from (o, §). (MS, ¢)a,cer is an analytic family of type (B)
(see [21]). Let us denote uf(a, &) the lowest eigenvalue of M¢, . and by ug, . a normalized
and positive associated eigenfunction. This eigenvalue is sunple and analytlcally depends

on (o, §).

2.1 Known results

Let us gather a few results obtained in [4]. The methods used to prove them are not
directly related to the issue of this paper.

The operator I ¢ We can relate the essential spectrum with the bottom of the
spectrum of the Montgomery operator.

Proposition 2.5 For all € > 0, we have:

5ess(9~na el §) [(1 +e )1/3lu|\/|0nt7 +OO) .
In the case with Dirichlet boundary condition, the spectrum is essential.

Proposition 2.6 For all ¢ > 0, we have:
s(Mee) = [(1 + )3 tivtont. +OO> :

As soon as an eigenvalue lies below the essential spectrum, we can prove an Agmon type
estimate (which indicates that the first eigenfunctions live near the axis {7 = 0}):

Proposition 2.7 We assume that ¢ = (), Neu. There exist C > 0,c¢ > 0 such that for all
e>0,a,§ €R and all eigenpair (A, ) of M, ¢ such that A < (1+ )13 linont, we have:

[, VISP A do dr < Clomins — (147153 P
R3

Remark 2.8 [t is proved in [28] that for all € > 0 there is always an eigenvalue below the
essential spectrum in the case ®« = Neu. The present paper gives a new proof of this fact
in the limit € — 0. We will also notice that, as soon as € is small enough, there is at least
one eigenvalue below the essential spectrum when e = ().



The operator Mj .

Proposition 2.9 We assume that ¢ = (),Neu. The function R x R 3 (a,&) — ul(e, &)

admits a minimum pd and limsup pl(o, &) > ug. Moreover we have : pud < fimMont-
ot +]€[—+o0

Remark 2.10 In order to prove Proposition 2.9 we use the fact that ppont > 0.5 for the
case = (). This fact is not proved, but numerically conjectured in [/].

Conjecture 2.11 We assume that ¢ = (), Neu. The function R x R 3 (a, &) — p}(a,§)
admits a unique and non-degenerate minimum pf at a point denoted by (af, &J).

Convention 2.12 In what follows we omit the superscript € {Neu, (}}.

2.2 Spirit of the analysis and main result

The main purpose of this paper is to analyze the influence of the breaking parameter on
the spectrum. In particular, we would like to make ¢ tend to 0 to increase the effect of the
symmetry breaking and exhibit a spectral structure as it is the case for waveguides with
small apertures (see [9, 10]).

Approximating the spectrum with power series We introduce:

6§u1(ao7fo)D2 B 3§5aﬂ1(040,§0)0D _ 0¢0apur (0, o)
2 ’ 2 7 2

2
511 (o, &o) 2.

HHarm _ DUO' +

(2.3)
Using the non-degeneracy given by Conjecture 2.11, we infer that the operator H™2m is
unitarily equivalent to an harmonic oscillator whose spectrum is given by:

2n —1
{,,;'arm — (02 111 (v0, £0) 02 11 (00, €0) — (8a8§,u1(040750))2)1/27 n= 1} :

2

Proposition 2.13 We assume that Conjecture 2.11 is true. For all n > 1, there exists a
family ('yjn)jzo such that for all J > 0 there exist C > 0,9 > 0 such that, for e € (0,¢0),
we have:

J
dist Zv}‘sjﬂ,ﬁ(ﬁﬁs) < CelJ+2,
§=0

with:
W =m0, W =0, 75=pm
The following corollary is a straightforward consequence.

Corollary 2.14 We assume that Conjecture 2.11 is true. For all n > 1, there exist
C > 0,e9 > 0 such that, for all € € (0,e9):

An(g) < po + Ce.

Remark 2.15 With Proposition 2.5, we infer that A, (g) is an eigenvalue as soon as € is
small enough.
Using Propositions 2.9 and 2.7, we infer:

Corollary 2.16 We assume that Conjecture 2.11 is true. For all n > 1, there exist
C > 0,69 > 0,¢ > 0 such that for all € € (0,e9) and for all eigenpair (\y(€),?) of
M ap.60, wWe have:

/ 212 dg dr < 2.
Q



Heuristics and methods Thanks to Proposition 2.13, we can guess what the expan-
sions of the lowest eigenvalues are when e goes to 0. With Corollary 2.16, we also know
that the lowest eigenfunctions are “bounded” with respect to 7. Nevertheless the behavior
of the eigenfunctions with respect to the variable o is still not understood. We can just
guess with the formal power series analysis leading to Proposition 2.13 that the eigenfunc-
tions should be “bounded” with respect o in a suitable sense. Let us very roughly examine
the situation. We consider:

2 2
M. = D? + <—£0 —aoT + sgn(T)% +e2D, — 61/20'7'> = D? 4 P2, (2.4)

We cannot perform a Fourier transform with respect to o (which would reduce the analysis
to a family of model operators). Nevertheless, a coherent states decomposition (Fourier
decomposition with an Gaussian weight) will permit to play with o and D, as if they
were parameters. Let consider our operator when acting on a function localized in the
phase space at the point (o, D,) = (u,p). The operator M. is approximated by the
microlocalized operator M , -

2 2
-
Meup = Dz + (_§0 — T + Sgn(T)? + 51/219 - El/QUT) = Ma0+u51/27§0—p€1/2'

Therefore we guess that the lowest eigenvalues should be described by the one of the 1D
pseudo-differential operator:

(g +e'%a,60 — €V2D,)

and the non-degeneracy of the minimum of p; should involve nice microlocalization prop-
erties of the eigenfunctions. We will combine a coherent states decomposition with varia-
tional and spectral techniques to make this heuristics rigorous.

Main result In the spirit of the Garding inequality (see for instance [26] to see the rela-
tion with the FBI transform), this leads to a first rough estimate of the lowest eigenvalues.

Proposition 2.17 We assume that Conjecture 2.11 is true. For all n > 1, there exist
C > 0,e9 > 0 such that, for all € € (0,e9):

[An(e) = po| < Ce.

The last step is to provide an accurate estimate of the spectral gap between the eigenvalues.
Such an estimate is the most delicate part of the analysis and obliges to investigate the
microlocal behavior of the eigenfunctions with respect to the variable ¢. In particular
we will need to commute 9. with the creation and annihilation operators and to use
generalizations of the so-called “IMS” formula (see [8]).

Proposition 2.18 We assume that Conjecture 2.11 is true. For all n > 1, there exist
C > 0,e9 > 0 such that, for all € € (0,e9):

An(€) > po + vieme — O3,

Propositions 2.13 and 2.18 imply our main theorem:



Theorem 2.19 We assume that Conjecture 2.11 is true. For alln > 1, there exists ey > 0
such that, for e € (0,e9), we have:

An(g) ~ ny;-‘ej/Q.

e—0 4
j=0

Remark 2.20 Theorem 2.19 implies that the lowest eigenvalues become simple when € is
small enough so that we get an approximation at any order of the corresponding eigenfunc-
tions by the formal power series constructed in Section 3 (see (3.6)). These eigenfunctions
are microlocalized near (o, &p). In addition, this theorem is confirmed by the numerical
simulations of [/].

The next sections are devoted to the proofs of our main results.

3 Formal series

This section is devoted to the proof of Proposition 2.13.

3.1 Feynman-Hellmann formulas with two parameters

Let us prove the so-called Feynman-Hellmann formulas (which are consequences of the
perturbation theory of Kato, see [21]) associated with M, ¢.

Proposition 3.1 If (a1,&1) is a critical point of p1, we have the following formulas:

7_2
/ <_§1 —oT+ Sgn(7)2> TUa & Yo &1 dr
{ ] T2
= / <—§1 — 1T+ sgn(7)2> Uey,&1 Yoy &1 dr =0. (3.1)

and at the point (aq,&1), we have:
2 7
Ol = 2 /- TUqy 6 dr - 2/ <_£1 T sgn(¢)2> ((Tag + aﬁ)u)al,& Uay g AT,

7_2
R Ry (—5l—an+sgn<f>2>T<aau>m,@ gy 7, (3.2)
Re Re

-2
8§u1 = 2- 4/ <—€1 —oT —|—sgn(7’)2> (f%ua,s)%& Uq, & AT

Proof: We can write:
Moc,fua,f = M1 (Oé, g)ua,f'
For short, we let: © = uq¢ and pi(a, &) = p1. We get:

(MOZ,E — (. §))0au = (Oapi1 — aaMa,g)%
(Mo — pm1(a,§))0u = (Fepr — Oe Mo g)u. (3.3)
We have:
2

T 7_2
604Ma7§:—2 —5—{—?—@7 T, agM(X’g:—Q _€+?—Oé7' .



At a critical point (aq,&;1) of py, we take the scalar product of the r.h.s. of the equations
(3.3) with uq, ¢, and we use the Fredholm condition to get (3.1). We will need the deriva-
tives of second order. Taking again the derivative, we find the equation, at a critical point
of p:
(Mae — 11(0,£))000ct = 0aOcpin U — 00 0c M ¢ U — O Mg 0t — Oc M ¢0nut,
(Mag — p1(, €)02u = 02 u— 02 Mgt — 200 Mg Oau,
(Mae — (e, ‘f))agu = agm U — (952/\/1@75 U — 20e Mg £Ocu. (3.4)

A straight forward computation gives:
OaOcMag =27, oMae =277 0FMagc =2
We obtain the relations (3.2) after taking the scalar product of the r.h.s. of the equations
(3.4) with uq, ¢, and using the Fredholm condition.
[

3.2 Formal series expansions

We recall that:
72 2
Me ag,60 = DZ + <—§0 — T + sgn(T)? + 61/2Dg — 61/20'7'> .

For short, we let M, o, ¢, = M. We get:
M, = Lo+ /2Ly + Lo,

where:

2
Lo=Maygo, L1=2 <—§0 —apT + sgn(7)7—2> (Dy —07), Lo=(Dy—o1)? (3.5)

We look for quasi-eigenpairs in the form

Pe ~ ijfjma Ae ~ Z'ngj/Q

>0 >0
such that, in the sense of formal series:
93?57,1)5 ~ >\€¢a-
Let us solve the formal system of PDEs that we get.

O We must solve the first equation:

(Lo —70)1o = 0.
We choose o = p1(ao, §o) and oo, 7) = fo(0)uag,g (T) = fo(o)uo(T).

Term in ¢

1/2° Then, we solve:

(Lo —0)¥1 = (71 — L1)vo.

Writing the Fredholm condition and using Proposition 3.1, it follows that v; = 0. More-
over, using the proof of Proposition 3.1 (see (3.3)), we can write an explicit expression for

Y1

Term in ¢

1(0,7) = — Do fo (Dettang) g g (T) + 00 (Bat)y & (7) + f1(0)uuo(7)-



I We now solve the crucial equation :

(Lo — v0)12 = v2v00 — L1191 — Latbo.

Term in ¢

Let us write the Fredholm condition:

Y2fo = (L1391, u0)7 + (L2v0, uo)+,

where (-, ), denotes the partial scalar product with respect to 7. This equation takes the
form:
Y2.fo = (AD% 4+ B1oDy + BaDyo + Co?) fy.

Using Proposition 3.1 (see (3.2)), we get:

9 111 (a0, €o) A% (o, &o)
A= oo Galiito:S0),
9 2
We have:
Bl = —/ T'I,L(% dT - / (aav)a(),fo (a'su)ao,fo up dT’
BQ - _/ TU% dT - / (85‘/)040,{0 (aau)a0’£0 o dT’
where

2\ 2
Vae(T) = <—§ —aTt+ sgn(r)g) )
With Proposition 3.1, we infer:
By + By = —0,0¢ 11 (a0, &o)-

Let us now check that By = By or equivalently, let us check that:

/ (0aV) a0 (D) ¢ 0T = /R (0V), ¢, (Bat)ay g, 0.

Using (3.3), we infer:

Oufi :/ aaVa,gui,ngy 851“:/ 8£Va,5ui’§d7'
Re Re
so that:
OO i1 = / ¢ (OaVa,eune) AT, Dadgmr = / Oa(OcVagtic.) dr-
Re Re

Therefore, we get the equation:
HM™ fo = y2fo,

where HM2™ is defined in (2.3). This leads to chose 72 = vH2™ the n-th eigenvalue of
HHam and to take for fy the corresponding normalized eigenfunction. At this step this
determines 1y and permits to solve the equation satisfied by 1)s.



Further terms The construction can be continued at any order through a standard
induction argument (see for instance [12]) and we construct a family (v}, 7);>0 indexed
by n > 1 (determined at the step €) which solves the formal system. It is also standard
that the functions 1); have exponential decay with respect to o and 7 (see for instance [3]).
We can now prove Proposition 2.13. We have, by construction and using the exponential
decay of the ¢7:

J
2 ZW” > w2 || < ez, (3.6)

It remains to apply the spectral theorem and the conclusion follows.

4 Microlocalization and coherent states

This section is devoted to establish microlocal estimates of the eigenfunctions.

4.1 Coherent states

In this section we recall the formalism of coherent states (partially with respect to o). We
refer to the books [15, 7] concerning the Bargmann representation. We let:

—1/4_—02/2

go(o)=m e

and the usual creation and annihilation operators:

1 L
a:ﬁ(a—l—&,), a _\/§( 95)

which satisfy the commutator identity:
[a,a*] = 1.

We notice that:

a+a* a—a*
V2 B

We introduce the coherent states:

fup(0) = €7 go(o — u)

o =

and the associated projection:

Hu,pw - <1/}7 fu,p>fu,p = ¢u7pfu7p

which satisfies:

Y = /Hu,p¢ dudp

e /R / o ? dudp .

10

and the Parseval formula:



We recall that: )
U+ 1p

afup = W

@@y = [ (“\;;) <“;;p>mnu,p¢dudp.

In particular, we find:

fuvp

and

oY = /UHu,pw dudp, Dy = /pHu,pT;Z) dudp

and:
2 2 1
o) = / <u - 2> IT, v dudp,
2 2 1
Dy = / <p — 2) IL, p7 du dp,
(60Dy + Dyo)th = /2upHu7p¢ dudp.
We let:

2
-
Vo(r) = =& — ao7 + sgn(T)?.

Let us recall that (see (3.5)):
M. = Lo+ 81/2£1 +eLs.
We can write the Wick ordered operators (see [15, Chapter 2]):

a—a* a+a*>
)

T

ﬁl = 2%(7’) (—Z \/i — \/§

1 72
['2 = £2,re0+ (2 - 2> .

where:

a? —2aa* + (a*)?>  7%(a® + 2aa* + (a*)?)
2 2

LQ,reo = -

The operator becomes:

21
M) = / {zmu,p,a te <—T2 _ 2) } T, dudp,

with:
2
2

2
.
Mype = Dz + <—§0 —apT +sgn(7)— — 12yr + 51/2p) = Ma0+u51/2,50—51/2p-

In terms of quadratic form, we have the analog of the so-called “IMS” formula:

2
Qe (V) :/Duvp,g(wu,p)dudp—i—a/R /<_T2 _ ;) |9 p|? dudp dr,

where 9, is the quadratic form associated with 91, ..

11

+ iT(a2 — (a*)Q).

(4.6)



Proof of Proposition 2.17 Let us prove Proposition 2.17. Let us fix n > 1 and an
eigenpair (A, (¢),v). With (4.6), we can write:

T2 1

Qs(d}) = /Qu,p,s(d}u,p) du dp+ 5/ (_2 _ 2) |,¢)|2 drdo.

Thanks to Proposition 2.16, we deduce that:

Q.(¢) > / Qe (Vup) dudp — Cel|]|.
so that:
Qe(w) > /Nl(ao + 51/2“750 - 51/2p)‘|¢u,pH72-dU dp — C&?WHQ

and:

Mn(@)[¢l? = Qe () > pollw[” — Cellv||*.
so that Proposition 2.17 follows.

Space generated by the first eigenfunctions Let us introduce the space gener-
ated by the eigenfunctions associated with the lowest eigenvalues. For all N > 1 and
n € {1,---,N}, we consider a normalized eigenpair (\,(e), ¥, ) such that the family
(¥pe)n=1,..N is orthonormal. We let:

En(e) = span VU, ..
1<n<N
Remark 4.1 The estimate given in Proposition 2.16 can be extended to ¢ € En(e).

The next section aims at establishing microlocalization properties of the elements of €y (¢).

4.2 Microlocalization with respect to o

We will need the following formula which is the key point in our next estimates.

Lemma 4.2 Let us consider P, A two pseudo-differential operators. We assume that P is
symmetric. We have, for 1 in the Schwartz class and in the domain of P?:

R(Pp, AA ) = | P(A*))|1* — [[[A*, Pl + R(P, [P, A], A*]¢)
R (<P¢,A*[P, Al) — (P, A[P, A*m) @

Proof: We write, thanks to an integration by parts:
(P*1h, AA™)) = (Pip, PAA™).
Then, we introduce the commutators:
(Py, PAA™) = (P, APA™Y) + (P, [P, A]A™Y)
and we get:

(P, PAA™)) = (A*Py, PA™)) + (P, [P, AJA™)

12



and:
(A" Py, PA™)) = ([A", Plp, PA™)) + (PA™), PA™).

We have:
([A%, Ply, PA™Y) = ([A", Ply, [P, A™]y) + ([A", Ply, A" Py).

and it remains to notice that:
(P, [P, A]JA™p) = (P, [P, A], A"|) + (P, A*[P, Al))
and the formula follows by taking the real part. ]

Remark 4.3 In the following we will use this formula with the magnetic momentum P =
P. or P = D; (see (2.4)) and A = a for instance. This formula can be seen as a
generalization of the so-called “IMS” formula (see [S, Theorem 3.2]) and of the Agmon
identities (cf. [1, 2]).

We start by proving a lemma providing a localization of the eigenfunctions with respect
to 7.

Lemma 4.4 For all N> 1, me N, [ >0,V € C[X,Y], there exist C > 0,9 > 0 such
that for all € € (0,e9) and all eigenpair (\,¢) with A = A\,(¢) and n € {1,--- N}, we
have:

!
Q(T"V(0,De)) < C Y Y |[M(o, Dg)tp|? (4.8)

7=0 Mémj

and, in particular:

l
TV (o, Do) > < CY - > 1M (ov Do)t

j=0 MeM;

Proof: We prove this by induction on [. We can notice that this assertion is trivial
for [ = 0 due to the estimates with respect to 7 (see Proposition 2.16). Let us consider
m, L > 0 and assume that this inequality is satisfied for [ = 0,--- ,L and k € N. Let
us consider V' € Cr41[X,Y]. We may assume that V' is a monomial and, thanks to the
induction assumption, we may assume that it is in the form V = o*DL1=F (since the
commutators provide lower order polynomials). We use (4.7) with the symmetric operator
A = 7m(DEH1I=kgk 4 5k DL+1=k)  We have :

Q. (AY) = N|AY|*+||[A, PJy|*+||mr™ " (DL F o +o" DIy |P—R(Pop, [[P-, A), AlY).

We notice that [A, P.] is of order less than L and with degree at most m + 1 with respect
to 7 so that this term is controlled by the induction assumption. With the same argument,
we get the control of R(P.v, [[P:, A], AJe). This provides the estimate of the quadratic
form:

L L+1
Q(AP) < AMAV[P+ O N M0, Do)y +C D" > [lmr™ M (o, Do)l
j=0 Mem; Jj=0 MeM;
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Since we have DLT1=kgk 4 ok DLH1=k — 25k DL+1=F 4 |ower order terms, we infer:

L
Q(T"o*DE RY) < AN|re DI TR IP + €Y Y |[M (0, Do)yl

7=0 MEQJT]'

L+1

+CY > |Imr™ M (0, Do)y |?. (4.9)

j=0 MeM;

If m = 0, the conclusion easily follows (the term in 7~! does not appear). If m > 1,
we use that 7™o* DLT1=ky satisfies a Dirichlet condition on 7 = 0 to infer that (see
Proposition 2.6):

Q ( kDL+1 kw) (HMont Cg)”TmO_kDéA&fkw”Q.

Using that pimont > o, we deduce:

L+1
HTmO,kDL+1 kw”Q <Cz Z HM 0_ D w”?_i_cz Z m 1M O' D ),l/)HZ
Jj=0 MeM; Jj=0 MeM;
We infer that:
L L+1
Qo DI ) <03 ST M DR+ C S S I M (o, D).
Jj=0 Mem; Jj=0 MeMm;

For m = 1, we get the conclusion. Then, by induction on m, we find:

L+1

("o "Dyt R) <Oy T Y 1M (o, Do)l

j=0 MeM;

Lemma 4.5 Under Conjecture 2.11, there exist ng > 0 and cg > 0 such that for all 4, p
such that |G| + [p| < no:

pa (o + 4, & — p) — po > co(@° +p°).
Then, there exists ¢; > 0 such that for all 4, p such that |G| + |p| > no:
p1(ao + 1,8 — P) — po = ci.
Let us now use Lemma 4.5 to get a control of the eigenfunctions with respect to (o, Dy ).

Proposition 4.6 For all N > 1, m > 0, there exist C > 0,e9 > 0 such that for all
e € (0,e0) and all ¢ € En(e), we have:

[T || + (|7 Dotp|| < Cl[¢]]. (4.10)

Proof: =~ We consider an eigenfunction associated with A = A, (¢), with n € {1,--- | N}.
We have L. = \ip so that Q.(¢) = A||®||>. Due to Lemma 4.4, (4.10) is a consequence
of the inequality when m = 0.

14



A bound near the minimum We recall that (4.6) holds. With Corollary 2.16, it
follows that:

() > / Qupe(tbup) dudp — Cell].
Since A < pp + Ce (see Corollary 2.14), we infer that:
$) > / Qupe(tbuy) dudp — prg / lthupll? dudp — Cel]?

and thus:

1/2

(a0 +&"%u, & — £7°p) — po)[YuplI7 dudp < Cel|v|. (4.11)

We use Lemma 4.5 to deduce from (4.11) that:
2 2, 2 2 2
o | [thuplf dudp + coc [ (u? + 52 [ p12 dudp < Cejy][2
e/ 2ul+|e1/2p| >no le!/2ul+|e'/2p|<no
In particular, we have:
/ (w2 + P [bupl2dudp < g Clo?, (4.12)
€1/ 2l Hel/2p| <o

/ Wupl2dudp < 7 Cellu| (4.13)
|e1/2ul+|et/2p|>no

The estimate (4.13) is not enough to get the control with respect to u? + p? on the region
away from the minimum.

A bound away from the minimum We recall that (a*v),, = u;\/%pwu,p. We replace
¥ by a* in (4.6) and we are led to:

2 1 .
/Q wpe (@) up) dudp+e/ <—2 - 2) (@) p|? du dp.

02 [ Dupel (@) dudp - Ce(ra vl + o701

We get:

and:
/Q wpe((@V)up) dudp— Ce(||ro||* + |ov||* + |7 Dotb||* + || Dot ||?). (4.14)

We have to estimate Q.(a*y). For that purpose, we use the formula given in (4.7) with
A = a. Let us estimate the different terms. We have:

[P.,a*] = ie"/? — 7e'/2, [P.,a] = ie'/? + 7/
so that the formula becomes:

R(P2Y, aa*) = || Po(a") |2 = l[a*, PJI + R ((Poty, '[P, ) — (Pt al Pz, @'

We infer that:

Ma*yl? > Qe(a*y) = Cellry|® — Ce2| P4 | (|1 Dol + llow | + T Dot || + [ rov])
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and:
Mla*w)|? > Q.(a*p) — Ce2([0)1? + |1 Det||* + llov||* + 7 Dst]* + T ||?).

With (4.14), it follows that:

Mla*y[* > /Qu,p,a((a*lb)u,p) dudp—Ce'2(||$|*+ | rov > +lov > +]|7 Dot ||+ Do || )
and:

/(Du,p,e((a*¢)u,p)—uo)ku,p 7 dudp < C2([0)*+ | mo | P+ o wl*+|m Do >+ Dot ).

We infer the following estimates:

/ (42 + 1)@y | dudp
|e1/2ul+]e'/2p|<no

< CeV2(|9))2 + lrow|? + [low)|? + 1T Dot | + | Dol|?)  (4.15)
and
(@) upll? dudp

< CV2([WIP + rov | + o0 |* + 7D |* + | Dot |?).  (4.16)

/61/%+|61/2p|2170

Combining (4.16) and (4.12), we deduce that:

[ [+ sl dudp < ClIE + O (rol? + lowlP + Dol + [1Dsv]P)

It remains to use (4.1), (4.2) and Lemma 4.4 to get (4.10) for m = 0. The extension of
(4.10) to ¥ € En(e) is then standard. ]

Let us now prove a higher order microlocalization proposition.

Proposition 4.7 For all N > 1, m > 0, there exist C > 0,e9 > 0 such that for all
e € (0,e0) and all ¢ € En(e), we have:

Ir" || + IT" Dell + 7" o Do | + |7 Doortpl] < Ce™ /4| (4.17)

Proof: We prove (4.17) when 1 is an eigenfunction associated with A = A, (g), with
n € {l,---,N}. By Lemma 4.4 and Proposition 4.6, it is sufficient to deal with the case
when m = 0. We recall that (4.15) and (4.16) still hold. With Proposition 4.6, we infer:

/ (0?4 )| (@ )upl| dudp < Ce=V2 2 (4.18)
le1/2ul+|et/2p|<ng

and

/ (0" pl? dudp < C/2 ]2 (4.19)
|e2/2u|+|e1/2p|>ng

As previoulsy, (4.19) does not provide enough information. We write (4.7) with A = aa*
so that it becomes:

R(PZy, (aa*)*y) = || Pe(aa*)|* = [[[aa*, PJy||* + R(Pep, [Pz, aa™), aa*]y).  (4.20)

16



A straightforward computation provides:
[P.,aa*] = —ie'? (0 + TD,), [[P.,aa*],aa*] = e"*(Dy — 70).

We deduce that:
Nlaa*y||* > Q. (aa*p) — Ce? ||y,

Let us now write the coherent states microlocalization formula to estimate Q.(aa*y). We
have:

Qc(aa*p) = (aa* Leaa™ ), ).
We recall that (4.4) and (4.5) hold. We have the Wick ordering;:
aa*Loaa* = Loaa*aa™ = Lo(aa*)? — Loaa*.
Let us introduce a convenient notation.

Notation 4.8 We denote by Oj(o,D,) every polynomial in o and D, with degree less
than j.

We can write the Wick ordering:
aa*Liaa* = L1a*(a*)* + VoO3(Dy, o) + 7VoO3(Dy, o)

and:
aa* Lo reoaa™ = EQ’reOCLQ((I*)2 +e04(0,D,) + 572(94(0, D,).

It follows that:

2, .2 2, .2
aa*ﬁeaa*w—/u -2f—p ﬁumﬁu —2Fp I, ptp dudp

- ana*q/) + 51/2 (%03(D0, O') + 7-‘/003(D0'7 0')) ,¢ + 5(04(07 Do’) + 7—204(07 DO’))¢
+ ¢ (02(0,Dy) +7°0s(0, Dy)) 1. (4.21)

In terms of quadratic form, we get:

2 2
Q.(aa*y) > / Qupe (“;pwu,p) dudp — Qo(a*1))

— CEY2(|[VoOr ||| O] + ||TVoO19][]|O23]))
— Ce(||O1|* + |TO10||?) — Ce([| 02| + [ O2%).  (4.22)

With Proposition 4.6, we have:
Vo019 lll0291] + [T VoOr[[[l0241] < C([[0]1* + |02]),

1019 + [TOw|1* < Ol

Qo(a*¥) < Cly]*.
This reduces to the inequality:

[ Qe (0 4 50p) — il 0+ 9 2 dup < O + €20
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which provides:
6/ (0?4 p*)3[[¢upll2 dudp < C[[¢* + Ce'/?|| 09| (4.23)
|e/2ul+|e/2p|<no

and

/ (u® + %) [[tbupl|? dudp < C|J9)|? + Ce'/2|| 02| (4.24)
let/2u|-+]el/2p| >no

From (4.18) and (4.24), we get:

2dudp < Ce7V2[[9 )7 + Ol ||* + O3 0292, (4.25)

[+,
We have:
0201 < € [ (0 + 2Pl dudp + ClOWI £ € [ (2 + 921yl dudp + Cl P
so that:
[ 4 5P dudp < 2 (4.26)

and the conclusion easily follows (since (4.26) implies the control of the norm of ¢ in
B3(R,)). L]

We will need a last microlocalization proposition.

Proposition 4.9 For all N > 1, m > 0, there exist C > 0,e9 > 0 such that for all
e € (0,e0) and all ¢ € En(e), we have:

IT" || + IT™ D3|l + |7 0* Do | + |7 Daarpl| < Ce™' /2|4 (4.27)

Proof: We prove (4.27) when 1 is an eigenfunction associated with A = A, (g), with
n € {1,---,N}. Thanks to Lemma 4.4 and Propositions 4.6 and 4.7, we just have to deal
with the case m = 0. Thanks to Proposition 4.7, we deduce from (4.23) that:

/ (u? + )| p |2 dudp < Ce |12 (4.28)
le/2u|+]e/2p|<no

We need again to provide an estimate on the region |e'/2u| 4 [¢'/2p| > ng. In (4.20) we
replace ¥ by a*i and we obtain:

R(PZa*, (aa*)?a* ) = || P-(a(a”)*9)||* — ||[aa”, Pla*¢|* + R(P-a*), [Pz, aa"], aa*]a* ).
Let us analyze the last two terms. We have:
laa, Pla*y||* < Ce'/2 ||

and:
R(Pea™y, [[P-, aa*], aa]a" )| < Ce'/4|y|%

Let us consider R(P2a*y), (aa*)?a*v):
R(P2a"y, (00" 2a*) = (0" P2y, (aa*)2a™) + ([P, a”Jo, (aa*)2a"y).
We have:
[P?,a*] = P.[P.,a*] — [a*, P.]P..

18



and then the following estimate holds:
([P2,a”], (aa*)?a*$)| < CeV/4| 05| + /4|y,
We infer that:
Ma(a*)*$]]* > Qe (a(a®)*y) — Ce||Osy* — ey
Then, we replace ¥ by a*y in (4.22) to get:

u2+p2u—

: j ]
Mol 01 2 [ Qe (5270, ) dudp-CeV O CeV AP Co 2

As previously, we deduce that:

/ (u® + p*)3||upl2 dudp < CV49||2 + CV4| O59p)|* + Ce 2|y %
e/ 2ul|+|et/2p|>no

(4.29)

We infer that:
[+ P dudp < =1 (4.30)
and the conclusion follows. ]

5 Reduction to perturbation theory

Thanks to Propositions 4.6, 4.7 and 4.9, we have reduced our problem to the perturbation
theory. We introduce the Feshbach projection:

ot (o, 7) = (¥, uo)ruo(T)
and the corrected Feshbach projection:
Mgy = Togh(0,7) + €"/2(= Do (, o) (Detiag) oy ¢, (T) + (W, t0)r (atiae) gy &, (7))-

Proposition 5.1 For all N > 1, m > 0, there exist C > 0, g9 > 0 such that, for all
e € (0,e0) and all Y € En(e), we have:

4 — T || < CeV/2 |||, (5.1)
lo(y — Tow)|| < Ce¥yll, || Do(y — o)|| < CY4|l, (5.2)
7m0 (v — o) || < Ce8||yl|,  |[7™ Do (v — owh)|| < Ce¥8||3]]. (5.3)

Proof: It is enough to establish these approximation results when 1 is an eigenfunction.
Let us consider an eigenpair (A, ) such that |XA — ug| < De (see Corollary 2.14). We have:

(Lo — 110)¥ = (A — po) W — e'/2L14p — Lo
so that, with the microlocalization properties, we infer:
I(£o — no)¥|| < C'2|w].

and thus:
(Lo — po) (T — W) || < C='/2| ¥
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Since (¥ —IIpW, ug), = 0, the spectral theorem provides (5.1) when 9 is an eigenfunction.
Then, we write:

(Lo — 10)(0¥) = (A — po)o¥ — e 26L, 0 — coLoW.
With the microlocalization properties, we find:
1(£o — po)ar®|| < CeM|| .

In the same way, we get:
1(£o = o) Do ¥ || < C'/4|W].

We deduce (5.2) for m = 0. For m > 1, we notice that:
/T2myx1/ CTUdedr < |0 — T |||F ™ (@ — T, 0)|| < C=22|[ 0|2,
/T2m!0(‘1f ~ToW)|*dodr < [o(¥ — W) |[||7*" o (¥ — o W) < CeV/4| @)%,
/T2m|DU(\IJ — )2 dodr < ||Dg(¥ —Ip®)||||[7*" D, (¥ — W) < Ce'/4|| w2,

where we have used Proposition 4.6. [

Proposition 5.2 For all N > 1, there exist C > 0, 9 > 0 such that, for all € € (0,¢p)
and all ¢ € En(e), we have:

[ — T[] < Cet/2T1/8|p).

Proof:  Let us consider an eigenpair (A, ¥) such that |\ — up| < De (see again Corollary
2.14). We have:

LoV =AU (5.4)
We write:
Lo=Lo+eY%Ly +¢eLs (5.5)
and:
U =g + Y% + R, (5.6)

where 19 = Ig(o,7) and 1 = —Dg(1,up)r Ocu(T) + 0 (1P, ug)rOau(T). We want to
provide a bound for R.. Let us already notice that, for all o € R:

(Re,ug)r = 0. (5.7)
We recall that, by construction, we have the relations:
(Lo — po)po = 0, (Lo — po)¥1 = —L1to.
Therefore, with (5.5) and (5.6), Equation (5.4) becomes:
(Lo — o) Re = (N — pio) ¥ — eLythy — /2L R — eLo V.
We shall provide an upper bound for the right-hand-side. We have:

L1901 ]| < ClI(S(0; Do) ¥, u0)z s = C[[S(a, Do) ¥,
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where S € Co[X,Y]. Therefore, we get:
1Ll < C™V4 0|2,

Then, we have:
L1Re = L1(T — g — /%)

so that:
L1 Re|| < | L1(¥ — )| + 2| 131

But, with Proposition 5.1, we can write:
1£1(T — o) || < CeY¥|| @),

We get:
1£20]| < =4 w.

We deduce that:
I(X = o) @ — eLythy — eYV2L1 R. — eLotpy — /2Ly — eLaR.|| < Ce¥/?H18|p|

so that:
(Lo — po)Re|| < Ce>H18| 0],

Combining (5.7) with the spectral theorem, we infer that:

|R-(0)|| < Ce'*V8) .

Proof of Proposition 2.18 Let us estimate Q.(v) for ¢ € Ex(e). We have:

Q.(1) = (Lo, ¥) + /2 (L11h,9) + e(Lap, ).

Let us bound from below the different terms. For the first term, we have:

We notice that:
(Loll§e, Re) = e/*(Lothr, Re) = '/? (41, Lo R:).

But we have:
1l < Cllll, |LoR:|| < CeY/2H1/8||y|

so that:
(b1, LoRz)| < Ce'2H18|p 2

and thus:
(Lo, ) > (Lollgep, TTge) — Cet /8|2,

For the second term, we write:

(L1, 9) > (L11IGep, TIGep) + 2(LaT1Ge, Re) + (L1 Re, Re).

We get:
[(L1Re, Re)| < | L1 R ||| Re-
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With the microlocalization properties (see Propositions 4.6, 4.7 and 4.9), we can estimate:
IL1 Rl < CeV310
so that, we infer:
(L1Re, Re)| < OB 2H8| g2 = Ce¥410 )2,
In the same way, we find:
(LTI, Re)| < Gt/ 18 )2,
For the third term, we get:
(Larh, ) > (Lollgey, Tgep) + 2(Lollgeh, Re) + (LaRe, Re).

We find:
[(CoRe, Re)| < O3 82 = Ce/* |y ||?

and:
(L2015, Re)| < CeV8||y)12.

Therefore, we deduce that:

Qe (¥) > (Lollyyy, Ty) + /2 (L1TI50, Th) + ( Loy, Taw) — Ce /8] 2.

Then, we get:
(Lollgey, TI§yy) = (Lobo, to) + e(Lot1,¢1), (5.8)
(CaTT5, TI5ep) = (Lardo, o) + 26"/2(Lavdo, 1) + e(Latpr, 1), (5.9)
(LoTT5, TI5Y) = (Latho, o) + 26Y2(Latbo, 1) + e(Lath1, 1b1). (5.10)

Using the same micolocalization properties as previously, we obtain:

9.(1) > (Loto, o) + e(Lotpr, Y1) + 2(Latbo, 1) + e(Latbo, o) — Ce1/8|y||%

Using the relations:

(Lopr, 1) + (L1vo, 1) = pollvn %,
(Lotho, o) = pollvoll?,

we get:

Q:(v) > po(|[vol|? + ell]|?) + e(L1to, ¥1) + e(Latho, o) — Ce+/8|j||%.

Using the orthogonality of 1y and 1, it follows:
Q:() = puollo + 29 |* + (Lo, 1) + e{Lavpo, o) — O 2|2,
We notice that:
o +"%%1 + Rel|* = [[bo + €'/ 2¢n* + | Re || + 2¢"/ (41, Re).

We again deduce with the microlocalization estimates and the bound on R.:

9Q.(1) > pol|Pl|* + e{Lavbo, Y1) + (Lo, o) — CeTH8||y|%.
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We infer that:

(=71 O (E) = o) + CV3) ]2 > (Lao, ) + (Lo, o) = QU™ (1, uo)-),

where QM™ is the quadratic form associated with HH2™. Using Proposition 5.1, we get:

lol* < (1 +CV)loll* = (1 + Ce2)][ (), uo) - |1

so that:

(14 C="2) (£ () — o) + CY%) [ o) > = Q™ ({0 wo)-).

By applying the min-max principle to the quadratic form Q™2™ and the space (€n(e), ug)~
which is of dimension N (thanks to Proposition 5.1), we get:

(14 C=12) (71O (e) = po) + C=1/%) = v,

This ends the proof of Proposition 2.18.
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