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DEVIATION INEQUALITIES FOR BIFURCATING MARKOV CHAINS
ON GALTON-WATSON TREE

S.VALERE BITSEKI PENDA

ABSTRACT. We provide deviation inequalities for properly normalized sums of bifurcating
Markov chains on Galton-Watson tree. These processes are extension of bifurcating Markov
chains (which was introduced by Guyon to detect cellular aging from cell lineage) in case the
index set is a binary Galton-Watson process. As application, we derive deviation inequalities
for the least-squares estimator of autoregressive parameters of bifurcating autoregressive
processes with missing data. These processes allow, in case of cell division, to take into
account the cell’s death. The results are obtained under an uniform geometric ergodicity
assumption of an embedded Markov chain.

Key words: Bifurcating Markov chains, Galton-Watson processes, ergodicity, deviation in-
equalities, first order bifurcating autoregressive process with missing data, cellular aging.

AMS 2000 subject classifications. Primary 60E15, 60J80; secondary 60J10.

1. INTRODUCTION

Bifurcating Markov chains (BMC) on Galton-Watson (GW) tree are an extension of BMC
to GW tree data. They were introduced by Delmas and Marsalle [12] in order to take into
account the death of individuals in the Escherichia coli’s (E.coli) reproduction model. E.coli
is a rod-shaped bacterium which reproduces by dividing in the middle, thus producing two
cells. One which has the new pole of the mother and that we call new pole progeny cell, and
the other which has the old pole of the mother and that we call old pole progeny cell. In fact,
each daughter cell has two poles. One which is new (new pole) and the other which already
existed (old pole). The age of a cell is given by the age of its old pole (i.e the number of
generations in the past of the cell before the old pole was produced).

Guyon & Al [15] proposed the following linear Gaussian model to describe the evolution of
the growth rate of the population of cells derived from an initial individual:

Xon = apXy + Bo + €2n
L(X:) =v, and  Vn >1, (1.1)
Xont1 = a1 Xy + B1 + €2n41,
where X, is the growth rate of individual n, n is the mother of 2n (the new pole progeny cell)
and 2n + 1 (the old pole progeny cell), v is a distribution probability on R, agp, a1 € (—1,1);
0Bo, 01 € R and ((52n, Eont1)s T > 1) forms a sequence of i.i.d bivariate random variables with
law N3(0,T), where

r:a2(; ’{) 0?2 >0, pe(-1,1). (1.2)
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The processes (X,,) defined by (1.1) are typical example of BMC which are called the first
order bifurcating autoregressive processes (BAR(1)). The BAR(1) processes are an adaptation
of autoregressive processes, when the data have a binary tree structure (see Figure 1). They
were first introduced by Cowan and Staudte [9] for cell lineage data where each individual in
one generation gives rise to two offspring in the next generation.

In [14], Guyon, using the theory of BMC, gave laws of large numbers and central limit
theorem for the least-squares estimator o = (ag, Ag, af, A{) of the 4-dimensional parameter
0 = (ap, o, 1, 1). He has also built some statistical tests which allow to test if the model
is symmetric or not, and if the new pole and the old pole populations are even distinct in
mean. This allowed him to conclude a statistical evidence in aging in E. Coli. Let us also
mention [6], where Bercu & Al. using the martingale approach give asymptotic analysis of the
least squares estimator of the unknown parameters of a general asymmetric pth-order BAR
processes.

However, in the BMC model presented by Guyon, cells are assumed to never die (a death
corresponds to no more division). To take into account cells’s death, Delmas and Marsalle
[12], instead of a regular binary tree, used a binary GW tree to label cells. In the sequel,
we will introduce the model which allowed them to study the behavior of the growth rate of
cells, taking into account their possible death.

1.1. The model. Let T be a binary regular tree in which each vertex is seen as a positive
integer different from 0, see Figure 1. For r € N, let

T
G, = {27‘,27”+1,--- Lot —1}, T, = | J G,
q=0

which denote respectively the r-th column and the first (r + 1) columns of the tree. Then,
the cardinality |G,| of G, is 2" and that of T, is |T,| = 2"*! — 1. A column of a given integer
n is G, with r,, = |logyn|, where |x| denotes the integer part of the real number x.

The genealogy of the cells is described by this tree. In the sequel we will thus see T as a given
population. Then the vertex n, the column G, and the first (r + 1) columns T, designate
respectively individual n, the r-th generation and the first (r 4+ 1) generations. The initial
individual is denoted 1. The model proposed by Delmas and Marsalle [12] is defined as follows.
The growth rate of cell n is X,.

e With probability p1 o, n gives birth to two cells 2n and 2n + 1 with both divide. The
growth rate of the daughters Xs, and Xso,11 are then linked to the mother’s one
through auto-regressive equations (1.1).

e With probability pg, only the new pole 2n divides. Its growth rate Xy, is linked to
its mother’s one X, through the relation

Xop = O‘E)Xn + ﬁé) + 5I2m (1.3)

where af, € (—1,1), ), € R and (e5,,n € T) is a sequence of independent centered
Gaussian random variables with variance 0(2) > 0.

e With probability pi, only the old pole 2n + 1 divides. Its growth rate Xo,41 is linked
to its mother’s one X, through the relation

X2n+1 = Oélan + ﬂi + Elszrl, (14)
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FiGURE 1. The binary tree T

where o) € (—1,1), 3] € R and (g5, ,,,n € T) is a sequence of independent centered
Gaussian random variables with variance o? > 0.

e With probability 1 — p1 9 — p1 — po, which is non-negative, n gives birth to two cells
which do not divide.

e The sequences ((e2n,€2n41),n € T), (¢5,,n € T) and (e}, ,,n € T) are independent.

The process (X,,) described above is a typical example of BMC on GW tree. In [11], this
process is called bifurcating autoregressive process (BAR) with missing data. It is an extension
of bifurcating autoregressive process when the data have a binary GW tree structure, see figure
2 for example of binary GW tree. Indeed, one can assume that the cells which do not divide
and those which do not exist are missing or dead.

In [12], Delmas and Marsalle using their results for BMC on GW tree, gave laws of large
numbers and central limit theorem for the maximum likelihood estimator of the parameter

0= (QO)ﬁO)al)ﬁlaa:)a/BE))O/l)ﬁi)° (15)

In this paper, we will give deviation inequalities for the least squares estimator of the pa-
rameter 6, in case the noise sequence and the initial state X; take their values in a compact
set. Note that this implies that the BAR process with missing data describes above also
take their values in compact set. These deviation inequalities are important for a rigorous
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non asymptotic statistical study. Indeed, when the sample size is insufficient to apply limit
theorems, they allow for example to estimate the errors in the estimation of unknown param-
eters. Furthermore, these inequalities allow to get a rate of convergence in the laws of large
numbers, and this permit, for example, to build non-asymptotic confidence intervals.

We are now going to give a rigorous definition of BMC on GW tree. We refer to [12] for more
details.

1.2. Definitions. For an individual n € T, we are interested in the quantity X,, (it may be
the weight, the growth rate,---) with values in the metric space S endowed with its Borel
o-field S.

Definition 1.1 (T-transition probability, see (|14])). We call T-transition probability any
mappings P : S x §? — [0, 1] such that

e P(.,A) is measurable for all A € S,
e P(x,.) is a probability measure on (S?,82%) for all z € S.

For p > 1, we denote by B(SP)(resp. By(SP), C(SP), Cp(SP)) the set of all SP-measurable (resp.
SP-measurable and bounded, continuous, continuous and bounded) mapping f : SP — R. For
f € B(S3), when it is defined, we denote by Pf € B(S) the function

v Pf(x) = /5 F(y,2) P, dy, d2).

Definition 1.2 (Bifurcating Markov Chains, see ([14])). Let (X,,n € T) be a family of S-
valued random variables defined on a filtered probability space (Q, F,(F.,r € N),P). Let v
be a probability on (S,S) and P be a T-transition probability. We say that (X,,,n € T) is a
(Fr)-bifurcating Markov chain with initial distribution v and T-transition probability P if

o X, is F,, -measurable for alln € T,
[ K(Xl) =V,
e for all v € N and for all family (f,,n € G,) C By(S?)

E H fn(Xn’X2n’X2n+l)‘Fr] = H an(Xn)

neG, neG,

Now, we add a cemetery point to S, 0. Let S = S U {0}, and S be the o—field generated
by S and {0}. In the previous biological framework, S corresponds to the state space of
the quantities related to living cells, and 0 is the default value for dead cells. Let P* be a
T-transition probability defined on S x S such that

P*(0,{(8,0)}) = 1. (1.6)

In the previous biological framework, (1.6) means that no dead cell can give birth to a living
cell. We denote by Fj and P;" the restriction of the first and the second marginal of P* to S,

o PSzP*(-,(-ﬂS>x5> and Pl*zp*<.,,§'><<-ﬂs))'

Definition 1.3 (BMC on GW tree, see [12]). Let X = (X,,,n € T) be a P*-BMC on (S,S),
with P* satisfying (1.6). We call (X,,,n € T*), with T* = {n € T : X,, # 9}, a BMC on GW
tree. The P*-BMC'is said spatially homogeneous if p1o = P*(z,S x S), po = P*(z, S x {0}),
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and p1 = P*(z,{0} x S) do not depend on x € S. A spatially homogeneous P*-BMC' is said
super-critical if m > 1, where m = 2p1 o + p1 + po.

We denote by (Y,,,n € N) the Markov chain on S with Yy = X; and transition probability
Q= (P +P).

Remark 1.4. e The name BMC on GW tree comes from the fact that condition (1.6)
and spatial homogeneity imply that T* is a GW tree.
e All through this work, we shall assume that the P*-BMC is super-critical.

F1GURE 2. A binary GW tree up to the 4 th generation. In this tree, in-
dividual 1 gives birth to two individuals which both divide, this happen with
probability p1 . Individual 2 gives birth to two individuals which only one (the
new pole) divides, this happen which probability pg. Individual 12 gives birth
to two individuals which do not divide, this happen with probability 1 — p o —

Po — P1-
Now, for any subset J C T, let
J'=JInNT"={jeJ: X;#0}

be the subset of living cells among J, and |J| be the cardinal of J. The process (|G;|,k € N),
is a GW process with the reproduction generating function

Y(2) = (1 —po—p1 — p1.o) + (po + p1)z + p1.027,

and the average number of daughters alive is m. It is known, see e.g [3], that m~*|Gj|
converges in probability to a non-negative random variable W. Moreover, P(W > 0) = 1 iff
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there is no extinction. We have for all r > 0,

* r * ¢ * mr-‘,—l -1
E[IGi]=m" and E[Ti[]=)» E[|G}|] = =t (1.7)
q=0

It is known, see [12], that ¢, !|T}| converges in probability to W as well.

For i € T, set A; = (X;, X2i, X2i4+1) the mother-daughters quantities of interest. For a finite
subset J C T, we set
> f(Xi) for f e B(S),
My(f) =14 _ 1.8
=N 180 tor 7 e B, 9
ieJ
with the convention that a sum over an empty set is null. We also define the following two
averages of f over J

'mm:ﬁmmnwwOWi%m:ﬁﬁmmiWWba (1.9)

Limit theorems for averages (1.9) have been studied in [12] for J = G}, and J = T}, as n
goes to infinity. Under uniform geometric ergodicity assumption for ), we will establish in
this paper deviation inequalities for those averages. These deviation inequalities will allow
to highlight three regimes for the speed of convergence of above averages, thus showing a
competition between the ergodicity of the embedded Markov chain (Y;,,n € N) and the size
of the binary Galton-Watson tree. This new phenomenon is not observed in the asymptotic
study of Delmas and Marsalle [12]. Notice that deviation inequalities were already studied in
the no death case [8], that is m = 2. We will follow essentially the same approach that the
latter paper for the proofs of our results. However, we will introduce some modifications on
those proofs in order to take into account the randomness of index set, and we will make use
of the theory of large deviation for branching processes [2]. Let us also mention [7], where the
authors establish deviation inequalities for estimators of parameters of the p-order bifurcating
autoregressive process.

The rest of paper is organized as follows. In section 2, we states our main results, that is
deviation inequalities for averages (1.9), for J = G} and J = T}. This will be done under
uniform geometric ergodicity assumption for ), and suitable assumptions on the binary GW
tree. In section 3, we will focus in particular on the first order bifurcating autoregressive
process with missing data described in section 1.1. Section 4 is dedicated to the proofs of our
results.

2. MAIN RESULTS

We consider the following hypothesis:

(H1): There exists a probability measure p on (S,S) such that for all f € By(S) with
{, f) = 0, there is ¢ > 0 such that for all £ € N and for all x € S, |Qf(z)| < ca*.

(H2): m > /2.

(H3): p1o+po+p1 =1, where pj o, pp and p; are defined in section 1.1.

Remark 2.1. Hypothesis (H1) implies that the Markov chain Y is ergodic, that is for all
f € Cp(S) and for all z € S, klim Ex[f(Yx)] = (i, f). Assuming hypothesis (H3) means that
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we work conditionally to the non-extinction. Note that this is consistent with the study of E.
Coli.

Hypothesis (H2) comes from our calculations. indeed, in order to get relevant inequalities,
i.e. inequalities for which the upper bound goes to zero as the sample size increases, we have
to assume that m > v/2. However, our deviation inequalities also work for m < v/2, but they
are not relevant for this case. To get relevant deviation inequalities for m < V2 is still an
open problem that we will pursue in an other work.

In the sequel, H, will denote one of the set G, or T,. We set h, = (m?/2)" if H, = G, and
hy = (m?/2)"*1 if H, = T,. We can now state our main results. Notice that any function f
defined on S is extended to S by setting f(9) = 0.

Theorem 2.2. Under hypothesis (H1) and (H2), let f € By(S) such that {(u, f) = 0. Then
we have for all 6 > 0:

o if ma <1, then Vr € N,
P(MH;(f ) > 5) < exp (¢6) exp (—c'6%h,) ;
o if ma =1, then for H, = G, and Vr € N,
P (M (f) > 6) < exp (¢6) exp (—/8%(m?/2)")
o if ma =1, then for H, = T, and ¥r € N,
P (M (f) > 6) < exp (¢"6(r + 1)) exp (~/8%(m?/2)"*)
o if 1 < ma < 2, then Vr € N such that r > ro,
P(MH:(f) > 5) <exp (—8%h,);

o if ma = /2, then Vr € N such that r > rg,
—~ '62h,
P (M (f) > 6) < exp (—C ) :

r

e if ma > \/5, then Yr € N* such that r > rg,

P(MH:(f) > 5) < exp (—C;j> ;

where,

o 1o :=log (f—()) /log(a) — ko, with ko € {0,1},
e ¢y, ¢ and " are positive constants which depend on o, m, and ¢ and may differ line
by line.

Theorem 2.3. Under hypothesis (H1)-(H3), we have for all f € By(S) such that (u, f) # 0
and for all 6 > 0:

e if ma <1, then Vr € N,
IF’(MH; (f)—(u, HYW > 5) < exp (0) exp (—c'6%h,) + Ay;
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if ma =1, then for H, = G, and Vr € N,
IF’(MH; (f)—(, HYW > 5) <exp (¢"8) exp (—c/6*(m?/2)") + Ay
if ma =1, then for H, =T, and Vr € N,
IP’(MH: (f) = (u, YW > 5) <exp ("6(r + 1)) exp (—'6*(m?/2)" ™) + A,
if 1 <ma< \/5, then ¥Vr € N such that r > g,
P(Mm(f) A, YW > 5) < exp (—c'8%h,) + A,
if ma = V2, then ¥r € N such that 7 > ro,
B (T (1)~ (n. W > 8) < exp (220 ) 4 4,
if ma > V2, then ¥r € N* such that r > 19,

_ -
]P’(MH:(f) —{u, YW > 5) < exp (_2‘;> LA

e for allr € N,

Remark 2.4. For (u, f) = 0 (Theorem 2.2), there is no additional term in the deviation of
average My (f). While in Theorem 2.3 there is an additional term A, which appears. This

term is a contribution of the binary Galton-Watson tree on the deviation of average MH;( 1)
with respect to (u, f)W. This explain why we need additional hypothesis (H3) in Theorem
2.3, because we have to deal with the deviation inequalities for Galton-Watson processes.

c exp (—c"6*3(m!/3)") if Hy = G,
exp (c'6%/?) exp (—c”52/3 (tr/(r + 1)2)1/3) if H, =T,,

ro = log (%) /log(e) — ko, with ky € {0,1},

co, ¢ and ' are positive constants which depend on o, m, and ¢ and may differ line

by line.

The next results can be seen as a consequence of the previous results.

Theorem 2.5. We assume that hypothesis (H1)-(H3) are satisfied. Let f € By(S). For all

0 >0, for all a > 0 and for all b > 0 such that b < a/(d + 1), we have
e if ma <1, then Vr € N,

]P’(MH;(f) —(u, f) > 5‘W > a> < exp (c'0b) exp (—c(6b)*hy) + Ay

o if ma =1, then for H, = G, and Vr € N,

P(MH;(f) — (u, f) > 5‘W > a) < exp (c0b) exp (—'(6b)*(m?/2)") + Ay

o if ma =1, then for H, =T, and Vr € N,

P(MH: (f)— () > 5‘W > a) < exp (<"0b(r + 1)) exp (= (5b)*(m?/2)" ™) + Ay
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o if 1 < ma < 2, then Vr € N such that r > r,
P(Mu; (/) = (1, f) > 0|W 2 a) < exp (—¢/(80)2hr) + Ari
o if ma = /2, then Vr € N such that r > ro,

/ 2
P(MHi(f) —{p, f) > 5‘W > a) < exp (—@) + Ay

o if ma > V2, then ¥r € N* such that r > 19,

P(MH:(J”) —{u, f) > 5(W > a) < exp (—Cl(ébF) + Ay

o2
where,
e for allr € N,
c exp (—c"(5b)%/3 (m1/3)r) if H, = G,
- {exp (/(6b)%/3) exp (—c”(éb)2/3 (tr/(r + 1)2)1/3> if H, =T,,

o 1o :=log (g-g) /log(a) — ko, with ko € {0,1},
e ¢y, ¢ and ' are positive constants which depend on o, m, a, and c, and may differ
line by line.

We have the following extension of above theorems when f does not only depend on an
individual X;, but on the mother-daughters triangle A,.

Theorem 2.6. Let f € By(S3). If {u, P*f) = 0, then, under hypothesis (H1) and (H2),
we have deviation inequalities of Theorem 2.2 for MH;(f) If (u, P*f) # 0, under additional
hypothesis (H3), we have deviation inequalities of Theorem 2.3 for MH; (f)—(u, P*f)W and
of Theorem 2.5 for My (f) — (u, P* ).

Remark 2.7. Let us stress that by tedious, but straightforward calculations, the constants
which appear in the previous inequalities can be made explicit.

Let us recall the following definition.

Definition 2.8. Let (E,d) be a metric space. Let (Z,) be a sequence of random variables
valued in E, Z be a random variable valued in E and (vy,) be a rate. We say that Z,, converges
vp-superexponentially fast in probability to Z if for all 6 > 0,

1
limsup — log P(d(Z,,, Z) > §) = —o0.

n—oo Un

This “exponential convergence” with speed v, will be shortened as

Z, Z.

superexp

Un
Remark 2.9. Let (b,) be a sequence of increasing positive real numbers such that
b, — +o0
and
e if ma < /2, the sequence (b,) is such that b, /v/n — 0,
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e if ma = /2, the sequence (b,,) is such that (b,+/logn)/v/n — 0,
e if ma > /2, the sequence (b,,) is such that b,a°8™/ log(m*/2) _, ),

From the previous deviations inequalities, we can deduce easily that
superexp
)

2
bLhrJ

MH:(f 0 if (u, f) =0,

and if (u, f) # 0, we have for m < 23/

MH:(f) su;?)xp (s £YW,
k)

and Va > 0,

1 _
limsupbg—log]P’ (IMw: (f) = (s )| > 6|W > a) = —o0.
r——400 ULTJ

So, for the exponential convergence of averages MH; (f) and My (f), there are three regimes
according to the value of ma compared to v/2. This phenomenon is not observed in the limit
theorems of Delmas and Marsalle [12]. However, a similar phenomenon was observed recently
by Adamczak and Mito§ for the central limit theorem of branching particle system [1].

So, our deviations inequalities highlight a competition between the ergodicity of the embedded
Markov chain with transition probability ¢ and the Galton-Watson binary tree.

3. APPLICATION:FIRST ORDER BIFURCATING AUTOREGRESSIVE PROCESSES WITH MISSING
DATA

We consider the asymmetric auto-regressive processes given in section 1.1. Notice that the
process (X;,i € T) defined in section 1.1, with the convention that X; = 0 if the cell i is
missing, is a spatially homogeneous BMC on a GW tree. We will assume that 2p; o +p1+po >
V2. This implies in particular that the BMC on GW is super-critical. We will also assume
that the noise sequences ((€2n,€2n41),n € T), (€5,,n € T) and (gh,,,,n € T), and the initial
state X take their values in a compact set. The latter implies that the process (X;,i € T) is
bounded. We denote by S the state space of (X;,i € T). We assume without loss of generality
that S is a compact subset of R.
Let Ty be the subset of cells in T} with two living daughters, T? (resp.T.) be the set of cells
of T} with only the new (resp. old) pole daughter alive:

T’ ={ieT;: A €8}, TO={ieTi:AecS>x{d}} and

T, ={ieT;:A; €S x{0} xS}
We compute the least-squares estimator (LSE)

fon o~ - o~ -~ ~ -~ ~ -~
On = (058’ ﬂg’ 0/11’ ﬂ?’ aOn’ ﬂOna alna ﬂln)

of 0 given by (1.5), based on the observation of a sub-tree T ;. Consequently, we obviously
have for n € {0,1},
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TR0 Y XiXopn — [ ITRO17 D0 X | [T D Xoigy,
~n ieTL° ieTy® ieTHO
n 2 y
CUED IR (D P
i€TLO €Ty °
Br =T > Koy — a2 TR0 D X,
€Ty G€TLO
TR ST XXy — (T2 X | {1727 Koy
d\;]” _ ieTy i€Ty _ i€Ty ’
PP e NI P ¢
i€y i€T)
ol -1 -~ -1
B =T Xopey — @ T > X
i€Ty ieT]!

Notice that those LSE are based on polynomial functions of the observations. So, since the
latter are bounded, we are in the functional setting of the results of section 2. Recalling
the Markov chain (Y,,,n € N), notice that Y,, is distributed as Z,, = ajas---apn—1a,Yp +
Y gy aiag - - ag_1bg, where by, = b, + spen, ((an, b, sn),n > 1) is a sequence of independent
identically distributed random variables, whose common distribution is given by, for n €

{0,1},

P10
P(a; = an,b'l =y, 51 =0) = ——

p

and  P(a; = oy, by = 6,51 = 0y) = En,

(en,n > 1) is a sequence of independent N(0,1) random variables, and is independent of
((an, b, $n),n > 1), and both sequences are independent of Yy. Moreover, it is easy to
check that the sequence (Z,,n € N) converge a.s. to a limit Z, which implies that the
Markov chain (Y,,,n € N) converge in distribution to Z. We refer to [12], section 6, for more
details. Following the proof of Proposition 28, step 1 in [14], we check hypothesis (H1) with
a = max(|agl, |a1], |agl, |e)]) < 1 and with p the distribution of Z. Let pu; = E[Z] and
p2 = E [Z?]. We have (see [12])

B 203B/(1 —@) + 2 + a?

= d = —
m=1"% and - i3 | _ a2

where @ = E[a1], o2 = E [aﬂ, B=E[b], 2=E [bﬂ, aff =E[a;b] and 62 = E [Sﬂ
We then have the following deviation inequality for é\n —40.

)

Proposition 3.1. For oll 6 > 0, for all a > 0, for all b > 0 and for all v > 0 such that
b<a/(d+1) and v < min {cl/(l +9),c1/ (1 + \/3) }, where c1 1s a positive constant which
depends on p1, po, p1, 1 and pe, and for ng := (log (v46Pb/cp) /log &) — 1, we have

o if ma <1, then Vn € N,

P (Hén — 0] > oW > a) < cpexp ("v96Pb) exp (—c’ (v96Pb)? (mZ/Q)nJrl) + Ap;
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o ifma =1, then Vn € N,
P (H@\n — 0] > 6|W > a) < cpexp (<"490Pb(n + 1)) exp (—c' (v967b)? (m2/2)n+1> + Ap;
o if 1 < ma < 2, then Vn € N such that n > no,
P (||§n — 9| > oW > a) < ¢y exp (—c' (787D)? (m2/2)”+1) + Ay
e if ma =/2, then Yn € N such that n > ng,
P (Hén —9| > oW > a) < ¢y exp (—c' (72672 (1/n) (m2/2)"“) + Ay

o if ma > /2, then VYn € N* such that n > nq,

P (H@\n — 0| > oW > a) < ¢y exp (—c’ (v967b)? 072”) + Ap;

where A, = csexp (c’ (7q5pb)2/3> exp (—c" (v16Pp)?/? (tn/(n + 1)2)1/3>, p € {1/2,1}, q €
{0,1/2,1}, ¢, ¢3, ca, ¢ and " are positive constants which depend on ¢, m, o p1o, po, p1,
w1 and po.

Remark 3.2. Note that the constants co, c3, ¢4, ¢ and ¢’ which appear in Proposition 3.1
may differ term by term. The values of p and ¢ depend on the magnitude of § and ~. For

example, for § and v small enough, we have p = 1 and ¢ = 1. We also stress that all these
constants can be made explicit by tedious calculations.

4. PROOFS OF THE MAIN RESULTS

4.1. Proof of Theorem 2.2. Let f € By(S) such that (i, f) = 0. We are going to study
successively My (f) for H, = G, and H, = T,.

Step 1. Let us first deal with M@;( f). By Chernoff inequality, we have for all § > 0 and for
all A >0

P (Mq;,;(f) > 6) <exp (—Adm")E |exp | A Z fXa |- (4.1)
i€Gx
Recall that for all ¢ € G*

r—1»
E [f(X2i) ity + f(X2it1)Lzip1er=} [ Fro1] = mQf(Xi).

By subtracting and adding terms in expectation of the right hand of (4.1), and conditioning
with respect to F,_1, we get

Elexp [ A f(X) || =Elexp [ X D mQf(Xy) (4.2)

1€Gr i€Gr_,

x E |exp Z A (f(Xai)lggiery + f(X2ip1)Lziprery — mQf(X7)) | |[Fra

i€Gr_,
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Observing that G;_; is F,_; measurable, and using the fact that conditionally to F;,_1, the
triplets {(A;),7 € G,_1} are independent (this is due to the Markov property), we have

E |exp Z A (f(X2i)Lggiery + f(X2ip1)Lipier-) — mQf (X)) | |[Froa

i€Gr_,

(4.3)

:HE

i€Gr_,

exp (A (f(X2i)Lpaiery + f(X2it1)12ip1erey — mQf (X))

f] |

Using Azuma-Bennet-Hoeffding inequality [4], [5], [16], we get according to (H1), for all

1€ Gl_q,
exp (A (f(Xai)Liiery + f(Xoiv1)Lpigiery — mQf(Xy))) -7:7'1]

212 2
SGXP<M>_

E

2

From (4.3), this implies that

E |exp Z A (f(X2i)Lggier+y + f(Xoip1) L oiprery — mQf(X3)) | | Froa

i€Gr_,
< exp AN(2 + 77;0‘)2’@::1’
< exp (02)‘2(2 + n;a)2|Gr1|> ’

where we have used the fact that |G}_;| < |G,_1]| in the last inequality. Recalling (4.2), we
are led to

22 2
< exp <c A (2 4+ ma) \Gr_l\)

Eexp [ A f(X3) 5

i€Gh
xE |exp [ A Z mQ f(X;)
i€GE_,
Reproducing the same reasoning with @ f and G;_; instead of f and G, we get

< oxp <02)\2m2(2a +2m042)2]((},n_2\)

Elexp [ Am > Qf(Xy)

i€Gr_,
xE |exp [ Am? Z Q*f(X;)
i€G?_,

Iterating this procedure, we get
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CQ)\z r—1 )
< exp — Z (2aq + maq+1) m?2ar—1-a

q=0
X E[exp ()\m’"Q’"f(Xl))]

2)2(9 29r—1 121 ;2,2\ ¢
< exp (c (24 ma) Z (a ;n > ) x exp (Ac(am)"),

2
q=0

where the last inequality was obtained from (H1). From the foregoing and from (4.1), we
deduce that

02)\2 ma 2(or_ a2m2 r
exp <_)‘5mT + (2+2(2)7£m2() ) )>

P (M(;,; (f) > (5) < x exp (Ac(am)”) if a?m? # 2,
exp (—=Adm” 4+ AN (2 + v/2)?r272) exp (Ac(V2)")
if a?m? = 2.

Now, the rest divides into four cases. In the sequel ¢; and ¢y will denote positive constants
which depend on ¢, m, and a.

e If ma < 1, then, for all 7 € N, (ma)” < 1 and 2" — (a?m?)" < 2". We then have
P (M(;;(f) > 6) < exp (cA) exp (—Adm” + X¢;2") .
Taking A = (6m")/(2" 1), we are led to
P (]f\\f@; (f) > 6) < exp (c10) exp (—(5201 (?)3 .
o If 1 < ma < /2, then, since 2" — (a?m?)" < 27, we have
P (M(G?(f) > 6) < exp (—Adm” + A?c12") exp (Ae(ma)”) .
Taking A = (6m")/(2"¢y), we are led to

P (M(;;(f) > 6) < exp (—c20(m?/2)" (6 — 2ca’)) .

For all r € N such that r > log(d/4c)/log(c), we have 6 — 2ca” > 6/2 and it then follows
that

P (MG;( £ > 5) < exp (—20%(m2/2)") .
o If ma = /2, then we have
P (Ms:(f) > 8) < exp (—hom” + Xoeyr2™2) exp (e (vV2)').
Taking A = (9m”)/(c1r2"~1), we have for all r > log(é/4c)/ log(v/2/m),
P (Ms; (/) > 6) < exp (~ea8*(1/r)(m?/2)")
o If ma > /2, then we have
P (Mm( ) > 5) < exp (—Adm” + A2cy (m%a?)") exp (Ae(ma)").
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Taking A\ = §/(2¢1 (ma?)"), we have for all r > log(d/4¢c)/log o,
P (M@;(f) > 6) < exp (—c3d%a™ ).

This ends the proof for H, = G,.

Step 2. Let us look at MT; (f). By Chernoff inequality, we have for all § > 0 and for all
A>0

P (Mr; (f) > 5) < exp (—A0t)E [exp [ A £(X0) | |- (4.4)
(€T
Expectation which appears in the right hand of (4.4) can be written as

Elexp [ADf(X) || =E|exp (XA > f(Xi) (4.5)

i€T* €T,

xexp (A Y (f +mQf)(X:)

i€Gr_,

X E |exp [ A Z (f (X2i)Lgiery + f(Xoir1)1pir1ery — mQf(Xy))

i€Gx_,

fr—l

Observing that G;_; is F,_; measurable, and using the fact that conditionally to F;,._1, the
triplets {(A;),? € G,_1} are independent and Azuma-Bennet-Hoeffding inequality, we obtain

E |exp | A Z (f(Xo)1ggiery + f(X2ig1) 1 2ir1emy — mQF (X)) | |[Fra
i€Gr_,
= H E [GXP (A (f (X)L ggier+y + f(X2ip1) L girery — mQf(X3))) Fr1:|
Gy

AN2(2 + ma)ﬂ@ﬁ_ﬂ)

< exp 5
2 2

< exp (C (2 +m§) |Gr1|> ’

where the last inequality was obtained using the fact that |G}_;| < |G,_1|. From the foregoing
and from (4.5), we deduce that

2 2
Eexp [ A) f(X0) ]| <exp (C (2+m2a) |G”|)
i€T>

xE |exp | A Z f(X5) | exp | A Z (f +mQf)(X;)

€Ty _, ieGr_,

Doing the same thing with (f + mQf) and G}_; instead of f and G}, we get
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E lexp ()\ Z f(Xz)) exp (A Z f+me)(Xz))

€Ty, €6y,

=E {GXP ()\ > f(Xi)) X exp ()\ > (f+me+m2Q2f)(Xi))

€Ty _q i€eGy_,

X E |exp (A Z ( f+mQf) (X2z)1{226']1'*} +(f +me)(X2z+1)1{2z+1eT*}
<m@f+m%fﬂ@&ﬁ>
AAN2(2 + 3ma + m?a?)?|G, o

i€Gr_,
]:1"1]]
2

x E |:eXp ()\ > f(Xi)) X exp (A > (f+me+m2Q2f)(Xi))

ASH N i€Gr_,

< exp

Iterating this procedure, we are led to

ma)?\? o ’
E [exp ()\ Z f(XJ)] < exp ( 2+ A <Z(ma)k> 2’"‘1)
i€ q=1 \k=0

x E |exp )\ququ(Xl))]

<

q=0
2
2+ ma)2\? - (1 -
< exp H_# (Z ma)® | 2779 | exp AcZ(ma)q ,
g=1 \k=0 q=0

where the last inequality was obtained using hypothesis (H1). In the sequel, ¢p, ¢1 and ¢y
will denote some positive constants which depend on «, m, and ¢. They may differ from one
line to another. For ma # 1 and ma # /2, we deduce from the foregoing and from (4.4)
that

1 —ma

P (Mqr;(f) > 6) < exp (—Adt,.) exp ()\C(l — (ma>r+1)>

(2 + ma)?\? <(2r - 2ma(2" — (ma)")

e (ma) (2" — %)))
ma)? (2" — (m“a®)"

(
T T ma)?
(

2 —mao

(2 4+ ma)?\? , (ma)?(2" — (m2a?)")
—Ad o+ 2(ma —1)2 ((2 -+ 2 — (ma)?

X exp (/\6(1 - (ma)’"“)> .

1 —ma«a
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St (ma — 1)2
2(2 + ma)? ((27’ —1)+ (ma)2(2r—(m2a2)r))

2—(ma)?

Taking A = , we are led to

62(1 — ma)?t?

22(2 + ma)? (27 — 1+ el Z—ma®)) )

P<MT;&(f) > 5) <exp | —

5(1 — ma)?t, 1 — (ma)™+!
6(2 + ma)2 (21" — 1+ (ma)2(2r_(m220¢2)r)> 1 —ma

2—(ma)

X exp

Now, the rest of the proof divides into five cases.

e If ma < 1, then, for all 7 € N, (ma)™! — 1 < ma — 1 and 2" — (ma)?" < 2". We then
deduce that

P (MT; (f) > 6) < exp (c26) exp (—c28?(m?/2)" ) .
oIfl <ma< \/5, then we have

P (Mm(f) > 6) < exp (—c16*(m?/2)" 1) exp <626
< exp (—dca(m?/2) (6 — cpa”t1)).

(ma) ™+ — 1>

a—1

Now, for all » € N such that r + 1 > log(d/2co)/log(a), we have § — copa™ ! > §/2, in such a
way that

P (MT;(f) > 6) < exp (6%co(m?/2)" ).
e If ma > /2, then for all r € N, (m?a?)" > 2". We then have
P (MT;(f) > 6) < exp (—e20a (8 — coa” 1)) .

Now for all » € N such that » + 1 > log(d/co)/ log(c), we have

— 2
P (qu;(f) > 6) < exp (—ijg ) :

e If ma =1, then
P (qu;(f) > 6) < exp (A0t + c12"2%) exp (Ac(r + 1))

Taking A = 5tr/cl2r+1, we are led to

P (MT;(f) > 6) < exp (615(7'2—1;#) exp (—c26?(m?/2) ) .

o If ma = /2, then
P (M’T;( ) > 5) < exp (= Aty + A2ey (r + 1)27) exp (Acl(\/i)”l).

Taking X\ = dt,/(2¢1(r + 1)2"), we are led to
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r4+1 r+1
P (M’M(f) > 5) <exp |- 20 (EQ> 6 —co <Q>

r+1 2 m

Now, for all r € N such that r + 1 > log(6/co)/log(v/2/m), we get

N c 2 mg r+1
]P’(qu;(f)>6> < exp <_r2—fl (7> )

This ends the proof for H, = T,.

4.2. Proof of Theorem 2.3. Let f € By(S) such that (i, f) # 0. Once again, we are going
to study successively Mg (f) and M« (f).

Step 1. Let us first deal with Mg: (f). Set g = f — (i1, ). Then, {1z, g) = 0 and

Me:(f) = Mg; () + (IG;|/m") (. f).
We have

P (Mq;,;(f) A, YW > 5) < (Mg* 9) > 5/2) (4.6)

*PQW W' g 2\</if>)'

As (u,g) = 0, the previous computations (proof of Theorem 2.2) give us some bound for
the first term of right hand of (4.6), similar to those obtain in Theorem 2.2. Now, under
hypothesis (H3), we deduce, from [2] Theorem 5, that

‘ *‘ 4 2/3
P Gl _ W < —ex82Bmr/3
< - > 20 )] &) exp( c3 m ),

and this ends the proof of Theorem 2.3 when H, = G,..
Step 2. Let us look at MT:(f). For f € By(S), set g = f — (u, f). Then, (u,g) = 0 and

My (f) = Mr: (g) + (5| /t:) s, ).

We have
P (Mxs(f) — (YW > 6) <P (Mn(9) > 5/2) (4.7)
;)
*Pq f W‘ I f>\>

Since (i, g) = 0, the first term of the right hand of (4.7) can be bounded as in the previous
computations (proof of Theorem 2.2). Under additional hypothesis (H3), we have, from [2]
Theorem 5,

P( % -] i) Sqio]p(tr

B (| > s )

IG*

W‘ 1()5!<u,f>!>
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r 2 1/3
< a2
< ZCQ exp ( c30 ((r n 1)m‘1>

q=0

oo () )

and this ends the proof of Theorem 2.3 when H, = T,..

4.3. Proof of Theorem 2.5. Let f € B,(S). Without loss of generality, we assume that
(i, f) = 0. Otherwise, we take f — (u, f). For all 6 > 0, for all @ > 0 and for all b > 0 such
that b < a/(d + 1), we have

. . *
P (Mu:(f) > 6|W >a) =P (MH;(f) > 6,|h—"| > bW >a

_ H*
+P (MH;(f) > 6,‘h—r‘ < bW > a>
1 — |HY|

=——|P( My J, —— >b,W >

P(Wza)< (Fus(5)> 0.2 > 0w 20

||
T

hy

+P<MH:(f)>(5, Sb,WZa)
||
hr

gpaIP’(MH:(f)>6b) —i—pa]P’( —W‘>W—b,W2a)

— H*
< paP (MH:(f) > 6b) + paP (‘% . W‘ > 5b>,

where p, = P(W > a)fl. Now, the first term of the last inequality can be bounded as in
Theorem 2.2, and the second term is bounded as in the step 1 and and step 2 of the proof
of Theorem 2.3. This ends the proof.

4.4. Proof of Theorem 2.6. Let f € B;(S?).

Step 1. Let us first deal with M@,; (f). Assume that (u, P*f) = 0. By Chernoff inequality,
we have for all § > 0 and for all A > 0,

1@(1\7@;(]0) > 5) < exp (—Am")E [exp [ A3 f(A)

i€Gy

Conditioning by F,, and using, conditional independence of triplets {A;,i € G, } with respect
to F, Azuma-Bennet-Hoeffding inequality and (H2), we obtain

Elexp [ A f(A)

i€Gy

=E |exp [ AD P f(X:) | E |exp [ A ) (f(A) = P (X)) | |5

iGx i€G
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=E |exp )\ZP*f(XZ') H E [GXP (A(f(A;) = P*f(X3)))

iGx i€Gs

7|

< exp (2)\2||f||ooclmr) E [exp | A Z P f(X;)
i€Cx

We control the last expectation as in the Step 1 of the proof of Theorem 2.2, apply to P*f.
Next, we get the result discussing as in the proof of Theorem 2.2.

If (u, P*f) #0, we set g = f — (u, P*f). Then, we have
P (Ms: () — (1, P* )W > 5) < P (M (g) > 5/2) (4.8)
4P ( % - W' > 6/2/ (1, P*f>\> .

The first term of the right hand of (4.8) can be bounded as previously since (u, P*g) = 0.
The second term can be bounded as in Step 1 of the proof of Theorem 2.2. This ends the
proof for Mg (f).

Step 2. Let us now treat MT; (f). First, we assume that (u, P*f) = 0. For all 6 > 0, we have

P (Vs (/) > 0) <P [ = S0 ((80) — PA(X0) > 672 | + B (Vny(PFf) > 6/2)

" ieTs

By chernoff inequality, we have for all A > 0,

g tl > (f(8) = Pf(X3) > 6/2 | <exp <_A(;tr>

" et

xE [exp [ A Z(f(A@) — P*f(X;))

€T

Conditioning successively with respect to (F;)o<q<r, using conditional independence of triplets
{A;,i € G4} with respect to F, and applying successively Azuma-Bennet-Hoeffding inequality
and the fact that |G}| < |G| for all ¢ € {0,--- , 7}, we get

i€Tx

=E [exp [ A Y (f(A) = P (X)) | E [exp [ A D (f(A) = PPA(X0) | |7
i i€T:_, Gy

=E [exp (A D2 (F(8) = P | T E [exp ((F(80) = Pr(x0) | 7]
i ieT*_, i€Gx
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<exp (2N fIZIG) E [exp [ A ) (f(A:) = P*F(X4))

1€T?

r—1

< exp (2)\2||f||c2>o|TT|) :

Next, optimizing on A, we obtain

1 m2 r+1
P2 (A0 - PAX) > 02 Sexp<—cu52 (%) )

T ieTy

for some positive constant ¢;. The term P (MT; (P*f) > 6/2) can be bounded as in the

proof of Theorem 2.2, and this ends the proof when (u, P*f) = 0. On the other hand, if
(u, P*f) # 0, we have

Mra(f) — (. P* )W = Mra(g) + <“f_’ _ W) (P,

T

We then proceed as for (4.8), and this ends the proof for MT? (f)-

Step 3. Eventually, we bound PP (MH;(f) >0 — (u, P*f) > (5) , using Step 1 and Step 2,
as in the proof of Theorem 2.5.

4.5. Proof of Proposition 3.1. We are going to treat af — ap. Deviation inequalities for
ay — o, By = By, &;7” — a;, ﬂ;?” — ﬁ;, n € {0,1}, can be treated in the same way. Recalling
that the state space of the process (X;,i € T*), denoted by S, is assumed to be a compact
subset of R.

Let g1, g2, hy and hy the functions defined on S3 respectively by
g1(2,y,2) = (zy — x(a0z + o)) 1ss(2,y, 2),
92(2,y,2) = (y — oz — o)) 1s3(,y, 2),
hi(z,y,2) = 2lgs(z,y, 2),
ha(@,y, 2) = %1 (2,y, 2).

It is easy to see that P*g;(z) = 0, P*ga(2) = 0, P*hy(x) = p1 oz and P*hy(z) = p; o2 where
P* denote the transition kernel associated to the BAR(1) process with missing data. With
these notations, we can rewrite o — ag as

_ 1,0 _
T3 TR0 (T3 iy 91(89))

ay —op = B,
(1T Sy 1(80) (T3 L 92(80)
5 ,
2
where B, = (T3 TR ([T 7 ho(A) | = | 1T5 7Y m(a)

€T, i€Ty,
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Recalling (1.8), we then have for all § > 0 and a > 0

| Bul

M (hy)|| M- 5
+p<‘ s ()| Tn<g2>r>_‘w>a>_

T |~ TLC (| M ps 5
P(|ag—a0|>5|W2a)§P<’ nl Tl T"(gl)‘>§(wza (4.9)

| Bn| 2
For the first term of the right hand of (4.9), since |T%|~1T5"| < 1, we have for all v > 0

% — 1,077
p ([ Tnl T |[ M, (91)]
| Bul

:>awza>gpan<ﬂwza)

— 0
+ (W (o)) > W 2 a).

Notice that

2 2 2 T T —
By, — (P1,0M2 —Pl,oﬂl) = P1,0/2 T —pio |+ T | M (h2 — P1op2)
n

J— 2 JR—
— (M (hy — p1opa))” — 2p10p Mty (h — pron)
and
{IBnl <7} € {IBn = (0% o2 — i o17)| > [p¥ o112 — pTomil — 7}

92|p2 2 2
We then have for all 0 < v < ‘p170”22+ ;71,0,“1’,

T3~ T [Mrs (90)| 6
P n > —‘W >a
( B, 2

— )
<P (B < AW > a>+P<|MT*<gl > w >

| /\

(’B — (pF o2 — PToud)| > ‘W>a>+P(’MT*(91 | > — ‘W>a>

IN

P (023 001 > 2| 2 0) + P (s (12— prova)] > 2w > )

— ol IT"
P (Mg (hy — —(W > P ~prol > ‘W >q
(\ T+ (h1 — prop1)| > >a)+ T ] P1,0 8p1 e
P [Mp(hy — 7‘W >
(\ Tn( 1 p1,0M1)! 16p101
From [13], Section 5, we have
IT7 |
T,,°] oy oy
P —pro| > (W >a| =P § W>al,
( T Lo 8p1,04t2 |T* | ~Pio) 8P1 0442

(4.10)
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is a sequence of i.i.d. Bernoulli random variables such that

pLOZP(Tj:l):l—P(Tj:O).

where (T}),-,

To majorize the right hand side of (4.10), we use exactly the same ideas that for the proof of
Theorem 2.5 and Step 2 of the proof of Theorem 2.2.

For the second term of the right hand of (4.9), we have

Mo (hy)||[ M= M-
p (P50 sl 51 cp (Bostond 01y
‘Bn’ 2 ‘Bn‘ 4p1,0ﬂ1
Mr; V5 — Vi
4P %>7‘W2a +P ]MT;(hl—pl,o,ul)\>7‘W2a
n

Now, the first and the second term of the right hand of the last inequality can be treated as
the first term of the right hand of (4.9).

Finally, to get the result, just apply Theorem 2.6 to functions g1, g2, h1 and hs.
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