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Abstract

The gradient displacement field of a micro-structured strong inter-
face of a three-dimensional multi-material is regarded as a gradient-Young
measure so that the stored strain energy of the material is defined as a
bifunctional of displacement/Young measure state variables. We propose
a new model by computing a suitable variational limit of this bifunctional
when the thickness and the stiffness of the strong material are of order &
and % respectively. The stored strain energy functional associated with
the model in pure displacements living in a Sobolev space is obtained
as the marginal map of the limit bifunctional. We also obtain a new
asymptotic formulation in terms of Young measure state variable when
considering the other marginal map.
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1 Introduction

In [1] and [10] a variational model of multi-material with a very rigid interface
is obtained by identifying the classical I'-limit of the stored strain energy func-
tional when the magnitude order ¢ of the interface thickness goes to zero and
the stiffness of the material occupying the interface grows as % In this paper
we assume that the thin structure is occupied by a material which undergoes
reversible solid /solid phase transformation, while the strain of the soft material
occupying the complementary set of the layer can be high. As the main me-
chanical features are high strain of the soft material and oscillations of gradient
displacement in the layer of hight stiffness, we deal with the asymptotic analysis
of the problem by means of a new variational convergence where competing ob-
jects are pairs (u,v) of displacements/gradient Young measures state variables.
The advantage of using the second argument lies in the fact that v encodes
the gradient oscillations of u restricted to the layer. We obtain a new formu-
lation (@,7) € argmin F(u,v) — L(u) of the problem by identifying the limit
(u,v) — F(u,v) of the stored strain energy functional u — Fy(u) rewritten as
a bifunctional (u, ) — Fe(u, u) (we write L(u) for the exterior loading).

Let Q be the reference configuration occupied by the material and Sx]0, ¢|
the thin inclusion. The limit energy functional of F. obtained in [10] is of
the form u — F(u) = [, Qf(Vu) dz + [4Qgo(Vys(u)) di for all Sobolev-
functions u with smooth trace yg(u) on the two-dimensional interface S, where
Qf and Qgo denote the quasiconvexifications of f and gg. As a straightforward
consequence of our formulation we find the stored strain energy F' as to be
the marginal map u — inf, F(u,v) of the energy functional F when the Young
measure v = v;®dZ is then regarded as an internal state variable. By comparing
the two variational formulations @ € argmin (F—L) and (@, 7) € argmin (F—L),
we obtain an integral representation with respect to the probability measure v;
on the set M3*2 of 3 x 2-matrices, of the significant macroscopic quantities
Vs(i) and Qgo(Vys(@)). In some sense we may think the variable 7 as the
microscopic description of Vyg(a) and Qgo(Vys(i)).

Another way for obtaining a variational formulation of the problem is to
consider the marginal map G of F — L when the displacement field u is now
regarded as an internal variable. We show that the energy functional v —
G(v) := inf,(F(u,v) — L(u)) is a variational limit of p +— inf, (Fc(u,p) —
L(w)) so that 7 € argmin G is a new formulation of the problem in terms of
gradient Young measures parametrized on the interface S. By comparing it
with the formulation (@, 7) € argmin (F — L), we show that @ is a solution of
the nonlinear Dirichlet problem min( fﬂ\ s @f(Vu) dz — L(u)) subjected to the

boundary condition (%) = @’1( fMSXz Xdﬁi) on the interface S. Consequently,
one may think the surface energy [ Qgo(Vys(u)) di obtained in [10] as a
relaxation of the boundary condition above (it should be noted the analogy
with the relaxation of boundary conditions in BV-spaces).

This paper illustrates, in the modeling of multi-materials, the following gen-
eral strategy: in order to capture various convergence phenomena on minimizing



sequences regarded as Sobolev variables of a problem (P.), one defines a suit-
able measure state variable o connected to the Sobolev state variable u (Young
measure, concentration measure....), an energy bifunctional (u, ) — F(u, )
modeling (P.), a suitable variational convergence process, and identify its limit
F. We recover the limit energy in terms of Sobolev variables as the marginal
functional of F when g is regarded as an internal variable. This idea as al-
ready been used in the framework of relaxation theory for a reduction dimen-
sion problem in [12], and for control problems in [22]. We also obtain a new
asymptotic formulation in terms of measure state variable by considering the
marginal functional of F when u is an internal variable. Here, in the context of
asymptotic analysis, we have to first establish a variational convergence of the
two marginals.

The paper is organized as follows. Section 2 provides the abstract setting of
the problem. We introduce a suitable variational convergence for bifunctionals
and establish the variational convergence of their marginal maps. In Section
3, after a brief exposition of the mechanical setting, according to Section 2,
we set up notation and terminology for the problem and prove the variational
convergence of the bifunctional F, to the bifunctional F (Theorem 2). The two
last sections are devoted to the asymptotic analysis of the marginal maps and
their consequences (Theorem 3, Corollaries 1 and 2). For making the paper as
self contained as possible, we repeat the material from Young measures without
proofs in Appendix 6.

2 A variational convergence of sequences of func-
tionals defined on topological product spaces

2.1 The abstract setting

Given three first countable topological spaces, X, Y, Y, a map A from Y to Y,
and extended real-valued functionals F,, : X x Y — RU{+o0}, F: X xV —
R U {400}, our purpose is to define a variational convergence of the sequence
(Fn)nen toward the functional F so that, under a suitable convergence process
associated with A and some compactness hypotheses, the following implication
holds true when n — +oc:

infxxy Fn — miny, o F ;
Fn — F = argminy xy Fn 3 (Tn,yn) — (,9) € argmin ¢ F
at least for a subsequence.

We begin by introducing a new weak notion of convergence between elements
of Y and Y, and next, between elements of X x Y and X x Y.

Definition 1. Let (yn)nen be a sequence in'Y and § in Y. We say that yn

A-converges to § and we write
N
Yn — Y

w



iff there exists y in'Y such that y, — y and § = A(y). R
Let ((Tn,Yn))nen be a sequence in X XY and (z,9) in X xY. We say that
(T, Yn) converges to (x,4) and we write

IxA
(@n,yn) = (

iff x5, converges to x, and y,, A-converges to .

z,9)

We introduce now the variational convergence associated with the previous
convergence.

Definition 2. We say that F,, Ty y y--converges to F and we write
T -
Fo 257 F

iff for all (z,9) in X x Y, both following assertions hold:

(i) V(nyn) € X XY st (n,yn) 7 (2.9), Fle,9) < liminf Fo (2, yn),
(i) 3n, yn) € X XY st (2, yn) " (2,9), Fla,9) > limsup Fo(wn, yn)-
n—-+o0o

Note that this convergence is closely related to the I'-convergence. When
X = {0} or, which is equivalent, when F,, and F do not depend on z, we denote
it briefly by I'y.y. When YV = {0} and Y = {0} i.e. when F, and F do not
depend on y and ¢, we will write it simply I"x and our definition agrees with
the classical I'-convergence. Note also that when YV = Y and A is the identity
map, 'y yy is the I'yxy-convergence. The proposition below expresses the
variational nature of the I'y y y-convergence.

Proposition 1. Let us assume that (Fp)nen Ty y y-converges to F and let

((Tn, Yn))nen be a sequence of X XY satisfying

1
fn ny In S i f ]:n ) -
(Enowm) < Jley T+ 5

Assume furthermore that {(zn,yn) : n € N} is relatively compact for the conver-

gence IxaA defined above. Then any cluster point (Z,7) € X x Y is a minimizer
of F and -
hIJIrl inf{F,(z,y): (z,y) €e X xY}=F(Z,9)

Proof. The proof is similar to that of Theorem 12.1.1 in [6] and left to the

reader. O

2.2 The variational convergence of marginal functionals

Let us consider the following marginal functionals F,, ' : X — R U {+o0},
G, : Y —RU{+o0},and G : Y — RU {+0o0} defined by :

Falw) = inf Folwy) . F() = inf Flr.5)
Y

Gn(y):;g(fn(x,y) , G(y):;g(f(x,y)



The variational convergence of the functionals F,, yields the variational conver-
gence of their marginal maps, precisely:

Theorem 1. Let us assume that (Fp)nen Iy y y-converges to F. Assume fur-
thermore that the following inf-compactness property holds: for every sequence
((Zn,Yn))nen satisfying sup,en Fn(@n,yn) < 400, there exists a subsequence
(To(m)s Yom)) m X XY and (z,7) in X X Y such that (To(n)s Yo(n)) IxA (x,7).
Then

(i) F, 25 F
.. Ty vy
(i) G, — G

Proof. Proof of assertion (7). On account of Theorem 12.1.1 in [6], we are going
to establish that for any subsequence of F),, one can extract a subsequence
which T'x-converges to F. Let (2, )nen be a sequence converging to = in X and
consider a sequence (yn)nen in Y such that

.
fn(xnayn)_ﬁ Sylggfn(xn,y) = Fo(xn). (1)

We can assume that sup,, oy Fn (2,) < 400 (otherwise there is nothing to prove)
so that sup, ey Fn(@n,yn) < +00. Thus, according to the inf-compactness as-
sumption, there exist a subsequence (Zq(n),Yo(n)) and g in Y such that To(n)
converges to x, and Y, (,) A-converges to . Furthermore, since (7, )nen T XYy
converges to JF, one has

F(z,9) < liminf fg(n) (Ig(n) , yg(n)).

n—-+o0o

Since from (1) one has Fy(,)(Zo(n)) = Fon)(@o(n)> Yo(n)) — ﬁ, we deduce

F(z) < F(x,9) < liminf Fi ) (o))

n—-+o0o

From now on, to shorten notation, we write n instead of o(n). Let (§p)pen be
a sequence in Y satisfying

F(z) = inf F(z,9) = lim F(z,3p,). (2)

JEY p—+o0

Combining (i) and (ii) of Definition 2, for every fixed p there exists a sequence
(22, ypn))nen in X X Y such that

P —
A -
Yp,n Yp

Flz,gp) = lUm Fo(zh,ypn). (3)

n—-+oo

and satisfying



From (2) and (3), we obtain

F(z)= lim lim F,(a2,ypn)-
p—+oon—+oo
Then, using a standard diagonalization argument, there exists a map n +— p(n)
satisfying p(n) — +o0o whenever n — +oo for which one has

F(z)= lim fn(xf’l(”),yp(n)yn) > limsup F,, (z2(™).

n—-+00 n—-+oo
The sequence defined by @, = 25" then satisfies assertion (ii) of Definition 2
and the proof of (i) is complete. The proof of assertion (ii) is very similar and
left to the reader. O

2.3 A concrete example

In this section, we present a concrete example entering within the general frame-
work described above. It is the main subject of the paper which will be treated in
details in the next section. We will deal with a second example in a forthcoming
paper where we will take into account the concentration gradient phenomenon.
For the analysis of concentration effects we refer the reader to [18] and [25].

We denote the sets of 3 x 3 and 3 x 2 matrices with real numbers entries
by M3*3 and M3*2 respectively. Considering the space M3*3 as the product
M3*2 x R3, we will denote by A the first coordinate in M3*2 of any element A
of M?*3, We write Pysx2 to denote the projection mapping M3*3 to M?3*2,
In what follows, we use notation of Theorem 4 in Appendix 6.

Let ©, B be two open bounded subsets of R3, and S C R? such that B =
S x (0,1), we define the sets of Young measures Ysx3(B) and Vsx2(5) as follow:

v € Vixa(S) & v e MH(S x M3*?) and Ps#v = L

where Pp#u (resp. Ps#v) denotes the image of the measure u (resp. v) by the
projection Pg : B x M3*3 — B (resp. Ps : S x M3*2 — §) and L (resp.

L) the Lebesgue measure on B (resp. S). For every probability measure P on
M?3*3 or M3*2, we write bar(P) for its barycenter, i.e. bar(P) = [ A dP()).

The map A is defined by:
A:V3x3(B) — Vaxa(9)

1
p=p,@de u:(/ gj,sds)e@dge
0

where [i, = Pypax2 F# iz, © € £, and fol iz sds is the probability measure param-
eterized by # € S, which acts on all ¢ € Co(M3*2) as follows:

1 1
</ fig,sds <P> = / / @(A)dﬂi,s ds.
0 0 M3x2



Given a sequence (pe)e>o in the space Vs«3(B) equipped with the narrow
convergence (see Appendix 6) and v in Ysx2(S), according to Definition 1 one
has

nar
He — [
v=A(p)

and, for (ve, pte) in LP(Q,R3) x V3x3(B), and (v,v) in LP(Q,R3) x Vsx2(S):

IxA {vs — v in LP(Q,R?)

pe 2 v o 3p e Yius(B) sit. {

(’05’#5) - (’U,I/) < A
He — V.

Given two locally Lipschitz functions f,g : M3*3 — RT satisfying a growth
condition of order p, we consider the integral functional F. defined by

Fe : LP(Q,R3) x V3y3(B) — RU {400}

o1

[ r@ay st [ G2 dut L)
]: (u ) L Q. BxM3x3 19 .
s\t H) = if u e WpP(Q,R3),

400 otherwise,

where
0if pp = Ovy(e) @ dr, v=157u
400 otherwise.

I (u,p) := {

and r.u is defined by rou(z, z3) = u(z, ex3).

Let @ygxg(S) denote the subset of V342(S) made up of all Young measures
generated by gradients of W?(S, R?)-Sobolev functions, vs the trace operator
from W1P(Q\ S, R3) into LP(S,R3) and define the function go : M3*? — R for
all A in M3*2 by go(A) := infecps g(A€). Setting X = LP(Q,R?), Y = V3,3(B)
and Y := YVs3x2(S), in the next section we prove that the sequence (F;)cso
'y y y-converges to the functional F, defined by

F: LP(Q,R?) x V3x2(S) — RU {400}

Qf(Vu) dx + / 9o(\) dv + I(u,v) if u € WEP(QR?)
Flu,v) = Q SxM3x2
B Ysu € WHP(S,R),
400 otherwise,
where
I(u,v) = 0if v € VVsx2(S), bar(vz) = Vys(u)(&) aein S.
"7 | 400 otherwise.

Theorem 1 applied to the sequence of the two marginal maps sheds new light
on the mechanical problem.



3 A model in terms of displacement /Young mea-
sures: analysis of microstructures of the strong
material

In the three dimensional Euclidean space E? referred to the orthonormal frame
(0;e1,e2,e3), we consider a domain 2 with a C! boundary I'. Let Qf = QN
[+23 > 0], the interior S = {9QF N 9N~ }° of the common part of the boundaries
of OF is assumed to have a positive H2-measure and, to shorten the proofs,
included in the plane [z3 = 0]. The set 2 is the physical reference configuration
of the assembly of two materials. More precisely, given a small dimensionless
parameter ¢ and a global characteristic length h (for example the diameter of
Q), the set Be = {x +e2:0 < z < h, x € S} is the reference configuration
of a strong material (whose stiffness is of order 1) while Q. = Q\ B; is the
reference configuration of a material with stiffness of order 1. (see figure 1).
The structure is clamped on a part I'g of I' with a positive H2-measure, the
complementary part I'y of I'g is submitted to surface loads ¢ and we assume
that H*(I'o N S) > 0. Obviously one can there consider other type of boundary
conditions (e.g. a combination of some components of the stress vector and of
the displacement). Moreover the structure is submitted to applied body forces
.

I

°

Ty

Figure 1: Bonded assembly - Left: the physical configuration-Right: the rescaled
layer - Below: the limit configuration.



Let p > 1, we say that a Borel function W : M3*3 — R satisfies a (C),) condition
if

Jo, B, C €R* s t. V(A N) € M3, a|AlP < W(N) < B(1+|A]P) n
(W) = W) < CIA =N+ AP+ V[P

We say that a quasiconvex function ¢ : M3*3 — R (resp ¢ : M3*2 — R)
satisfies a growth condition of order p if there exists v > 0 such that

VA€ MY (V)] <41+ [AP)  (resp VA € MP2, [6(A)] < A(1 +[A]P)).

The soft and the strong materials are modeled as hyperelastic and the bulk
energy densities f, g of the two materials occupying ). and B, satisfy a (Cp)
condition with p > 1. To shorten notation, we assume that (C)) is satisfied
with the same constants «, 0 and C'. We make the assumption that the strain
of the soft material can be high and that the thin structure B, is occupied by
a material which undergoes reversible solid-solid phase transformation as for
instance crystalline solids. In this context, the densities f and g are not convex
and g entails a multi-well structure. It is worth pointing out that the assumed
growth condition violates the mechanical principle which asserts that it needs
infinite amount of energy to squeeze a small piece of material down to a point.
We also do not take into account preservation of orientation and injectivity
conditions on the deformation fields so that the model presented in this section
is a first attempt to account large purely elastic deformation. We hope to deal
with this much more complex situation in a future work (for some results where
these constraints are taken into account, we refer the reader to [20], [3, 4]).

We assume that the global characteristic length h is equal to 1 and the stored
strain energy associated with a displacement field u is given by the functional

1
F.(u) = f(Vu) dx + —/ g(Vu) dz.
Q. ¢ JB.

The equilibrium configuration of the structure is given by the displacement field

U, solution-more generally e-approximate solution-of the problem

inf{F.(u) — L(u) : w € WAP(Q,R?)}

where L(u) = / ® dx +/ ¥ dH?. We want to analyze the behavior of
Q Ty

U. when ¢ tends to zero and to identify the variational problem whose limit
is a solution. But since the material in the layer B. possesses a fine micro-
structure, the gradient minimizing sequence (Vu.):~o develops oscillations we
would like to integrate into the variational problem. This is why we write the
strain energy % S 5. 9(Vu) dz in terms of Young measures so that the limit
problem also accounts for a two-dimensional microstructure (for existence of
microstructures see [9] and for microstructures in thin films, we refer the reader
to [11], [17], [21] and references therein).



Since the behavior of the displacement is radically different in €. and B,
in a first stage, it is convenient to write the energy functional F; in terms of
two arguments, one u, the displacement on €., the other v, the displacement on
B. occupied by the strong material. On the other hand, in order to work in a
fixed space for the variable v, the change of scale (&, x3) = (&,eys) transforming
(Z,x23) € Be into (&,y3) € B := S x (0,1) leads to consider the following
functional

G. : LP(Q,R?) x LP(B,R3) — R U {+00}

-~ 1 0v ) - .
Golu o) = ) Jo TV d”/Bg(ngaxg) da + I (u,v) if u € WLP(Q,R?),

400 otherwise,

where, for all (u,v) € WpP(Q,R?) x WP (B, R?)

I (u,v) Oifl,reu=w
u,v) = )
c +00 otherwise.

and r.u(Z,y3) := u(Z,eys). Now we write G, in terms of pairs of displace-
ments/Young measures by defining the functional F, as follows

Fo: LP(Q,R?) x V3x3(B) — RU {+00}
f(Vu) d:c—i—/

o1
g(Al=Xs) dp+ L. (u,p) if u € Wll(’)p(Q,RB),
BxMS3Xx3 9

Felu,p) == 4§ Ja.
400 otherwise,

where
0if p = vy @dx,v =1
Is(u,u)i_{ 4= Ovete) @ 6,0 = LoTel
+00 otherwise.

Clearly F. is one way of writing G. and from the strict variational point of view,
it is equivalent to identify the variational limit of F, and that of F. in the spirit
of the previous section. Indeed we have

inf (Fa(u)—L(u)) -

ueWpP (2,R?)

(gg(u, v) — L(u))

inf
(u,v)eLP(Q,R3)x LP(B,R3)

= inf (]—" u, 1) — L(u )
(u, 1) ELP(Q,R3) x V35 (B) () = Lw)
Nevertheless, we want to point out that the last formulation has the advantage
to encode the gradient oscillations of e-minimizers in the layer B, thanks to the
Young measure state variable.

In order to apply Proposition 1 we begin by establishing the following com-

pactness lemma

Lemma 1 (Compactness). Let ((ue,ve, f1c))e>0 be a sequence in LP(,R?) x
LP(B,R3) x Vs343(B) satisfying sup,sq Ge (e, Ve) = sup,sg Fe(ue, pe) < +00.
Then there exist (u,v) € WESP(Q,H@) x WUP(B,R%), v € V)sx2(S) and a
subsequence not relabeled such that

10



i) ue — u weakly in W;(’)p(Q,Rg) and strongly in LP(Q,R3), v. — v weakly
in WHP(B,R3) and strongly in LP(B,R3);

ii) g;z — 0 strongly in LP(B,R3), % =0 and v € WHP(S,R3);

iii) vs(u) = v on S where vs denotes the trace operator from WP (2\ S, R?)
into LP(S);

i) (ue, pte) xd (u,v), with v = A(u) where pi = (fiz @ do,5) ® dx and fi :=
iz @ dx is the Young measure generated by (@UE)DO. Moreover u and v
are connected as follows: bar(vz) = Vys(u)(Z) for a.e. & € S.

Proof. Assertions 1) and ii) are straightforward consequences of the coerciveness
condition in (4), Pomcare s inequality and the isometry between W1P(S, R3)
and {v € W'P(B,R3) : 8_,7;3 = 0}. We are going to establish assertion iii). For
a. e. x € B we have

€Y3 8u5

0o, ys) = e (&, £ys) = ue(2,0) + / Ous (3,5 ds
0 3243

where u.(#,0) must be taken in the trace sense. Let Q,(&0) = Q,(i0) x (0, p)
be the cylinder of R® where Qp(:i"o) is the ball of R? centered at &g € S with
p > 0 small enough so that Q,(&o) C B. Integrating the previous equality over

Q,(d0) yields

s 8u€
][ vad:v—][ ue(£,0) d:v—i—][ / ,8) ds dx.
Qo (#0) Q) Qo (o) o

Letting ¢ — 0, according to the continuity of the trace operator and to i), ii),
we obtain

][A vdi = ][ A vs(u) di + limsup I, (5)
Qp(20) Qp(Zo) e—=0
€Y3 O
where I,. = ][ / ua (%,8) ds dx. Let us estimate I,.. An easy
Qp 10 ayg

calculation using Holder’s inequality gives

1 €Y3 au 1
< 1—5 5 P P N
pel < ][Qp(io)(sys) (/0 |8y3( s)] ds) dz dys
1 ou
< <sp>17][ / 124 3, 5)7 ds)” da
Q(io)( dys )

ep 1

< / / 8”5 s)|P ds dx)”
p(20)

< (ep)t z( / Ve |? d:c)

11



But since sup, o Ge (e, ve) = sup,so Fz(us) < 400, from the coerciveness prop-
€

erty satisfied by g one has / |[Vuc|P de < — so that the previous estimate
a

B
yields |1, .| < C(p, a)e where C(p, ) is a positive constant depending only on
p and «. From this estimate, (5) becomes

][A Udfc:][A vs(u) di
Qp(20) Qp(20)

for all p > 0. Letting p — 0 finally gives yg(u)(zo) = v(xo) for a.e. x in S.

It remains to establish assertion iv). Since F(ue, tte) < 400 we have p. =
Ovu. (z) @ dz and sup,.g [5|Voe|? dz < 400 so that the Young measures ji.
and 5@%(1) ® dx are tight. According to the Prokhorov compactness theorem

(Theorem 5 of Appendix 6), there exist a subsequence that we do not relabel,
and p € VY5x3(B), i € Vsx2(B) such that

He = 6V1}E(z) ® dr = My 6@1,5(1) ® do = f. (6)
On the other hand, from assertion ii)

0 0ve (,y ® dx = bo, ® da. (7)

dzs3

Combining (6) and (7) one easily deduce that p, = fi. ® o, and setting
v =v; ®dT where vz := fol fiz s ds, we finally obtain that p. A .
We have to prove that v belongs to Vsx2 (S). According to the Kinderlehrer-

Pedregal characterization theorem (Theorem 6 of Appendix 6), it is equivalent
to establish the three following assertions:

(KP); there exists w € W1P(S,R3) such that bar(v;) = Vw(z) for a.e. x € S;
(KP)s / AP dvs < 400 for ae. x € S;
M3x2
(KP)3 For all quasiconvex function ¢ satisfying a growth condition of order p,
p(bar(v;)) g/ #(\) dvy for ae. & € S.
M3x2

Proof of (KP),: From assertion i) and classical properties on Young mea-

sures, we have Vu(z) = fM3x2 A dfi; for a.e. x € B and since ;—; =0,

1
Vo(i) = / / A dfiz. s ds = / A dvz
0 Jmsx2 MB3x2

for a.e. Z in S so that v is the suitable Sobolev-function w.

Proof of (KP)y: From the definition of v; and the lower semicontinuity

12



property for Young measures (Proposition 5 of Appendix 6) we have

// AP dvs di = / / AP djiy dz
S JIM3x%x2 B JM3x2
- ~/B/M3x3 |5\|p (dﬂm ® 60R3) dx

- / AP du < / AP du
BxMB3x3 BxMB3x3

liminf [ [V |? dz < sup Fe(ue, pe) < +00
e=0 JB €>0

IN

which proves that [} s» AP dvz is finit for a.e. # in S.

Proof of (KP)3: Let ¢ : M3*2 — R be a quasiconvex function satisfying a
growth condition of order p and define the function ¢ : M3*3 — R by qz()\) =
¢(5\) It is easy to check that ¢Z is quasiconvex and clearly satisfies the same
growth condition. Since u € V)543(B) we have for a.e. z in B

oTu@) = 3(Vela) < [ G0 dn
= [ e dushe, = [ 60y an,
M3X3

M3><2

so that for a.e. x in S

1 1

d(Vo(i)) :/ (Vo(E)) ds < / / (N dfiz,s ds :/ o(\) dvg. O
0 0 JM3x2 M3x2

Remark 1. In the proof above we established A(VYsx3(B)) C Vsx2(S). In

fact it is easy to check that A(VYVsx3(B)) = VVsx2(S).

Consider the functional defined in Section 2.3:

F: LP(Q,R?) x V3x2(S) — RU {400}

/Qf(Vu) dx—i—/ 9o(N) dv + I(u,v) if u e WiP(Q,R?)
— Q S xMB3%2

F(u,v) yeu € WhP(S,R3),
+o00 otherwise.

We establish the Ty  y-convergence of the sequence (F¢).>0 to the functional
F by means of the two next propositions.

Proposition 2 (Lower bound). Let (u,v) be any pair in LP(2,R3) x V3x2(S).
Then, for all sequence ((ue, pie))eso in EP(Q,R3) x V3x3(B) converging to (u,v),
we have

Flu,v) < lign_}iélf Fe(tie, pe).

13



Proof. One can assume lim inf. o Fc(ue, tte) < 400 otherwise there is nothing
to prove. Consequently, from Lemma 1 we have

ue WEP(Q,R3);

v € VYsx2(5); bar(vz) = Vys(u) (&) for a.e. & € S.

This proves that I(u,r) = 0 and it suffices to establish the two following esti-
mates:

/ go(A) dv < liminf (@v8|1 aUE) dx; (8)
SxM3*2 =0 JB
/ Qf(Vu) dz < lim i(])nf f(Vu.) de. 9)
Q =0 Ja,

Proof of (8): From the lower semicontinuity property for Young measures (see
Proposition 5 of Appendix) and assertion iv) of Lemma 1, it follows that

~ 1 ~
liminf/ g(A|=X3) due > liminf/ go(A) dpe
e—0 BxM3x3 g e—0 BxM3x3
/ 90() du
BxM3x3

= / go(N) d(jiz ® d3) ® da
BxM3x3

/ go(\) dvz ® di = / go(N\) dv.
SxMBx2 SxMBx2

Proof of (9): For fixed n > ¢ we have

[ s ar= | ST do 2 / Qf(Vur) da

\%

Y

and, since w +— Qf(Vw) dx is lower semicontinuous for the weak conver-
Q,

gence in WP(Q,,R3), we deduce

hmmf/ F(Vue) da:>/ Qf(Vu)

We end the proof by letting n — 0. O

For establishing the upper bound in the definition of our variational conver-
gence, we need to prove the following relaxation result

Lemma 2. Let (u,v) in Wl’p(Q R3) x VVsx2(S) with Vs (u)(&) = bar(vz)
for a.e. & in S and a sequence ((Un,Vn))neN 0 Wll’p(ﬂ R3) x WLP(S R?) such
that u,, weakly converges to u in Wl’p(Q,R3), 0%y, (1) @ dr = v in Vax2(S5) and

ngrfoo/fvun da:_/Qf (V)
lim / o(Vup) d _] go(N\) dv.

n—-+4oo S SxMB3x2

(10)



Then there exists a sequence (ln)nen Satisfying all the conditions fulfilled by
(Un)nen and furthermore which satisfies yg(ty) = Uy,

Proof. Such a sequence ((un,vn))nen exists, consult for instance [6], Theorem
11.2.1 and Theorem 11.4.2. Note that one may assume (|Vu,|?)nen uniformly
integrable. Indeed, consider the sequence (u,)nen whose gradients generate
the same Young measure p and such that (|Vi,|P)nen is uniformly integrable
(see Proposition 7 in Appendix). By using Propositions 5, 6 in Appendix and
standard lower semicontinuity results in Sobolev spaces, we have

n—-+4oo

/Qme (A) dp

= lim [ f(Viy) do

n—-4o0o Q

/ng(vu) dz = lim /Qf(Vun) dz
[10)

Y

2 Qf(Vu) dz,
Q
so that
lim / f(Viy,) de = lim / f(Vuy,) dx = / Qf(Vu) dz
n—+oo [ n—+oo /o Q

which proves the thesis. In what follows, we still denote by (un)nen the se-
quence (Up)nen. We are going to modify the function u, near S so that the
constraint s (u,) = v, holds. The function v, will be indifferently considered
as a WHP(S, R3)-function or a WP (Q, R?)-function with ngZ =0.

By coerciveness of go, |, g |@vn|p dz is bounded, thus v,, strongly converges
in L?(S,R?) to a function v which classically satisfies V(&) = bar(vz) for
a.e. & in S. Then ys(u) = v on S. Let n > 0 intended to go to 0 and

set ¥y, 1= S x (—%,3). We are going to modify u, on ¥, in order that the

trace on S of the new function be equal to v,, and in such a way to decrease
limy, 100 [ f(Vun) do. Let ¢ € C°(R) satisfying
@y =1onQ\ X2, p,=00n%, 0<¢p, <1,
Veul <
T
and define
Un,n = <Pn(un - vn) + Un. (11)
Clearly u,, belongs to Wll[’)p(ﬂ, R?) and vs(un ) = vi. Moreover
f(Vupy) de = / f(Vun,y) d:c—!—/ f(Vun,y) d:c—!—/ f(Vup,n) dz
2y E2W\En

Q A\ s,

< /En f(Vuy) dw+/22,,\2n fF(Vuny) d:v—i—/ﬂf(Vun) dx.
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Thus, from the growth condition in (4),

1
Vup,) de < C{n+ —/
/Qf( n) (77 " Js,,

+ /Qf(Vun) dx

i, — va]P d:v—i—/ (1Vunl?) d)
>

2n

where, from now on, C' denotes various positive constants depending only on 3,
p and Q. Letting n — 400, from (10) we obtain

limsup/ f(Vuny,) de < C(n—f—i/ |u_vf d:v—i—sup/ (|Vu,|P) dx)
Q " Js )

n—+00 2n neNJ Sy,
+ / Qf(Vu) dx.
Q

But since ys(u) = v on S, the following Poincaré inequality holds

J

so that, letting n — 0, from the uniform integrability of (|Vup|)nen

0
|lu —v|P d:vgnp/ |_u|p dx

29 o, OT3

limsuplimsup/ f(Vup,y) do S/ Qf(Vu) du.
Q Q

n—+oo n—oo

We conclude by a standard diagonalization argument: there exists n — n(n)
such that

limsup | f(Vup ) dv < / Qf(Vu) dz.
Q Q

n—-+o0o
It is easily checked that sequence (@i, )nen defined by @, = tuy ,(n)) converges
to u strongly in LP(2,R3) and weakly in Wllf’)p (2,R?), which completes the
proof. O

Proposition 3 (Upper bound). For all (u,v) € LP(Q,R3) x Vsx2(S) there
exists a sequence ((Ue, pie))eso in LP(Q,R3) x V3x3(B) converging to (u,v) and
satisfying
F(u, V) > limsupfa(uaaﬂa)'
e—0
Proof. One can assume F(u,v) < +00 so that (u,v) € Wll[’)p(ﬂ, R3) x VYs3x2(S).

Classically, there exists v, € WP(S,R3) such that (|[Vo,|P)nen is uniformly
integrable and d¢, ;) ® di = v in Y3x2(S) (Proposition 7 of Appendix 6).

T

Note that we also have
(5@1%(50) & 50R3) ® dr = (1/55 ® 60R3) ® dx (12)

in Vs3x3(B) when n — 400. Since g satisfies a growth condition of order p, we
have (Proposition 6 of Appendix 6)

lim go(Vuy) dit = / go(\) du.
s SxMBx2

n—-+oo
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But, according to a classical interchange argument between infimum and inte-
grals (see [2])

Vu,) di =  inf Vo [€) di.
[on(Fu) di= _nt [ o(¥0,9) i

Let &, in D(S,R3) satisfying

. . 1
| / 9(Vonl€n) di — / go(Vuy) dit| < =,
s s n
then,
tm [ gVl di= [ go(d) dv. (13)
n—-+o0o SxMB3x2
Consider the function v, . in W1P(B,R3) defined by
Un,e(X) = v (Z) + ex36, (T).
For fixed n, we first claim that
/1'77,,5 = 6vvn’5(z) ® d(E = (5@1%(:3) % 60R3) X d(E (14)

in Vax3(B) when € — 0. Indeed, setting 0, (z) := v, (), since Vo, . — Vo, — 0
strongly in LP(B,M?3*3), Vu,, . and V%, generates the same Young measure
(070, () @ G0,5) © da in Vax3(B).

On the other hand, according to the classical relaxation theory in Sobolev
spaces, there exists u, € Wll(’)p(Q,R?’) strongly converging to u in LP(£2,R?)
such that

lim f(Vu,) de = [ Qf(Vu) dx (15)
Q

n—-4o0o Q

and we can modify u, near S in such a way that ys(un) = v, (see Lemma 2 of
Appendix). Let > ¢ and consider the function uy, ., defined for all z in Q by

Une (T, 23) = 0(x3)vn (2, %) + (1 — 0(x3))un (&, x3)

where 6 is a C!-function satisfying 0 < 6 < 1, |88_103| <L and

n—e
0— 1in B,
0in Q\ B,.
To shorten notation, we do not indicate the dependance on 1 and ¢ for . Note

that v, ¢, € Wll(’)p(Q,R?’) and reUpnen = Une on B. From the local Lipschitz
property in (4) satisfied by g one can easily establish

1 0vp ¢

ti [ (90,25 do = [ o(Fule) di (16)
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Let us write

F(Vitne) da = /

O\B,

f(Vuy,) dz —|—/ f(Vupen) do. (17)

Q. B,\B.

We claim that lim lim f(Vup ) dr. = 0. Indeed since
n—0e—0 B,\B.

@unysm = 0(Vu, + 23VE) + (1 — )V,

Qumen — 90y, — ) + w36, 2 ® 1 0¢, +(1—0)2

Oxs T3

I'g )
the following estimate holds:

’/ f(Vunen da:’ < C’(/ ({n,Vﬁn,Vun,@vnaun) dx
B,\B. B, \B. Ox3

o0
+ ud } on = wnl? do+ [ sy P do) (18)
B\, BB, @

where I is Lebesgue integrable and does not depend on € and 7n. Clearly the
first term in (18) tends to 0 when e then 7 go to 0. We estimate the two last
terms. Since yg(up) = v, on S, Poincaré’s inequality yields

1
/ ‘ ‘ |vn, — uplP de < 7/ |v, — up|? dx
B,\B. (n—e) Jp,

P
< o /B [V (vy, —up) P dx

which tends to 0 when € then 1 go to 0. On the other hand

00 p
[ omeSras o [ e o
B,\B. z3 (n—e) Jp,

which tends to 0 for the same reason. Therefore, combining (16), (17) and (18)
we obtain

N

lim hm]—“ (Un,ems Pn,e) = / f(Vuy) dz +/ (@Unmn) dz

n—0e—0

Then, using a standard diagonalization argument, there exists a map € +— ()
satisfying n(e) — 0 whenever ¢ — 0 and, setting un ¢ := Up ¢ n(e),

hm}' (Un,ey fne) = /f (Vuy,) d:c—!—/ (V&) di (19)

for all fixed n € N. Moreover, going back to the expression of u, . we have

/ [thn,e — up|? dr < / [vn + x3&n — up|P de,
Q

n(e)
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thus u, . strongly converges to u, in LP(2,R?) when ¢ — 0.

Collecting (12), (13), (14), (15) and (19), we deduce the following conver-
gence scheme where the first arrow indicates a convergence with respect to e
and the second to n:

nar nar

:u’n,E - (5@1;”(@) ® 60]@;3) ® dI - (VCE ® 50]}@) ® dCC,
Unpe — Up — u strongly in LP(Q, R3);

fa(un,auﬂn,a) - ‘/Qf(vun) dx + / g(@vnmn) dz

S ~
— [ QF(Vu) dr + / a0(A) du.
Q S

The conclusion of Proposition 3 then follows by using a standard diagonalization
argument ! in the product space LP(Q,R3) x Vs543(B) x R and noticing that
A((V@ & 5011:;3) ® dz) = v. O

On account of Definition 2, Proposition 1, Lemma 1 and Propositions 2, 3
above, we can state the main theorem of this section.

Theorem 2. The sequence of functionals (F. — L)e>o T'y y y-converges to the
functional F — L. In addition, if (te,fic) € LP(,R3) x Vs3y3(B) is an e-
manimizer of F. — L, i.e. satisfies

fs(ﬁsaﬂs) - L(ﬁs) Se+

(#- () = L)),

inf
(u,1) ELP (,R3) X V3 3(B)

then there exists a subsequence of ((te, fic))e>0 converging to (4,v) which is a
minimizer of inf (, ,)eLr(Q,R3) x Vs ya(S5) (f(u,l/)—L(u)). Moreover yg(u) belongs
to WHP(S,R3) and, for a.e. & in S bar(vz) = Vys(a)(&).

Proof. The proof is a straightforward consequence of Lemma 1, Propositions 2
and Proposition 3. Indeed, L is easily seen to be a continuous perturbation of

F—-L. O

XY,V X,Y,Y

r r
Feysothat F, — F=F.—-L —

4 The Young measure considered as an internal
variable: the formulation in terms of displace-
ments

In this section, we derive the classical model obtained in [1] in the context of
the linear elasticity or in [10] in a more general setting, from the model obtained
in Section 3. We show that the stored strain energy functional associated with
the classical model is the marginal map of the functional limit F obtained in
the previous section when we consider the Young measure v, which represents

1 Such an argument is valid because the set V3% 3(B) endowed with the narrow topology
is first countable (see [13] Proposition 2.3.1).
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the fine microstructure of the layer, as an internal variable. In some sense the
formulation in terms of displacement can be regarded as the macroscopic version
of the model suggested in Section 3 (see Corollary 1). With the notations of
Sections 2, 3 we define the two functionals

H., H:LP(Q,R?) — RU{+oo}
by

N 10r.u . 1p 3
H.(u) = /QE f(Vu) dﬂc—l—/Bg(V7°au|E Fr ) dz if uw € WRP(Q,R?),

+00 otherwise

and

/ Qf(Vu) d:c+/ Qgo(Vys(u)) di if u € WP (Q,R?),
Q S

H(u) := ~s(u) € WIP(S,R3)
+o00 otherwise.

Clearly, H. is the marginal map associated with the functional F,, i.e., for all
u € LP(Q,R3) we have

H.(u)= inf F .
<(u) ot < (u, 1)

On the other hand H is the stored strain energy functional obtained in [10]
in non linear elasticity, or in [1] in the linear elasticity framework where we
have to replace Vu with the linearized strain tensor e(u) = 3(Vu +' Vu) and
the quasiconvexifications of f and gg with their convexifications. In the next
proposition, we establish that H is the marginal map associated with the limit
functional F.

Proposition 4. The functional H is the marginal map associated with the
functional F when the Young measure v is considered as an internal variable.
More precisely, for all u € LP(2,R3) we have

H(u)= inf F .
(u) ot o) (u,v)

Proof. We begin by introducing various sets. For every A in M3*2 we define
the set adm(A) of probability measures on M?>*? by:

A :/ A dP;
M3X2
P c adm(Ad) «— / AP dP < 4o0;
M3Xx2

o(A) < / 6(\) dP

M3><2
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for all quasiconvex function ¢ satisfying a growth condition of order p. On the
other hand, for each fixed u € Wp?(Q,R?) such that vs(u) € WHP(S,R?) we
define the subset Adm(u) of Vs5x2(S) by:

v € Vsxa(S);

v € Adm(u) < { bar(vz) = @75(11)(50) for a.e. £ € 8.

The proof is based on the following localization Lemma.

Lemma 3. With the notations above we have

(1) inf { /M3X2 go(A) dP : P € adm(A)} = Qgo(A) for all A € M3*2;

(i) inf / go(\) dv = / inf ( / ey dP)dﬁc.
ve Adm(u) J s xms3x2 s Peadm(Vys(u)(#)) \Jmsxz2

Proof of Lemma 3. Proof of (i). For every P € adm(A) one has

/ w0() dP > / Qgo(A) dP > Qgo(A)
M3x2 M3x2

so that inf{ /M3X2 go(A) dP : P € adm(fl)} > Qgo(A).

For the converse inequality, set Y =]0,1[2, fix ¢ € WO1 P (Y,R3) and define
the probability measure Py, by

Pﬂ’ = /}76A+V1/1(Q) dﬂ

which acts on every continuous function ¢ : M3*? — R satisfying a growth
condition of order p as follows:

| e dpy = [ o(d+ Vo) dy
M3X2 Y
Clearly P, € adm(/l), consequently

E(A) :={Py ¢ € WP (Y, R*)} C adm(A).

It follows that

inf { /M3X2 go(A) dP : P € adm(fl)}

IN

inf { /M o(d) P : P e £(A))

- /Y go(A + 6(9)) i

PEW, P (Y ,R3)
= Qgo(A).

In the last equality we have used the quasiconvex envelop formula for real valued
functions satisfying a growth condition of order p (see [15]).
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Proof of (ii). Since v € Adm(u) yields vz € adm(Vyg(u)(z)), clearly we
have

inf \) dvg di > / inf / \) dP) di.
ueAdm(u)/s/Msngo( ) speadm(ws(u)(i))( M3X290( ) )

Conversely, for all n > 0, and & € S, let P in adm(Vrys(u)(2)) satisfying

inf ( / 9N dP)z / go(N) dP! — 5. (20)
Peadm(Vys(u)(£)) \JM3x2 MB3x2

We can assume that the map & — P7 is measurable (see [14]). Set v := P} ®dz.

AsP! e adm(V~ys(u)(2)), the Young measure v belongs to Adm(u) so that (20)
yields, since 7 is arbitrary,

inf / go(A) dP) di > inf // go(N\) dvs di
/speadm(ws(u)(@))( M3x2 o) ) veAdm(u) Js Jmsx2 oY)

which completes the proof of Lemma 3. o

Proof of Proposition 4 continued. According to Lemma 3 we obtain

inf  F(u,v) = Vu) dz + inf / \) dv
et (u,v) QQf( ) AR Sstngo( )
= | Qf(Vu)dx + / inf ( / ey dP)d
Q s Peadm (Vs (u)(2)) \JMsx2
= [ Qs(vu) do+ [ Qun(Ss(w) di
Q s
which proves the proposition. o

Applying Proposition 4, Lemma 1 and Theorem 1 we recover the classical
nonlinear model of multimaterial with strong interface obtained in [1] and [10].
Precisely

Theorem 3. Let us equip the space X = LP(Q, R3) with the strong convergence.
Then the sequence of functionals (H.).>o I'x-converges to the functional H. In
addition, if u. € LP(2,R3) is an e-minimizer of H. — L, i.e. which satisfies

He(i) = (i) Se+ it (H - L(u)),

then there exists a subsequence of (tic)e>o strongly converging in LP(2,R?) and
weakly in Wll(’)p(ﬂ, R3) to some i which is a minimizer of the classical nonlinear
problem

inf (H(u) - L(u)).

u€LP(Q,R3)

22
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Let (u,7) be a minimizer of inf (, ,)err(Q,R3)x Vx5 () (}'(u, v)— L(u)) The
next corollary states that % is a minimizer of the classical nonlinear problem
and that at a.e. & in S, one may think 7 as the microscopic description of the
macroscopic quantities Vys(@)(2) and Qgo(Vys (@) (Z)).

Corollary 1. Let (a,7) be a minimizer of inf (, ,)e Lr(0,R3)x V52 (S) (f(u, v)—

L(u)) , then w is a minimizer of inf,cr(q Rrs) (H(u) —L(u)). Moreover for a.e.
Z in S one has

Vs () (&) = /M \ dig:

Qgo(Vs(a)(#)) = g0(\) dis.
M3 X2

Proof. We begin by proving the two equalities. The proof of the first one is
straightforward since 7 € Adm(@). For the same reason, for a.e. & in S we have

Qgo(Vys(@)(2)) < M3X2Q90()\) dvg

< / 90(5\) dv;.
M3x2

The converse inequality is more involved and requires a localization argu-
ment. Let 2o be a fixed point of S, Q,(0) = Q,(20) x (—p, p) the cylinder of R?
where Qp(ﬁzo) is the ball of R? centered at Z¢ € S. Write F:¥o, Frdo  [pdo
Hr%o for the functionals F., F, H., H localized at Q,(Zo) where the constraint
u € Wll[’)p(Q,Ri*) is replaced by the constraint u € @ + W, ?(Q, (&), R?). Tt is
easy to check that (@, 7) restricted to Q,(Zo) is also a minimizer of the localized
problem

inf {fﬂvfo (u,v) s u € LP(Q,(40), R®), v € y3x2(c},,(550)}.

On the other hand, analysis similar to that in the proofs of Theorem 2 and
. T o N N N
Theorem 3 shows that F2% 27 Frdo and H %X g0, From the second

L Tx .
variational convergence process —, there exists a sequence (uc)esqo strongly
converging to @ in LP(Q,(Zo), R?) such that

lim (Hgﬁo(us) - L(us))

e—0

- [ afvwdrt [ Qu(is@) di-L@. (e
Qp(io)

Qp(iﬂ)

Moreover, according to the Prokorov compactness theorem, e = v, () @dw A
U where U is some Young measure in @ygxg(s ). Now, from the first variational
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FX,Y,Y/ .
convergence process — , wWe obtain

lim (2% (u.) = Lue) ) = lim (F29° (e, pe) = Lw.) )

e—0 €

/Qp(%) Qf(Va) dx + /@p(%) (/M 9N dﬁi)d:i: ~ L(a)
Z /Qp(%) Qf(Vu) dIJr/@p(@o) (/Msngo(ﬁ) dai)djz—/:(a). (22)
Combining (21) and (22) we deduce

/Q | Qo(9s(0) i > /me) ([, a0 dns)as.

By choosing #( outside a suitable H>2-negligeable subset of S (take &g a Lebesgue
point of each two integrands in each two members), dividing the two members by

HQ(QP(J?O)) and letting p — 0, we obtain ng(@'ys(ﬂ) (Zo)) > / go(A) diz,,
M3><2

which completes the proof of the second equality.
It remains to establish that @ is a minimizer of the classical nonlinear prob-
lem. Indeed, from the second equality previously established we infer

v

\%

Qf (Vi) d + / Qgo(Vs(@)) di — L(7) = F(@, 7) — L(7)
Q S

inf inf - L
ueLy(IQ,R‘*) (ueylgnxz(S) F(u,v) (u))

inf (H(u) - L(u))

weLP(Q,R3)

which completes the proof of the corollary. O

5 The displacement considered as an internal
variable: the formulation in terms of Young
measure

Since H'(Ty N S) > 0, for each v € @ygxg(S) there exists a unique function u
in WHP(S,R?) satisfying u = 0 on To N S, defined for a.e. & in S by u() =

V~1(bar(vz)). For every fixed measure v in VY3x2(S), we consider the set
W(v) = {u € WEP(Q,R?) : ys(u)(2) = V~}(bar(vs)) for ae. & in s}

and define the functional G : Y3x2(S) — RU {+o0} by

infy) ( A Qf(Vu) dx — L(u)) —l—/s go(N) dv if v € VYsy5(5)

G(V) = ueW( < MB3%2
+o00 otherwise.
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It is straightforward to see that G is the marginal map of the functional F — L
when u is considered as an internal variable, namely G := inf ¢ .r (o r3) (]—"(u, -
L(u)). It is also interesting to notice that G is a sum of a bulk and surface en-
ergy, precisely:

G(v) :/Qh(x,bar(u@)) da:—l—/s(/Msngo(;\) d%) de

(Take h := Qf o Vu where @ is a solution of inf (/ Qf(Vu) dx — L(u)))
ueW (v) Q

FY,?

Applying Theorem 1, we deduce that G. := inf ,c (o r3) (.7:8 (u, )—L(u)) —
G. The formulation of the model in terms of Young measure is then given by the
problem 7 € argmin G. From this formulation, we deduce that a minimizer @ of
the classical formulation is solution of a Dirichlet problem (in a variational form)
with the following boundary condition: @(2) = V~!(bar(v;)) on S. Precisely

(f(u, v) —

Corollary 2. Let (u,7) be a minimizer of inf
(u,v)ELP(Q,R3) X Y3x2(S)

L(u)), then @ is a minimizer of the Dirichlet problem
inf{ Qf(Vu)dz—L(u) :u € Wll(’)p(Q,R3), w(#) = V' (bar(vz)) a.e. on S}.
o\S

Proof. On account of the I'y. ¢ -convergence of G. to G, there exists a sequence

Le € Vaxs(B) satisfying e A5 and

lm Ge(p) = inf /Q QF(Vu) dr — Liw)) + /S md (29)

ueW (o)

But since G (e ) < 400, there exists u. in Wllf’)p(Q, R?) such that pe = dy (.0 )®
dx in YVsx3(B) and G () = Fe(ue, pte) — L(ue). From Lemma 1, a subsequence
of (ue)eso strongly converges to some @ in LP(2,R?). Then, according to the
FX,Y,Y convergence of F. — L to F — L, we deduce

ii_r% Ge(pe) = gi_r%fs(usaﬂs) = L(ue) = liIaIl_é(IJlffs(usaUs) — L(ue)

/ Qf(Vau) dx — L(u) —|—/ go(A) dv
Q S

X M3x2

Y%

Y

Qf(Va) dx — L(a) + / go(N) do. (24)
Q SxMB3x2
Combining (23) and (24) we see that
Lt ( [ Qf(Vu) do - L(u)) = | Q(va) de— L(m)

which ends the proof. O
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6 Appendix

For a general exposition of the theory of Young measures, we refer the reader
to [7], [8], [26, 27] and the references therein. In all the Appendix, € is an
open bounded subset of RY and E = R%, d = m x N so that R? is canonically
isomorphic to the space M™*¥ of m x N matrices.

Definition 3. We call Young measure on Q X E, any posiltive measure | €
MT(Q x E) whose image by the projection wq on  is the Lebesgue measure L
on Q: for every Borel subset B of {2

To#u(B) = u(B x E) = L(B).

We denote by Y(Q2; E) the set of all Young measures on 2 x E and equip
Y(Q; E) with the narrow topology, that is the weakest topology which makes
the maps

B @ dp
QxXE
continuous, where ¢ runs through Cp(€; E). This topology induces the narrow

convergence of Young measures defined as follows : let (i )nen be a sequence
of measures in Y(2; E) and p € Y(Q; E), then

Vo € Co(S% E),
i i [ ) dun(e ) = [ gl ) du ),
n—+o0 JoxE OxXE

The following slicing property, is a generalization of Fubini’s theorem.

Theorem 4. Let p be any Young measure in Y (; E). There exists a family of
probability measure (tiz)zeq on E, unique up to equality L-a.e. such that

(i) x »—»/ W(x, A) dpg is L-measurable,
E

i) [ o) dute ) = [ ([ ota) dus)ds

QxE

for each function p-integrable 1. The family (iz)zeq is called a disintegration
of the Young measure p and we write p = pz @ L.

Let us define the tightness notion for Young measures

Definition 4. A subset H of Y(Q; E) is said to be tight if

Ve > 0, K. compact subset of E such that sup p(2 x E\ K) < e.
HEH

Theorem below may be considered as the parameterized version of the clas-
sical Prokhorov compactness theorem
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Theorem 5 (Prokhorov’s compactness theorem). Let (u™)nen be a tight se-
quence in V(U E). Then, there exists a subsequence (4™ )ren of (W™ )nen and
win Y(Q; E) such that

finy, = p in Y( E).

Let (un,)nen be a sequence of functions u, :  — E and consider the sequence
of their associated Young measures (fin)nen, fin = Oy, (z) @ L. If pp = p
in Y(Q; E), the Young measure pu is said to be generated by the sequence of
functions (u,)nen. In general, p is not associated with a function.

The next proposition is a semicontinuity result related to non negative func-

tions.

Proposition 5. Let p : Qx E — [0, 4+00] be a B(Q)®@B(E) measurable function
such that A — o(x, \) is lsc for a.e. © in Q. Let moreover (un)nen be a sequence
of Young measures in Y(Q; E) narrowly converging to some Young measure p

in Y(Q; E). Then

/ o(x, ) dp(z,\) < liminf o(x, ) dpn(x, A).
QxE n—+too JoxE

Let us recall the notion of uniform integrability: a sequence (fn)nen, fn :
Q) — R is said to be uniformly integrable if

lim sup/ |frnl = 0.
R—=+00 neN J[|f,|>R]

One may extend the set Cp (€2, R™) of test functions related to the narrow con-
vergence as follows:

Proposition 6. Let (un)nen be a sequence of Young measures associated with
a sequence of functions (un)nen, narrowly converging to some Young measure
. On the other hand let ¢ : Q@ x E — R be a B(Q) ® B(E) measurable function
such that A — p(xz,\) is continuous for a.e. x in . Assume moreover that
x — p(x,un(z)) is uniformly integrable. Then

[ et duten =t [ oo (@) do
QxE n—too Jo

In order to apply Proposition 6, the following result is fundamental. For a
proof, we refer the reader to [18], [23].

Proposition 7. Let (up)nen be a bounded sequence in Wllf’)p(Q, R™) whose gra-
dients generate a WP-Young measure . Then there exists another sequence
(Un)nen in Wll(’)p(Q,Rm), whose gradients generate the same Young measure p,
and such that (|Vu,|P)nen is uniformly integrable.

We end this section with the following characterization theorem for W1i-P-
Young measures (Young measures generated by gradients of W1P-functions),
established by D. Kinderlehrer and P. Pedregal (see [19], [23], [24]).
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Theorem 6. Let p > 1. Then p € Y(Q; E) is a WHP-Young measure iff there
exists u € WHP(Q,R™) such that the three following assertions hold :

7

i) Vu(z) = /E A dia(V),

i) for all quasiconvex function ¢ satisfying a growth condition of order p one

has

d(Vu(z)) < /E(b(/\) dpz(N) for a.e.x € Q.

i) / AP du(z) < +oo for a.e.x € Q.
E

10.
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