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Abstract

We consider the nonlinear Klein-Gordon equation in R?. We call multi-solitary waves a solution
behaving at large time as a sum of boosted standing waves. Our main result is the existence
of such multi-solitary waves, provided the composing boosted standing waves are stable. It is
obtained by solving the equation backward in time around a sequence of approximate multi-
solitary waves and showing convergence to a solution with the desired property. The main
ingredients of the proof are finite speed of propagation, variational characterizations of the
profiles, modulation theory and energy estimates.
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1 Introduction
We consider the following nonlinear Klein-Gordon equation
gy — Au+ mu — |ulPu =0 (NLKG)

where u : RxR? - C, m € (0,+00), and the nonlinearity is H!-subcritical, i.e. 1 <p <1+ ﬁ
ifd>3orl<p<+4ooifd=1,2.

This equation arises in particular in Quantum Physics where it has been proposed as a simple
model describing a self interacting scalar field. Mathematically speaking, the Klein-Gordon equa-
tion is one of the model dispersive equations. It is a Hamiltonian equation which is invariant under
gauge and Lorentz transform and in particular it conserves energy, charge and momentum. Due
to the sign of the nonlinearity, the equation is focusing. At the balance between dispersion and
focusing, we find “truly” nonlinear solutions: the stationary/standing/solitary waves.

A standing wave with frequency w € R is a solution of (NLKG) of the form u(t, ) = e“iy, ().
Such solution has the particularity to exist globally and to remain localized at any time. In the
physics literature this kind of solutions are sometimes referred to as @Q-balls. A soliton (or solitary
wave) with speed v € R?, frequency w € R and initial phase and position § € R, zg € R? is a
boosted standing wave solution of (NLKG). More precisely a soliton is a solution of (NLKG) of the
form

eSO b o — vt — xp),
1
1—|v?

We shall consider ground states solitons, i.e boosted standing waves with ground states profiles
(profiles minimizing a certain action functional, see Section 2 for a more precise definition). The
orbital stability properties of such solitons have been widely studied. It started with the work

is the Lorentz factor.

where ¢, , is a profile depending on w and v, and vy :=
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of Shatah [46] where it was shown that there exists a critical frequency w, > 0 such that if
p <14+4/dand w. < |w| < m then standing waves are stable under radial perturbation. Later
on, Shatah [47] proved that the stationary solution (i.e. the standing wave with w = 0) is strongly
unstable and the picture for standing waves was completed by Shatah and Strauss [48] when they
showed that if either p > 1+4/d or if |w| < w, then standing waves are unstable. These results were
generalized and consolidated by Grillakis, Shatah and Strauss in their celebrated works [15, 16]. The
stability theory of solitons was revisited by Stuart [50] via the modulational approach introduced by
Weinstein [51] for nonlinear Schrodinger equations. Compare to prior results, Stuart [50] provided
two improvements: first, he treated the whole range of possible speeds |v| < 1 without the radiality
assumptions, second he gave the laws of the modulations parameters. In particular, it was shown
in [50] that the ground state solitons are stable if the parameters are within the following open set

1 w?
— 2+42d.
Ostab .{(W,G,U,IE)GR+ 3 |w|<\/m, |’U|<1,m<;} (1)

Note that Ogtap is nonempty only if p < 1 4 %, i.e. the nonlinearity is L?-subcritical. Instability
was further investigated by Liu, Ohta and Todorova [25, 41, 42] (see also [17] for a companion
result), who proved that when standing waves are unstable, then the instability is either strong
(i.e. by blow up in possibly infinite time) when p < 1+4/d or very strong (i.e. by blow up in finite
time) when p > 1+ 4/d.

Recently, further informations on the dynamics of (NLKG) around solitons have been obtained
by Nakanishi and Schlag. In [40], using a method refered to as Hadamard approach in dynam-
ical systems, they show the existence of a center-stable manifold which contains all solutions of
(NLKG) staying close to the solitons manifold and describe precisely this manifold. Furthermore,
in [37], they adopt a Lyapunov-Perron approach for the study of the dynamics around ground
state stationary solitons of (NLKG) for the 3-d cubic case and in a radial setting. In particular,
they show the existence of a center stable manifold such that the following trichotomy occurs for
a solution with inital data close to the ground state stationary solution. On one side of the center
stable manifold, the solution scatters to 0, on the other side it blows up in finite time and on
the center stable manifold itself the solution scatters to the ground state. The same authors [39]
extended later their results in the non-radial setting. One can also refer to their monograph [38] for
a complete introduction to the mathematical study of equations similar to (NLKG), in particular
the study of the dynamics of the equation around stationary/standing waves.

In this paper we address the question whether it is possible to construct a multi-soliton solution
for (NLKG), i.e. a solution behaving at large time like a sum of solitons. Multi-solitons are long
time known to exist for integrable equations such as the Korteweg-de Vries equation or the 1-d
cubic nonlinear Schréodinger equation. Indeed, existence of multi-solitons follows from the inverse
scattering transform, see e.g. the survey of Miura [35] for the Korteweg-de Vries equation and
the work of Zakharov and Shabat [54] for the 1-d cubic nonlinear Schrédinger equation. In the
recent years, there has been a series of works around the existence and dynamical properties of
multi-solitons for various dispersive equations.

One of the first existence result of multi-solitons for non-integrable equations was obtained by
Merle [34] as a by-product of the construction of a multiple blow-up points solution to the L2-
critical nonlinear Schréodinger equation (indeed a pseudo-conformal transform of this solution gives
the multi-soliton). Later on, Perelman [43, 44] (see also [45]) studied asymptotic stability of a sum
of solitons of nonlinear Schrédinger equation under spectral hypotheses and in weighted spaces.
In the energy space, Martel, Merle and Tsai [28, 33] showed the existence and orbital stability of
multi-solitons made of stable solitons. The existence of multi-solitons made of unstable solitons
was obtained by Cote, Martel and Merle [8] for ground state and by Cote and Le Coz [7] for excited
states under a high speed assumption. Further results on the existence of exotic solutions like a
train of infinitely many solitons were obtained by Le Coz, Li and Tsai [11].

For the non-integrable generalized Korteweg-de Vries equation, Martel [26] showed the exis-
tence and uniqueness of multi-solitons for L?-subcritical nonlinearities. These multi-solitons were
shown to be stable and asymptotically stable by Martel, Merle and Tsai [32]. Combet [6] investi-
gated further the existence of multi-solitons in the supercritical case and showed the existence and
uniqueness of a N-parameter family of multi-solitons. Outstanding results on the description of



the interaction between two solitons were recently obtained by Martel and Merle [29, 30, 31].
Despite the many works on multi-solitons previously cited, to our knowledge the present paper
and the recent preprint [9] are the first works dealing with existence of multi-soliton type solutions
for nonlinear Klein-Gordon equations (see nevertheless [10] for related results on the nonlinear
wave equation).
Our goal is to prove the following existence result for multi-solitons.

Theorem 1. Assume that 1 < p < 1+ 4. For any N € N, take (w;,0;,v;,%;)j=1,...n C Ostab
and let (@;) be the associated ground state profiles ¢; := pu, v;, and (v;) the Lorentz factors

v = (1— |vj|2)7%. Denote the corresponding solitons by

zwj t+i6;

R;(t,x) = p;(x — vt — ;).
Define
vy ;= min{|v; —vg|,5,k=1,...,N,j #k} (minimal relative speed) (2)
wy = max{|w;[,j =1,...,N} (mazximal frequency) (3)

There ezists o = a(d, N) > 0, such that if v; # vk for any j # k, then there exist Ty € R and a
solution u to (NLKG) ezisting on [Ty, +00) and such that for all t € [Ty, +00) the following estimate
holds

u(t) o Z Rj (t) < efa\/mfwfv*t.

=
i=1 h

N
Opu(t) = Y R, (1)

L2

Remark 1. During the preparation of this paper we have been aware of the work [9] by Cote
and Munioz. Our two results are companions in the following sense. In [9] the authors used
spectral theory and a topological argument to prove the existence of multi-solitons made of unstable
solitons. To the contrary, we use finite speed of propagation, classical modulation theory and energy
estimates to obtain the existence of multi-solitary waves based on stable solitons. Merging our
results together would give the existence of multi-solitons made with any kind (stable or unstable)
of solitons.

Our strategy for the proof of Theorem 1 is to slove (NLKG) backwards around suitable ap-
proximate solutions. It is inspired by the works of Martel, Merle and Tsai on multi-solitons of
Schrodinger equations [28, 33] (see also [7, 8] where similar strategies were enforced). The main
new ingredients on which we rely are the variational characterizations of the profile and a coercivity
property of the total linearized action.

We start by introducing the mathematical framework in which we are going to work in Section 2.
After transforming (NLKG) into its Hamiltonian form (4), we list the tools which are going to be
useful for our purposes: Cauchy Theory in H' x L? and H* x H*~!, Conservation laws, Finite
Propagation Speed, standing waves, Lorentz transform and finally definitions of solitons and their
profiles.

Then we go on with the core of the proof of Theorem 1. We consider a sequence of times
T™ — 0, a set of final data u, = > R;(T") and the associated solutions (u,) of (NLKG) backward
in time. The sequence (u,,) provides us with a sequence of approximate multi-solitons, and we need
to prove its convergence to a solution of (NLKG) satisfying to the conclusion of Theorem 1. For this
purpose, we show that each u,, exists backwards in time up to some time Ty independent of n and
decay uniformly in n to the sum of solitons (Proposition 1). Eventually a compactness argument
(Lemma 2) permits to show that (u,) converges to a multi-soliton of (NLKG) on [Ty, c0). Most steps
are performed in Section 3, apart from uniform estimates whose proof needs more preparation.

The proof of the uniform estimates relies on several ingredients: coercivity of the Hessian of
the action around each component of the multi-soliton, modulation theory and slow variation of
localized conservation laws, energy, charge, momenta.

We study the profiles of the solitons in Section 4. We characterize the profiles variationally using
the conserved quantities of (NLKG) (Proposition 3). and show that the ground state profiles are at
the mountain pass level, the least energy level and the Nehari level. Our proofs are self-contained
and do not rely on the (NLS) case.



After obtaining the variational characterizations, we prove a coercivity property (Lemma 8) for
the second variation of the action functional around a soliton (linearized action). To this aim, we
study the spectrum of the linearized action and prove in particular the non degeneracy of the kernel
(i.e. the kernel contains only the eigenvectors generated by the invariances of the equation, see
Lemma 7). It is usually a crucial point in these mattersWe underline that the coercivity properties
are related to the fact that our standing waves are stable.

Coercivity of the linearized action is obtained provided orthogonality conditions hold. This
prompt the question of obtaining orthogonality conditions around a sum of solitons, which is
resolved in Section 5 via modulation theory. The modulation result is twofold. First, it shows
that close to a sum of solitons one can recover orthogonality conditions (see (35)) by adjusting
the modulation parameters phases, translation and scaling. Second, it gives the dynamical laws
followed by the parameters (see (36)).

Finally, we define cutoff functions around each soliton and use them to localize the action
around each soliton. We use these localized actions to build a global action adapted to the sum of
solitons. Several properties are transported from the local actions to the global one. In particular,
the global action inherits from the coercivity (see Lemma 12). Due to errors generated by the
cutoff it is not a conserved quantity, but we can however prove that it is almost conserved (i.e. it
varies slowly). We use these properties combined with the modulation result to prove the uniform
estimates.

This work is organized as follows. In Section 2, we set the mathematical work context. Section 3
contains the proof of the main result, assuming uniform estimates. In Section 4, we establish
variational characterizations of the profiles and use them to prove a coercivity statement for the
hessian of the action functional related to a soliton. In Section 5, we explain the modulation theory
in the neighborhood of a sum of solitons. Finally, we put all pieces together in Section 6 to prove
the uniform estimates. The Appendix contains the proof of a compact injection used in Section 3
and interactions estimates used in Section 6.

2 Mathematical context

In this section we introduce rigorously all the necessary material for our study and restate our
result in the Hamiltonian formulation for (NLKG), which is a more suitable formulation for our
needs. But before let us precise some notations. We denote by LI(R?) the standard Lebesgue
space and its norm by ||-[|,. The space L?(R9) is viewed as a real Hilbert space endowed with the
scalar product

(u,v)y = Re/ uvdx.
Rd

The Sobolev spaces H*(R?) are endowed with their usual norms ||-|| ;.. For the product space

L?(R%) x L?*(RY) we use the norm
Uy 2 2
(O] =il e,
(0 L2x L2

with similar convention for H!(R%) x L2(R?), H*(R%) x H*~1(R), etc. We shall sometimes us the
following notational shortcut:
(1w 3%)
)

(u, g_;d) 2
Finally, unless otherwise specified the components of a vector W € L?(R%) x L?(R%) will be denoted
by W1 and WQ.

The Hamiltonian Formalism for the nonlinear Klein-Gordon equation (NLKG) is formulated as
follows. For (uj,us2) € HY(R?) x L2(R%) we define the following Hamiltonian (which we will call
energy in the sequel)

(u, Vv), :=

1

ur) 9 1 2 m 2 1 p+1
B(1) = el + 3Vl + Gl -l



Define the matrix J := ( 0 1). Then u is a solution of (NLKG) if and only if (u1,us2) := (u, us)

1 0
o (Z;) = JE' <Z;) (4)

solves the following equation
From now on we shall work only with the Hamiltonian equation (4).

Due to this Hamiltonian formulation the energy is (at least formally) conserved. In addition,
the invariance of (4) under phase shifts and space translations generates two other conservations
laws, the charge @ and the (vectorial) momentum P, defined in the following way:

Q<u1) =Im u1Uzde, P<u1> = Re/ Vujtsde.
ug R4 U R

With our restrictions on the growth of the nonlinearity in Theorem 1 (L2-subcritical), it is well-
known that the Cauchy problem for (4) is globally well-posedness in the energy space H'(R?) x
L?(R4). More precisely, the following well-posedness theory holds.

Cauchy Theory in H' x L. Assume 1 < p < 1+ 2. For any initial data Uy = (uf,uy) €
HY(RY) x L?(R%) there exists a unique mazimal solution of (4)

UeC(R,H (RY) x L*(RY)) nCt (R, L*(RY) x H™H(RY)).

Furthermore, we have the following properties.
Conservation of energy, charge and momentum: for all t € R, we have

EU(t) = El), QU(H) =QUo), PU() = P(Uo),
Global estimate: there exist Co > 0 such that [|Ul|c gy z2) < CollUoll g1 p2-

Uniqueness in light cones: If U is another solution to (4) on (0,T) for T > 0 with U(0) = Uy in
{x: |z —x0| < T} for some xg € RY, then U = U on the backward light cone {(t,z) € [0,T) x R :
|z — x| < T —t}.

Continuous dependency upon the initial data: if (UF) € H'(R?) x L2(RY) converges to Uy in
H'(RY) x L*(R?), then the associated solutions (Uy,) of (4) converge in C (I, H'(R?) x L*(R%))
for any compact time interval I C R to the solution U of (4) with initial data U(0) = Up.

3

For this set of results, we refer to the classical papers by Ginibre and Velo [13, 14], or the recent
review in the paper [20] by Killip, Stovall and Visan. For our purposes, we will also need a more
refined result on local well-posedness in the slightly larger space H*(R?) x H*~1(R?) for some s < 1
(see Lindblad and Sogge [23] or Nakamura and Ozawa [36]).

Cauchy Theory in H® x H*"'. Let s > 0 be such that either s > d/2 or 1/2 < s < d/2 and
p < 1+ 725 For any initial data Uy = (uf,ul) € H*(R?) x H*"H(R?) there exists a unique
maximal solution of (4)
UeC((-T.,T*), H*(R?) x H*"1(RY)).

Furthermore, we have the continuous dependent upon the initial data: if (U}) € H*(R?) x
H*~Y(RY) converges to Uy in H*(RY) x H*"Y(R?) , then the associated solutions (U,) of (4)
converge to U in C (I,HS(Rd) X Hs_l(Rd)) for any compact time interval I C (=Ty,T*), where
U is the solution to (4) with initial data U(0) = Up.

A useful consequence of the uniqueness in light cones (Cauchy Theory in H! x L?) is the
following finite speed of propagation property.
Finite Propagation Speed. Let U = (uj,us) € H'(RY) x L%(R?) be a solution of (4) on
(=00, T*]. There exists Cy, depending only on |U(T*)| g1, 2 such that if there exist 0 < ¢ and
M > 0 satisfying

(Vg (T*)|? + [uy (T*)? + |ug(T*)2da < e,
|z|>M

then for any t € [—oo, T*] we have

/ Vs (O] + s (D] + Jua()]2d < Coe,
|| >2M+(T*—t)



Proof. Let xas be a cutoff function such that

1 for |z| >2M Co
= and Vv < —.
XM(Z') {0 for |$| <M 1 H XI\/[”oo M

Define U+ ar := U(T*)xm and denote by Uy, the associated solution of (4). By assumption, we
have ||UT*7MH§—]1><L2 < ¢ and by the Cauchy Theory in H! x L? the solution Uy, exists on R and
verifies for all t € R

U1 ()11 12 < Coe.

However, by uniqueness on light cones, Uy and U coincide on {(t,z) € RxR? : |x| > 2M +(T*—t)},
and for any t € (—oo, T*) this implies
/ Vs OF + us (O + Jua(t) Pz < [Unr ()20, < Coc,
2| >2M+(T*—t)

which was the desired conclusion. O

Lorentz transform. Among the symmetries of (4), we already mentioned the phase shift and
translation. We consider now the Lorentzian symmetry, defined as follows. Take U(t,z) =
(u1,u2)(t,r) and v € R? with |v| smaller than the speed of light for (4), namely |v| < 1. The
Lorentz transform £,U of U is the function of (¢, ) defined by

L Ul(T, y)
(XUUXta :L') = <’7 (U2 (7-’ y) — ’UVyul(Ta y)))

where 7 and y are defined by

T=71(tx) =yt —v-x)= %t—*y(z—vt)w;,
y=y(t,z) =z —xy +y(z, —vt) =2 — vt + (v — 1)(x — vt),.
Here, the Lorentz parameter v is defined by
1
R e
and the subscript v denote the orthogonal projection onto the vectorial line generated by v, that is

T
Ty = BE v.

It is simple algebra to verify that (4) is Lorentz invariant, in the sense that if U is a solution of (4),
then so is .Z,U. Also note that the Lorentz transform is invertible with inverse .Z_,,.

Standing waves. Take w € R. In the Hamiltonian formulation, a standing wave with frequency
w is a solution of (4) of the form U(t,z) = e™!'®,(x). Plugging this ansatz for U into (4), it is
easy to see that &, = (g:;) must be a critical point of E + w(@, hence a solution to the stationary
elliptic system 7

—Apy1 +mp, 1 — |<Pw,1|p71§0w,1 +iwpy2 =0,
Puw,2 — w1 = 0.

The solutions of this system are clearly of the form (if;j ), where ¢, satisfies the scalar equation

—Apy, + (m — WQ)%O - |<Pw|p_150w =0. (5)

Solutions to (5) and their properties are well-known (see [3, 4, 12, 21| and the references therein).
For every w € (—/m, v/m) there exists a unique, positive, and radial function ¢,, € C?(R?) solution



of (5). In addition, the function ¢, is exponentially decaying at infinity: for any u < (m — w?)
there exists C'(u,w) > 0 such that

lw (2)] < C(p,w)e™ VFI! for all z € RY. (6)

Furthermore, any ¢, satisfy the scaling property

1

ww(z):(m7w2)ﬁ¢((m7w2)%x), (7)

where @ is the unique positive radial solution to —A@+ @ — [P~ = 0. The function ¢, is called
ground state. In dimension d > 2, there exist infinitely many other solutions to (5), called ezcited
states. In the sequel, we shall deal only with ground states solutions to (5). Indeed, our analysis
deeply relies on properties of the ground states which do not hold for other solutions, in particular
the stability of the associated standing waves (see Section 4 for details).

Remark 2. It is interesting to notice that, although the presence of the nonlinear term permits
the existence of states with negative energy, the standing waves have always positive energies.
Indeed, a straightforward computation assures that for a standing wave U(t,z) = e*“'®, () the
corresponding energy is given by

11 ) ) 11 )
B@.) = (5 - =57 ) (Ieall 4 mlleul) + (5 + —7 )oleul

The fact that p > 1 guarantees that F(®,,) > 0.

Remark 3. The scaling property (7) guarantees that the energy of the ground states varies con-
tinuously with respect to w. This fact implies that the multi-soliton solutions for (NLKG) behave
at large time like a sum of solitons that are allowed to have different energies. A straightforward
computation indeed gives

2 4—d(p—-1) = o
lpulls = (m —w?)2e=0" 2|5
9 pR-d)ytatd
IVl = (m —w?) e [|VE;.
Now ¢ is solution of —A@ + @ — [@[P~1p = 0 such that, by means of Pohozaev identity,

dip—1)
2d—(d-2)(p+1)

~12 ~112
Vel = 121l

Merging all this information we get the relation between energy and w given by

E(pu) = g()lI#ll5,

where

p—1 ( o\ PC=d)+2+d 5 4—d<p—1>) ( p+3 5 4d(p1))
w)=g7—=((m-w =D +m(m—w®) 2D ) + | ———w(m —w) 2D
9(w) 2+ D) ( ) ( ) 1) ( )

which can be rewritten as

(m(p —1) + 2°)(m —w?) 71~
(P+1)

The monotonicity of g(w) when w belongs to Ogtar, follows easily.

g(w) =

Solitons. Starting from a standing wave, one generates a new family of solutions to (4) simply by
boosting them using the Lorentz transform. These new solutions are the solitary waves (or simply
solitons). Precisely, take a frequency |w| < /m, the profile @, := (if;’w) (where ¢, is the ground
state of (5)), a phase # € R, and a speed and a position v, 7o € R? with |v| < 1. The associated
soliton is

ei%t"'w@wyv(z — vt — x9),



where the new profile ®,, , is given by

Py, (z) = e—”wv'w( Pu(® + (v = Day) )

Y(iwpw (T + (v — 1)xy) — vV (T + (v = 1)z0))

By direct computation, and provided we have noticed that

B U1 _ —Aui + mug — |u1|p71u1
U9 U2 ,
AD! iU U ;[ U1 —Vuy Ul
= . = J N P = - —JV 5
()= () =) ()= (wur)=()
it is not difficult to see that ®,, , is a critical point of
S=E+%Q4+0v-P.
Y

With all these preliminaries out of the way, we can go on with the proof of Theorem 1.

3 Existence of Multi-Solitons

This section contains the core of the proof of Theorem 1 assuming uniform estimates (Proposition 1)
which are proved in Section 6.

Assume that p < 1+ 3. Take N € N, (w;,0;,v;,2;)j=1,..n C Ostan, ®; the associated
Hamiltonian profiles (as in (8)), v, and w, as in (2), (3), (v;) the Lorentz parameters, (R;) the
corresponding solitons

7 i t+i60

R;(t,x):=e @ (x — vt — xj),

and R the sum of the solitons :

R(t,z) =Y Ryt x).

=1

<.

Reformulated using the Hamiltonian expression (4) of (NLKG), our goal is to prove that there exists
a = a(d,N) > 0, such that if v; # v;, for any j # k, then there exist Tp € R and a solution U
to (4) existing on [Ty, +00) and such that the following estimate holds for all ¢ € [Ty, +00)

IU(®) = R@)ll g1y g2 < emOVmmeret,

We are going to define a sequence of approximate multi-solitons and prove its convergence to the
desired solution of (4). Take an increasing sequence of time 7™ — +oo and for each n let U,, be the
solution to (4) obtained by solving (4) backward in time from 7" with final data U, (T™) = R(T™).
Our proof will rely on two main ingredients. First we have uniform estimates for the sequence of
approximate multi-solitons.

Proposition 1 (Uniform Estimates). There exist « = a(d,N) > 0, and Ty € R (independent of
n) such that for n large enough the solution Uy, of (4) with Up(T™) = R(T™) exists on [Ty, T"] and
satisfies for all t € [Ty, T"] the estimate

1Un(t) = RE)| g1z < e—oy/m—wiv.t (9)

Proposition 1 establishes that the approximate multi-solitons U, all satisfy the desired estimate
on time intervals of the form [Ty, T™], with Ty independent of n. The proof of Proposition 1 is
rather involved and we postpone it to Section 6 (useful informations for this proof are derived in
Sections 4 and 5).

The second ingredient of the proof of Theorem 1 is an H' x L?—compactness property of the
sequence of initial data of the approximate multi-solitons.



Lemma 2 (Compactuness). Let Ty be given by Proposition 1. For any € > 0 there exists M, such
that for any n large enough U, verifies

/ ‘ VU1 (T0))? + |Un1 (To) |2 + |Upo(To) Pdx < €.
x|>M,

The argument for the proof of Lemma 2 is different from the Schrédinger equation case. Indeed,
we benefit with the Klein-Gordon equation of the Finite Propagation Speed, which is not the case
for Schrédinger equations where one has to us virial identities (see e.g. [28, Lemma 2]).

Proof of Lemma 2. The result is a consequence of the Finite Speed of Propagation and the uniform

estimates of Proposition 1. Indeed, take e > 0 and let T* be such that e~V «iv:T" < £. Then
it follows from Proposition 1 that for n large enough

* * €
[UA(T*) = RO < 5. (10)
By exponential decay of the sum of solitons, there exists M, such that
€
/ . IV(R(T)) + [(RIT) + [(R(T))olPde < 5. (11)
x| >Mc
Combining (10) and (11), we get
[ R 4 Una (@ + Una(2) e < e
|| > M.
By Finite Speed of Propagation, this implies
/ ~ VU1 (To)|? + U1 (To) > + |Up 2(T0)|?dx < €.
|z|>2M +(T*—To)
Setting M, = 2M, + (T* — Tp) finishes the proof. O

Proof of Theorem 1. With in hand our sequence of approximate multi-solitons satisfying the de-
sired estimate, the only thing left to do is to prove that it actually converges to a solution of (4)
satisfying the same estimate (9).

First of all, we show the convergence of initial data. Since U, satisfies (9), the sequence U, (1)
is bounded in H!(R?) x L?(R?). Therefore there exists Uy € H'(R?) x L?(R?) such that U,, — Uy
weakly in H!(R%) x L?(R?). We are going to prove that the previous convergence is strong in
H*(RY) x H"1(RY) for any 0 < s < 1. Take ¢ > 0. Using Lemma 2, we infer the existence of
M. > 0 such that for n large enough

/| o (PO TO)P 4 00 (T + (T P+
I> €
E
[ U0 To) P+ Woa (T + ()P < 5. (12
z|>M.

Define . : R? — [0,1] a cutoff function such that y.(z) = 1 if |z| < M., x-(z) = 0 if |2| > 2M,,
and [|[Vxc||,, <1. We have

1Un(To) = Uoll e scre—1 < 1Un(T0) = Uo)Xell gro s pro—1 + [[(Un(To) = Uo) (X = Xe)ll o e pro1

From the compactness® of the injection H*(Q) — H*~%(Q) when 2 is bounded and § > 0 , we
infer that, for n large enough and maybe up to a subsequence, we have

g
||(Un(TO) - UO)XEHHSXHsfl < 5

La proof of this fact is included in the Appendix, Lemma 17 for the reader’s convenience.



Moreover, by (12)

1(Un(T0) = Uo)(1 = X)ll o o1 < [(Un(To) = Uo)(1 = xe)ll 2 <

Do ™

Combining the last three equations gives us
HU’G(TO) - UOHstHs—l <e.

Hence U,,(Tp) converges strongly to Uy in H*(R?) x H*~1(R?).

Let us now show that the solution U of (4) in H'(R?) x L?(R?) with data U(T,) = Uy satisfies
the required estimate. By Local Cauchy Theory of (4) in H*(R%) x H*~}(R?), we have the strong
convergence

Un(t) — U(t) in H5(RY) x H*~1(RY).
for any ¢t € [Tp,+00). In addition, by uniqueness of the limit and since U,(t) is bounded in
HY(R?) x L2(R9) (by (9)), we have the weak convergence for t € [Ty, +00)

Un(t) = U(t) in H'(R?) x L*(RY).
Therefore, by weak lower semi-continuity of the H! x L?-norm and (9), we have
10() = ROl < i [Un () = RO 1,0 < €7V P70,

which concludes the proof of Theorem 1. O

4 Properties of the profiles

Since we will be working mainly within the Hamiltonian formulation of (NLKG), it will be convenient
to characterize the soliton profiles using the conserved quantities. We already mentioned that the
profile @, ,, is a critical point of the functional action

w
S=FE+—-Q+v-P,
g
or more explicitly a solution to

—Awy +mw; — |w [P wy + ’L-E’IUQ —v-Vwy =0,
; (13)

w27i5w1+v~Vw1:O.
Y

In this section, we are going to give some variational characterizations of ®,, and study the
Hessian S” (P4 ).

As far as we know, the variational characterizations given in the following Proposition 3 were
never derived before, although they are expected in view of what happens in the scalar setting.
The ideas on the relationships between different variational characterizations used further in this
section were introduced by Jeanjean and Tanaka in [18, 19] (see also [2] for related results). We
believe that these variational characterizations of the profile ®,, , are of independent interest.

For the purpose of constructing multi-solitons, the main result of this section is the coercivity
property given in Lemma 8. The proof of this result relies on the variational characterization of
the profiles as well as on their non-degeneracy, which is given by Lemma 7. We shall follow closely
the presentation made in [22] for the standing waves of NLs.

4.1 Variational Characterizations

We define the mountain pass level by

MP :=inf sup S(n(s))
n€l se0,1)

10



where I is the set of admissible paths
= {neC((0,1), H'(R?) x L*(R7)) ; n(0) = 0,S(5(1)) < 0}.
We define the Nehari constraint for W € H'(RY) x L?(R%) by
I(W) = (S"(W), W)

and the Nehari level by
NL :=min{S(W); I(W) =0, # 0}.

We also define the least energy level by
LE :=min{S(W); W € H'(R?) x L*(R%), W # 0, §'(W) = 0}.
Proposition 3. The profile @, , admits the following variational characterizations:
S(®y) =MP=NL=LE.

Let us start by proving using mountain pass arguments that S admits a critical point. Then
we will show that this critical point is at the mountain pass level and also at the least energy level
and at the Nehari level and we will identify it with &, ,.

Lemma 4. There exists ¥ € H'(R?) x L2(R%) a non-trivial critical point of S, i.e.
U £0, S'"(¥) =0.

Before going further, we make the following useful observations on the formulation of S: for
W = (w1, wz) € HY(R?) x L2(R9) it is simple algebra to see that

1 2 1 2 1 w2 2 lw _
S9) = 5IVwl3 = 3lo- Tual + 5 (m = 5 )l - 520+ 1 [ w17y

p+1

1
+§Hv~Vw1 *i$w1+w2”§* ||w1||p+1'

1
p+1
We can remark further that if @ is such that wq (x) = e =7 %@y (x + (y — 1)x,) then we have

1

1 - 2 1 - 2 1 W 2 1
S(W) = S <§||Vw1|2 +3 (m —w?) |w1|2) +§HU'VU11 —izw +wpl|, — w21, (14)

1
p+1 p+1°
We shall also use the following Lemma at several occasions.

Lemma 5. For any ¢ > 0 there exists § > 0 such that for any W = (w1, ws) € H*(R?) x L?(R%)
we have w
2 , 2 2
ellwil[r +[lv- Ve — iSwt wally = O W5 2
Proof. We only have to make ||w2|\§ appear. Write
wa :a(U-Vw1 —it—dwl) + wy,
Y
where o« € R and (’U -Vwy — i%wl, wQL) = 0. We have
2
N 2 LW 2
Hv -Vwy — z;wl + w2H2 =(1+ a)2Hv -Vwy — Z;UHHQ + Hwﬁ‘”i (15)
2 w2 2
lwally = o||v - Yy — Z;leQ + [lwy |15

There is a possible degeneracy in (15) if @« = —1, but we can compensate it by using a piece of

2
w1 ][
e LW 2
SllwillF + o - Vs — i—wy +wel|, >
2 Y
e LW 2 =
C ((1 +a)?+ 5) v Vs — qwlug + Cllwy |3 > Cllwsll5.  (16)

The desired inequality is then a direct consequence of (16). O

11



Proof of Lemma 4. Step 1 : Mountain-Pass geometry.
We claim that the functional S has a mountain-pass geometry, i.e

MP > 0.

We start by showing that I' is not empty. Indeed, take W = (w1, ws) € H'(RY) x L?(R?) and
s > 0. Then using (14) we see that

2171, __ 5 1 oy 1 w 2\ sPHL 1
S(sW) == =(5IVan s+ (m—w?) [in 3 )+ 5o Var —i—wy +wal];, | — —— |21
2 \y\2 2 2 v p+1

Therefore if s is large enough we have S(sW) < 0, hence the path s — S(%W) belongs to I’
provided C' has been chosen large enough.

To show that M P > 0, it is enough to prove that there exists a function f : RT™ — R such that
f(s) > 0 for s close to 0 and S(W) > f(||W| 51 2). Using (14), the continuity of wy; — w; in
H'(R?) and Sobolev embeddings, it is easy to see that there exists ¢ > 0 such that

£ 1 w 9
SOV) 2 glherllip + 3o V= iZwn + wall, = Clhen "

From Lemma 5 we infer that there exists § > 0 such that
= 2 +1
S(W) 2 0IW iz w2 — CIW I 2

This implies that S(W) > 0 if ||W|| 41, is small and there exist C' > 0, 6 > 0 such that
S(W) > C >0 for |[W|| 41,2 = 0. This implies M P > 0 and S has a mountain pass geometry.
Step 2 : Existence of a Palais-Smale sequence.

From Ekeland variational principle (see e.g. [53]) and Step 1, we infer the existence of a Palais-
Smale sequence W,, = (w1, w2 ) at the level M P, i.e.

S(W,) = MP, S'(W,)—0, as n — +00. (17)

Step 8 : Non-vanishing of the Palais-Smale sequence.
Assume by contradiction that the sequence W,, is vanishing, more precisely for any R > 0 we
have

lim sup / (|wi,n|? + [wa,n|?) dz = 0.
n 0 yeRrd J|z—y|<R

Take € > 0 and R > 0 and let n be large enough so that

sup / (|w1,n|2 + |w2,n|2) dr < €.
yeRe J|z—y|<R

Recall Lions’ Lemma (see [24]): for any w € H'(R?) we have

p—1
1 2
Il < € <sup / |w|2dw> el (13)
yeR J|z—y|<R
Therefore, for n large enough, and using (14) and Lemma 5, we get
S(Wn) 2 Cl|Walls 2 — ellwinllzs,

which implies (if ¢ has been chosen small enough) that (W,,) is bounded in H!(R%) x L?(R%). This
boundedness has two consequences: as n — +00, we have

(S'(Wo), W) 50 and .y — 0. (19)

where the first limit is due to the fact that (W,,) is a Palais-Smale sequence (see (17)) and the
second limit comes from (18). However, we have

1 1 +1 1
(2 2) vl = s0%) — & (5002 w2

12



and therefore (19) implies
lim S(W,) =0,
n—-+oo
which enters in contradiction with lim,, . S(W,) = M P > 0. Therefore the sequence (W,,) is
non-vanishing.
Step 4 : Convergence to a critical point
Since W, is non-vanishing, there exists R, > 0 and (y,) C R? such that for n large enough

/ oy o2z > 6. (20)
|z—yn|<R

If we substitute Wy, (- — yn) to W, (keeping the same notation), the sequence (W) is still a
Palais-Smale sequence and keeps the same properties. In particular, as known from Step 3, (W)
is bounded in H'(R%) x L2(R9), and therefore we have the existence of ¥ € H(R?) x L?(R%)
such that W,, — ¥ weakly in H'(R%) x L?(R9). Since W,, is a Palais-Smale sequence and S’
is continuous, we have S’(¥) = 0. Hence we only have to show that U is non-trivial. This is a
direct consequence of (20) and the compact injection H'(|z| < R) < L%(|z| < R). Hence ¥ is a
non-trivial critical point of S and the proof of Lemma 4 is finished. O

We turn now to the variational characterizations of the critical point obtained in Lemma 4.

Lemma 6. Take U the critical point of S found in Lemma 4. The following equality is satisfied.
S(U)=MP=NL=LE.

Proof. Let us start by showing
Using S'(¥) = 0, we have

- @0 = (5= ) (ST - w?) )

-V =i, +w2H§) <. (@

S(T) = S(V)

Recall that @ is such that wy(z) = e 7“7 %0y (z + (v — 1)xy) (see (14)). Using the weak lower
semi-continuity of the norm, we can continue the inequality started in (22) by

1 1 .. 1 _ _ W 2
= (5 B m) Hm f (;(vamlliﬂm ) ||w1,n|5)+Hv-Vw1,n—z;w1,n+w2,nHg)

L. 1 ,
~ limint (S<Wn> - () Wn>) @)

Since (W),,) is a Palais-Smale sequence we have

1

lim (S(Wn) - m

n—-+o0o

<S/(Wn)aWn>) = MP,

and we can conclude from (22) and (23) that ¥ verifies (21).
We continue by showing that
MP < NL. (24)

Take an element of the Nehari manifold W € H'(R?) x L?(R4), I(W) = 0. The idea, as in [18, 19],
is to construct a path in I" so that S(n(s)) achieves its maximum when n(s) = W. It is easy to see
that for C large enough the path no defined by ne(s) = CsW fulfills our needs. Indeed, we have

0 1 N _ W 2 _
—S(sW) = s(;(|Vw1||§ + (m = w?) an ) + |- Ve - ity - o 1|w1|gﬁ).
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In particular, %S(sWﬂszl = I(W) = 0. Therefore %S(SW) > 0 for s € (0,1) and %S(SW) <0
for s > 1. Hence the path S(nc(s)) achieves its maximum when s = & and n(&) = W. Therefore,
ML < S(W),

and since this is true for any W on the Nehari manifold this proves (24).
It is easy to see that
NL < LE. (25)

Indeed, any solution W of (13) (i.e. any critical point of S) satisfies the Nehari identity I(W) = 0.
Thus the infimum for NL is taken on a larger set than the infimum for LE, hence (25).
Finally, as a direct consequence of S'(¥) = 0 and the definition of LE we have

LE < S(¥). (26)
Combining (21), (24), (25), (26) finishes the proof of Lemma 6. O

Proof of Proposition 3. In view of Lemmas 4 and 6, the only thing left to prove is that ¥ = &, ,,.
Let us first see the case v = 0. Since ¥ = (11,12) is a critical point of S, we have ¥y = iwiy.
Therefore, since ¢, is a ground state of (5), we have

1 1 1
() = 5IV¥llz + 5 (m—?) nll; = 7 allp

1 , 1 ) ) 1 1
> 5190l + 5 (m - ) ol ~ ——lleallz1} = 5(@e0).

Therefore when v = 0, we indeed have ¥ = ®,, . Let us now treat the case v # 0. Let 1/;1 be such
that ¥y (z) = e~ 7% (z + (v — 1)x,) and define ¥y := iwtp;. Then ¥ := (¢1,1)7) is a solution
to (13) with v = 0. Indeed, it is not hard to see that

—Ayy + Z%ﬂ& — v Vg = e~ v e (*Aﬂ;l - w21/~)1) .

Hence 1 1

S(W) = ;(E +w@Q)(¥) > ;(E +wQ)(Puw0) = S(Pu,v)-
This implies that ¥ = ®,, , for any v and finishes the proof of Proposition 3. O
4.2 Kernel

Lemma 7. The following description holds for the kernel of S”(®y v):
Ker(S"(®y,)) = Span{i®,, ,, VP . }.

Proof. The inclusion D is easy to obtain. Indeed, due to invariance by translation and phase shifts,
for any € R and y € R? we have

Sl(ei‘g@wm( +y)) =0.

The result is obtained by deriving with respect to 6 and y at § = 0,y = 0. The reverse inclusion is
much more delicate. We shall rely on existing results for standing waves of NLS to prove it. First
remark that if W = (w1, w2) belongs to the kernel of S”(®,, ), then it satisfies

7Aw1 + m2w1 - (p - 1)|q)i),v|p73q)u1u,v Re(q)i),vwl)

w
+|®L [P wy + i;wg —v-Vwy =0,

wg—igwl—l—v-le:O.
Y
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Here, we have denoted by (I)iw the first component of ®, ,, i.e.
By =€y + (7 — 1)ay).

Take W := (1, w2) such that

w1 _ e*i’ywvm w1 (‘T + ('Y - 1)$’U)
Wo yWa(x + (v — D)xyy) — vV (x + (v — 1)zy)
It is a lengthy but straightforward computation to verify that W satisfies
—Ady +mPiy — (p— 1)|(I)(,1u70|p73q)i),0 Re((I)(_lu,Oﬁ)_l)
—[ @, /P~ My + iwidy = 0,
’lDQ — z'wﬁ)l =0.

Remembering now that CIDUlJ’O = ¢, and using the second equation to substitute in the first we get

{ — AWy + (m — W)y — (p— 1)]|pu|P T Ren) — |po|P~ o1 =0, (27)

’lI]Q = z’wu?l.

Fortunately we arrive on a known ground: it is well-known since the celebrated work of Wein-
stein [51] and Kwong [21] (see [5] for a modern short proof of this result) that the only solutions

to (27) are
<1f1> € Span { <_V% ); < i >} — Span {V®,, o i®., 0} .
Wa 1wV, —WPy,

Coming back into the original variables, this implies that
W e Span {V®,, ,,;i®, .}

and finishes the proof. O

4.3 Coercivity

The proof of our result relies on the fact that the solitary waves we are considering are stable. In
particular, we have at our disposal a coercivity property on the Hessian of the action S related to
the soliton profile ®,, ,, which allows us to control the difference between a soliton and a function
in a neighborhood of its orbit. The coercivity property is the following.

Lemma 8 (Coercivity). Assumep < 1—1—3 and let w € R and v € R be such that ﬁ < %2 <
p—1

1, and |v| < 1 (i.e. they are compatible with Ogap defined in (1)) and let @y, , be the associated

ground state. There exists § such that for any W € H'(R?) x L2(R?) satisfying the orthogonality

conditions

(W, V), = (W,iJ®,,), = (W,id,,,), =0 (28)

we have )
Hw,v(W) 2 6||W||H1><L2'

where for brevity in notation we defined
H(W) := (8"(®y,0)W,W).

Similar results date back to the work of Weinstein [51, 52] for NLS equations. These ideas
were later generalized by Grillakis, Shatah and Strauss [15] in a abstract setting. More recently,
Stuart [50] described precisely the orbital stability of solitons of NLKG using also a coercivity
statement, but with different orthogonality conditions and a slightly more complicated proof.
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Proof of Lemma 8. Step 1 : Analysis of the spectrum of S” (P, v).
We first remark that, due the exponential localization of @, the operator S”(®, ,) is a
compact perturbation of the self-adjoint operator

L= (A0+m (1)) +$ ( 0 é) +ou- (g OV) ., D(L) = H2(R?) x H'(RY).

—1

By Weyl’s Theorem, S”(®,,,) and L share the same essential spectrum, that we now analyze.
Observe that for W = (wy,ws) € H?(RY) x H'(R?) we have

w .
(LW, W) = | Vawr |5 +mlwll; + ws]l; - 22 (Wi, wz)y + 20+ (Vuwy, wa),
which, after some factorizations (similar to those used in (14)), we can rewrite
1 ~ 2 2 L2 W 2
LWW) = = (193 + (m =) [ ]3) + [lo- Vi = iZ0n +

where 107 is such that wy(z) = e =7 %@ (x + (v — 1)z,,). From Lemma 5, we see that there exists
§ > 0 such that for any W € H?(R?) x H'(R?) we have

(LW, W) > 8[|W 1[5 1o

This implies that the essential spectrum of S”(®,, ,) is positive and away from 0. The rest of its
spectrum consists in a finite number of isolated eigenvalues. It turns out that from the variational
characterization of ®,,,, we can infer that S”(®,,,) has Morse Index 1, i.e. it admits only one
negative simple eigenvalue (see e.g. [1]). We denote this eigenvalue by —A < 0, and ¥ an associated
normalized eigenvector, i.e. S” (P, ,)¥ = —AV and || ¥]|;2,,2 = 1.

Step 2 : A positivity property. We prove now that if W € H'(R?) x L2(R%) satisfies the
orthogonality conditions (28), then

(S" (P )W, W) > 0.

A particular vector associated with S”(®,, ) is A,P, ., where A, = %. Indeed, deriving
S’ (D) = 0 with respect to w we get
1 1 / 1 .
S (@W,U)Awfl)wﬂ, =——Q (@w,v) = ——1JD, . (29)
Y Y
This implies, using (7),
1 1 / 1
<S ((I)w,v)Awq)w,v;Awq)w,v> = 7; <Q ((I)w,v)vAw(I)w,v> - *;AwQ((I)w,v)
2 _d 202 [ 2= 4+ ¢
w 9 (m—w?)p172 (pfl 2 9
= Ay | —|lpw = - -1 <0 (30
(Zt12) . i 22 <0 (30)

where the last inequality follows from the fact that w is compatible with Ogap (see the defini-
tion (1)). It is easy to verify that A, ®,, , is orthogonal to the kernel of S”(®,, ), namely that we
have

(Awq)w,va ’L'(I)w7v)2 = (Awq)w,va V(I)w,v)g = 0.

Let us write the orthogonal decomposition of A, ®,, , along the spectrum of S”(®,,,):
Au®yy = al +11, (31)
where a # 0 and II is in the positive eigenspace of S”(®,, ), in particular

2
<S//(@W1U)H7H> > 5||H||H1><L2'
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From (30) and (31), we infer that
—Aa? (8" (D LTI = (S (1) Ao Pro s APy ) < O (32)

Take now W € H'(R?) x L?(R9) satisfying the orthogonality conditions (28). We also write
the orthogonal decomposition of W along the spectrum of S”(®,, ,):

W = B¥ + Z, (33)

where 8 € R and E is in the positive eigenspace of S”(®,, ). If 8 = 0, the conclusion follows, so
we assume 3 # 0. Using (28), (29), (31) and (33), we have

0= (S"(Puwv)A®uo, W) = =AafB + (S (D, ,)IL, =)
Note that on the positive spectral subspace of S”(®,, ), Cauchy-Schwartz inequality holds:
(8" (B )L, E)? < (S (B o) ILTI) (S (Dyy ) Z, B .

Therefore,

(5@ )LD} (“haB)?

" = —A\B2H (S (B, B, E) > —N\GEp v
(8" (2w )W, W) = =M H(S"(200)E, 5) 2 =AF* - 5 g Aa?

=0

Step 8. The coercivity property.
Assume by contradiction that there exists (W,, = (w},w})) C HY(R?) x L?(R?) satisfying the
orthogonality conditions (28) and such that

Wl iz =1 and lim (S"(®,,)Wy, W,) = 0.

n—-+o0o

Recall that, as for (14), we have

(8" (@ )Wa, W) = = IV 5+ (=) [0F15) +[|o- Veon =i wr + s

1
g
- /Rd ((p = D)[®g [P Re(®, ,07)? + @, [P~ w][?) dav.

where @7 is such that wf(z) = e« 2@ (x + (7 — 1)xy).
Since (W,,) is bounded in H*(R%) x L%(R%), there exists W € H'(R?) x L?(R?) such that

W, — W as n — +oo weakly in H'(R?) x L?(R%).
On one hand W must satisfy (28) and from Step 2 we have, if W # 0.
(8" (D0 )W, W) > 0.
On the other hand, by weak convergence and exponential decay of @, , we have

(" (@, )W, W) < liminf (S"(Puu) Wy, W,) = 0.

n—-+o0o

Therefore W must be W = 0. However, in this case it would implies
= [ (= IRk O Re(@ ) (8L P ) de 0
Rd

and since ||W, || 4142 = 1, we would have (using Lemma 5)
<S//(q)w,v)wna Wn> >0 > 0,

which is a contradiction. O
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5 Modulation Theory

The use of a coercivity property similar to Lemma 8 but adapted to a multi-soliton (see Lemma 12)
will require to deal with orthogonality conditions. These orthogonality conditions will obtained by
modulation.

Given parameters (g, L), consider a neighborhood of the sum of solitons

N
U(e,L):=U € H' R x L*RY); _inf U= eid;(- &) ’ <e
& >195_j—]§+L = HxL?
j:lj ..... N

The main result of this section is the following.

Proposition 9 (Dynamical Modulation). There exists £, l~/, C, C > 0 such that forany0 <e < ¢
and L > L the following property is verified.
Let U(t,x) = (u1,u2)(t,x) be a solution of (4) satisfying on a time interval I

UeclU(e, L), forallt el
For j=1,...,N, there exist (unique) C' functions

0; : I - R, @j: I — (—v/m,v/m), Zj: I —R?

such that if we define R;(t) and Y(t) by

N
Rj(t) = €W dg 0, (- — 35(1)),  Y() =U®) =Y R;(1), (34)
then Y satisfies for all t € I the orthogonality conditions
(T,mj)2 — (T,z’JRj)2 - (T,vfzj)Q —0, j=1,...,N. (35)

Moreover, for all t € I we have

al R L

||T||H1><L2 +Z|(:)J —wj| < CE, jj.,_l —jj > 5, j = 1,...,N— 1,

j=1

and the derivatives in time verify

N
Z <|at@j| +

j=1

2

9,0; — =2
i

+ 8., vj|2> <O (7|3 +esa/mmster), (36)

The proof of Proposition 9 relies on the following Lemma. Note that this lemma is valid for
time-independent functions.

Lemma 10 (Static Modulation). There exist L, C,é > 0 such that for any L > L, 0 < & < &, the
following property is verified.
For j=1,...,N, there exist (unique) C' functions

0;:U(e, L) - R, @ :U(e, L) = (—v/m, vm), Zj:U(e, L) — R,

such that if we define ij and Y by

i)j = eiej q)&)j,vj(' — Zi'j), T

I

=

\
WE
s

<.
Il
—
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then Y satisfies the orthogonality conditions
(T,@j)Q - (T,qu)j)Q - (T,V¢j)2 -0, j=1,...,N (37)

Moreover,

. ~ . - L
||T||Hle2+Z|wj—wj| SCE, Tj+1 — Tyj > 5, 7 :1,...,N—1.
j=1

In the proofs, we will use the notation A,,; for the scaling operator, i.e.

=~ (9 0. ~
Ay, ®j = e 0 Dy, (- — Z5) o)
Proof. We start by proving the lemma in a ball. Take ¢ > 0, L > 0, (¢;);=1,.,
(&5)j=1,...n C R? such that &1 > & + L for j = 1,...,N — 1. Let B(e) denote the ball of
HY(R%) x L?(R%) defined by

N
B(e) = U € H'(R?) x L*(R%); Z Vid;(z — &) <e

HlxL?

Define pg := (91, .., 9N, w1, -, WN, &1, -+, En), and let P € RY xRN x (R?)N | be a neighborhood
of pg. We denote by

p= (91,...,ON,wl,...,wN,yl,...,yN)
a generic element of 3. We define the functional F : P x B(e) — (RE4+2)N by
Fk,l(an)

F(p,U) := | Fr2(p,U) )
Fes®U)/) oy~

where for £ =1,..., N we have set

N
10 ; - 16
Fk,l(pa U) =|U~- E e’ J'ryj @w]‘,'ljj7lez kTyk(I)wk,vk ,

<
I
—

®)

N
16 ; - 16
Fk,2(pa U) =|U- E e’ I Ty; q)wj,vj s ie' kTyk J(I)wk,'uk y

N
Fres(p,U)=|U - Z e Ty; P ;5 e’ Ty V Pooy v,
Here, 7, is the translation by y, i.e. yv(x) = v(x — y). We clearly have

ez —¢) | =0.

Mz

F' | po,
1

J

The lemma inside the ball will follow from the Implicit Function Theorem if we prove that

oF

9 - .. .
ap (p po, U = Z O, (z §j)) is invertible. (38)

The computation of the derivative is not very hard. Many terms will be made small using the
exponential decay of the profiles. Other will cancel due to orthogonality. We will essentially
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be left with a diagonal matrix with nonzero entries, hence the invertibility. We give only some
representative calculations. Let’s start by

aFkl i . 39 . 1
89 (pOa Ze 19“1) x - fj)) == (Ze 19]7_51(1)%7%’@6 ﬂkTﬁk(bwkaUk)Q

When j = k, we readily have

OFy 1 al i, 2

a0, pOaZe (I)j(x_gj) = _Hq)wk,UkH?

j=1

Assume now j # k. Then, by exponential decay (see (6)), we have

Jm—a? a2
R T P 1]

m—w? m—w? min m7w~2,m7w 2
P A P

|TEj @ijvj’rfk ®ka7jk| <Ce

<Ce~
Therefore, since |£; — | > L, this implies

xnin{mrfwz,waw%}

aFk1< O,Ze“gﬂ@ x—£])> < Ce~ T L (39)

This quantity can be made as small as we need by increasing the value of L. For the derivative
with respect to w;, we have

N

< Z ]q) (z §j)) == (eiejngij(I)wjv'”j’ieiekTEk(I)ka’Uk)Q

Jj=1

0F1
6wj

When j # k, this quantity can be made small as in (39). For j = k, since ¢,, € R, we simply have

oF; 1
kil (po,Zew“I) x — @)) = - (ijd)wk,i(l)wk)Q =0.

8wk

All other computations follow from similar arguments and we finally find that

oF <p0, Z 6“9](1) (x — EJ)> = DIAG+ O(e™

where DIAG is a diagonal matrix with nonzero entries on the diagonal. Therefore, for L large
enough, we have the desired invertibility property (38) and the Implicit Function Theorem implies
the result inside the ball. Since any U € U(e, L) belongs to some ball B(e), the existence part
follows in the cylinder U(e, L). To show uniqueness, one has to prove that the functions obtained
are independent of the ball chosen, we leave the details of this argument to the reader. O

Proof of Proposition 9. The first part of the statement follows from Lemma 10 (except the regu-
larity that follows from other regularization arguments, see [27]), hence the main thing to check
is (36). We first write the equation verified by Y. Recall that U satisfies ;U = JE'(U). We replace
U by Z;il R;(t) + Y(t) in the previous equation to get

N

N
oY + Z (iatéjéj + 8thjA@jRj — 8tij . VR]) = JE/<Z Rj(t) + T(t))

j=1 j=1

20



such that it follows

atr+z( (ate —7)3 + 0iwjAs, Ry (at:zj—vj)-véj)

J
= LT + N(YT) + Oe~3avVm=wivty  (4)
where £ is the linearized operator defined by
N
. -A+m 0 (p —1)|R [P~ 3R Re( +|R [P=t 0
£=J ( 0 1) -2 ( 0 0

j=1

and M(7T) is the remaining nonlinear part. To write this equation, we have used Lemma 18, the
fact that

)

N N
SR | =D E(Ry) + OV
j=1 j=1

o= JE// Rj + 0(673a\/m7w§v*t).

10>

and that Rj is a critical point of E + :—JJQ + v; - P. An analogous computation is derived in all
details in Lemma 14.

Take now the scalar product of (40) with iJRj,. By using Lemma 18, the definition of Ry, and
the orthogonality conditions (35) it follows that

(ka,iJRk) - (sz z'JRk) —0
2 2
(Aa,jRj,uRkL - (vfzj,ufzk)2 - (iRj,iJRk)Q = O(e~3aV/m—wlvity jf j L},
(ot iaR) == (T 008
Therefore
oo (Ma, Q(R)) = (SX,id Re) + (1.0 Re) + OUIT [ 12) + O™V =200) - (a1)
where the term Ag, Q(Ry) comes from
(A@kék,uék)2 - (Rk,iJAa,kRk)Q = Az, Q(Ry).
Note that by exponential localization
(mf, ufzk) - (T,;:*ufzk) - (T, (JE”(Rk))*iJRk) + O30V m=wiv.ty
2 2 2
We want to use the fact that iRy belongs to the kernel of S”(R}) (see Lemma 7), namely that
@ = \" o
(J (EU + —kQH + vk - P”) (Rk)) iJRy = 0.
VE

To this aim, we use the definition (34) of Ry, to compute the following time derivative and make
the missing parts appear.

(T,@tiJRk)Q = % (T, (JQ'/(Rk))*iJRk)2 + v - (T, (JP/I(Rk))*iJRk)Q
+ (% - (%ék) (T, JRk)2 + (v — Oy,) - (T,iJVRk)Q

+ Dy (T, iJA@kRk)2 .
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Therefore, (41) gives

By (A@kQ(Rk)) - <7: - at9k> (T, JRk)Q + (v — Biip) (T,zJVRk)2
+ Oy (r, iJA@kRk) L OUT 1 2) + O(eT2Vm=ebnty - (42)

Take the scalar product of (40) with %Rk for j =1,...,d to get from similar arguments
J

(=03 5 [VR = (S, V8) +(T.0R), +OUIT 3 p0) + 0=V =51). (43)

Conversely to what happened for (42), we do not expect to have a cancellation on the linear term.
We just estimate it by

(er, VR = (7,e°VER) < clr,

Therefore (43) gives
-1 5 12 —3ay/m—w?v
(v = 0n) 7| |V Re || = OUT Il ) + Ofe™ 2V mmtvnty, (44)
Finally, take the scalar product of (40) with iRy and argue as previously to obtain

(0601 — @)l|Billy = OUIT [ g1 o) + O™V mmeient), (45)

Putting together (42), (44) and (45) we obtain a differential system for the modulation equations
vector Mod(t) := (0,@;,0:0; — &;,04&%; — vj)j=1,...,n of the form

A-Mod(t) = M(Y) + +O(673a\/m—w§v*t)’

where |M(Y)| < C||Y|| g1, 2- As long as the modulation parameter do not vary too much and
|T]| 71 remains small, A is invertible (it is of the form DIAG + small with DIAG a diagonal
nondegenerate matrix) and we can deduce that

[Mod(t)] < C||Y || g1y g2 + Oe 20V M7, (46)

Coming back now to (42), it is now easy to see that in fact we can improve in part the previous
estimate into

N
3 10i5] < ClT 31 g2 + Ofe32V/m=ekvet), (47)
j=1

This improvement is due to our choice of orthogonality conditions. Combining (46) and (47) gives
the desired result. O

6 Uniform Estimates

This Section is devoted to the proof of Proposition 1. We essentially follow the same line as in the
Schrodinger case [28]. Since our approximate multi-solitons have final data U, (T},) = R(T},), they
satisfy the desired estimate at least on some interval [T}, — §, T,,]. Thus the idea is to reduce things
to a bootstrap argument: Proposition 1 is a consequence of the following proposition.

Proposition 11 (Bootstrap). There exist « = a(d, N) > 0, and Ty € R (independent of n) such
that for n large enough the following bootstrap property holds. For t' € [Ty, T™], if U, satisfies for
all t € [tT,T™] the estimate

U () = ROl 12 < €70V T80, (48)
then it will also satisfies for all t € [t',T™] the better estimate

1 —ay/m—w?2v,
1Un(®) = ROl 12 < e e (49)
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Let us quickly indicate how to obtain Proposition 1 from Proposition 11.

Proof of Proposition 1. Proposition 11 implies Proposition 1 by means of a classical continuity
argument (see e.g [28]). First, let us notice that the map t — U,(t) € H'(R?) x L?(RY) is
continuous. Second, let us define

t* = inf{r € [Ty, T"] such that (48) holds for all ¢t € [r,T"]}.

Recall that U,(T™) = R(T™), therefore we have Ty < t* < T™. Our purpose is to show that
t* = Tp. Let us suppose that t* > Tj. Thanks to (49) we get

1 —ay/m—w3v
[Un(t) = R@®)|| g1y g2 < e @V mmwivst

)

[\

for all t € [¢t*,T™]. By continuity it exists 61 > 0 such that

)

U (1) = RO g1 o <m0Vt
for all ¢ € [t* — d1,T™]. This contradicts the definition of t* and finishes the proof. O

Hence now we only have to prove Proposition 11. For the rest of the paper, we make the
following assumption.

Bootstrap Assumption. Let Ty > 0 to be determined later and assume that there exists t' €
[Ty, T"] such that U, satisfies for all t € [tT,T"] the estimate

U (8) = R(®)ll g1 2 < €7 VMR, (50)

We want to prove that in fact (50) holds with the better constant 4 on the left hand side.

To prove Proposition 11, we need a way to control the difference between the sum of solitons and
the approximate multi-soliton U,. If there is only one soliton, it is known since the ground work
of Weinstein [51] that the coercivity property of the hessian of the action functional (Lemma 8)
provides a mean to control the difference between a soliton and a solution close to the orbit of the
soliton. Asin [7, 8, 28, 33|, we are going to generalize such a property to the case of N solitons. To
that purpose, we define localized versions of the conservation laws around each solitons and prove
that a coercivity property also holds for the functional action related to the multi-solitons.

6.1 Bootstrap

In this section, we prove Proposition 11, assuming three intermediate Lemmas proved in the later
sections.
First of all, we begin by selecting a particular direction of propagation. Define the application

Q:8%1 5 R by

Qle) := H |(v; — vk, €)pa|, e€S

J#k

Let e; be such that

Q(e1) = max {Q(e), e S} >0 (51)

Here, the sup is a max since we are maximizing a continuous function on a compact set. Let us
)
prove the last inequality. We have

Q'({0}) = U {ee S, (v; — vk, e)pa = 0}.

J#k

Each set composing the union on the right is of 0 Lesbegue measure, therefore so is Q7 1({0}).
Hence S\ Q71({0}) # 0 and this proves (51). We can complete e; into an orthonormal basis
(e1,...,eq) of R and we infer from (51) that there exists & > 0 such that for any j # k,

[(vj — vk, e1)pal > Glvj — vgl. (52)
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Since (4) is rotation-invariant, we can assume that (eq, ..., e,) is the canonical basis of RY. Calling
v} the first component of the j-th velocity vector, up to reindexing the solitons, we can assume
that

v}<v% <---<v11v.

The localization works as follows. We first define a partition of unity (¢;);=1
function such that

N take 1 a cutoff

.....

P(s) =0 for s < —1and ¥(s) =1 for s > 1, 0 <¢'(s) < 1in [-1,1],
3C > 0,VYs €R, [¢/(s)| < C\/1(s). (53)
Define
Pt z) =1, Y(t,x) =1 (%(ml — mjt)) , My = %(Ujl»_l +’UJ1»).
¢j:wj_wj+1 forj:l,...,N—landquzz/JN.

We consider the following localized action functional for W = (w1, ws) € H'(R?) x L%(R?)

N N
W
S(t,W) = Z Si(t, W) = Z E;(t, W) + ,Y_J_Qj(ta W) +v; - B(t, W),
j=1 j=1 J
where for j = 1,..., N we have defined the localized energies, charges and momenta by

1 m 1 1
Ei(t,W) =~ 2p.dz + = 2¢dz + = 26.d f—/ Py d
W)= g [ VPt 5 [ wnPosdet g [ unPode - —= [ o
Qj(t,W) = Im/ ’LU1’[I)2¢jd1‘,
Rd
Pj(t,W) = Re/ lewggbjdz.
Rd

Since U, verifies (50), we can assume that T} is large enough, so that U, satisfies the hypotheses
of Proposition 9 and thus there exists a modulated sum of solitons R = Zj\]:l R; and T, verifying
the orthogonality conditions (35) such that

U,(t) = R(t) + Thr(t),
1Tl e < Cefo‘\/m*—wfv*t. (54)

Let us define the localized linearized action for R by
N ~
Ha(Ta(0), T (1)) i= D (S} (B (0)Ta(t), Tu(®))
j=1

It turns out that H,, is inheriting the coercivity property of the hessian of the action around a
single soliton (Lemma 8).

Lemma 12 (Coercivity). There exists C > 0 such that for all t € [Ty, T™] the localized Hessian
verifies

Ho(Tn (1), Tu(8)) = CIT 0 (bl 5 2

In addition, since S(t,U,(t)) is made of localized versions of conserved quantities, it varies
slowly.

Lemma 13 (Almost conservation). For ¢ € [t*,T"], we have

’%S(t, Un(t))’ < O(e—Qa\/m—wa*t)_
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We also have the following Taylor-like expansion for S(¢, Uy (t)).

Lemma 14 (Taylor-like expansion). The action S(t,Uy(t)) satisfies for t € [t*,T™]

0 =3 (PR + L) + o, 0)

Jj=1

+ Ho (1), T (£)) + ofe= 20V m=weaty

With Lemmas 12, 13 and 14 in hand, we can now conclude the proof of Proposition 11.

Proof of Proposition 11. The first step is to show that
Il ge = o (e720Vm=int). (55)
Indeed, thanks to Lemma 13 we obtain
S(t,Un(t)) < S(I™,Un(T™)) + ofe™ 2V (56)

Now notice that Z;\le (E(Rj )+ :—ZQ(Rj(t)) +vj - P(Rj(t))) is a time independent quantity.

Therefore,

3 (E(Rjoe)) QR (1) + vy -P(Rj<t>>>

— Vi

Z( + QU (T) + 15 P<Rj<Tn>>)=s<Tn,Un<Tn>>.

j=1

Combined with Lemma 14 and (56), this implies

H(Tu(), Ta(t) = S(UL() = (T, Un(T)) + 0 (e720Vm=toet) — g (¢m2oy/mwivat)
By Lemma 12 we get
O a1 2 € H(Ta(t), Tult)) < 0 (e720Vm=20nt).
Hence (55) is proved. Now we have
U = Rl 2 < 208 = Rllzp e + 20 CallFr e
such that, by (55) and (36) we infer

N

1Un = Rl 0 < O(Z @5 (8) = wi + 10,8) = 0,1 + 1 (1) - xj|2) o (em2oy/mmint)
<o (672a\/m7w3v*t) )

Choosing t large enough we have
1
HUn . R||H1><L2 < §e—a\/m—oﬁv*t.

This concludes the proof. O
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6.2 Coercivity

From now on and until the end of this paper, the subscript n is removed when there is no possible
confusion. For example, U, is now denoted simply by U.
We first prove Lemma 12.

Proof of Lemma 12. From Lemma 8, we already know that for any j = 1,..., N we have
(S"(Ry (D)X, X(8)) = CITO 10

where the dependency of S in j is understood (recall that S = E + f—;Q +v; - P). We remark that

(QY(R;)X (), X () = Im [ 1O Ta(t)gsde

— 1w [ (VETHOWE 200 = (Q"(R)VETO.V/ET0),
Rd

Similar computations can be performed for the momentum and the 0-order part of the energy. We
deal with the gradient part by means of the classical IMS localization formula (see e.g. [49]):

N 2 2
i =3 (|7 () [ - i (va)l )
j=1
Straightforward computations using the definition of the cutoff functions ¢; and (53) imply that

v (@)l <
This implies that ) ,
v (var) 1o, < Sl

Combining these informations, we infer that

i (5" (BT, /310~ |7 (vVa5) 1

=1
c’ c
> (0= S IT O 2 SITO o

where the last inequality follows from the fact that ¢ > T, and Ty can be chosen so that Ty >
2
2c’
()" O
6.3 Almost conservation

In this section, we prove Lemma 13. Recall that we have assumed that U = U, verifies the
bootstrap assumption (50). We start with a preliminary lemma.
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. Then for

Lemma 15. Let ¢ be a C' function of the variable x1 such that ¢ and ¢' are bounded

all t in the time interval of existence of U we have

9 Im [ wytied(xq)dz = Im/ Oy ur i1 @' (1) de,
Rd

ot Rd
2 Re/ az.ulﬁgqﬁ(xl)dz = 7Re/ 8z.ulaxlﬁ1¢l($1)d$ (j 7& 1),
ot Rd Rd

0 1
3 Re /Rd Oy urtiz(z1)da = /Rd ( = 10ew* + 5 ([Vur[* + mlua]” = [us]?)
— m|u1|p+1)¢/($1)d$.

Proof. The results follows from elementary computations using the fact that U is a solution to (4).
O

Proof of Lemma 13. Let U = (u1,uz2) and let us start by looking at the derivative of the localized

charge. By Lemma 15 we have

0 _

’Im/ 811u1a18111/1jd:c+Im/u1ﬂ28tz/1jd:z:
Rd
—m;t
7”%) e

1 = my o e
W ‘Im/}Rd (azlulul — 7,“1“2) ’lb ( \/E

C
= / (00 urn| + [ur])de,
Aj

where A; := {z € R% Yi(z) # 0}. Remembering that ¢; = ; — ;41 for j =1,..., N — 1 and
N = N, and defining A; := {x € R% ¢ # 0} we have

0 _ C _ _
‘&Im/ﬂw uita@jde| < %/quamluluﬂ + |urtig])dx.

and then 5 o
i [ wssds] < S (B + i)

. 2 2 2
Now notice that [[Ullg(a;)xr2(a;y < 20U = Rl mayxr2ay + 2Bl (a,)x024,)- Thanks to

—3a\/m—wf'u*t).

Lemma 18 we have
2 2
IRz a,yxz2(a,) < IRillE 4,24, + Ole

By using the properties of our partition of unity and the decay of the profile of I; it follows that
2 1 Sm—w? —& S m—w2u,t
||Rj|‘H1(Aj)><L2(Aj) S/l - Ce zvm w*|x|d1'§06 TV mowivet
[z1]> G vt
Recall that & stems from (52). We conclude thanks to the bootstrap assumption (50) that

QU] = eV

(57)

. Now we focus on the derivative of the localized momenta. We start with the

0|t

if we choose o <
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first component of the momentum. By Lemma 15 we have

—Re/@zlulqujdx
_ my o Juel®  [Vul” mlu
< — | |onumus— (-2, - -
_\/E/Rd[lmw ( 2| u1|-i-2 5 5

o ()
p

=l gay + l2lFaa,y + it

<

/o

C
< 72 [l + el + el

Now we argue as for the derivative of the localized charge. The other components of the momentum
can be estimated in a similar fashion. Thus we have

a —20q/m—w?2v,t
GEPU(0)] = ofe /e, 58)

Remark now that
N
St,U(t) = Z ) 4 v; - Pi(t, U(1)).

Since FE is a conserved quantity, combining (57) and (58) gives the desired result. O

wj
’7

6.4 The Taylor expansion
We now prove Lemma 14. We start by an estimate on the modulation parameters.

Lemma 16. For any t € [t*,T"], we have

N
D 185(1) —wjl = OV,
j=1

Proof. Recall that U = Z;il Rj + Y. Thanks to the interaction estimates given by Lemma 18
and the orthogonality conditions it follows

Q;(t,U) = Q(R;) + Im /Rd T, Togjdr + O(e~30Vm—wivat), (59)

We already computed the time-derivative of @); during the proof of Lemma 13 (see (57)), and it
implies

Q1 U (1)) — Q4T U(T)| = ofe™2V/m=F0t) (60)
Thanks to the scaling property (7) of the profile we get
Q(R;(t)) — Q(R;(Ty))
= (—2i(0) (m = 2;0) 77 + @, (m— @) 7T ) g @l
= (- (mfw)?)ﬁ‘g +3; (m - 3277 1) e,

where the last inequality is due to the fact that @;(T") = w;. By simple Taylor expansion in
frequencies we conclude

Q(R;(1) — Q(R;(T))

2 _ 4 2 _
| ~m =) L 22 - Dm - )
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Since w; is part of the set Ogap (see (1)) we have

2\ 27— 2 d 2\25—%-1
—(m —wj)r=1 2+2w( p— 5)(m—wj)z7 17270 >0
Combining the bootstrap assumption (50), and (59)-(61) gives the desired result. O

Proof of Lemma 14. The first step consists in splitting the action using U = Zjvzl Rj +7T. We
start with the energy part. We have

;Ej(t, U) = E(U) = BE(R+ 1Y) = BE(R) + F'(R)Y + %<E”(R)T,T> + o[ T 171 2)-

We treat the 0 order term first. By Lemma 18, we have

N S L AT S\ SR 1 N
B) = 5[V (S R+ SIS o, + g e, - o [ 2
j=1 j=1 j=1

Jj=1

p+1

1
p+1

p+1

N
lio~s 2 m 5 2 1 ,~ o 1 = +1 _3 —=3
= — R — IR R — R. . IP O ay/m—07v.t
2:(2||v alls + IR + 5 MR 15 — I Raal )+ (emaov/m=stnt)

j=1

where @, = max{|@;|;7 =1,...,N}. In short, we have
N
= 3 B(Ry) + O tVmmst),

Now notice that

e*S&y/mfwfv*t . e*S&y/mftbfv*t — “Soym-wl (30“)* )

2
m— wz

(@x — wi) + o(|0x — wil),
such that, thanks to Lemma 16, we get
N
B(R) = 3 B(Ry) + Oe~*/m=stnt),
Using similar arguments we have

T ZE/ T +O( —3a\/m——w%'u*t)’

N
<E”(R)T, T> _ Z <E”(Rj)T, T> + O(e—3a«/m—w3v*t).
j=1
The proof follows the same steps for the localized charges and momenta: we have

N

QU)=3_ (Q(Rj) +Q(R)T + % (Quiy)r, r>> L O(e-dav/m vty

B i (P(R]) + P/(Rj)T + % <PJ{I(RJ‘)T’ T>) + O(e_go‘\/m——wfv*t)_

The second step consists in expanding w; around w; using Lemma 16. Remembering that Rj is a
critical point of F + %Q + v, - P, we infer
J

E'(R;) + ﬁQ/(Rj) +v; - P/(Ry) = MQ’(@')-
Vs i
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From Lemma 16, (50) and (54), it follows that

Vi

< 0(673a\ /mfw%'u*t).

Il £ 2

The only thing left to see is to remove the tildes corresponding to modulation. We have

Vi

i <E(Rj) +ZLQR;) + v, Pj(Rj)) _

> (E(Rj) + v_jQ(Rj) +v; - Pj(R;) + O((@; wj)2)>,

j=1
where we have used the fact that
@5 —w)(B' + 22Q +u; - P)(R)GE =0
Thanks to Lemma 16 we have
N
3 1@ - wil? < O(eteVmin),
j=1

Gathering all these informations we get the desired result.

O
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A Appendix

Lemma 17 (Rellich-Kondrachov in H?®). Let Q be a bounded open set, s > 0 and £ > 0, and
Up € HS(Rd) be a bounded sequence such that supp u, C Q. Then there exists u € H® such that

[un = ull go-e = o(1)

Proof. Let u,, be a bounded sequence in H*({2) weakly converging to u € H*®, we shall prove that,

up to subsequences, ||un — u||ys—e = 0(1). By Plancherel identity we have

[un — ullps—e = /E<R(1 + 1E17) " lan(§) — a(€)|"dg +/ (14 [€]7)" [ an (&) — a(&)|7dé.

I€1>R

We have

/ (14 6P itn(€) — (&) de <
[EI>R

m /(1 +1€1%)"|an (€) — a(€)[*ds < ﬁ”“””i”'

in addition € is bounded and by weak convergence we have ,,(£) — @(£). To conclude it suffices

to show that

[ IR () — ) de = o). (62)
l§I<R

Notice that . )
il oy < Trtall gy < OBl oy < 1) [l
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and hence (1 + |€]2)57¢|d,,(€) — 4(€)|? is dominated by C(1 + |R|?)*~¢ such that (62) holds.
Now, fix 6 > 0 and choose R > 0 and N sufficiently large such that

3

N S

/ (14 6P it () — a€)Pde <
[EI>R

and for all n > N

N |

)

[ alery i - ato)Pds <
|§I<R
ie [Jup —ulge-e < 0. O
Lemma 18 (Interactions estimates). There exists f € L{°LL(R,R?) N L L (R, RY) such that if
j £k

|RjRi| + |RjV Rie| + [V RV Ry | + |Rj|¢x + [VRy |y, < Ce VM=t f(t, )

N
RPN =N Ry
=1

< Ce—3a\/m—wfv*tf(t’ .’L')

N
[RPT'R=Y|R|"'R,
=1

N
[RPPFE = Ry
=1

+ +

Proof. We start proving that there exists f € L°LL(R,R?) N L L (R, R?) such that if j # k
|RjRy,| < Ce3ovm=wivit gt g,

Thanks to (6) (the Lorenz transform gives indeed only a contraction along the direction of propa-
gation) we know that

IR;| < Cem3Vm=wilovitl < Ce=5y/m—wilo—v;t]
|Ri| < Cefi\/m*—‘*’rax*”jt‘ < Ce*imW*vktl.

By a simple change of variable we get
|R;||Ry| < Ce—3V/m=wilal =k y/m=wla—(on—vit)]
such that, thanks to the following inequality
|z — (ok —v)t] = [(or —vj)t| — |2 = vut — ||

we conclude

IR || Ri| < Ce~ HV/m=eilal =g /m=stv.t,

Taking 3a < 1 we get the desired estimate. The estimates for |R;VR;| and |[VR;VRy| follow
analogously.
Now we shall prove that if j £ k

|RJ|¢k < 0673a\/m7wfv*tf(t7 :C)
Let us suppose without any lack of generality that j < k£ — 1. Notice that

|RJ|¢k < C*%\/TTL*WE'I*’UJ'H

X[ (i1 v t—VE, & (vig1+or)tHV1]
that implies

—i/m—w2|z—v;
|Rj|or < Ce™2 +| Jt‘x[(vj-i-v*)t—\/f,vkt-i-\/ﬂ'

By a simple change of variable we get
|Rjlon < Cem 2Vl i (onupt vl
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Now, for t > max{;%, 1}, it follows

|Rj|or < Ce_ivm_“’f‘””‘e_iVm_wsz[ +11 S CesvVmmwindteivm-wilel (63

1
§v*t,(vk —vj

Now for a < ﬁ we conclude
|R]|¢k < 06—304\/m—wfv*te—%\/m—wﬂﬂ.

The case j > k—1, j # k, follows identically as well as the estimates concerning the gradient. The
second part of the lemma follows from the inequality

(la+ b7 = lal” — b”) < C(lallo/"~" + |alP~*|b]) with p >0
that derives from the elementary inequality
(14t —1—[tP) < C(|t| + [t|P~") with p > 0.

By arguing as before we get the desired estimates. O
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