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ANISOTROPIC ESTIMATES FOR THE TWO-DIMENSIONAL
KURAMOTO-SIVASHINSKY EQUATION

SAID BENACHOUR, IGOR KUKAVICA, WALTER RUSIN, AND MOHAMMED ZIANE

ABSTRACT. We address the global solvability of the Kuramoto-Sivashinsky equation in a rect-
angular domain [0, L1] X [0, L2]. We give sufficient conditions on the width Lo of the domain,
depending on the length L, so that the obtained solutions are global. Our proofs are based on
anisotropic estimates.

1. INTRODUCTION

In this paper, we consider the Kuramoto-Sivashinsky equation in a two-dimensional domain

0= [O,Ll] X [O,LQ]
1
O + A2+ Ap + §|Vga\2 =0, (KS)
with periodic boundary conditions. The equation is supplemented with the initial condition

@(x7y70) :@0(%1/)- (11)
Due to the symmetry of the equation (KS) with respect to the spatial variables we may assume,
without loss of generality, that Ly < L;. We shall study the equation satisfied by v = (uy,us) =

V. In the two-dimensional case, it reads
By + A%uy + Aug + w1011 + usOpus = 0
By + Aus + Ausg + u10yu1 + u20yus =0
Oyur = Ogus (1.2)

The role of the Kuramoto-Sivashinsky equation in the contemporary nonlinear mechanics and
physics is well known. It arises as a model in hydrodynamics (a thin film flow down an inclined
plane in the presence of an electric field), in combustion theory (propagation of flame fronts), phase
turbulence and plasma physics, as well as a model for spatio-temporal chaos; c.f. [2, 14] for a short
review of applications with key references.

The Kuramoto-Sivashinsky equation has been extensively studied in dimension one. In the
middle eighties, Nicolaenko, Scheurer, and Temam in [12] showed, that when the dimension is less
than or equal to 3, the existence of a global absorbing ball implies the existence of a global attractor

and they provided an upper estimate on its Hausdorff dimension. They also proved that, under the
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assumption that the initial value for u is odd, the existence of a bounded global absorbing set in
L%er([O7 L]) for the equation satisfied by u = ¢, in dimension 1. This antisymmetry requirement was
later removed by Collet, Eckmann, Epstein, and Stubbe [3] and, independently, by Goodman [5]
(c.f. [8]). The strategy in [3, 5, 12] is based on an ingenious Lyapunov-type argument. More
recently, Giacomelli and Otto [4] improved these results by treating the Kuramoto-Sivashinsky
equation as a perturbation of the inviscid Burgers equation; c.f. also a recent paper by Otto [13].

Since the Kuramoto-Sivashinsky equation models the flame propagation fronts, the main physi-
cal interest is in the two dimensional case. However, the global well-posedness for (1.2) in 2D is an
open problem. This is related to the fact that, although the equation is locally well-posed in L?(€2),
it does not preserve the L?-norm (see Section 2 for more details). A first global well-posedness
result was given by Sell and Taboada in [19], where they showed the existence of a bounded local
absorbing set in H}..,([0,27] x [0,27¢]) for € small enough by adapting the method developed by
Raugel and Sell [16] for the Navier-Stokes equations in a thin domain of R? (c.f. also [1, 6, 7, 15, 17]).
In [11] Molinet obtained a more transparent result on the local dissipativity of the (KS) equation
in a thin rectangular domain and gave a sufficient condition on Ly, depending on L, so that

67/35 .
/ , the solutions are

the equation (1.2) admits a global solution. Assuming that Ly < C~1L]
global provided that [|u1(0)|/z2(q) is of order C_lL;1/4L;7/4, whereas [|uz(0)[|z2(q) is of order
C*1L1_1/4L2_1/4.

In this paper, we prove the global existence for data in the domain [0, L1] x [0, Lo] when Ly <
C’_1L1722/25 where L > 27 is arbitrary, and where the L? norm of the initial data is bounded by
C—Ly 2. This allows larger initial data than previously known.

The rest of the paper is organized as follows. In Section 2 we introduce the notation, functional
spaces, and define the notion of a solution. Section 3 includes the statement of the main result. In

Section 4 we recall some auxiliary results used in the proof of the main result. Finally, Section 5

is devoted to the proof of the main theorem.

2. NOTATION

For m € N, we denote by H;, (£2) the Sobolev space of {2-periodic distributions whose derivatives

up to order m belong to L2 ().

per
Definition 2.1. A function u(t,x,y) is a weak solution of (1.2) if u € C([0,T], L%,.()) N
L2((0,T), H2,.(2)) and (1.2) is satisfied in the sense of distributions in (0, L1) x (0, Ly) x (0,T).

per

For any f € L .(Q), define

per
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and

N[fl(z,y) = f(z,y) — M[f](x), (2.4)

which exist for almost all (x,y) € [0, L1] x [0, Lo]. Similarly, we write the average in the horizontal

direction as

1 [
Mac[f](y):fl ; f(r,y)dr (2.5)
and
Ne[fl(@,y) = f(w,y) — M [f](y)- (2.6)

3. MAIN RESULTS

The following is the main result of the paper.

Theorem 3.1. There exists a positive constants Cy > 1 such that, for any Ly > 2w, if
Ly < CytLy?/* (3.7)

then the solution of (1.2) associated with the initial datum ug = (ug1,uo2) € L*(Q) with fQ ug =0,

curl ug =0, and
Juorll 2y < Cg 'Ly 2,
ozl r2) < Cy 'Ly (3.8)

s global in time.

4. PRELIMINARIES

Before we prove the theorem, we recall a few useful auxiliary results.

Proposition 4.1. Let ug(-) = (uo1(-),u02(-)) € (L3, (Q))? such that curl ug = 0. There exists
T = T(||luolr2(q)) such that the Cauchy problem (1.2) with the initial condition u(0,-) = uo(-)

possesses a unique weak solution on [0,T] x Q.

Proof. Proof of the proposition can be found for instance in [2]. O

Remark 4.2. By the embedding theorem and classical parabolic smoothing properties, this local

solution u(t) belongs to H,,(Q) for ¢ > 0. This regularity permits the calculations below.
Lemma 4.3. We have
IN[fllz2(0) < CL2[l0y N[220 (4.9)

for f € HL.().
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Proof. Proof of the lemma can be found in [22]. O

Regarding the linear problem associated with the one-dimensional equation (KS) written in the

frequency space
0% = (k* —k)§ (4.10)

one observes that the linear operator amplifies the low frequencies but damps the high ones. The
unstable frequencies are O(1) and have a growth rate of O(1). Therefore the L?-norm of the
solutions to the one-dimensional Kuramoto-Sivashinsky may in principle grow exponentially. This
effect is present in the energy estimate of M[u;], which is the two-dimensional part of u;. In order
to obtain the necessary estimates, we employ techniques developed by Nicolaenko, Scheurer, and
Temam in [12] and Goodman in [5].

For a smooth Lj-periodic function ® depending only on x, which will be specified in Proposi-

tion 4.4, we denote
T ={®(x+b),be[0,L1]}. (4.11)
Also, let

_ 2
Fuy)(t) = bel[(r)lgl]F (b) bel(r)lfL / |M[u1](,t) — ®(x + b)|? dedy

:/Q|M[u1](x,t)—<I>(ac+b*)|2dxdy (4.12)

be the square of the distance in L?(Q) between M[u;] and 7. Since the function b — I'(b) belong
to CL. ([0, L1]) there exists at least one optimal translation b*, and any optimal translation b*

per

satisfies

/ Mui)(z,t)0,P(z + b*) dedy = / (Mui)(z,t) — @(x +0"))0,P(x + b)) dedy =0 (4.13)
Q Q

(c.f. [5]). Naturally b* = b*(¢) may change in time. However for any time o > 0 in the maximal

interval of existence of u, denoting ®p- () () = ®(x + b*(t)), we have

d 2
%F(Ul)( ) s dt”M[ul]( ) = Poeo)122(0) .
=2 [ AMEOly, (Ml)(t0) = B (4.14)
The left side of (4.14) should be understood as the upper right derivative F For more details,

we refer the interested reader to [9)].



ANISOTROPIC ESTIMATES FOR THE 2D KURAMOTO-SIVASHINSKY EQUATION 5

For a smooth function ®, introduce the bilinear form

(f. 9o = /Q O [Orag /Q O fOrg + /Q F90,®

4 Lo Ly Ly
+ — f0.P dx / g0, P dx dy, (4.15)
L1 Jo 0 0

and the associated quadratic form

Bao(f) = (f, e (4.16)
First, we recall the proposition addressing the positivity of the bilinear form.
Proposition 4.4. There exists a constant C > 1 such that the following property holds: For any

pair (L1, La) € Ry x Ry there exists a smooth function ®: Q — R depending only on x, with the
property fOLl ®(x) dx = 0, such that for any v € [1/4,1] and any f € H?(Q) depending only on z,

we have
Bro(f) 2 510u 3@ + 31 (417)
with
@122 < CLY Ly (4.18)
and
10201 < CL1™ L. (4.19)
Proof. The proof of the proposition can be found in [3]. O

5. PROOF OF MAIN RESULT

In this section, we prove the main result of this paper. Throughout the following, C' denotes a

positive constant.
Proof of Theorem 3.1. First, we note that equation (1.2)3 yields
O Mug] = 0yMu1] = 0. (5.20)
Therefore, using [, u = 0, we obtain
ug = Nua]. (5.21)
Similarly, we have

Uy = NI[’ul] (5.22)
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We multiply the equation (1.2)2 by us and integrate by parts in . We get

1d
gl + 18wl ) — Vo) = = | w0 (523)

In order to estimate the integral on the right side of (5.23), we note that
—/ U1 0yurup = —/ u10yur Nlug] = —/ 10y N [u1]N[ug] = —/ w10 Nuz]Nug], (5.24)
Q Q Q Q
where we used (5.21). By Hélder’s inequality
Ly
— [ w0, NN lua) < [ g . 0Nl 0.2 N ozl ..
0

Ly
< C/ |u1||L2( 0,2]) 10z N[u2]HL2 ([0,L2]) ||N[u2]||L2 (o, LQ])”a N[U2]||L2([o L)) dx

< Cllun e 10 Nzl 23 232 () | N Tual 1 26, 10, N[22, (5.25)

where we used Agmon’s inequality in the y-variable and Holder’s inequality. By Agmon’s inequality

in the z-variable, we may bound the far right side of (5.25) by

1/2 1/2 1/2
Cllua 2 10N (]| 57 19 Nua] 1 s 1N ]| 57 19y Nus] | oy, (5:26)
where we used 9, M,[] = 0. Using Lemma 4.3 we estimate the above expression by

1/2 1/2 1/2 1/2 1/2 1/2
Cllus 2 (@) Ly By N (2] | 170y 102 N ] 1470y Lall gy N 2] 1570 L3 |0y N [ua] [ 170,

< OL3|lur 2 () | Auz |72 (g - (5.27)
Thus, by (5.24)-(5.27) and the triangle inequality

- /ﬂ u10yurug < CLg(IlN[M]HB(Q) + HM[ul]HL?(Q)>||AU2H%2(Q)
< CL3(I1®]l2(0) + INT] 2oy + VF () ) | A3 g, (5.28)

Combining (5.23) and (5.28), we obtain

1d

o alualFaqe) + 1 BuzlE2(g) — [ VuzlE2qqy

< CL3 (19 20 + INTulll 2oy + V(@) [ Auz3a(- (5.29)

Due to (5.21) we may use the Poincaré inequality ||Vu2||%2(9) < (L2/27r)2||AuQH%2(Q) and by the
assumption Lo < 1, it follows that

1d

2dt”u2”L2 @ 1T 35 ||Au2HL2(Q

1 L
s—<2—(2;) — L3 (1@l e + Ny + v >>|AU2||L2 (5.30)
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In order to obtain an estimate of N[u], we apply the operator N|-] to (1.2);, multiply the resulting
equation by N[u1], and integrate over Q. We get
5 dtHN[Ul]”Lz @ T ||AN[U1]”L2(Q) ||VN[U1H|%2(Q)
N[ulawul]N[ul] — N[uanuQ]N[ul]. (531)

Q Q
Regarding the first term on the right side of (5.31), we have

/Nul(? ] N[ua] = /N ()0 N [ua]] N ur] /N ()0 M [ua]] N o]

- / N{M[e1]0, N[t} N fur] - /Q N{N[er) 0 Ml N ]
— [+ 1T+ IIT + V. (5.32)

First, we note that for the term I, we obtain
/ N{N[ua]0s Nfur]] Nua] = / N{ur]@ N Nfua] = 0, (5.33)
[ =

where we used N[N[-]] = N[]. Next, regarding the term IT we observe that

— / N[M[u1]0:Muq]]|N[ui1] = 0. (5.34)
Q
In order to obtain an estimate of the term 111, we write

/ N[M[u1]0yNu1]|Nui] = / Mu1]0; N{uq]Nuq]

Ly
S/O | M [u][[|02Nua]ll 2 o, o) 1V [ua]l| 2 (0, 22y do
< M w]llzz o,z 0= N ua]l| 20y [ Nurll L2 20 () (5.35)

Upon (5.22) we can use Agmon’s inequality in the z-variable thus the far right side of (5.35) can
be estimated by

CIM [ea] 2 10,200 190 N o)l 2 I N a1 2 100 N ] 42 (5.36)

Q)
The above expression equals
CLy 2| M[ua]|| (0 Lal| Oy N[t 2 () L2 1y N ur] | oty L3 10y N a ][ oy
< CL3||M ]l 2o AN [wr][| 22
< CL3(VF@) + 9] 120 ) IAN ] 3 - (5.37)
Regarding the term IV, we have

o N[N[ul]alM[ul]]N[ul] = — o N[ul]alM[ul]N[ul] =2 o 8IN[U1]M[U1]N[U1] (538)

Estimates (5.35)—(5.37) yield

1v < CL3(V/Flur) + 119 20 ) AN 320, (5.39)
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We turn to the second term on the right side of (5.31). Due to (5.21), we have
/NUQ(? ’LLQ] [Ul / N Ug]a N[Uz”N[Ul / N 'LL2 8 N[Ug]N[Ul] (540)
In order to estimate the right side of (5.40), we note that from (1.2)3
/ N{u2] s Nug] N[ua] = / Nlus)dy Nfur] N
Ly
< /0 lJuz |l 22 (0,2, 19y N [ua]l 22 (10,7 IN [u] | oo (10, 2.07) d

L
1/2 1/2
<C / luz 230, ap 19y N eaa]ll 3 0, ) IV T 1 5%, 1) 19 N a1 1.7 A

< Clluz|l 2 (9)l10y Nua]|

L2 L2 (Q) ||N[U1]|| Q)Ha N[UIH‘LQ(Q (541)

y -z

where we used Agmon’s inequality in the y-variable and Holder’s inequality. By Agmon’s inequality

in the z-variable, since u; = N [u1], we may bound the right side of (5.41) by
1/2 1/2 1/2
Cllua |l 2 (@) 10y Nlua | o) |19y N Tun ]| gy 1N ][ 157 10 N a1y (5.42)
Using Lemma 4.3 we estimate the above expression by

Clluall o) L 10y N [ua] | ot ) 19y N ]| oty L2 [0y N a1l 5% L 10y N a7

< CL3|uz| 2 [AN [ur]||72 (g - (5.43)
Estimates (5.31)—(5.43) give

B dt”N[ul”|L2 @t HAN[Ul]HLz Q) ~ ||VN[U1]||%2(Q)

< CL%(\/ Fu) + [[@z20) + ||u2||L2(sz)) [AN[u1][|72 (- (5.44)
Lemma 4.3 yields
IVN[uilll7, ) < CL3IIVOyN[u1]|72(q) < CLAIAN ][220 (5.45)

Therefore, estimate (5.44) leads to

1d

5 dt”N[ul]”L?(Q) +5 ||AN[UI]||L2(Q

< (5~ O3~ CL3(VFTm) + ]2y + 2 l20) ) IAN ]| Fagy (5.46)

In order to close estimates (5.30) and (5.46), we need to bound F(uy). We fix tg > 0 in [0,T}),
the maximal interval of existence of u, and we set vi(t) = M[uy](t) — Ppe (1) = M[ur](t) — Pp-.

Applying the operator M[-] to the equation (1.2);, we note that vy satisfies the equation

atvl + (aaxrww + 8wx)vl + M[ulawul] + M[Ugaw’llg] = _(8wxxw + aww)(bb* . (547)
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Multiplying (5.47) by v; and integrating by parts over €, we get at time tg

1d
2dt||vl||L2(Q)

1P|y — 190122 + / Mlurdyur]on + / M{uzdyus]os
Q Q

t=to

= - / (aac:c:cac + 8xac)q)b*vl~ (548)
Q

Regarding the fourth term on the left side of (5.48), we note that since v; = M[v;], we obtain
/ M[ulﬁrul]vl = / M[N[uﬂ@zN[ul]]M[vl] + / M[M[ul]axM[ul]]M[vl]
Q Q Q
+/ M [N [u1]0p M [uq]] M [v1] +/ M[M[u1]0, N[u1]]M[v1]
Q Q

= / N[ul]axN[ul]M[vl] + / M[ul](‘)mM[ul]M[vl]
Q Q
+ /Q N{ua] @y Mlu ] M[vy] + /Q M{u1), Nl | M[v1]

_ / N[u1], NfurJor +/ MTur)9, Mlus]os. (5.49)
Q Q

Furthermore, integrating by parts we have

/Q M) MunJor = — / (Mur] 001 = / (M[ur] 0.9 = / 20,8y, (5.50)

where we used [, M[u1]20,u1 = [, M[u1]20:M[u1] = 0 in the second equality. Therefore, (5.48)

can be rewritten as

1d

1
L - Basvn ey — 19s0n | Zacey + / V20, By
Sdr 12(Q) 2z V1] L2(0) 20l Ty f U1

t=to

= —/9(5‘;1+5m)<13b*111 f/QN[uﬂamN[ul]vl f/QN[UQ]amN[UQ}vl. (5.51)

Integrating by parts in the first term on the right side of (5.51) yields
/(84 +8m Dpv; = /8M<I>b* e U1 +/ O0p Py 0pv1 = (’Ul,@b*)@b* -l-/ V1 Py Op P
Q
(5.52)
Hence, we obtain

1d
th”l’le(Q)

1
+10:001 e = 10,0130y + 5 [ oo

=to

= —(Ul,q)b*).:pb* -|-/ 1Py Op P — / N[ul]amN[ul]vl - / N[UQ]@IN[UQ]Ul
Q Q Q

< —(v1,v1)d,. + (Do, Do+ )3, +/ 01 D= Oy Dy
Q

e~ =

—/QN[ul}GIN[ul]vl—/QN[uQ]BIN[ug}vl, (5.53)



10 SAID BENACHOUR, IGOR KUKAVICA, WALTER RUSIN, AND MOHAMMED ZIANE

where we used the Cauchy-Schwarz inequality since Bsg,. (-) is a positive quadratic form. Now we

use (4.15) with f = g = vy for the first term on the far right side. We thus get

1d 3 1
aaltilie| 7 (100l — 10l + 5 | vto.
70
1 Lo L, 2
< — / 010, P+ dx dy—i—/vl(bb*f)zd)b* _/N[ul]azN[ul]'Ul
Ly Jo 0 Q Q
— [ Nlualo.Nlualon + 100210 (5.5)
Q

where we used (Pp+, Pp+ )@, < ||0psPo-

3 4 Lo L ?
B ) S g /0 /0 010,By dr | dy + /Q 0180,y
=to

— / N[ul]c{)zN[ul]vl — / N[Ug]amN[UQ]Ul + Hé)mq)b* ||%2(Q) (555)
Q Q

QLQ(Q), which follows from (4.15). Therefore, we obtain

1d
2dt||vl||L2(Q

Regarding the first term on the right side of (5.55) we note that by (4.13) we have

/ ’Ul(to)amq)b*(to) =0. (556)
Q

Since the function v (t9)0, Pp-(1,) depends only on the z-variable, we obtain

Ly
/ 01 (2)0, By dz = 0. (5.57)
0

In order to estimate the second term on the right side of (5.55), we note that

Ly
/U1‘1>b*3m‘1>b* =L2/ 1Py 0p Py < Lollvrl 2o, 1 Po= | 22(0,2.) 1102 Lo || o< ([0,4])
Q 0

1/2 1/2
2([0, L)) 1922 %o 1| 22 (0, .

< Lollvillz2(jo, L) 1Pox [l 22 (10, 247) 102 Po- |

1/2

3/4
Votay: (5.58)

— CL71/2||U1||L2(Q)”(I)17*

£2(2)||0z -

1/2
L3(Q)

B |0 -

1/2
< CLy ot 2@ |20 7500

where we used Agmon’s inequality and the interpolation inequality. Regarding the third term on

the right side of (5.55) we have

Ly
i N{u1]0y Nuz]vy S/ [N Tulll L2 (0, £20) 102 Nua]l 12 0, £2)) 01| da
2 0
< IN[ulllzz@)|0x Nur]ll 22 o @) llvil 22 (0, 24))
1/2 1/2
< O|N[ur][| g2 102 Nua] || 1 Q)HamN[ul]||L/2 ) Y2 o [l 22 (5.59)

where we used Agmon’s inequality. Applying Lemma 4.3, we may bound the above expression by

CL2)|8yy Nl 120y Ly *18ye Nur] |10 Nua ]| /2Ly 201 || 12 (02

< CL3||vall 20 | AN [ua] |72 - (5.60)
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In order to estimate the fourth term on the right side of (5.55) we proceed in a similar way and

obtain
/ N{u)0u NusJor < CL3 o1 2y | At - (5.61)

Estimates (5.55)—(5.61) combined with (4.17) lead to

1d 9
5 dt”UlHLZ(Q) - + v1llz2(0)
< CLy ot pa oy @0 |17 Q)Hﬁm‘ﬁb*ll 2@ T L3l 2o AN [u] | 720
+ CL§||U1||L2(Q)||Au2||L2(Q) + ||3m<I>b* L2(Q)» (5.62)
from which we obtain
1d 1 — 5/2
B dt””lHLz(Q < _5”711“%2(9) +CL, 1||‘I>b* V, Q)Hamq)b* Q) + ||8M<I>b* L2(Q)

t=to

Lillvill 2@ IANTur] 720 + CL3[vil 2 (| AualZa(q)-  (5.63)
Therefore, by (4.14), we have

1d 1 _
5 g F (1) € =5 F () + OLy | @0 | 120 19 B [ 7y + 100 B

+ CL3\/F(u1)[|ANTur] (|72 0y + CL3V/ F(u1)|| Augl|72 o - (5.64)

2
L2(Q)

In order to conclude the proof of the theorem, we gather inequalities (5.30), (5.46), and (5.64).

The quantities ||ual|r2(q), [|N[u1]||z2(0) and F(uy) satisfy the estimates

1d 1
sl la@) + 5 18w,

1 [(Ly)?
<- (2 ~(52) - eB(1#lm + 1Nl + \/F<u1>)) | Ata]Za gy
1d 1
§£HN[U1H|%2(Q) + §HAN[U1]||2L2(Q)
1
< (5 — O3 = CLA(VF Q) + @] @) + Izl 2(0) I AN[tr] 320

1d
*d*F(Ul) < _*F(ul) +CLy 1HcI)b"” Q)Hax:rq)b*” 2(Q) + ||amrq)b* L2(Q)
+ CL3V/F(u1)[| AN ]2 () + CL3 v/ F(u1) || Aug|| 720 - (5.65)
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Using (4.18) and (4.19) we may restate the above inequalities as

1d 1
5%”“2‘@,2((1) + §HAU2||2L2(Q)

1 (L)’
<- (2 ~(32) -aB(E L + IVl + \/F<u1>)) a2

1d 1
5%”]\7[“1”‘%2@1) + §HAN[U1]||2L2(Q)
1 4/5 11/2
<—(5 -3 - L3 (LY LY + VF() + Juslzeq@) ) |AN w2y

1d 1
§%F(U1) < —§F(u1) + C1 L3/ F(u1) [AN[ua] || 720y + C1LEV F(u1) | Auz| 72 (o)
+ 1L Ly + O L L. (5.66)

We claim that if u(t) satisfies

F(u1)(0) + [N[us] (0) 720 + lu2(0)[[72() < C57L3 ™, (5.67)
then

F(un)(t) + [ N[ud] ()l 720) + w2072 q) < C5° Ly, (5.68)

for a certain constant C3 which is to be determined and for all ¢ € [0, T}), where T is the maximal
time of existence in Proposition 4.1. For the sake of obtaining a contradiction, suppose that there

exists t; € (0,Ty) such that (5.68) holds for any ¢t € [0,¢;) and
F(ur)(t1) + | N[w] (1) 72 + lua(tr)l72(q) = C5 2La %, (5.69)

Note, that (5.67) implies that each of the quantities v/ F(u1)(0), || Nu1](0)| £2(q), and [Juz(0)]z2(q)
is bounded by C’3_IL2_2. Assuming that

Ly < C3 L7/, (5.70)

we obtain for t € [0,;)

1

1+ CuLE (Cort P Ly + [Ny + VE () + Izl 2o )

1 _ _
<~ T CiGeC; SRR 430,05t <0, (5.71)

where we used (5.68) and (5.70) in the first inequality and assumed that Cj is a large enough
constant in the second. Using (5.71) in (5.66); and (5.66)2, we have on (0, 1)

1d 1 1 Lo\ 2

e s gy + 5l Ay < - <4 () ) | Aval2 .

1d 9 1 9 1 5 9

L N g + SIANTm] ) < - (1 - OL3) AN ]l3ay. (.72)
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Therefore the quantities ||N[ui]||z2(0) and |luz|/z2(o) are non-increasing on [0,¢;]. Furthermore,
adding (5.66)s, (5.72)1, and (5.72)9, and using (5.72) we obtain

1d

1 1
5o (P) + NIy + el ) + S IANT] 20 + 5 1AuzlEaqey

1 Ly ? 2 1 2 2
s—l17\3, [Auz 720y — Z_OlLQ [AN[w][|72(0)

1
= 5 Fu) + C1 L3/ F(u1) [AN[w] |20y + C1 L3/ F(u) [ Aug]|72(q)
+C L Ly + L2 L,

1 Ly ’ 2 1 2 2
s—l17\3, [ Aug|[72(q) — i_clLQ [ANTui]ll72 (0

1 e 1y
= 5 F ) + CIL5(C Ly *) [ANTw][ 72 q) + C1L5(C5 Ly *) [ Aua 72 g

+C L Ly + 0 L L, (5.73)

Possibly making C3 larger and Ly small, we may assume that

1 ¢
1 max{1,Cy } L3 — & >0, (5.74)
(note that Ls < 1/27 by (5.70)). Estimate (5.73) leads to
1d ) ) 1 ) 1 )
5 () + N[ o) + luzl 3y ) + 5IAN ]2y + 51 AusllFa o)
1
< 5 F(u) + C LY Ly + 0 L3P Ly, (5.75)
The Poincaré inequalities
2 Ly\? 2 Ly\* 2
||N[u1]||L2(Q) < b HVN[ul]”L?(Q) < b HAN[Ul]HLz(Q) (5.76)
and
Ly\? Lo\ *
lualieie < (52) 1Vl < (52) Il 6.77)
applied to the second and third term on the left side of (5.75), combined with Ly < 27, yield
1d ) )
52 (Flun) + [NTulleqg) + luzllfo))
1
< —5 (Flu) + INTua) ey + lualaqey ) + CLLY Ly + LT L. (5.78)

At time ¢t = 1, due to assumption (5.69) we obtain

< —CLy  + O LY Ly + O L L, (5.79)

t=ty

d
o (F(ul) + N2y + H“2H%2(Q))

But by (5.70) we have

20, L1 Ly 4+ 20, L2/° Ly < C52L; Y, (5.80)
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if Cs is large enough, which implies

<0. (5.81)

t=t1

d
= (F(ul) + INfu]l1Z20) + |qu||%2<9))

This however is impossible since the definition of ¢; implies that this derivative is nonnegative.

We note that due to (5.70)
1912y < CLYLy? < ¢y L L2 (5.82)
Hence (5.67) is satisfied provided

1M [ur)(0)l| 20y < Cg 'Ly,

IN[ua](0)| 2y < Cg 'Ly 2, (5.83)

and
[u2(0)[| 22 (@) < C5 'Ly %, (5.84)
for sufficiently large Cy > 1. Therefore Theorem 3.1 is proven. O

Remark 5.1. We note that the previous estimates imply the bounds
lur (8)][32(0) < C32L3* (e +e7) +2 (CIL}"’/ "Ly + 01L§2/5L2) +cr¥ L,
_ _12/972\ L4 /1674
s (8) 320 < l[ua(0)][72(ye™ (*/2-F/2)Ea 107, (5.85)

which hold under the assumptions of Theorem 3.1.

Proof. We note that (5.72); implies

1d 3 (L)°
5%”’“2”%2(9) + <4 - <27T) ) [Aus |72y <0, (5.86)
which, combined with the Poincaré inequality (5.76), yields
1 d 2 3 L2 2 L2 * 2
§E||u2”L2(Q) + <4 - (27r> o ||U2||L2(Q) <0. (5.87)
Letting
(3 (L2\?) [ L2\*
we get from (5.87)
luz(t)[|72(0) < lluz(0)]1Z2(0)e ™" (5.89)

Similarly, from (5.72)s, using the Poincaré inequality (5.77), we obtain

INTua] ()N 72 0y < INTua] (0)[72(0pe ™, (5.90)
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where
B=2 (i - Cw%) (5;)4 (5.91)
Let
S(t) = F(u1)(t) + [IN[ur] () 720 + llu2(t) |72 (0. (5.92)
From (5.79), it follows
S(t) < S(0)e~t +2 (clL}G/ Ly + L% 5L2> . (5.93)
In particular, using (5.67), we have
F(up)(t) < (C2Ly*%) e +2 (olL}G/ 5Ly + L2/ 5L2) . (5.94)
Since
lullZ2@) < INTualllz2 (@) + 1M ] = @lZ2q) + 1911720
< IN[ulfz0) + Fu) + 19172 (q), (5.95)
we obtain
lur(®)]132(q) < C3 2Ly " (7P + ™) +2 ((JIL}WL2 + 01L§2/5L2) +cI8L,. (5.96)
Therefore the inequalities (5.85); and (5.85)y are proven. O
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