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POISSONIAN ENSEMBLES OF LOOPS OF ONE-DIMENSIONAL
DIFFUSIONS

TITUS LUPU

Laboratoire de Mathématiques, Université Paris-Sud, Orsay

ABsTrACT. We study the analogue of Poissonian ensembles of Markov loops
("loop soups") in the setting of one-dimensional diffusions. First we give a
detailed description of the corresponding intensity measure. Then we identify
the law of the occupation field of the Poissonian ensembles of loops. Finally
we explain how to sample this Poissonian ensembles using two-dimensional
Markov processes. We also state and prove a Vervaat-like relation between
bridges conditioned by the value of their minimum and excursion that holds
for all the diffusion we consider and not just for the Brownian motion. Poisso-
nian ensembles of Markov loops and loop soup and one-dimensional diffusion
processes and Poisson point processes
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INTRODUCTION

Lawler and Werner introduced in [I6] the notion of Poissonian ensemble of
Markov loops ("loop soup") for planar Brownian motion. In [22] it was used
by Sheffield and Werner to construct the Conformal Loops Ensemble (CLE). Le
Jan studied in [II] the analogue of the Poissonian ensembles of Markov loops in
the setting of a symmetric Markov jump process on a finite graph. In both cases
one defines an infinite measure p* on time-parametrizes unrooted loops (i.e. loops
parametrized by a circle where it is not specified when the cut between the begin-
ning and the end occurs) and considers the Poisson point ensemble of intensity apu*,
a > 0, denoted here L,. In both cases the ensemble £1 (where a = 1) is related
to the loops erased during the loop-erasure procedure applied to Markovian sample
path. In [II] Le Jan also studied the occupation field of £, that is the sum of the
occupation times in a given vertex of the graph of individual loops. In case a = %
he found that it the square of a Gaussian Free Field and related it to the Dynkin’s
Isomorphism ([6]).

The analogue of the measure p* can be defined for a much larger class of Markov
processes ([13], [9]). The aim of this paper is to study the measure p* and the
Poissonian ensembles of Markov loops in case of one-dimensional, not necessarily
conservative, diffusion processes. The diffusion processes we consider takes values
on a subinterval I of R, are always killed et hitting a boundary point of I, and
may be killed by a killing measure on the interior of I. One can transform a
diffusion process into an other applying a change of scale, a random change of
time, a restriction to a subinterval, an increase of the killing measure or an h-
transform. The measure p* is covariant with all this transformations on Markovian
processes. In other words the map diffusion to measure on loops is a covariant
functor. Moreover we will show that p* is invariant by h-transform on underlying
diffusions. We will also extend the scope of our study by associating a measure on
loops to "generators" which contain a creation of mass term: If L = L(9) + v where
L) is a second order differential operator on I and v is a signed measure, and if one
sets zero Dirichlet boundary conditions for L, one can define in a consistent way a
measure on loops related to L even in case the semi-group (e'L);>¢ does not make
sense. This extended definition of p* will be particularly handy for computing the
exponential moments of the Poissonian ensemble of Markov loops.

The layout of this paper is the following: In section [l we will recall some facts on
one-dimensional diffusions and set the important notations. We will further consider
"generators" with creation of mass term and characterize a class of such operators
which up to an h-transform are equivalent to the generators of diffusions. In section
we will define the measure p* and point out different covariance and invariance
properties. Further we will make a connection between the Brownian measure on
loops and the Levy-It6 measure on Brownian excursion using the Vervaat’s bridge-
to-excursion transformation. This in turn will lead us to a conditioned version
of Vervaat’s transformation that holds for any one-dimensional diffusion process,
that is an absolute continuity relation between the bridge conditioned to have a
given minimum and an excursion of the same duration above this minimum. The
Vervaat’s transformation is deeply related to the measure on loops p*: The loops
are unrooted, so one can freely chose an instant to separate the end from the start.
If one chooses this instant uniformly over the life-time of the loop, then the loop
under the measure p* looks in some sense like a bridge. If one chooses this instant
when the loop hits its minimum, then it looks like an excursion. In section 3] we will
study the occupation field of the Poissonian ensemble of Markov loops. Each loops
is endowed with a family of local times. The occupation field is the sum of local
times over the loops. We will identify its law as an non-homogeneous continuous
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state branching process with immigration parametrised by the position points in
I. In case a = % we will identify it as the square of a Gaussian Free Field and
show how it is possible to derive particular versions of the Dynkin’s Isomorphism
using this fact and Palm’s identity for Poissonian ensembles. In section [4] we will
root each loop in L, in the instant when it reaches its minimum and obtain this
way a collection of positive excursions. Then we will order this excursions in the
decreasing sense of their minima and glue them together. We will obtain this way a
continuous path which can be described using two-dimensional Markov processes.
This is a way to sample L£,. In the particular case a = 1 the path we obtain
is the sample path of an one-dimensional diffusion. This is the analogue in our
setting of the relation between £; and the loop-erasure procedure observed in the
setting of the two-dimensional Brownian motion or of the symmetric Markov jump
processes on graphs. Results of sections 2] and Bl lead to an interpretation, in terms
of Poissonian ensembles of Markov loops, of the Ray-Knight theorem on the law of
the local times of a Brownian motion stopped at a first hitting time.

This paper contains definitions, propositions, lemmas, corollaries and properties.
Properties are non-proved statements that are either obvious or already known.
Propositions, lemmas, corollaries and properties have common counters which are
restarted at the beginning of each of four sections. Definitions are numbered sepa-
rately.

1. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS

1.1. A second order differential equation. Let I be an open interval of R and
v a signed measure on I. By signed measure we mean that the total variation |v|
is a positive Radon measure, but not necessarily finite, and v(dz) = e(z)|v|(dx)
where € takes values in {£1}. We look for the solutions of the linear second order
differential equation on I:

d
(1.1) d£+udu:0

In case v is a negative non-zero measure, the equation (L) commonly appears
when studying the Brownian motion with a Killing measure. In this case the two-
dimensional linear space of solutions is spanned by two positive solutions u4 and
uy, uy being non-decreasing and u non-increasing. Given xg € I, we can construct
uy as the limit when x; — inf I of the unique solution which equals 0 in 27 and 1 in
xo. For uy we take the limit as 21 — sup I. See [3], section 16.11, or [20], Appendix

8, for more details. Here we are mostly interested in the less common case of a

d d
signed measure |v|. For a solution u to (1)) we will write d—u(ﬁ) and —u(z*)

for the right-hand side respectively left-hand side derivative of u at x. The two

d d
are related by d_u (xt) — —u(x_) = —u(z)v({z}). Next we give a Cauchy-Lipschitz
T

dx
principle for (LI)):

Proposition 1.1. If zg € I and ug,vy € R, there is a unique solution u to (LTI,
d
continuous on I, satisfying u(xo) = up and d—u(:ch) =yg.
x
Proof. Let xy € I, x1 > xo. Let J be the map from L>°([zo,x1]) to itself defined
by
x
(V@) = o0 = won(an,al) — [ wl(w)V )y
Zo
A continuous function u on [z, 21] is solution to (II]) on [z, 1] with given initial

values at zg if and only if u(zg) = uy, d_u € L*°([zg, z1]) and d_u is a fixed point of
x x
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J. Conversely if V' is a fixed point of J, then u(z) = ug + f;o V(y)dy is solution

to (II).
For V1, V5 € L>([z0, 71]), T"(V2) = J"(V1) equals

(-1 / e ) Vo) = Vi)

[v[([zo, z1])" (21 — wo)"

n!
large enough J™ is contracting and thus J has a unique fixed point in L>°([zg, 1]).

This implies existence and uniqueness of a solution to (1) on [zg,x1]. The same
is true if we take 1 < xp. By gluing together solutions on different compact
subintervals we get a solution on I. (Il

. So for n

The Lipschitz norm of J" is smaller or equal to

Let W (uy,us2)(x) be the wronskian of two functions uq, us:

2 ) — ) S (a)

If uy,us are both solutions to (ILl), W (u1,us) is constant on I. Using this fact
we get a results which is similar to Sturm’s separation theorem for the case of a
measure v with a continuous density with respect to the Lebesgue measure (see

theorem 7, section 2.6 in [2]):

W (uy,uz)(x) := uy(x)

Property 1.2. Let xg < z1 be two points in I.
d
o (i) Let uy be a solution to (LI) satisfying ui(zo) = 0, %(zé{) > 0, and
T
uz a solution such that us(xg) > 0. Assume that us > 0 on [xg,x1]. Then
up >0 on (xg,z1].

d
o (ii) Let uy, ug be two solutions such that uy(xo) = uz(x¢) > 0 and %(xf{) >
x

d
ﬂ(xar) Assume that ug > 0 on [xg,x1]. Then uy > ug on (xg,x1].

o (i) If there is a solution u to (LI positive on (xq,21) and zero at xo and
x1 then any other linearly independent solutions to (1)) has exactly one
zero in (xg, 7).

Next we prove a lemma that will be useful in the section [[31

Lemma 1.3. Let vy be the positive part of v. Let xg < x1 € I. Let f be a
continuous positive function on [xo, 1] such that minj,, .1 f > vy ([xo, 11])2. Then
the equation

du
1.2 d— +udv —ufder=0
(1.2) o f
has a positive solution that is non-decreasing on [xo,x1].

Proof. Set A\ := minp,, ;1 f. Let u be the solution to (LZ) with the initial val-
du

ues u(zg) = 1, E(m{f) = VA. We will show that u is non-decreasing on [zg, z1].

du
Assume that this is not the case. This means that d_(er) takes negative values
x

somewhere in [xg,z1]. Let
d
2y = inf{z € [xo, 11]| () < 0}
dz
du 1 du .
%(x;) <0. Let r(z) = m%(af*) u is
positive on [xg, 2] hence 7 is defined [zg, x2]. 7(x0) = V/A. 7 is cadlag and satisfies
the equation

du
Since d—(x+) is right-continuous,
x

dr = (f —r?)de — dv
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Let x5 := sup{x € [zo, z2]|r(z) > VA}. We have
T2

rles) =r(a;) + [ (7() = (@))do — v(laa, 2]

x3
By construction r(zz)>+\. By definition f—72>0 on (x3,x3). Thus
r(z9) > VA — v([z3,22]) > 0. It follows that r(z2) > 0, which is absurd. O

1.2. One-dimensional diffusions. In this subsection we will describe the king of
linear diffusion we are interested in, recall some facts and set notations to be used
subsequently. For a detailed presentation of one-dimensional diffusions see [10] and
[3], chapter 16.

Let I be an open interval of R, m and w continuous positive functions on I. We
consider a diffusion (X;)g<;< ¢ on I with generator

jo._ L df 1 d
m(x) de \ w(z) dx
and killed as it hits the boundary of I. In case I is unbounded, we also al-

low for X to blow up to infinity in finite time. ¢(® is the first time X either

hits the boundary or blows up. For the sake of simplicity we will assume that

dw

— € L2 (I), the space of functions on I that are bounded on compact subin-

tervals, although this condition is unimportant. Given such a diffusion, the speed
measure m(x) dz and the scale measure w(z) dx are defined up to a positive multi-
plicative constant, but the product mw is uniquely defined. A primitive S of w is a

~ 1
natural scale function of X. Consider the random time change dt = W dt.
miA¢

Then (%S(Xg))0<£<<~(g) is a standard Brownian motion on S(I) killed when it
first hits the boundary of S(I). For all f,g smooth, compactly supported in I,
[ (LO f)(@)g(z)m(z) dz = [, f(z)(LOg)(z)m(z)dz. The diffusion X has a fam-
ily of local times (¢¥(X))zer>0 with respect to the measure m(z)dz such that
(x,t) — £7(X) is continuous. We can further consider diffusions with killing
measures. Let k be a non-negative Radon measure on I. We kill X as soon as
J; ¢ (X)m(x) dk(x) hits an independent exponential time with parameter 1. The
corresponding generator is

1 d 1 d
(13) L= m(x) dx (w(m) dw) F
Let (X¢)o<t<¢ be the diffusion of generator (I3]), which is killed either by hitting
dI, or through blowing up, or by the killing measure k. For z € I let 2% and 157~
be the excursion measures of X above and below the level z up to the last time
X visits . The behaviour of X from the first to the last time it visits = is a
Poissonian point process with intensity 2% 4+ 5%, parametrized by the local time

at x up to the value £5(X). 2% and <% are obtained from the Levy-It6 measure
on Brownian excursions through scale change, time change and multiplication by a
density function accounting for the killing. See [21] for details on excursion measures
in case of recurrent diffusions.

If X is transient the Green’s function of L,
G(z,y) := E, [ (X)]
is finite, continuous and symmetric. For z < y it can be written
Gz, y) = ur(w)uy(y)

where uq () and u (y) are positive , respectively non-decreasing and non-increasing
solutions to the equation Lu = 0, which through a change of scale reduces to
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an equation of form (). If S is bounded from below, ut(inf IT) = 0. If S is
bounded from above, u (supI~) = 0. us(x) and u (y) are each determined up to
a multiplication by a positive constant, but when entering the expression of G, the
two constants are related. See [I0] or [3], chapter 16 for details. Let W (uy, us) be
the Wronskian of v and u4:

W (g, 3) () 1= () o (0) — g () o )

This Wronskian is actually the density of the scale measure: Wy, ut) = w.

If the killing measure k is non zero, then the probability that X, starting from
x, gets killed by k before reaching a boundary of I or blowing up to infinity equals
J; G(z,y)m(y)k(dy). Conditionally on this event, the distribution of X is:

G(z,z)m(z)k(dz)
1 Gl y)m(y)k(dy)

The semi-group of L has positive transition densities p;(z,y) with respect to the
speed measure m(y)dy and (t,z,y) — p:(x,y) is continuous on (0, +o00) x I x I.
McKean gives a proof of this in [I7] in case when the killing measure k has a
continuous density with respect to the Lebesgue measure. If this is not the case, we
can take u a positive continuous solution to Lu = 0 and consider the h-transform
of L by u: u~'Lu. The latter is the generator of a diffusion without killing measure
and by [17] this diffusion has continuous transition densities p;(z, y) with respect to
m(y) dy. Then u(x)p:(z, y)ﬁ are the transition densities of the semi-group of L.

Transition densities with respect to the speed measure are symmetric: p(z,y) =
pe(y,x). For all z,y € I and ¢t > 0 the following equality holds:

t
t _
(1.4) BAO0) = [ pais
Newt we deal with bridge probability measures.

Proposition 1.4. The bridge probability measures Péy() (bridge of X from x to
y in time t conditioned neither to die nor to explode in the interval) satisfy: for all
x € I the map (x,y,t) — P (-) is continuous for the weak topology on probability
measures on continuous paths.

Proof. Our proof mainly relies on absolute continuity arguments of [I8] and [4],
and the time reversal argument of [I8]. [4] gives a proof of weak continuity of
bridges for conservative Feller cadlag processes on second countable locally compact
spaces. But since the proof contains an error and we do not restrict to conservative
diffusions, we give here accurate arguments for the weak continuity.

First we can restrict to the case & = 0. Otherwise consider u a solution to
Lu = 0, positive on I. The generator of the h-transform of L by wu is

1 d u(x)? d
u(z)?m(z) de \ w(x) dr
and does not contain any killing measure. The h-transform preserves the bridge

measures and changes the density functions relatively to m(x) dzx to ﬂ pe(z, y)u(y),
u(x

and thus preserves their continuity.

Then we normalise the length of bridges: if (Xs(m’y’t))ogsgt is a path under
the law P (-), let PL () be the law of (X @Yy ,<1. Tt is sufficient to prove
that (z,y,t) — P., () is continuous. For v € [0,1], let PLY(-) be the law of
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(X&YYo <,. Let PLv()) be the law of the Markovian path (Xy)o<r<o start-
ing from x. For v € [0,1) we have the following absolute continuity relationship:

p(lfv)t(thay) dI’E‘Dt,U
pe(z,y) *

Let (Jn)n>0 be an increasing sequence of compact subintervals of I such that

I = Un>0 Jn. Let T}, be the first exit time from J,,. Let f;, be continuous compactly

supported function on I such that 0 < f,, < 1and f,;, = 1. We can further assume

that the sequence ( fn)nZO is non-decreasing. The map

[0,vt]

(1.5) dPLY = Lyrec

is weakly continuous. Let (x;,y;,t;);>0 be a sequence converging to (z,y,t). Let
F be a continuous bounded functional on C([0,v]). Then applying (LH) we get:

(1.6) Pl (fn(?um)fn(mf]v) () — Pt“(fn([supv)fn(mf]v) (7)) =

(1.7) Py (%Jf ([Sglgv)fn([lonf] F (7))

(1.8) - Py (%J‘ (0P ) fo(fnf ) F (7))

(1.9) + Bl (p “;jt(g(;)) vl ([sglﬁv)fn([lonf] NF(y ))

(1.10) ~ Py (%J‘ ({S&lﬁv)fn(lonf]v) (7))

Since 2=t ) 4 timuous and bounded on Jn, (CT)—(C8) converges to 0.

pe(z,y)
Pa-vt; > 85) (+95) is uniformly close on J,, to pi(l_v)t(.’ y) .

P, (5, 95) pe(z,y)
Thus (L9)—(I0) converges to 0 and finally (L6]) converges to 0. Let ng € N and
n > ng. Then

Moreover for j large enough,

Pl (1 fn([sglri v)fn(mf] 7)) =1-Py" (fn(su% v)fn(mf] 7)) <
(1.11) — Bl (fao (SUpY) fng (inf 7)) = 1= PL" (f (sup ) fir, (inf 7))
[0,0] (0,v] [0,0] [0,v]

From (CIT) we deduce that
lim hmsupIP’tJ’ (1= fn(sup'y)fn(mf v)) =0

n—=+00 j_ 100 [0,7] 0]
It follows that ~ -
lim P (F(v)) =Py (F(y))

j—+oo T
From this we get that the law of any finite-dimensional family of marginals of
PL () depend§ continuously on (z,y,t). To conclude we need~a tightness result
for (2,y,t) — P ,(-). We have already tightness for (x,y,t) — P%% (-). The image
of P, ,(-) through time reversal is P} ,(-). So we also have tightness on intervals
[1 — ', 1] where v' € (0,1). But if v + ¢’ > 1, tightness on [0,v] and on [1 — v/, 1]
implies tightness on [0,1]. This concludes. The article [4] contains an error in



POISSONIAN ENSEMBLES OF LOOPS OF ONE-DIMENSIONAL DIFFUSIONS 9

the proof of the tightness of bridge measures in the neighbourhood of the ending
point. Il

1.3. "Generators" with creation of mass. In this section we consider more
general operators

with zero Dirichlet boundary conditions on 0I, where v is a signed measure on [
which is no longer assumed to be negative. We set

A

In the sequel we may call L "generator" even in case the semi-group (e*%);>o does
not make sense. Our main goal in this subsection is to characterize through a
positivity condition the subclass of operators of form ([LI2) that are equivalent up
to an h-transform to the generator of a diffusion of form (L3]).
We will consider several kinds of transformations on operators of the form (I2).
d*h
First, the h-transform: Let h be a positive continuous function on I such that T2
x
is a signed measure. We call Conj(h, L) the operator

. 1 d (h(z)? d 1
C h,L)= — - ~LOp
onj(h, L) h(z)?2m(x) dx (w(z) dx v h
If f is smooth function compactly supported in I then

Conj(h,L)f = h"*L(hf)

We will call Conj(h,L) the h-transform of L by h even though h may not be
harmonic (Lh = 0) or sub-harmonic (Lh < 0) and L is not necessarily the generator
of a diffusion.

dA
Second, the change of scale: If A is a C! function on I such that I > 0 and
x

d’A
73 € L° (I) and (y(t))o<t<7 a continuous path in I, then we will set Scalea(7y) to
" <t<

be the continuous path (A(y(s)))o<i<r in A(I). Let ScaleL(L) be the operator on
functions on A(I) with zero Dirichlet boundary conditions induced by this change

of scale:
1 d 1 d
leh (L) = — — A,
Seale(L) mo A~1(a) da <w0A_1(a) da) A

where A,v is the push-forward of the measure v by A.

Third, the change of time: If V is positive continuous on I then we can consider
the change of time ds = V(y(t)) dt. Let Speedy be the corresponding transforma-

tion on paths. The corresponding "generator" is VL.

Finally, the restriction: if I is an open subinterval of I then set Li; be the
operator L acting on functions supported in I and with zero Dirichlet conditions
on 9.

For the analysis of L we will use a bit of spectral theory: If [zg, 21] is a compact
interval of R and m, w are positive continuous functions on [zg, z1], then the op-
erator ; i <;i> with zero Dirichlet boundary conditions has a discrete

m(z) de \w(x) dx
spectrum of negative eigenvalues. Let —\; be the first eigenvalue. It is simple.
According to Sturm-Liouville theory (see for instance [24], section 5.5) we have the
following picture:
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Property 1.5. Let A > 0 and u a solution to
1d/1d
~ (28 ) s au=0
mdx (ﬁ) dz) A
Py iy du
with initial conditions u(xo) =0, d—(aco) > 0.
x
e (i) If u is positive on (zo,x1) and u(zy) = 0 then X = A\, and u is the
fundamental eigenfunction. }
o (i) If u is positive on (xo,x1] then A < A\
o (iii) If u changes sign on (xg,x1) then A > A\

Next we state and prove the main result of this section.

Proposition 1.6. The following two conditions are equivalent:

e (i) There is a positive continuous function u on I satisfying Lu = 0.
e (ii) For any f smooth compactly supported in I

(113) J@On@@mia) s + [ f@Pm@pn) <o

I
Proof. (i) implies (ii): First observe that the equation Lu = 0 reduces through a
change of scale to an equation of the form (II). Let u be given by condition (i).
Let L := Conj(u, L). Since Lu = 0, L is a generator of a diffusion without killing
measure. Let m(z) := u?(z)m(x). Then for all g smooth compactly supported in
1, fl(lig)gﬁldz < 0. But

[ Eginds = [0 wg) gy mdo + [ (ug)mtan)

I I

Thus (LI3) holds for all f positive compactly supported in I such that u=1f is
smooth. By density arguments, this holds for general smooth f.

(ii) implies (i): First we will show that for every compact subinterval J of I there
is a positive continuous function u; on J satisfying Lu; = 0 on J. Let J be such
an interval. By lemma[[.3 there is A > 0 and u, positive continuous on J satisfying
Luy —Auy =0o0n J. Let Ly := Conj(uA,LUv). Then

1 d (u?d
Ly=——(—— A
AT W da ( ) *
Let L&O) = Ly — X. L is the generator of a diffusion on J. We can apply
the standard spectral theorem to LE\O). Let —\; be its fundamental eigenvalue.

Lgo) + A = L, is a non-positive operator because it is an h-transform of L|; which
satisfies condition (ii). This implies that A < A;. Let @ be a solution to L&O)a—i—)\a =

d
0 with initial conditions @(min J) = 0 and d—u(min J) > 0. Since A < Ay, according
x

to property[LLH @ is positive on J. We set uy := upu. Then u; is positive continuous
on J and satisfies Luy = 0. This finishes the proof of the first step.

Now consider a fixed point x in I and (J,,),>0 an increasing sequence of compact
subintervals of I such that xy € jo and Un>0 Jn, = I. Let uy, be a positive

L-harmonic function on J,. We may assume that wj, (z9) =1. The sequence

d
(—;LJn (zg )) is bounded from below. Otherwise some of the u, would change
x n>0

sign on I N (xzg,400). Similarly, since none of the u ;, changes sign on I N(—o0, xo),
d’u,Jn

7 (zg) is bounded from above. Let v be an accumulation value of the sequence
x
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du
( dJ"’ (zf )) . Then the L-harmonic function satisfying the initial conditions
€T n>0

u(zg) =1 and j—Z(mJ) = v is positive on I. O
We will divide the operators of the form ([I2) in two sets: D%~ for those
that satisfies either of the constraints of the proposition and D7 for those that
don’t. ©%~ is made exactly of operators that are equivalent up to an h-transform
to the generator of a diffusion. We will subdivide the set ®%~ in two: ®~ for the
operators that are an h-transform of the generator of a transient diffusion and D°
for those that are an h-transform of the generator of a recurrent diffusion. These
two subclasses are well defined since a transient diffusion can not be an h-transform
of a recurrent one. Observe that each of L € ®~, ©% and ©* is stable under h-
transforms, changes of scale and of speed. Operators in ®~ and ©° do not need to
be generators of transient or recurrent diffusions themselves. For instance consider
on R
1 d?
2 dx?
where a,a_ > 0. If 3ay —a_ > 0then L € ®F, if 3a; —a_ = 0 then L € D, if
3a4 —a_ <0then L e ®™.

If L € ®%~, the semi-group (e'£);>¢ is well defined. Indeed, let X be the diffu-
sion on I of generator L(®) and ¢ the first time it hits the boundary of I or blows up
to infinity. Let u be a positive L-harmonic function and L := Conj(u, L). L is the
generator of a diffusion X on I without killing measure. Let CN be the first time X
hits the boundary of I or blows up to infinity. Then for any f positive bounded com-
pactly supported in I, z € I and ¢ > 0, B, [1i<¢ exp( [, {m(y)v(dy)) f(X:)] < 400
and we have the equality:

L= +a+51 —a_d_1

1
Identity (LI4) can be proved using Girsanov’s theorem. In case L € D, let

(G(2,y))z.yer be the Green’s function of L relatively to the measure u(z)?m(z) dz.
Then L has a Green’s function (G(z,9))s,yer that equals

(110) By f1eccomp( | OXDmmdn) F060| = 78 [1,culXof (o)

Gla.y) - E, [exp( / e§A<<X>m(z>u<dz>>emm] — u(e)uly) G, y)

For & <y € I, G(x,y) = @y(x)iy(y) where @y and @, are L-harmonic. Then we
set uy = utiy and uy := utiy. uy and u are L-harmonic and for z < y € I,
G(z,y) = ur(x)uy(y). But contrary to @4 respectively @, us respectively u is not
necessarily non-decreasing respectively non-increasing.

The discrete analogue of the sets ®~, D° and D1 are symmetric matrices with
non-negative off-diagonal coefficients inducing a connected transition graph, with
the highest eigenvalue that is respectively negative, zero and positive. However in
continuous case the sets L € ®~, DY and © 7T can not be defined spectrally because
for operators from L € ®~ and ®* the maximum of the spectrum can also equal
zero. However the next result shows that the sets ®~ and DT are stable under
small perturbations of the measure v and that ©° is not.

Proposition 1.7. e (i) If L € ©° and k is a non-zero positive Radon mea-
sureon I then L—ke® and L+ ke DT,
o (ii) If L € ©~ and J is a compact subinterval of I then there is K > 0
such that for any positive measure k supported in J satisfying k(J) < K
we have L+ k € ©~.
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o (iii) If L € D7 then there is K > 0 such that for any positive finite measure
k satisfying k(I) < K we have L — k € DT.

o () If L € D%, there is a positive Radon measure k on I such that L —k €
DY,

o (v) Let L € D and xo < x1 € I. Then L, 4,y € D° if and only if there
is an L-harmonic function u positive on (xo, 1) and zero in xo and x1.

Proof. (i): Consider h positive continuous on I such that Conj(h, L) is the genera-
tor of a recurrent diffusion. Since Conj(h, L —k) = Conj(h,L) —k, Conj(h, L —k)
is the generator of a diffusion killed at rate k and thus L — k € ©®~. Similarly we
can not have L + k € D%~ because this would mean L = (L + k) —k € D~

(ii): Without loss of generality we may assume that L is the generator of a

1 d?
transient diffusion and that it is at natural scale, that is L = ——~——. Since
m(x) da?
the diffusion is transient, I # R. We may assume that zy := inf I > —oo. Write
J = [r1,22]. Let k be a positive measure supported in [z1,22]. Let u be the

d

solution to Lu + udk = 0 with the initial conditions u(z¢) = 0, d—u(zg) =1 u
x

is affine on [z, z1] and on [xg,sup]). On [z, 23] u is bounded from above by

. min[mhmg] m . .
29 —xo. Thus, if k([z1, z2]) < ———— then u is non-decreasing on I and hence

(w2 — 20)
positive. This implies that L + k € ©%~. By the point (i) of current proposition,
ming,, .1 m
if k([z1,22]) < —2222L 7 then L+ k € ©-.
(w2 — o)

(iii): By definition there is f smooth compactly supported in I such that (CI3)

does not hold for f. Let U be the value of the left-hand side in (LI3). U > 0. If

U
k is a positive finite measure on I satisfying k(I) < then if we

11130 maxgupp s m
replace v by v — k in (ILI3)), keeping the same function f, we still get something

positive. Thus L —k € DT,

(iv): Let f be a smooth function compactly supported in I such that (LI3]) does
not hold for f. Let J be a compact subinterval of I containing the support of f.
The set

{s€0,1]|L—vy +slyv €D}

is not empty because it contains 0, and open by proposition [[7] (ii). Let Spqaz by
its supremum. Then S0, <1 and L — vy + Spae Lyvy € D0 Then

k= 1I\J vy + (1 — Smam)l.] vy

is appropriate.
v): First assume that there is such a function u. Then by definition L, ..y €
l(zo,21)
D%~ Conj(u, L|(z¢,2,)) does not have any killing measure and the derivative of

w
its natural scale function is —. It is not integrable in the neighbourhood of zg

U

or x1. Thus the corresponding diffusion never hits xg or z;. This means that

it is recurrent. Conversely, assume that Lj,.,) € D0 Let u be a solution to
du

Lu = 0 satisfying u(xo) = 0 and — (xg) > 0. If u changed its sign on (2o, z1) then

dz
according to the preceding we would have L, »,) € D+, If u were positive on an

interval larger that (zo,21) we would have L, 2,y € ®7. The only possibility is
that u is positive on (xg,x1) and zero in 7. O

2. MEASURE ON LOOPS, INVARIANCE, COVARIANCE AND DISINTEGRATION
PROPERTIES
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2.1. Spaces of loops. In this subsection we introduce the spaces of paths and
loops on witch will be defined the measures we will consider throughout the paper.
First we will consider continuous, time parametrized, paths on R, (7(Z))o<t<7(+)
with finite life-time T'(y) € (0,+00). Given two such paths (y(t))o<t<7(y) and
(¥'(t))o<t<r(~), & natural distance between them is

Spaths(7,7) = [log(T'(v)) —log(T(v"))] + Jnax, [y (T (7)) =~ (vT'("))]

A rooted loop in R will be a continuous finite life-time path (v(t))o<;<7(y) such
that v(T'(y)) = v(0) and we will write £ for the space of such loops. £ endowed
with the metric dpqens is @ Polish space. In the sequel we will use the corresponding
Borel o-algebra, Bg, for the definition of measures on £. For v € [0, 1] we define
a parametrisation shift transformation shift, on £: shift,(y) =4 where T'(¥) =
T(v) and

5(t) = { V(T (7) +1) if t<(1=v)T(y)
Yt =1 =v)T(y) if t=(1=v)T(v)
We introduce an equivalence relation on £: v ~ « if T(v") = T'(y) and there is
v € [0,1] such that v = shift,(y). We call the quotient space £/, the space of
unrooted loops, or just loops, and write it £*. Let 7 be the projection 7 : £ — £*.
There is a natural metric de- on £*:

de-(m(y), (7)) := Ug}(i)nﬂ Opaths(shift,(v),7")

(£*,6¢+) is a Polish space and 7 is continuous. For defining measures on £* we
will use its Borel og-algebra, Be«. 7 1(Bg-), the inverse image of Be- by 7, is a
sub-algebra of Bg.

In the sequel we will consider paths and loops that have a continuous family of
local times (€7 (7))zer,0<t<7(+) Telatively to a measure m(z)dz such that for any
positive measurable function f on R and any ¢ € [0,T(v)].

/ fO)ds = [ tiym(o) do

We will simply write £7(y) for £3..(7).

In the sequel we will also consider transformations on paths and loops and the
images of different measures by these transformation. We will use everywhere the
following notation: If £ and £’ are two measurable spaces, ¢ : £ — £’ a measurable
map and 7 a positive measure on &, ¢,n will be the measure on £ obtained as the
image of i trough ¢

2.2. Measures p*Y on finite life-time paths. First we recall the framework that
Le Jan used in [II]: G = (V, E) is a finite connected graph. Lg is the generator
of a symmetric Markov jump process with killing on G. mg is the duality measure
for Lg. (p¥(z, Y))zyev,e>o is the family of transition densities of the jump process
and (P¢ y( ))az,yev,e>0 the family of bridge probability measures. The measure on
rooted loops associated with Lg is

(2.1) prg (- / Z ]P’G ! (z, z)mg(x) %

t>0 pev
K. is the image of pr, by the projection on unrooted loops. The definition of
K1, is the exact formal analogue of the definition used in [I6] for the loops of the
two-dimensional Brownian motion. In [II] also appear variable life-time bridge
measures (u7?)s yev which are related to pj

+oo
(2.2) V() = / PO (pS (2, )t
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In this subsection we will define and give the important properties of the formal
analogue of the measures ui@y in case of one-dimensional diffusions. In the next
subsection [2.3] we will do the same with the measure on loops 7, .

I is an open interval of R. (X;)o<i<¢ is a diffusion on I with a generator L of
the form (L3]). We use the notations of the section Let x,y € I. Following the
pattern of ([22]) we define:

Definition 1.

—+o0
HEY() = / B ()i, y)dt

We will write ™Y instead of 7Y whenever there is no ambiguity on L. The
definition of u*¥ depends on the choice of m, but m(y)u™Y does not. Measures
u™Y were first introduced by Dynkin in [5] and enter the expression of Dynkin’s
isomorphism between the Gaussian Free Field and the local times of random paths.
Pitman and Yor studied this measures in [19] in the setting of one-dimensional
diffusions without killing measure (k = 0). Next we give a handy representation
of u®¥ in the setting of one-dimensional diffusions. It was observed and proved by
Pitman and Yor in case £k = 0. We consider the general case.

Proposition 2.1. Let F be a non-negative measurable functional on the space of
variable life-time paths starting from x. Then

(2.3) poY(F () = Eq

¢
/ F((Xs)o<s<e)dily (X)]
0
Equivalently

poY(F(y)) = Eg

2(x)
[ P
0

where 7/ := inf{t > 0|¢; (X) > I}.

Proof. Tt is enough to prove this for ' non-negative continuous bounded functional
witch takes value 0 if either the life-time of the paths exceeds some value t,,,4, < +00
or of it is inferior to some value t,,;, or if the end point of the path lies out
of a compact subinterval [z1, 23] of I (with y € (z1,22)). For j < n € N, set
tin :zfmm-i-w and At,, @ Almost surely foc F((Xs)o<s<t)dely
is a limit as n — +o00 of

(2.4) ZF Dozecty L (X) =8 (X))

Moreover ([24) is dominated by [[Flloclf ... It follows that the expectations
converge too. Using the Markov property and (L4)), we get that the expectation of

(Iﬂl)equals
At,
(2.5) / / Por (F((Xogezt, ) P, (@ 2)pr(z, ) drm(z) dz
zel

Using the fact that p.(-,-) is symmetric, we can rewrite (2.5]) as
(2.6)

/ i ( Z At,, ]P’tf r (F((Xs)ogs<t; ) Pej. (2, z)) Aitn/omn pr(y,2)drm(z)dz

OAt” pr(y, 2) dr m(z) dz converges weakly to d,. Us-

ing the weak continuity of bridge probabilities (proposition [[4]) we get that (2.6)

As n — 400 the measure ﬁ
n
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converges to

/ TP (F(Xozeze)) pela, y)dt

tmin

O

Proposition 2] also holds in case of a Markov jump processes on a graph,
where the local time is replaced by the occupation time in a vertex dived by its
weight. Proposition 1] shows that we can consider p™¥ as a measure on paths
(7(t))o<t<r(y) endowed with continuous occupation densities (£7(7)).er,0<t<7(+)-
Next we state several properties that follow almost immediately either from the
definition 1 or proposition 2T}

Property 2.2. e (i) The total mass of the measure p*v is finite if and only
if X is transient and then it equals G(x,y).

(i) The measure p¥* is image of the measure u™¥ by time reversal.

(iii) If T is an open subinterval of I then

,U,i’f; (dq/) = 17 containedin I ui,y(dv)

(iv) If k is a positive Radon measure on I then
iy lan) =ex (= [ FQmERE) ) i)

(v) If A is a change of scale function then

A(@),A(y)
ScaleLL

= Scale a7

(vi) If V is a positive continuous function on I then for the time changed
diffusion of generator %L:

Ty _ T,y
Bip = Speedy . iy
2

(vit) If h is a positive continuous function on I such that T2 is a signed
x

measure and Lu is a negative measure then

Mw,y ‘ _ 1 um,y
Conj(h,L) h(l‘)h(y) L

Previous equalities depend on a particular choice of the speed measure for the
modified generator. For (iv) we keep the measure m(y)dy. For (iii) we restrict

. dA -
m(y)dy to I. For (v) we choose <d_ o Al) mo A=t da. For (vi) we choose
T

mm(y) dy. For (vii) we choose h(y)?>m(y)dy. Property (ii) follows from that
Y

pe(x,y) = pi(y, ) and P (-) is the image of P}  (-) by time reversal. Property
(vi) is not immediate from definition 1 because fixed times are transformed by time
change in random times, but follows from proposition 211 Property (vii) follows
from that an h-transform does not change bridge probability measures and changes
the semi-group (p(z,y)m(y) dy)ezo.aer to (impe(@, y)u(y)m(y) dy)izo.zer-

Next we state different representations for the measures u*Y

Property 2.3. o (i) Assume k # 0. Let P, (-) be the law of (Xy)o<t<c where
X(0)=0. Then

/61 Y (m(y)k(dy) = 1x kitted by & Pa(-)
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T,z

o (ii) Assume that X is transient. Then @u is the law of X, starting
from X (0) =z, up to the last time it visits x. m/ﬂ’y is the law of X,
starting from X (0) = x, conditioned to visit y before (, up to the last time
1t visits y.

o (iii) Let X and X be two independent Markovian paths of generator L
starting from X(0) = z and X(0) = y. For a < x Ay, we introduce T,
and T, the first time X respectively X hits a. Let IP’Z“ be the law of X up
to time T, conditioned by the event T, < (. Let I@ga be the analogue for
X. Let I@gﬂ be the image of I@ga through time reversal and Pl QI@%A the
image of Ple @ I@gﬂ through concatenation at a of two paths, one ending
and the other starting in a. Then

)= [ R <Oy < O (B < B (u(a)da
acl,alzNy

Property (i) was noticed by Dynkin in [5]. Properties (ii) and (iii) were
proved by Pitman and Yor in case & = 0. See [19]. The case k # 0 can be
obtained through h-transforms. Indeed, and h-transform does not change the law
of a diffusion from the first to the last time it visits a point x, and does not change
the measures PZa(.).

Next we study the continuity of (x,y) — u®v.

Lemma 2.4. Let J be a compact subinterval of I. Then the family of local times
of X satisfies: for everye >0

(2.7) lim supP, (sup Elpe(X) > 5) =0
t—0t zcJ yel

Proof. Tt is enough to prove it in case the killing measure k is zero because adding a
killing measure only lowers ¢}, C(X ). Without loss of generality we may also assume
that the diffusion is on its natural scale, that is to say w = 2. Then X is just a time
changed Brownian motion on some open subinterval of R. For a Brownian motion

(Bt)e>o0 21 is clear. In this case P, (supyeR o (B) > s) does not depend on z

and for a given x

lim P, (supﬂi’AC(B) > 5) =0
yeR

t—0+
t
It Z:/ m(Xé)dS
0

Then given the time change that transforms X into a Brownian motion B, we have
t}(X) = 17,(B)

Otherwise let

Let J = [zo,21]. Let Tmin € I, Tmin < To and Tpmasr € I, Timaw > 1. Let

T, in mmas the first time X hits either @in O Tpmae. Let s >0, >0 and x € J.
S

Ift < then on the event Ty, ;. ... > 1, Z; is less or equal to s.

MaAX [, i, T maz] T
So for ¢t small enough

P, <sup b (X) > 5) <P, <sup (B) > 5) F Py (T mnn < 1)
yel yeR

But
P, (T.

Tmin;Tmax

< t) = ]P)Io (TIWLinamm,am < t) + ]P)Il (T

Tmin,Tmax

<t)
and

lim supP, (T <t)=0

10+ ve Tmin,Tmax
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Thus
lim sup sup P,, (sup bl (X) > E) <P <sup Y(B) > €>
t—0t xzeJ yel yeR
Letting s go to 0 we get ([2.7)). O

Proposition 2.5. Let t,,q; > 0. Let F be a bounded functional on finite life-time
paths endowed with continuous local times that depends continuously on the path
(Vt)o<t<T(v) and on (l%(.y)('Y))mEI where we take the topology of uniform convergence
for the occupation densities on I. On top of that we assume that F is zero if

T(y) > tmax- Then the function (x,y) — p*Y(F(v)) is continuous on I x I.

Proof. If we had assumed that F' does only depend on the path regardless to its
occupation field then the continuity of (z,y) — p™Y(F(vy)) would just be a conse-
quence of the continuity of transition densities and of the weak continuity of bridge
probability measures. For our proof we further assume that L does not contain any
killing measure. If this is not the case, then we can consider a continuous positive
L-harmonic function u. Then Conj(u, L) does not contain any killing measure and
up to a continuous factor u(x)u(y) gives the same measure p®¥ (property 2.2 (vii)).
We will mainly rely on the representation given by proposition 2.1l

Let z,y € I and (z;,y;);>0 a sequence in I x I converging to (z,y). Without
loss of generality we assume that (x;);>0 is increasing. We consider sample paths

(Xt)o<t<c and (Xt(j))ogt«j of the diffusion of generator L starting from x and each
of x;, coupled on a same probability space in the following way: First we sample
X starting from z. Then we sample X (©) starting from xg. It starts independently
from X until the first time Xt(o) = X;. After that time X(* sticks to X. This two
paths may never meet if one of them dies to early. If X, X(© .. XU are already
sampled, we start XU*1 from zj+1 independently from the preceding sample paths
until it meets one of them. After that time X+1 sticks to the path it has met.
Let

T = inf{t > 0|X7) = X;}

If X does not meet X, we set T\W) = +o00. By construction, (7)),>¢ is a non-
increasing sequence. Here we use that there is no killing measure. T is equal in
law to the first time two independent sample paths of the diffusion, one starting
from « and the other from x;, meet. Thus the sequence (1)) j>0 converges to 0 in
probability. Since it is decreasing, it converges almost surely to O.

We use reduction to absurdity. The sequence (u®¥i(F(y)));>o0 is bounded
because F' is bounded and zero on paths with life-time greater then t,,4,. As-
sume that it does not converge to pu*¥(F(v)). Then there is a subsequence that
converges to a value other than pu®¥(F(y)). We may as well assume that the
whole sequence (u%3%i (F'(7)));>0 converges to a value v # p™Y(F(y)). According
to lemma (24 the sequence ((¢Z,,(X1))).cr)j>0 of occupation density functions
converges in probability to the null function. Thus there is an extracted subse-
quence ((€z;,,(XU"))).er)n>0 that converges almost surely uniformly to the null
function. We will show that (p%inYin (F(7y)))n>0 converges to u™Y(F(v)) and ob-
tain a contradiction.

For ze€ T and [ >0 let

77 = inf{t > 0|67 (X) > I}
and

77 = inf{t > 0]6; (X)) > 1}
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Then according to proposition 2.1t

@)
P (F(y) =E l/o F((Xs)0§s§71y)dl]

f]‘ A§~(X(j)) .
p v (F(y) = E [/ ' F((ng))ogsgﬂﬁ)dl]
0
For any z € I, if 77, € [T'9), ;) then 77, = 7 where

U'=1405,)(X) =l (X

Along the subset of indices (jn)n>o0, ijs"l converges to 7/ for every I € (0,1{(X))

except possibly the countable set of values of [ where [ — ijl jumps. For any

l such that TJyTj”l converges to 7/, the path (Xs(j )) in COLVErges to the path

OSSSTJ.

(Xs)o<s<T/. Moreover for such ! the occupation densities (ljyjn (XUn))),es con-
Jn,l

verge uniformly to (IZ,(X)).es. Indeed
l

o, (X Uy = s (X) = iy (X) + Loy (X )y
Jn,l Jnl

Thus for all I € (0, £{(X)), except possibly countably many,

lim  F((XI)o<s<Ti™) = F((Xs)o<s<)

n—-+oo

For n large enough, ¢; = ¢ and £}"" (X Un)) converges to b ac(X). It follows

tmam/\c'n
that the following almost sure converéence holds
(2.8)
eyjn ) (X(Jn)) 154 (X)
I e hSan F((X ) vinval = [ R(X v)dl
) (XJ)o<s<T;)dl = ; ((Xs)o<s<T)')

The left-hand side of ([238) is dominated by ||F||1oof?" (XUn)). In order to

tmaz AGjy,
conclude that the almost sure convergence (2.8) is also an ! convergence we need
only to show that

(2.9) E [WQMA% (X Un)y = zggmM(X)@ —0
We already know that £} e, (X (Gn)) converges almost surely to ¢} ac(X).
Moreover
t’nlﬂ/m
E [E?if;wcjn (X (J”'))} = /O pe(T5,,Yj,)
and

t’VTL(l"l?
B[] = [ e
0
It follows that the expectations converge. By Scheffe’s lemma, the L.! convergence
[239) holds.

We have shown that there is always a subsequence (pu®in¥in(F(Y)))n>o that

a different value. O
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2.3. The measure p* on unrooted loops. The measure y*® can be seen as a

measure on the space of rooted loops £. Next we define a natural measure uj on
£* following the pattern (2.1)):

Definition 2. Let uy be the following measure on £:

dt 1 -
L(dv) - />0 /IEI dV)pe(z, z)m(z) dx 7 m /IEI wr(dy)m(x) d

WF, = Ty fbr, 15 @ measure on L.

We will drop the subscript L whenever there is no ambiguity on L. The definition
2 does not depend on the choice of the speed measure m(z)dx. The measures p
and p* are o-finite but not finite. They satisfy the following elementary properties:

Property 2.6. o (i) p is invariant by time reversal.
e (i1) If I is an open subinterval of I then

'LLL\I'(dFY) = 1V contained in I ML (d’}/)

o (iii) If k is a positive Radon measure on I then

s ilan) = exp (= [ EOmIEE) ) )
e (i) If A is a change of scale function then

MScaleLL = SC&ZGA*,LLL

2

e (v) If h is a positive continuous function on I such that e s a signed

measure and Lu is a negative measure then

HConj(h,L) = ML
Same properties hold for u*.

The measures p and p* contain some information on the diffusion X but the
invariance by h-transforms (property (v)) shows that they do not capture its
asymptotic behaviour. In the subsection2.4lwe will prove a converse to the property
property (v). In our setting, most important examples of h-transforms are:

e The Bessel 3 process on (0, +00) is an h-transform of the Brownian motion
n (0, +00), killed when hitting 0, through the function x — z.
e The Brownian motion on R killed with uniform rate kdz (i.e. k constant)
is an h-transform of the drifted Brownian motion on R with constant drift
v/2k, through the function 2 — e~ V2ka

In the sequel we will be interested mostly in p* and not u. As it will be clear
from the next propositions, the measure u* has some nice features that u does not.

Proposition 2.7. Let v € [0,1]. Then shiftyspu = p. In particular
(2.10) = / dv shi fty«
(0,1]

Proof. For a rooted loop v of life-time T'(y) we will introduce v; the path restricted
to time interval [0, vT'()] and 2 the path restricted to [vT'(),T(v)]. By bridge
decomposition property, the measure p(dyi, dy2) equals

dt
@) [ [ B B s e ) m(s) dy i) do
t>0

In (ZTII) 71 and 72 play symmetric roles, so changing the order of 77 and 2 does
not change the measure pu. O
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Formula (2.I0) shows that we can get back to the measure p from the measure
w* by cutting the circle parametrizing a loop in £* in a point chosen uniformly on
this circle, in order to separate the start from the end.

Corollary 2.8. Let F' be a positive measurable functional on £. Then the map
v fol F(shift,(y))dv is 7=1(Bg~)-measurable and

d(F(v)p)

1
= [ F(shift,(y))dv
dit r1(Bes) /o

Proof. We need only to show that for every F’ measurable functional on £*:

(2.12) /2 F(y)F'(n(7))uldn) = / /2 F(shi fty (7)) F' (x())d) dv

From proposition [27] follows that for every v € [0, 1]:
@13) [ PO GO = [ Fhifta)F o))

Integrating (2.I3)) on [0, 1] leads to ([212]). O

The next identity appears in [I1I] in the setting of Markov jump processes on
graphs. It can be generalized to a wider class of Markov processes admitting local
times (see lemma 2.2 in [9]). We will give a short proof that suits our framework.

Corollary 2.9. Let x € I. Then
(2.14) () (dy) = mop™" (dy)

Forl >0, let ]P’;lz(~) be the law of the sample paths of a diffusion X of generator L,
started from x, until the time 17" when £7(X) hits |, conditioned by 77 < (. Then

—+o0

el
(215) 17 visits zu*(d/y) = / TPyt (d'}/)e G(;’m) T
0

Conventionally we set G(xz,x) = +oo if X is recurrent.

Proof. Let ¢ > 0 such that [x —&,2 +¢] C I. Let Tj;_. »4.(7) be the time a loop
v spends in [z — &, + €]. From the identity ([ZI0) follows that

To-cwra(V) o v 1 [5FF
T(v) w(dy) = T('Y)/m

and simplifying T'():

T 5% (dy)m(z) dz

—€

x+€
(2.16) T ewra (@) = [ o™ () ds

Tr—e

Using local times we rewrite (2Z.I6]) as

fzm:r; Y (’)’)m(z) dz 1 /gg-l,-g

(2.17) p(dvy) =

ffjg m(z)dz f;fs m(z)dz

€

T t>% (dy)m(z) dz

—€
£

Let g9 > 0 such that [z —eg,x+¢9] C I. Let F be a continuous bounded functional
on loops endowed with continuous local times such that F' is zero if the life-time of
the loop exceeds tmaz > 0 and if SUP, [y _cy ate] 1#(y) exceeds lpqz. According to
the proposition 5] the right-hand side of (ZI7) applied to F' converges as ¢ — 0
to (mepu®™®)(F(7y)). By dominated convergence it follows that the left-hand side of
[2I7) applied to F converges as ¢ — 0 to

.. () F () (dy)
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Thus we have the equality

(2.18) .. (V) F () (dy) = (mep™ ) (F (7))

The set of test functionals F that satisfy (ZI8) is large enough to deduce the
equality (ZI4) between measures.
From proposition [Z.1] follows that

+oo » .
prr() = / Pzt (-)e” €@ dl
0
Applying (2I4) to the above disintegration, we get (Z13). O

Corollary 2.10. Let V be a positive continuous function on I. We consider a time
change with speed V: ds = V(x)dt. Then

(2.19) ;L*%L = Speedy .7,

Proof. By definition 2 and property (vi):

1L TP V(y(0)
wa g (dy :—/ ——= ds Speedy . (ur (dy
L 1O} S eI vl )

Applying corollary 2.8 we obtain:

dSpeedy i, fol Ly(wT (7)) dv 1

it s il el - =

d:u‘%L |m=1(Bgx) T(V)f o) V- 1 ))dS

This concludes. O

In dimension two, the time change covariance of the measure u* on loops plays
a key role for the construction of the Conformal Loop Ensembles (CLE) using
loop soups as in [22]: Let D be an open domain of the complex plane, (B;)o<i<c
the two-dimensional standard Brownian motion in D killed when hitting 0D and
w* the corresponding measure on loops. If f : D — D is a conformal map, then
(f(Bt))o<t<c is a time changed Brownian motion. If we consider ;* not as a measure
on loops parametrized by time but a measure on the geometrical drawings of loops,
then p* is invariant by the transformation (y(t))o<t<r(y) = (f(7(t)))o<t<r(y). This
is proved in [16].

Given that p* is invariant through h-transforms and covariant with the change
of scale and change of time, if X is a recurrent diffusion, then up to a change of
scale and time, p* is the same as for the Brownian motion on R, and if X is a
transient diffusion, even if the killing measure & is non-zero, then up to a change of
scale and time, p* is the same as for the Brownian motion on a bounded interval,
killed when it hits the boundary.

2.4. Multiple local times. In this subsection we define the multiple local time
functional on loops. Corollary gives a link between the measure p* and the
measures (u”%)er. Using multiple local time we will get a further relation between
p* and (u™Y)g yer. This will allow us to prove a converse to the property 2.8 (v):
two diffusions that have the same measure on unrooted loops are related trough an
h-transform.

Definition 3. If (v(t))o<i<7(y) i a continuous path in I having a family of local
times (If (7))zer,0<t<7(~) Telatively to the measure m(x)dx, we introduce multiple
local times €712 (y) for x1,Xa, ..., Ty € I:

/ dtl Eiil (/7) dt2£f22 (’Y) "dtn Ef: (’Y)
0<ty <ta<...<tn,<T(v)
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If v € £ and has local times, we introduce circular local times for ~:

[T () Z [Be) Ze@)rTe(n) ()

ccircular
permutation

of{1,2,...,n}

vt heing invariant under the transformations (shift,)yep,1], we see it as a
functional defined on £*.

Multiple local times of the form [%%-%(v), called self intersection local times,
were studied by Dynkin in [7]. Circular local times were introduced by Le Jan in
[11].

Let n € N* and p € {1,....,n}. Let Shuffle,, be the set of permutations o
of {1,...,n} such that for all i« < j € {1,...,p}, 0(i) <o(j) and for all : < j €
{p+1,..,n}, 0(i) < o(j). Permutations in Shuf fley,, are obtained by shuffling
two card decks {1,...,p} and {p+1,...,n}. Let Shuf fle,, ,, be the permutations of
{1,...,n} of the form o o ¢ where ¢ is a circular permutation of {p + 1,...,n} and
o € Shuf flep n satisfies o(1) = 1. One can check that

Property 2.11. For all x1,...,Zp, Tpt1, ...y Tpn € I:
° (i)

gm,-n@p(,y)g%+17~--7wn (’Y) — Z fTo(1)To(p)sTo(pt1)To(n) (’Y)
occShufflep n

o (ii)
[T (fy)[*zlﬂrl"“’mn (’Y) — Z (T’ (1) 5Tl (p) Tl (p 1)1+ T ! (m) (’Y)

o’eShuf fle, ,

The equality 2.17] (ii) appears in [I1]. It is also shown in [11] that for transient
Markov jump processes:

(2.20) /f”““""’“(’y)u(d’y) =G(z1,22) X oo X G(Tp_1,2pn) X G(Tn,x1)

It turns out that we have more: We consider L a generator of a diffusion on I of
form ([3)). If v; for ¢ € {1,2,...,n—1} is a continuous path from x; to x;+1, then we
can concatenate vy, 7y, ..., Yn—1 to obtain a continuous path vy, <1vye ... <17, from
1 to . Let p*v%2 ... < p*n—1%n be the image measure of %2 @ ... ® y*n-1%n
by this concatenation procedure.

Proposition 2.12. The following absolute continuity relationships hold:

o (i) (™™ <. aptrttn)(dy) = €52t (y)pte e (dy)
o (id) mu(u™T2 Q. QpTnot T QU ) (dy) = 0T () p* (dy)

Proof. (i): Let ((Xt(i))ogt«i)ogignﬂ be n — 1 independent diffusions of generator
L, with X" = ;. For 1 > 0, let

Tyl i= inf {ti > 0|ftzj+1(X(i)) > l}

According to proposition T} (p**%2 < ... Q p=1%)(F(v)) equals:
(2.21)

E[/ . F((X{)os<r<r,y, < < (Xt(n_l))os:sgrnfl,ln,l)dll---dln—l}
l¢<l<:+1,1§i§n—1

Let (Xt)o<t<¢ be an other diffusion of generator L. Let
7, = inf{t > 0lIy*(X) > 1}
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and recursively defined:
Ty, dio1 by = inf{t > Tll,...li,1|£fi+l (X) > lz}

Then by strong Markov property, (Z21I)) equals

(2'22) E |:/ 17’11 ,,,,, Ln,lﬁCF ((Xt)OStSTzl ,,,,, Ln,l) dll"'dln—1:|
222) in turn equals
(223) E |:/ 1Vi,ti<§F ((Xt)OStgtnfl) dgtmf (X)dff:l(X):|

By proposition 211, ([2:23) equals [ £%1%n=1(y)F(y) "% (dy).
(ii): According to the identity (i) and corollary 28 we have

(2.24)
1
T (0P <L Qutr bt g et (dy) = / 052 T (ghi i, (7)) )do e u™ 1 (dry)
0

According to corollary 2.9

But

which ends the proof. O
The proposition 2212 (ii) implies (Z20)).

Proposition 2.13. If L and L' are two generators of diffusions on I of the form

([C3) such that pj = 5., then there is a positive continuous function h on I such
2

that T2 is a signed measure, Lh a negative measure and L' = Congj(h,L). If the
x

diffusion of generator L is recurrent then L' = L.

Proof. Let m(x) dz be a speed measure for L and m/(z) dx be a speed measure for
L'. First let’s assume that both L and L’ are generators of transient diffusions. Let
(G(2,9y))s,yer be the Green’s function of L relatively to the measure m(x)dx and
(G'(2,y))a,yer be the Green’s function of L’ relatively to the measure m/(z) dz.
Applying the identity (220) to fm =Y (y)u*(dy) we get that for all z,y € I:

(2.25) G (2,y)G' (y, z)m/ (x)m (y) = G(2,y)G(y, x)m(z)m(y)
and for all x,y,z € I:
(2.26)

G'(z,y)G'(y,2)G' (z,2)m/ (x)m/ (y)m/ (2) = G(z, y)G(y, 2)G(z, x)m(z)m(y)m(z)
Fix o € I. Let h be

1
h is positive and continuous. mG(x, y)h(y)m(y) equals:
x

(2.27)

G(x0, )G (2, y)G(y, mo)m(zo)m(z)m(y)

G' (0, 2)G" (2, y)G" (y, xo)m/ (zo)m/ (x)m/ (y)

G’ (0, y)G" (y, zo)m/ (z0)m’ (y)
G(xo,y)G(y, zo)m(zo)m(y)

x G'(z,y)m’ (y)
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Applying (225)) and 226) to (227) we get that

(2.28) ﬁcu, Wh(y)m(y) = G'(z,y)m' ()

Applying (228)) once to (z,y) and once do (z,z) we get that

G'(z,y) Gy, y)
2.29 hy) = h(z) 22 Y) 2 4)
(229) W =) Cley) @)
d*h . .
From (Z29) we deduce that g2 88 signed measure. From ([228) we deduce that
x

L' = Conj(h,L). —Lh is the killing measure of L’ and is positive.
If we no longer assume that L and L’ generate transient diffusions then consider

A > 0. Then uj_, = uj,_,. According to the above, there is i positive continuous
2

function on I such that ) is a signed measure and
x

L' —X=Conj(h,L —\) = Conj(h,L) — A

Then L' = Conj(h, L) and necessarily Lh is a negative measure.

The class of recurrent diffusions is preserved by h-transforms. So if L is the
generator of a recurrent diffusion then so is L/, and thus h is bound to satisfy
Lh = 0. But since the diffusion of L is recurrent, the only solutions to Lh = 0 are
constant functions. Thus L’ = L. O

2.5. A disintegration of p* induced by the Vervaat’s transformation. By
conditioning the measure y by the life-time of loops we get a sum of bridge measures.
Vervaat in [25] shows a relation between Brownian bridges and Brownian excursions.
We will disintegrate the measure u* as a measure on the minimal value of the loop
and its behaviour above this value. We will obtain a sum of excursion measures
1n~*. In case of Brownian loops on R this will follow from the Vervaat’s bridge
to excursion transformation. The case of general diffusion will be obtained using
covariance and invariance of loop measures.

Vervaat’s Transformation. Let (y(s))o<s<: be a random path following the Brow-
nian bridge probability measure PtBM,O7O(~). Let Syin := argmin-y. Then the path

s+ —miny + (shiftsnzm ¥)(s)

has the law of a positive Brownian excursion of life-time t.

In the sequel if 7 is a measure on paths and x € R, we will write (z + n) for the
image of n by v +— = + 7. 735, will be the Levy-It6 measure on positive Brownian
excursions and nt>7 g s the probability measure on positive Brownian excursions of
duration ¢. Given a continuous loop (7¢)o<t<7(+) and to the first time  hits min -y,
let V(7) be the transformation shift « . V is Be-measurable.

T(v)

Proposition 2.14. Let pp,, be the measure on loops associated to the Brownian
motion on R. Then:

(2:30) piarld) =2 [ mfa-t 038 () da
a€

The measure on (min vy, max~y) induced by iy s lacp(b—a) 2 drdy. Leta < b€
R and p, p two independent Bessel 3 processes starting from 0. Let Ty_o and Typ—_,
be the first times p respectively p hit b — a. Let (ﬁt)OStSbeaJrTEfa be the path

5, = a+ p if t<Ty_q
b at+pp i . ift>Thq
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Then the law of (Bt)o<i<t, . +7, ., 18 the probability measure obtained by condition-
ing the measure uh,, by (min~vy, max~y) = (a,b).

Proof. For the Brownian motion on R, upas writes
dt

D) = x + Pt )———dx
pB(-) /LGR /t>0( BM,0,0)( )\/W

Let x(a)da be the law of the minimum of the bridge under P, M.0,0- Applying the
Vervaat’s transformation, we get that

dt
2 Vot = [ [ ([ se-wde) @ i) O da
a€R Jt>0 r>a ’ 273
Since [ _, x(z —a)dz =1, the right-hand side of ([2.31]) equals

dt
a+n; Y )——=da
/a . /( PO s

>0 . a a >0 3/,
/t>0<a+nt,BM><> S = 2a+ 330)0)

The equality (230) follows. The rest of the proposition 214 is a consequence of
the William’s representation of Brownian excursions. [l

Corollary 2.15. Let I be an open interval of R and A > 0. Let L be the genera-
1 d?

tor d2 A on I with zero Dirichlet boundary conditions and p* the associated
x

measure on loops. Given a loop ((t))o<i<r(), let R(7) be the loop

R(v) := (maxy + minvy — y(t))o<t<1(+)

a .
that is the image of v through reflection relatively to w Then

Proof. Tt is enough to prove this in case A = 0 and I = R. Otherwise we multiply
the measure pj;,, by a density function that is left invariant by R. Then we use
the description of the measure p},, conditioned by the value of (min+, max~y) and
the fact that if @ > 0, (p)¢> is a Bessel 3 process starting from 0 and Ty is the
first time it hits b, then (y — p1,—¢)o<t<7, has the same law as (p:)o<i<T, (see [20],
chapter VII, §4). O

Now we consider that L is a generator of a diffusion on I of form (I3). Given a
point zp € I, T and u ™% will be the L-harmonic functions satisfying the initial

dy™-%o du—" _
T (zg) = 1 and T (zg) = —1. If

conditions u™* (zg) = u™*°(z9) = 0,
x <y €I then

(2.32) w(y)u™Y(z) = w(z)u™"(y)

Indeed, the Wronskian W (u™¥,u*?®) takes in x the value v™¥(z) and in y the

1
W(u™Y,u™*)(z) is constant. If v = 0, then the
w(z)

both sides of 232) equal [ w(z)dz. uw™ is positive on I N (zg,+00) and u ="
is positive on I N (—o0, ). Let LT®° be Conj(u™*, L) restricted to I N (xq,+00)
and L™% be Conj(u™%, L) restricted to I N (—o0,xp). L1T% and L™ are
generators of transient diffusions without killing measures. If L is the generator of
the Brownian motion on R, then Lt is just the generator of a Bessel 3 process.
In general case, xg is an entrance boundary for LT%0 and L~%°, that is to say a
diffusion started from z # xy will never reach the boundary at xg, and we can also

value u™%(y), and the ratio
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start this diffusions at the boundary point z, in which case it will be immediately
repelled away from zy. Let x € I and (pj’I)OSKU,m be a diffusion of generator
L% starting from z. Let y € I, y > z. Let T,”" be the first time p™* hits

y and TJr “ the last time it visits y. Then (pZ o<t<cta_qpe is a diffusion

T+ T+t) <

of generator L™V starting from y. Let (p; ¥)o<t<¢c-v be a diffusion of generator

L™ starting from y and 7T, ¥ the first time it hits z. Then (p;""),c,cq+= and
Sisdy

(pT, Y t)0<t<T7 v are equal in law: Indeed let C' be the constant

w(z)
W(u=v,uh")(2)
The Green’s operator of p™% killed in y is

C:

+,x(,,/
AL , u (y ) ’ ’
((_L\(way)) / ‘T NY )u y(l. Vy )qu,z(:C/)m(y ) dy
and the Green’s operator of p™¥ killed in x is
(=L ) ) =C ’ (@ Ay YuT V(2 v )w () dy'
(@) T)= I“ TNy Ju @ VY Wz Y)W

The potential measure of (p;ﬁz)ogth;'“ starting from x is
U(z')dz' = Cu™" (2" Yyu™Y(z")m(a") dz’

and for any f, g bounded functions on (z,y)
(2.33)

[z e ve) e = [ 1L, e ad

The time reversal property for (pt Vo<« follows from the duality relation
St 1y
233). See [20], chapter VII, §4 for details on time reversal.

Corollary 2.16. If L is a generator of a diffusion on I of form ([L3)), then

(2.34) o= [ e ula)da

da db
The measure on (min~y, max~y) induced by p* is 1a<b€[m. Let a <

bel. Let (pf’a)0§t<<+,a and (pt_’b)ogt<<—,b be two independent diffusion, the first
of generator LT starting from a and the second of generator L™ starting from
b. Let TbJ“a be the first time pt® hits b and T, * the first time p~° hits a. Let
(ﬂt)OStST;’a‘i’T(:’b be the path

pi? if t< T
Bt =

—,b : +,a
pt_Tbﬂ, if t 21T,

Then the law of (6t)0<t<T+,a+T—,b 1s the probability measure obtained by condition-
<t<T, a

ing the measure pu* by (min vy, max~y) = (a,b).

Proof. Both sides of ([Z34)) are covariant by scale and time change. Moreover both
sides satisfy the property 2.6l (ii) for the restriction to a subinterval and the property
2.6 (iii) when adding a killing measure.

Regarding the description of the measure on (min+, max ) and the probabilities
obtained after conditioning by (min-~y, max~y) = (a,b), if L is a generator without
killing measure (k = 0), then the result follows through a change of scale and time
from the analogous description in proposition 214l If & # 0, then we can take
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u a positive L-harmonic function and deduce the result for L from the result for
Conj(u, L) using the fact that uj = 1 ons(u,L)- O

The relation between the measure on loops and the excursions measures in di-
mension 1 (identity ([234)) is analogous to the relation between the measure on
Brownian loops and the so called bubble measures observed by Lawler and Werner
in dimension 2. See propositions 7 and 8 in [16].

2.6. A generalization of the Vervaat’s transformation. In this subsection we
will show a conditioned version of the Vervaat’s transformation that holds for any
one-dimensional diffusion of form (3] and not just for the Brownian motion. L
will be a generator of a diffusion on I of form ([3]). From corollary [Z9 and identity
[234) follows that for every z € I:

(2.35) VuPL (dy)pe(z, z)dt = / €5 (y)n~(dy)w(a) da

t>0 a€l,a<lx

Let ]P’;,m(d'ﬂ minvy = a) be the bridge probability measure condition by the value
of the minimum to equal a. Further we will show that there is a version that
depends continuously on (a,t). Let n;* the probability measure obtained from 5>
by conditioning the excursion to have a life-time ¢. The identity (Z33]) suggests the
following:

Proposition 2.17. For everya<x €1 andt >0

G (y)ng “(dy)

2.36 VP! (dy|miny = a) = Z
(2:36) =1 TRER)

t
L n7(T(y) € (t,t+dt))
pe(x, x) dt

The distribution of min~y under P, _ equals

da

(2.37) w(a)ng® (7 (7))

n”(T(y) € (t,t +dt))
dt

excursion induced by n~%. Given an excursion 7y following the law

where is the density of the measure on the life-time of the

 (Y)mg“ (dy)
g (G ()
the local time in z is a measure on {s € [0,t]|y(s) = x}. The transformation V
sends the starting point of the bridge to a point s € [0,t] distributed conditionally
dsts(7)

()

Identities ([2.36]) and ([2.37) can be viewed as a conditioned analogue of the Ver-
vaat’s relation between the Brownian bridge and the Brownian excursion. The
latter can be deduced from (Z36) and (237) using the translation invariance of
the Brownian motion. From (2:35) we can only deduce that (236) and (Z31) hold
for Lebesgue almost all ¢ and a. We need to show the weak continuity in (a,t)
of conditioned bridge probabilities and biased conditioned excursion probabilities
to conclude. It is enough to prove the proposition 217 for L not containing any
killing measure and such that for all @ < x € I, a diffusion starting from x reaches
a almost surely. Indeed, for a general generator, Conj(u;, L) does satisfy the above
constraints and if the proposition 217 is true for Conj(u,, L) then it is also for
L. From now on we assume that L satisfies the above constraints. Next we give a
more "constructive" description of the conditioned bridges and biased conditioned
excursions. We start with bridges. )

Property 23 (iii) shows that the measure PTe PZ*" conditioned on T, + T, = t
is a version of P!  (dy|miny = a). Let p,E“) (x,y) be the transition density on
I'N(a,+o0) relatively to m(y) dy of the semi-group generated by L|;n(q,4-o0)- Then

on the excursion v according the measure
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pga)(x,a"’) = 0. According to [I7], for all ¢ > 0, y — pga)(:n,y) is C'. Let
agpi") (x,y) be the derivative relatively to y. It has a positive limit agpi") (x,a™)

as y — a*. Extended in this way, the map (¢, x,y) — 62p§“>(x, y) is continuous on
(04 00) x I'N(a,+00) x I NJa,+00). The distribution of Ty, under P, is (see [21]):

1
) (a) + dt
w(a) 2Pt (ZL',(J, )
Let IP’E;?Z),’t be the bridge probability measures of Ljjn(q,400)- It has a weak limit
]P’ial)li asy — at. Let F, be the sigma-algebra generated by the restriction of a

continuous path to the time interval [0,s]. Let P1® be the law of pt® starting
from a. For all s € (0,t) we have the following absolute continuity relations:

el (Xi,)
(2.38) i =lscr,
z |~7:s 8227,5 (SC, a’+>
and for the time reversed bridge
e g o

(2.39) :
dPy " | x, Gzpt )(z,a%)

Using the absolute continuity relation (2:38) and (2Z:339) one can prove in a similar
().t

vt is continuous for the weak

way as in proposition [.4] that the map (t,y) — P.*
topology. The measure PZe disintegrates as follows

1
2.40 PTe() = —/ Pt 8p(a) z,a™)dt
(2.40) 0 =27 [ B Qo o)
From the property [2Z3] (iii) and (Z40) we get that

Property 2.18. The distribution of min-~y under P; 18

- z,a 2t‘s:caJr s
(2.41) ()ptm /azpé Voup@ (z,a%)d

There is a version of P (dy|minvy = a) that disintegrates as

fO ( z aJr < ]P( ) . SA) (d7)62p(a)('ra aJr)anz(S(i)s(‘ra a+) ds
f 0 P(a)(w a+)82p(a) (z,at)ds

(2.42)

Next we show that the probability measure given by (242) depends continuously
on (a,t).

Lemma 2.19. The functions (x,a,t) — pﬁ") (z,a™) and (z,a,t) — 82p§a) (z,a™)

are continuous on {(x,a)lx > a € I} x (0,400).

Proof. As in [I7], we can use the eigendifferential expansion of L to express p( )(

and agpt (:I:, a™). Let zg. For X\ € R consider e;1(-,\) and ez (-, \) two solutions to
Lu+ Au = 0 with initial conditions

%(l‘o,)\) =0 62(1‘0,)\) =0 %(.To,)\) =1

Let e(x, ) be the 2-vector whose entries are ey (x, A) and esx(x, A). According to
theorems 3.2 and 4.3 in [17], for all a € I there is a Radon measure §(*) on (—o0, 0]
with values in the space of 2 X 2 symmetric positive semi-definite matrices such that
for all x € TN (a, +0)

0
P (z,a%) = / eMTe(, V)@ (dA)e(a, N)

— 00

x,at)

61(1‘0, )\) =1 862
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52P§a) (z, a+) = /

— 00

’ e Te(z, \)f@ (d)\)g(a A)
) ax ?

Let x > a € I. Consider a two sequences (Zn)n>0 and (an)p>0 in I N (—o0,x)
converging to x respectively a such that for all n > 0, z,, > a,. Let (b;);>0 be an
increasing sequence in I'N(x,sup I) converging to sup I. Let f, ; be the 2 x 2-matrix
valued measure on (—oo, 0] corresponding to the eigendifferential expansion of L
restricted to (an,b;). fn,; charges only a discrete set of atoms. As shown in the
proof of theorem 3.2 in [I7], the total mass of the measures 1 A || 72||f, ;|| (dN),
1A A 72)[§em) || (dX) and 1 A [A[72]|f)||(d)) is uniformly bounded. Moreover for a
fixed n, as j — 400, 1 A [N 72§, ;(d\) converges vaguely, that is against continuous
functions vanishing at infinity, to the measure 1 A |\|~2f(@n)(d\). Moreover, for any
increasing integer-valued sequence (j,)n>0 converging to +o00, 1A [A|7%f, ;. (dN)
converges vaguely as n — +oo to 1 A|A72f(®)(d)\). Since the sequence (j,)n>0
is arbitrary, this implies that 1 A [A|[~2§(®")(d)) converges vaguely as n — 400 to
1A N2 @ (@),
There are constants C, ¢’ > 0 such that for all A <0 and n > 0

(243) le(wn VIl < 0V fe(an, ]| < Ce VI 15 (ay, )] < 0V
xX

Let ¢ > 0 and (¢,)n>0 a sequence of times converging to t. From (Z43]) follows that

lim  sup |A%efe(zn, N)|| X [|e(an, N)|| =0
A——00 n>0
A= 1V A 2et (e(zn, A), De(an, \)) vanishes at infinity an converges uniformly on
(—00,0] to A — 1V |[A2et* (e(x, \), e(a, \)). The vague convergence of measures
implies that

0 0
lim e A Te(, NFO) (dN)e(an, \) = / e ez, \)f@ (d\)e(a, \)
n—+oo J_ o —

Similarly 521%3")(36”, al) converges to 62p§“>(x, a™). O
Lemma 2.20. The map a — P} * is weakly continuous.

Proof. Let ag € I. Consider the process (p;*°);>o following the law P %. For
a € 1N (ag,+00), let T, be the last time pT9% visits a. Then (pJTf’Tt)tzo follows

the law P14, The process valued map a > (p;"rt)tzo is almost surely continuous
on I N (ag,+0o0) and thus the laws depend weakly continuously on a. (I

Proposition 2.21. The version of P, ,(dy|miny = a) given by (Z42) is weakly
continuous in (a,t).

Proof. From the absolute continuity relations (2:38) for the bridge Pma()l’i and ([2:39)
for its time reversal, together with the continuity of the densities which follows from

lemma 219, and the weak continuity of a — P}*, we can deduce in a very similar
(a)t

z,at

0,400) x I N (=00, ) and hence (a, s,t) —s P8 qP@t=5" i weakly continuous.
z,at z,at

Finally the densities that appear in expression ([2.42)) are continuous with respect

to (a, s,t). O

way as in proposition [[4] that the map (a,t) — P is weakly continuous on

Next we will describe the measure . 9op\® (z, a™) is C* relatively to 2 and the

derivative 0 op.” (x,a*) has a positive limit 9y 9p{™ (a*, at) as y — a*. Moreover
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t— al,gpga)(a"’, a™) is continuous. The measure on the life-time of the excursion
induced by n~* is (see [21]):
1
w(a)?
Let s € [0,t]. The measure n;%(-) disintegrates as (see |21]):

(2 44) / (]P)(a)a 4 ]P)(a) t— s) (.)62])&&) (‘ra a+)62p§(i)s (‘T’ aJr)m(y) dy
z€l,x>a " mat 8112p§a) (at,at)

S01op" (0¥, a") dt

For every s1 < s3 € [0, s], under the bridge measure P{")*:

52 (@ (a)
(2.45) Pt (es,(v) = 65, (7)) = / pr (ya( ))(PH)(””’Z) dr

and under the bridge measure P{*)"*:
Y,a

S2 (a) a (a,) +
(2.46) PO (2 () — £5,(7)) :/ Py, )(a)zp,_r(z,a ) 4
s1 Oaps” (y,a™)
Combining ([2:44) and ([246]) we get that for every s; < so € [0, s]:
- a2pga)($a a+)a2p@ (z,a™)
(2.47) Ny (0 (y) — €2 (7)) :/ s i
t 2 1 s 51,2p,§a) (a"‘, a+)

Proposition 2.22. Let Fy and F5 be two non-negative measurable functional on
the paths with variable life-time. Then

i </Ot Fi((7(r))ocr<s)Fa((v(s + 7))o<r<t—s) ds€§(7)> =

! oDz a9 (2.t
ag) [ RO (R PO
o ’ O2py" (at, at)

In particular

9opS™ (, a™)Dupl® (x, a™)
al,sz(Sa) (a+ ) a+)

ds

t
JSA t—

249) 5O (an) = [ (B2 B (an

Proof. Tt is enough to prove the result in case F; and F5 are non-negative, continu-

ous and bounded. On top of that we may assume that there are $p,in < Smaz € (0, 1)

such that F} respectively F» takes value 0 if the life-time of a path is smaller than

Smin Tespectively t — S;q0, and that there is C € I, C' > a, such that F; and

Fy take value 0 if maxy > C. For j < n € N set As,, := %(smam — Smin) and
Sjn = Smin + jAs,. Then almost surely

/0 Fi((y(r)osr<s) Fa((7(s +7))osr<i—s) dsli(7) =
(2.50)

lim ZF1 Mo<r<s; ) Cs, () = €5, (O F2(v(sj+1,n + ) o<r<t—s;41.0)

n—>+oo
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Moreover the right-hand side of ([Z50) is dominated by IZ () ||F1||oo || F2|lco- Thus
the n; *-expectation converges too. Applying (2.44) and (Z.45) we get

F (B ((v(M)osr<s; )8, () =65, () Fa((Y(8j41,n +7))osr<t—s;41.0)) =
Asn
/ /< oy B M (B (B ) g, (r,y, 2) m(y)dy m(=)dz dr

where

ané] n (ya a+)62pt Sj41,n (z’ a+) (a)

(a)
qn(T7y5 )7 ( )pAé —T(:C Z)
8172p§ )(‘ﬁvaﬂ
1 s
The measure 1y72>a€11A— fOA " qn(r,y,z) dr dydz converges weakly as n — +o0
Sn

to 6(z,2). The maps (s,y) r—> 82p§“> (z,a™) and (s,y) — ]P’ga)’y"ﬁ(.) are continuous.
Moreover 82psj n(y, )0 pt é;+1 (z,a™) is uniformly bounded for j <n € N and

Y,z € (a,C]. All this ensures that the n;“-expectation of the right-hand side of
@350) converges as n — +oo to the right-hand side of (Z48). O

Now we need only to match the preceding descriptions to prove proposition [2.17]

(Z42) and (2.49) imply Z36). 24I) and @247) imply (Z37). The fact that the
L5 ()

follows from
()

point where the excursion is split is distributed according to
2.48).

2.7. Restricting loops to a discrete subset. Let L be the generator of a diffu-
sion on I of form (L3 and (X;)o<t<¢ be the corresponding diffusion. Let J be a
countable discrete subset of I. A Markov jump process to the nearest neighbours
on J is naturally embedded in the diffusion X. In this subsection we will show
that, given any z,y € J, the image of the measure u7"¥ through the restriction
application that sends a sample paths of the diffusion (X¢)o<s<¢ to a sample path
of a Markov jump process on J is a measure on J-valued paths that follows the
pattern (2-2). From this we will deduce that the image of the measure u} through
the restriction to J is a measure on J-valued loops following the pattern (2.I) and
which was studied in [IT]. This property will be used in section B2l to express the
law of finite-dimensional marginals of the occupation field of a Possonian ensemble
of intensity auj.

For a continuous path (v(t))o<t<7(+) in I, endowed with continuous local times,

let
=S G ()m(a)
xze]
For s > 0, we introduce the stopping time

72() i= inf{t > O[T (7) > s}

S

We write 47 for the path (y(7? ))O<&<IJ y on J. Let my be the measure

O
my = Z m(x)d,
el
The occupation measure of 77 is
Zfl(v)m x)d
€]

and (I%(7y)).e7 are also occupation densities of the restricted path 47 relatively to
my.
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The restricted diffusion X7 is a Markov jump process to nearest neighbours on

J, potentially with killing. If xp < 1 are two consecutive points in J, the jump
1

m(zo)w(zo) utro(xy)

rate from zy to z1 is and the jump rate from x; to xzg is

1 1

m(z1)w(z1) u™* (o)
rate of killing while in x; is

1 (W(u*“,u*’zo)(xl) 1 1 )

m(x1)w(zr) - -

. If xg < 1 < x9 are three consecutive points in J, then the

umr2(z)utro(zy)  uwT(zg)  utT(x)

If J has a minimum zy and x; is the second lowest point in J, then the killing rate
while in x( is

1 <W(u7x1,u/r)(z0) 1 )

m(zo)w(zo) \ u= (zo)ur(zo)  whoo(wy)

An analogous expression holds for the killing rate while in a possible maximum of J.
X7 is transient if and only if X is. Let L be the generator of X?. Lj is symmetric
relatively to my. Its Green’s function relatively to my is (G(z,y))s,yer, that is the
restriction of the Green’s function of L to J x J. X7 may not be conservative even if
the diffusion X is. In case if J is not finite, X7 may blow up performing an infinite
number of jumps in finite time. Measures (u}¥)zyer, pr and pj have discrete
space analogues (/ﬁzjy)zye 15 pr; and py - as defined in [I1], that follow the patterns

22) and @2I).

Proposition 2.23. Let x,y € J. Then v+ 7 transforms uy

*
Hp;-

Y

Y z *
Oy and puy in

Proof. The representation (2.3)) also holds for usz For [ > 0, let
7/ = inf{t > 0|¢}(X) > I}

and
9= inf{s > 0] (X)) > 1}

Then for any non-negative measurable functional F'
+oo I
MLij(F(IY)) :/ dl EZ [1le'J<IgF((XS)O<s<le’J)i|
0 <s<

But (Xg)OSSSTg’
and only if 7/ < ¢. Thus usz is the image of p7"¥ through the restriction on path
to J. The second part of the proposition can be deduced from that for any x € J

CE () (dy) = mep " (dy)

; is the image of (Xt)ogtgrg by the map v — 7 and le’J < I&U if

and as noticed in [IT]
Vg, (dy') = mpg" (dy')
O
Previous restriction property and the time-change covariance of p* (corollary

2I0) can be treated in a unified framework of the time change by the inverse of a
continuous additive functional. This is done in [9], section 7.
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2.8. Measure on loops associated to a "generator" with creation of mass.
We can further extend the definition of the measures p*¥ on paths and p and p* on
loops to the case of L being a "generator" on I containing a creation of mass term as
in (II2). Doing so will enable us to emphasize further the h-transform invariance
of the measure on loops and will be useful in section to compute the exponential
moments of the occupation field of Poissonian ensembles of Markov loops. Let v

1 1
be signed measure on I. Let L) := 41 4 and L := L) 4.
m(z) de \w(z) dx
Definition 4. o u7Y(dy) == exp ([, 1*(v)m(z) v(dx)) p7 8 (dv)

o pr(dy) = exp ([, 1" (v)m(z) v(dx)) ppo (dy)
o [ =T
Definition 4 is consistent with properties (iv) and (iii). If 7 is any other
signed measure on I, then

(251) W5 () = exp ( J i) ﬂ(dm) W5 (d)

Same holds for p and p*. Under the extended definition, the measures p*¥ still
satisfy properties (ii), (iii), (v) and (vi). Proposition remains true. p still
satisfies properties (i), (ii) and (iv). Proposition 2 and corollary 2.8 still hold.
The identities (ZI4)) and (2I9) remain true for p*. Concerning the h-transforms,
we have:

d*h
Proposition 2.24. Let h be a continuous positive function on I such that T2

x
is a signed measure. h*mdx is a speed measure for Conj(h,L). Then for all

p 1 @ .
z,y € 1, “dgnj(h,L) = muL’y, and ficonjh,r) = pr- Conversely, if L and

L' are two "generators" with or without creation of mass such that py = pr: then
2

there is a positive continuous function h on I such that Tz s a signed measure
x
and L' = Conj(h, L).

Proof. There is a positive Radon measure k on I such that both L — k and
Conj(h,L) — k are generators of (killed) diffusions. But

Conj(h,L) —k = Conj(h,L — k)

x 1 x, .
It follows that ”dgnj(h,L)—l% = WMLE,; and Uoonjn,Ly—k = Mok Applying

(Z51) we get the result.
If pur, = prrr, we can again consider k a positive Radon measure on I such that

both L — k and L’ — k are generators of (killed) diffusions. Then according to
2

proposition [2.I3] there is a positive continuous function h on I such that ) is a
x

signed measure and L' — k = Conj(h, L — k). Then L' = Conj(h, L). O

Similarly to the case of generators of diffusions (subsection [Z]), one can consider
L-harmonic functions © ™% and u™® in case of L containing creation of mass. If
L € ©*, then u™® respectively u™% is not necessarily positive on I N (—o0,x)
respectively I N (z,+00). Let

M(z) :==sup{y € I,y > z|Vz € (x,y), u"™"(2) >0} € IU{supl}

If L € D% then for all z € I, M(z) =supl. Let y € I, y > x. If y < M(x), then
Ly € D7 Ify = M(x), then L, ) € DY, If y > M(x), then Li(z,y) €DT. The
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diffusion p* of generator L% = Conj(u®t*, L" ) is defined on (z, M (z)).

(@, M ()
Similarly for p~¥. Moreover if If M (z) € I, then LI;EI,M(I)) = LRIA?V(IZ))

If L € ®%~, the description of the measure on (min~y, max+y) induced by u*
as well as of the probability measures obtained by conditioning p* by the value
of (min+y, max~) is the same as given by corollary [Z16] with the same formal
expressions. Next we state what happens if L € D*:

Proposition 2.25. Let L € ©%. The measure on (min~y, max~y) induced by u*
da db

ute(b)yu="P(a)’
If a < b < M(a), then the probability measure obtained through conditioning by
(min~, maxvy) = (a,b) has the same description as in corollary [Z16. Outside the
set {a € I,b € (a,M(a))}, the measure on (min -y, max-y) is not locally finite. That
is to say that, if a <b € I and b > M(a), then for all € > 0.

(2.52) p* ({miny € (a,a+¢),maxy € (b—¢,b)}) = +o0

and restricted to the set {a € I,b € (a,M(a))} is laerbe(a,M(a))

Proof. For the behaviour on {a € I,b € (a, M (a))}: There is a countable collection
(I;)j>0 of open subintervals of I such that

{a€el,be (a,M(a))} = U{:I: <yel}
Jj=0
Since for all j, L, € D%~ corollary applies to Ljr;. Combining the descrip-
tions on different {a < b € I;}, we get the description on {a € I,b € (a, M(a))}.
For the behaviour outside {a € I,b € (a, M (a))}: Let A < B € R. Then

. , ‘oo A dadb
(2.53) wiy({miny < A;max~y > B}) = ——— = +00
B —o0 (b - a’)2
Ifa<beland M(a) =b, then 1o<y<pu* is the image of p};,, through a change
of scale and time. In this case (Z52) follows from [@Z353). If b > M(a), then
Li(ap) € ©F. According to proposition [L7 (iv), there is a positive measure Radon
measure k on (a,b) such that Ly, —k € DY, From what precedes, (2.52) holds

* * * *
for HL )~k Moreover, BT > BTy — k" So (252) holds for B Ly O

3. OCCUPATION FIELDS OF THE POISSONIAN ENSEMBLES OF MARKOV LOOPS

3.1. Inhomogeneous continuous state branching processes with immigra-
tion. We will identify the occupation fields of the Poissonian ensembles of Markov
loops as inhomogeneous continuous state branching processes with immigration. In
this subsection we give the basic properties of such processes.

Let I be an open interval of R. We will consider stochastic processes where x € I
is the evolution variable. We do not call it time because in the sequel it will rather
represent a space variable. Let (B;).er be a standard Brownian motion. Consider
the following SDE:

(3.1) dZ, = a(m)\/ZdIB%I + b(2)Z, dx
(3.2) dZy = 0(x)\/ Zy dBy + b(2) Zy dz + c(z) da

For our needs we will assume that o is positive and continuous on I, that b and
c are only locally bounded and that ¢ is non negative. In this case existence and
pathwise uniqueness holds for 1) and B2) (see [20], chapter IX, §3), and Z and
Z take values in R. 0 is an absorbing state for Z.

(B) satisfies the branching property: if Z(!) and Z®) are two independent
processes solutions in law to (&), defined on I N [zg, +00), then Z(M) 4+ Z?) is a
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solution in law to BI)). If Z and Z are two independent processes, Z solution in
law to (3I) and Z solution in law to (3.2), defined on I N [xg,400), then Z + Z
is a solution in law to ([B.2)). Solutions to [B.2)) are (inhomogeneous) continuous
state branching processes with immigration. The branching mechanism is given by
BI) and the immigration measure is ¢(x) dz. The homogeneous case (o, b and ¢
constant) was extensively studied. See [14].

The case of inhomogeneous branching without immigration reduces to the ho-
mogeneous case as follows: Let xp € I and let

O(e) = exp (— / jb<y> dy) Aw) = [ oty ay

zo

If (Z2)zer is a solution to (BI)), then (C(A_l(a))ZNAfl(a))aeA([) is a solution in law

to
dZ, =21/ Z, dB,

Let Z be a solution to (3I) defined on I N [xg,400), starting at zo with the
initial condition Z,, = zp > 0. Then, for A > 0 and z € I, z > z¢:

_ “AZo| _ —zow(z0,2,N)
o [2] =

¥(xg, 2z, \) depends continuously on (zg,x,\). If 2 = 2 then
(33) 1/)(1'051'05A) =A
If 29 <21 <29 €I then

Y(x0, 22, A) = Y(x0, 71,9 (71, T2, \))
1) satisfies the differential equation

(3.4) 8—1/}(500, x,\) = U(xTO)Qw(zO, x,\)? — b(xo)tp(xg, z, \)

8900
If b is not continuous, equation ([B.4]) should be understand in the weak sense. If be
is continuous, then ([B.4]) satisfies the Cauchy-Lipschitz conditions, and 1) is uniquely
determined by ([34) and the initial condition (33)). This is also the case even if b
is not continuous. Indeed, by considering C(z)Z, rather than Z,, that is to say

C
considering %1/1(960, x, \) rather than ¢(xg,z, \), we get rid of b.
Zo

Inhomogeneous branching processes are related to the local times of general one-
dimensional diffusions:

Proposition 3.1. Let xg € I and let (Xi)o<t<¢ be a diffusion on I of generator L
of form ([L3)) starting from xo. Let zg > 0 and

720 :=inf{t > 0[4;°(X) > 2o}

Z0

Then conditionally on 750 < ¢, ((%eo (X))zer,z>x, 18 a solution in law to the SDE:
20

- ~ ] -
(3.5) dZy = \/2w(2)\/ Z dB, + 2%(@21 dz
X

Proof. If X is the Brownian motion on R, then w = 2 and w, is constant. In
this case the assertion is the second Ray-Knight theorem. See [20], chapter XI,
§2. The equation (B.A) is then the equation of a square of Bessel 0 process. If
Tmin < To and X is the Brownian motion on (Zn, +00) killed in 2, then the
law of (Ef:oo (X))eer,e>z, conditionally on 720 < ¢ does not depend on &, and is
the same as in case of the Brownian motion on R. Equation (1) is still satisfied.

If X is a diffusion on I that satisfies that for all x > a € I, starting from =z,
X reaches almost surly a, which is equivalent to u| being constant, then through
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a change of scale and time X is the Brownian motion on some (Z;,n, +00) where
ZTmin € [—00,400). Time change does not change the local times because we defined
them relatively to the speed measure. Only the Change of scale matters. If S is
a primitive of w, then conditionally on 770 < (, ( oo (29) (X))y>15(a0) 18 & square
of Bessel 0 process. The equation (31 follows from the equation of the square of
Bessel 0 process by deterministic change of variable dy := l w(z) dz.

Now the general case: let (X;)
w(z)
uy(z)?
We assume that both X and X start from zo. The law of X up to the last time it

visits xg is the same as for X. Let

~ 1
_ inf{t > 0620 (X) > 7220}

u (7o)

Then the law of (Efzo (X))zer,z>z, conditionally on 720 < ( is the same as the law
20

o<t<¢ be the diffusion of generator Conj(uy, L).

dz is the natural scale measure of X and uy (z)?>m(z) dz is its speed measure.

of (uy (2)20%(X))wer ez, conditionally on 7 < ¢. The factor u(x)? comes from the

fact that performing an h-transform we change the measure relatively to which the

local times are defined. For any a < x¢ € I, X reaches a a.s. Thus (C2(X))wel z>a0
satisfies the SDE
~ 2 -
iz, = V2@ o s,
uy ()

and (ui(x)%%g (X))wer.e>a, satisfies (3H). O

If there is immigration: Let Z be a solution to [B.2) defined on I N [zg, +00),
starting at xp with the initial condition Z,;, = 2o > 0. Then, for A > 0 and z € I,
T > xp:

(36)  Ea s [%] = exp (—zw(xo,x, - [ By, 7, Nelw) dy)

3.2. Occupation field. Let L be the generator of a diffusion on I of form (L3).
Let L,,1, be a Poissonian ensemble of intensity auj. Lo, is a random infinite
countable collection of unrooted loops supported in I. It is sometimes called "loop
soup".

Definition 5. The occupation field of Lo, 1, is (Ea 1)zer where

> ()

YELa,L

We will drop out the subscript L whenever there is no ambiguity on L. In this
subsection we will identify the law of (Ei)ze 7 as an inhomogeneous continuous state
branching process with immigration. If J is a discrete subset of I, then applying
proposition we deduce that (22)16]] is the occupation field of the Poisson
ensemble of discrete loops of intensity oy as defined in [I1], chapter 4. This fact
allows us to apply the results of [11] in order to describe the finite-dimensional
margmals of the occupation field. If the diffusion is recurrent, then for all x € I,
Em 400 a.s. If the diffusion is transient, then for all = € I, E”” < 400 a.s. Next
we state how does the occupation field behave if we apply various transformations
on L.

Property 3.2. Let L be the generator of a transient diffusion.



POISSONIAN ENSEMBLES OF LOOPS OF ONE-DIMENSIONAL DIFFUSIONS 37

e (i) If A is a change of scale function, then

AA(m) _ E:n
a,ScaleLL — ~a,L

e (ii) If V is a positive continuous function on I, then
»CZ,%L = Ez,L

e (iii) If h is a positive continuous function on I such that Lh is a negative

measure, then
~ 1 -~
Kz,Conj(h,L) = h(l‘)2£z’L

Previous equalities depend on a particular choice of the speed measure for the

dA -
modification of L. For (i) we choose <d_ o Al) m o A=t da. For (ii) we choose
T

mm(m) dx. For (iii) we choose h(z)>m(x) dz. The fact that EZ Conj(h.L) # Eg L

despite Ly, conj(h,r) = La,r comes from a change of speed measure.
Next we characterize the finite-dimensional marginals of the occupation field by
stating the results that appear in [11], chapter 4.

Property 3.3. The distribution of L',Afi 18

(Clee) oy, (1
Ma) | p( G(sc,:o)l“’dl

Let x1,x2,....;xn € I and A, A2, ...; An > 0. Let (G(z,y))ayer be the Green’s func-
tion of L — Y"1 | X\i0z,. Then

exp ( i )\122>
i=1

The moment E [Egl E?..Lg”} is an a-permanent:

(3.7) E

_ (det(é(l'“ zj))lgi,jgn ) “

det(G(xi, x))1<ij<n

E Lo L Lir| = 37 abeveleses "1;[10(%%@))

cEG,

If J is a discrete subset of I, then (Eg)mej, viewed as a stochastic process that
evolves when x increases, s an inhomogeneous continuous state branching process
with immigration defined on the discrete set J. In particular, for any x1 < xo <

w. <z €1 and p € {1,2,...,n}, (231,232,...22P) and (Eip,Ezp+1,...Egn) are
independent conditionally on Lir,

Next we show that the processes © — LI parametrized by x € I, where z is
assumed to increase, is an inhomogeneous branching process with immigration of
form [B.2)). In particular, it has a continuous version and is inhomogeneous Markov.

o~

Proposition 3.4. (£Z).cr has the same finite-dimensional marginals as a solution
to the stochastic differential equation

3.8 dZ, =/ 2w(x ZIdIB%erQ%:cZId:chawz dx
d
T

If L is the generator of a Brownian motion on (0,+00) killed when it hits 0, then
(LZ) x>0 has the same law as the square of a Bessel process of dimension 2« starting
from 0 at x = 0. If L is the generator of a Brownian motion on (0, Tmaz), killed

when hitting the boundary, then (LZ)o<wz<w,,.. has the same law as the square of a
Bessel bridge of dimension 2« from 0 at x =0 to 0 at * = Tyaz-
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Proof. Let g < x € I and Ao, A > 0. Applying the identity (B.7) to the case of two
points, we get that
(3.9)

E [exp (f)\offf f Afﬁ)} = (1 + MoG(@o, 20)) (1 + AG(x, ) — AoA(G(x0, 2))?)
Let

—Q

A(zo, Xo) := B [e208] = (M)“

G(.To,l‘o) + Ao
For y <z, let

G(z,y)G(y, )\
G(y,y)(G(y,y) + Adety. G)

G(y,y)
A) = —1
oy, z, \) og (G(y,y) det, . G

One can check that the right-hand side of [B3) equals
A($Oa )‘0 + 1/1(‘/1"0’ z, )‘)) exp(—oap(xo, T, )‘))
In particular for the conditional Laplace transform:
(3.10) E [exp (—)\22) |£A§“} = exp (—Eﬁ“w(xo,x, )\)) exp(—ap(xo, z,\)) a.s.

Moreover

Py, z,\) =

o B ) 2 duy
a_y(y’ €T, )‘) = W(ui’ UT)(?JW(% €, )‘) - Ui(y) d—y(y)w(y’ €T, )‘)
= w0l 2\~ 2 ()0l )
and 5
a_z(yaza ) = *W(uqu)(yW(yv%A) = *w(yﬁ/’(yv%}\)

and we have the initial conditions ¢ (x,x,\) = X and ¢(z,z,A) = 0. Thus EI0)
has the same form as (B8] where c(y) = aw(y). Let (Zy)yer,y>z, be a solution to
(B:8) with the initial condition Z,, being a gamma random variable of parameter «
with mean oG (g, o). It follows from what precedes that (£2°, £%) has the same
law as (Z,,, Z;). Using the conditional independence satisfied by the occupation
field, we deduce that (Eg)ye Iy>z, has the same finite-dimensional marginals as
(Zy)yery>z,- Making zo converge to inf I along a countable subset, we get a
consistent family of continuous stochastic processes, which induces a continuous
stochastic process (Zy)yer defined on whole I. It satisfies (8.8) and has the same

~

finite-dimensional marginals as (£Y)ye;-
In case of a Brownian motion in (0, +0c0) killed in 0, the equation (B.8]) becomes

dZ, =2\/7Z, B, + 2adx

which is the SDE satisfied by the square of a Bessel process of dimension 2a.
Moreover (L£Z)zso has the same one-dimensional marginals as the latter, more

~

precisely £7 is a gamma r.v. of parameter o with mean 2cx. This shows the
equality in law.
In case of a Brownian motion in (0, &4, ) killed in 0 and @4, the equation ([B.8)
becomes )
dZ, =272, B, + ———— 7, dx + 2a dx
Tmax — L
which is the SDE satisfied by the square of a Bessel bridge of dimension 2« from 0

~

at £ =01t0 0 at & = Xynqae. Moreover the latter process and (£%)o<z<s,,., have the
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same one-dimensional marginals, more precisely gamma r.v. of parameter o with

. Thus the two have the same law. O

mean 2a(Tmaz — T)
max

o~

We showed that (£Z).cr has the same finite-dimensional marginals as a contin-
uous stochastic process. We will assume in the sequel and prove in section that
one can couple the Poissonian ensemble £, and a continuous version of its occupa-
tion field (Eg)xe 7 on the same probability space. This does not follow trivially from
the fact that the process (23)16 1 has a continuous version. Consider the following
counterexample: Let U be an uniform r.v. on (0,1). Let £ be a countable random
set of Brownian excursions defined as follows: conditionally on U £ is a Poissonian
ensemble with intensity n3{, + n5%,. Let (EI)IE]R be the occupation field of £.

Then & is continuous on (—oco, U) and (U, 4+00) but not at U. Indeed & = 0 and

lim & = lim & =1

z—U— z—U—

~

Let (£)zer be the field defined by: &/

X

=& ifx#Uand & = 1. (E)ser is
continuous and for any fixed x € R fj'; = fx a.s. Thus (Efv)xeR is a continuous
version of the process (fj‘z)%R but it can not be implemented as a sum of local time
across the excursions in £. As we will show in section 2] such a difficulty does not
ariseAin case of L.

(LZ)zer is an inhomogeneous continuous state branching with immigration. The
branching mechanism is the same as for the local times of the diffusion X, given by
B3). The immigration measure is aw(x)dx. The interpretation is the following:
given a loop in L, its family of local times performs a branching according to the
mechanism (3.1, independently from the other loops. The immigration between
x and = + Az comes from the loops whose minima belong to (z,z + Az). It is
remarkable that although the immigration measure is absolutely continuous with
respect to Lebesgue measure, there is only a countable number of moments at which
immigration occurs. These are the positions of the minima of loops in £,. Moreover
the local time of each loop at its minimum is zero. For x > a € I, let

GO SRt

v € La
min~y > a

1
Let a < be I Forj<neN, let Az, := —(b—a) and let z;, = a + jAxz,.
n

Then (E&I] —1):; ) is a sequence of independent gamma r.v. of parameter o

1<j<n
~(xj x; . G i—1,%; G T

and the mean of L&ffl)’ I is G(G(xj,xj) (wj-1,2;)G(xj, 75-1)

G(zj_1,7j-1)

). For n large

G(vj—1,7;)G(zj,25-1)

G(xjaxj) - G(:ijl,l'jfl)

= w(xj_1)Az, + o(Azy,)
and o(Ax,,) is uniform in j. Thus

; plei-1)z; | —
Jm B[ 2]
]:

n

m o <G(zj,zj) 3 G(le,zj)G(xj,zj1)> _ a/abw(x) de

G(zj-1,2j-1)

Jj=1
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and

nll,r_,r_loo Var( zn: E((Izj—l)@j) =

n

2
hm o (G(-T],.’L']) _ G(:C_]—lax])G(w]a-T]—l)) _ 0

n—-+oo G(xj-1,5-1)

j=1

It follows that Y 7, £ Ligi=1)s converges in probability to ozfabw(z) dx. This is
consistent with our mterpretation of immigration.
Next proposition deals with the zeroes of the occupation field.

Proposition 3.5. Let zo € I. If ["), w(z)dz < +oo then
lim Em =0

x—inf [

Analogous result holds if fsuP[

If a > 1, then the continuous process (Ez)zel stays almost surely positive on 1.
If a <1 then (£I>I€] hits 0 infinitely many times on 1.

() dx < +o0.

Proof. If f ¢ 7 w(x) dr < +o0, then L+k, where k is the killing measure of L, is also
the generator of a transient diffusion. We can couple (Ea L)ze] and (Ea Lik)zel
on the same probability space such that a.s. for all x € I, Ea L < Lr oL+ But
according to property B2 (i), ( z L+k)z€1 is just a scale changed square of Bessel
process starting from 0 or square of a Bessel bridge from 0 to 0. Thus

lim [, < lim LE =0
z—inf T AL z—inf I o, Ltk

Regarding the number of zeros of (L', Jzer on I, property B2 ensures that it
remains unchanged if we apply scale, time changes and h-transforms to L. Since
any generator of a transient diffusion is equivalent through latter transformation to
the generator of a Brownian motion on (0, 4+00) killed in 0, the result on the number
of zeros of (E )zer follows from standard properties of Bessel processes. O

In [22] respectively [12] are studied the clusters of loops induced by a Poisson
ensemble of loops in the setting of planar Brownian motion respectively Markovian
jump processes on graphs. In our setting of one dimensional diffusions the descrip-
tion of such clusters is simple and is related to the zeros of the occupation field.
We introduce an equivalence relation on the loops of L,: < is in the same class as
~" if there is a chain of loops 9,71, ..., in L4 such that v = 7, v, = 7' and
for all i € {0,1,....,n — 1}, %([0, T(v:)]) N Y1 ([0, T (vix1)]) # 0. A cluster is the
union of all ¥([0,T'(7y)]) where the loops 7 belong to the same equivalence class. It
is a subinterval of I. By definition clusters corresponding to different equivalence
classes are disjoint.

Proposition 3.6. Let L be the generator of a transient diffusion on I. If a > 1,
the loops in L, form a single cluster: I. If a € (0,1), there are infinitely many
clusters. These are the maximal open intervals on which (Zg)mel 1s positive. In
case of the Brownian motion on (0,+00) killed at 0, the clusters correspond to the
jumps of a stable subordinator with index 1 — a. In case of a general diffusion,

1
by performing a change of scale of derivative 3 we reduce the problem to the

w
uj’
previous case.

Proof. Assume that £, and a continuous version of (E )zer are defined on the
same probability space. Almost surely the following holds
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e Given v #+v' € L,, miny # max~’ and max~y # min~y’'.
e For all v € L,, {Min7(y) = (ma7(y) = 0 and £*(v) is positive for x €
(min vy, max 7).

Whenever the above two conditions hold it follows deterministically that the clusters
are the intervals on which (Eﬁ)me 1 stays positive. We deduce then the number of
clusters from proposition

If L is the generator of the Brownian motion on (0, +00) killed at 0, then (£2)4e;
is the square of a Bessel process of dimension 2a and its excursions correspond to
the jumps of a stable subordinator with index 1 — a. (I

The clusters coalesce when « increases and fragment when o decreases. Some
information on the coalescence of clusters delimited by the zeroes of Bessel processes
is given in [I], section Bl This clusters can be obtained as a limit of clusters of
discrete loops on discrete subsets. In case of a symmetric jump process to the
nearest neighbours on eN, if & > 1, there are finitely many clusters, and if « € (0, 1),
there are infinitely many clusters and these clusters are given by the holding times
of a renewal process, which suitable normalized converges in law as € — 07 to the
inverse of a stable subordinator with index 1 — . See remark 3.3 in [12].

We can consider the occupation field (£ ;)zer if L is not the generator of a

diffusion but contains creation of mass as in (LI2)). In this setting, if h is a positive
2

continuous function on I such that Tz is a signed measure, then for all x € T
x

rx 1 rr
‘Coz,Conj(h,L) = Wﬁa,L

It follows that if L € ®~ then for all z € I, EAZ”YL < 400 a.s. and if L € DY then
for all x € I, EgL = +o0 a.s. If L € D7, then according to proposition [[.7] (iv),
there is a positive Radon measure k such that L — k € ©°. Then for all z € I,
AaL > 227L7]~€ = +oo. If L € ©~, then properties (i) and (ii) are still hold.
The description given by the property [B.3] of the finite-dimensional marginals of
(22)16 7 is still true, although the case of creation of mass wasn’t considered in

~

[I1]. (L£Z)zer still satisfies the SDE BS).

Proposition 3.7. Let L € ©®~ and U a finite signed measure with compact support
i I. Then there is equivalence between

o (i) Eexp (f, L2, #(dn))] < +oo
o (i) L+veED™
If L4+ 0 e ®, let for s € [0,1] Gs5 be the Green function of L + sv. Then

(3.11) E {exp </1 Lz, ﬁ(dz)ﬂ = exp (oz/ol/Ing(x,:c)ﬂ(dx) ds)

Proof. First observe that [, Eg . |7|(dz) is almost surely finite because || is finite

and has compact support and (Ez 1)zer is continuous. Also observe that ©~ is
convex. So if L+ 7 € ©7, then for all s € [0,1], L+ s € D~
(i) implies (ii): Let Pz, , be the law of L, 1 and Pz, ;. , be the law of L4 145

There is an absolute continuity relation between the intensity measures:

pr+o(dy) = exp < /1 f””(v)) pr(dy)
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In case (i) is true P, , ,, is absolutely continuous with respect to P, , and

exp (f] EAgL ﬁ(dz))
E {exp (f[ EAZL ﬁ(dz))}
But this can not be if L + 7 ¢ ©~ because then for any = € I, EAZ”YL < 400 and
EZ,L—H? = +o0o. Thus necessarily L + 7 € D~

(ii) implies (i): We first assume that # is a positive measure and L + 7 € ©~.
Then P, , is absolutely continuous with respect to P, , .. and

exp (* f[ ZZ L+ ﬁ(d@)
{exp( J; C aL_H;u dx))}

Inverting the above absolute continuity relation, we get that

E [exp </1 Lz, ﬁ(dz))] =K [exp (/1 Le s ﬂ(dz))] - < 400

If  is not positive, let 77 and —&~ be its positive respectively negative part. Then

E{exp (/IZ;;L D(dm))}

([ e[ )
()

[eXp( f[ aL+DV+ (dw ))}

For the expression (.I1]) of exponential moments:

(3.13) %E [exp (S/IE;L ﬁ(d:c))] =E UI L2} o(dzx) exp (S/IE;L f/(d:c))}

From the absolute continuity relation ([BI2) follows that the right-hand side of

BI3) equals
/Gsyacac (dx) [exp( /E )}
This implies (3.11)) O

As in discrete space case, the above exponential moments can be expressed using
determinants. On the complex Hilbert space L?(d|7|) define for s € [0,1] the
operators

(3.12) dPr, ., = P, ,

P, ., = dPr

o, L+

(B f)(z /Gw z,y) f(y) v(dy)

(16251)(x) = / G (a,9) F () 17\(dy)

I
The operator |&%;| is self-adjoint, positive semi-definite with continuous kernel
function, and according to [23], theorem 2.12; it is trace class. Since trace class
operators form a two-sided ideal in the algebra of bounded operators, &5 is also
trace class. Moreover

(3.14) Tr(®s;) = /IGsa(w, ) v(dx)
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The determinant det(Id+®;) is well defined as a converging product of eigenvalues
(see [23], chapter 3). For any s # s’ € [0, 1], the following resolvent identity holds

1
—(65/17 - 6517)

s’ —s

(315) 65065/1} =066, =

Proposition 3.8.

exp <a /Ol/IGsﬁ(z,z) v(dx) ds> = (det(Id + &;))*

Proof. &; has only real eigenvalues. Indeed, let A be such an eigenvalue and f a
non zero eigenfunction for A. Let sgn(#) be the {—1,+1}-valued function defined
d|P| almost everywhere. Then

(3.16) / (s9n(%) F)|85| (s9(7) 1) () |7|(dz) = A / PP ()i (dr)

The left-hand side of (BI6) is non-negative. If the right-hand side of (BI6) is
non-zero, then \ is real. If it is zero, consider f. := f 4+ esgn(?)f. Then

-1

A= tim 5 ( [eom@)fesleon@) @000 ) ([ 15w
e—0t+ 2e \Jr I

and thus A is real.

The operators &5 are compact and the characteristic space corresponding to
each of their non-zero eigenvalue is of finite dimension. Let (A;);>o be the non-
increasing sequence of positive eigenvalues of &;. Each eigenvalue \; appears as
many times as the dimension of its characteristic space ker(&; — \;Id)"™ (n large
enough). Similarly let (fS\j)jZO be the non-decreasing sequence of the negative
eigenvalues of &;. Let s € [0,1]. Since &; and &,; commute, these operators

Ai
have common characteristic spaces. From (BI5) follows that (m)izo

is a non-increasing sequence of positive eigenvalues of &g;. If is not an
: =y : :
eigenvalue of &, then (7~) is also a sequence of eigenvalues of ;.
1—(1—s)A;7320

— S

Y
1—(1—8))
can blow up when s varies. So it turns out that &; has no eigenvalues in (—oo, —1].

From ([BI4) we get
[ Geatea7tde) = 3 e =

i>0 j>0

But the family of operators (&z)se[o,1] is bounded. Thus none of

The above sum is absolutely convergent, uniformly for s € [0,1]. Integrating over
[0,1] yields

/0 /IGS,;(LL', x) v(dx)ds = Zlog(l + i) + Zlog(l - )

i>0 >0

This concludes the proof. (I

3.3. Dynkin’s isomorphism. In this subsection we recall the equality in law ob-
served in [II] between the occupation field (£%)zer and the square of a Gaussian
2

Free Field and show how to derive from this particular versions of Dynkin’s iso-
morphism.
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Let L be a generator of a transient diffusion on I of form (L3). Let (¢.).ecr be
a centred Gaussian process with variance-covariance function:

(¢2)zer is the Gaussian Free Field associated to L. Let S be a primitive of % Then

u
1

S(sup I) = +o00. Moreover S(inf I) > —oo because L is the generator of a transient

diffusion. (mqﬁg,l(a))aegm is a standard Brownian motion starting from

0 at S(inf I). In particular (¢ )zes is inhomogeneous Markov and has continuous
sample paths.

It was shown in [I1], chapter 5, that when o = 1

5 (L',AC”l )zes has the same law
2

~

as (3¢2)zer. In case of a Brownian motion on (0,+00) killed in 0, (£%)s>0 is
2
the square of a standard Brownian motion starting from 0. In case of a Brownian
motion on (0, Tyma.) killed in 0 and Zpmaz, (L3 )o<z<a,,., 1S the square of a standard
2

Brownian bridge on [0, Z.4,] from 0 to 0. In case of a Brownian motion on R with
constant killing rate k, (E”i )zer 18 the square of a stationary Ornstein—Uhlenbeck
process. )

The relation between the occupation field of a Poissonian ensemble of Markov
loops and the square of a Gaussian Fee Field extends the Dynkin’s isomorphism
which we state below (see [5] and [7]):

Dynkin’s Isomorphism. Let x1,%o,...,x2, € I. Then for any non-negative mea-
surable functional F' on continuous paths on I,

(317) E¢ [H ¢11F((%¢92c)z61)‘| =

> /]E¢ {F((%¢i+iw(w))zg)] IT w7 (dv)

pairings pairs
where 37 ivings means that the n pairs {y;,z;} are formed with all 2n points x; in
2n)!
all (QHL)' possible ways.
n!

Next we will show that in case z; = x4, for i € {1,...,n} , ie. Hle ¢z, 1S &
product of squares [ ; ¢2 , one can deduce the Dynkin’s isomorphism from the
relation between the square of the Gaussian Free Field and the occupation field. In
[13] and [9] this is only done in case n = 1 and z7 = 22 using the Palm’s identity for
Poissonian ensembles and the analogue of the relation (ZI4)). To generalize for any
n we will use an extended version of Palm’s identity and the absolute continuity

relation given by proposition 212 (ii).

Lemma 3.9. Let £ be an abstract Polish space. Let MM(E) be the space of locally
finite measures on € and let M € M(E). Let & be a Poisson random measure of
intensity M. Let H be a positive measurable function on M(E) x E™. Let P, be
the set of partitions of {1,...,n}. If P € B,, and i € {1,...,n}, then P(i) will be the
equivalence class of i under P. The following identity holds:

(3.18) E[ SnH(@7q1;---;Qn)H@(in):| =

Z PE[H((I)+Z(sqcaqp(l)a“-vqp(n))} HM(dqc)

Pep, /€ ceP ceP

Fes
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Proof. We will make a recurrence over n. If n = 1, (8.I8) is the Palm’s identity for
Poisson random measures. Assume that n > 2 and that (3I8) holds for n — 1. We
set

f{((I),ql,...,qn_l) ::/gH(@,ql,...,qn_l,qn)fl)(dqn)

Then
(3.19)
n n—1
E[ 5 H(®, ql,...,qn_l,qn)ll_[l@(dqi)}:E[ - CH(@. 1, 00-1) il:[ld)(dqi)}

= 2 /W /H (®+ D Bar @/ (1)s -+ 4P/ (n1)> Gn) ((dgn)

PIEPn_ [ c'eP!
3 6, tan))| T Medae)
ceP’ ceP’

Given a partition P’ € 9B,,_1, one can extend it to a partition of {1,....,n — 1,n}
either by deciding that n is single in its equivalence class or by choosing an equiv-
alence class ¢ € P’ and adjoining n to it. In the identity (BI9) the first case
corresponds to the integration with respect to ®(dg,), and according to Palm’s
identity

l/H (@ + Z 8q, s AP (1) 0 TP (n—1)5 Gn) P (d%)] =

c'epP’
/
&

The second case corresponds to the integration with respect to é, , (dg,). Thus the
right-hand side of ([I9) equals the right-hand side of (BIJ). O

H((I) + Z 6qcl y 4P’ (1) -+ AP’ (n—1)> QH)‘| M(dqn)
c'eP’

Next we show how derive a particular case of Dynkin s isomorphism using the
above extended Palm’s formula. Since (L', Jocr and (3¢2),cr are equal in law:

H ‘CII % )161)1

=8

HqﬁxlF 161)‘| =2" Eﬁl

Applying lemma 3.9 - we get that

Hfﬂgimé)@] -

> /Hf”” vp)JE [ (LY + Zf””(%))zez)] II %u*(d%)

PP, ceP ceP

Let &,(P) be all the permutations o of {1,...,n} such that the classes of the
partition P are the supports of the disjoint cycles of 0. Given a class ¢ € P, let j.
be its smallest element. From property 2111 (ii) follows that

E.

[N

n

HEIZ 773(1 Z H E*zilc Lo (Ge)re Zolel (o) ('Yc)

i=1 0EG, (P) cEP
Proposition T2 (ii) states that
E*chvzd(jc) 7777 \C\(JC)( ) (d,-yc> —

— - olel=1(5 Y glel - alel(5.) .4 ~
(90U (d7y,) <o p U (i) T I (e )
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and if the loop 7. is a concatenation of paths 7;., ..., Yglel-1(j.), Volel (j,) then

E(ve) = €(Y5,) + oo F L Fotei-1(5,)) + €5 (Fglel ()
It follows that
(3.20) 2"Ep, lH L5 F((LY)aer)

i=1

Z 2n—ﬁcyclesofa/E£%

ceS,

But the right-hand side of (3.20) is just the same as the right-hand side of [BI7) in
the specific case when for all i € {1,...,n}, 2;4, = x;. This finishes the derivation
of the Dynkin’s isomorphism for this case.

F(LS + 3¢ Giwer) | [T 7 )
i=1 i=1

4. POISSONIAN LOOPS ROOTED AT THEIR MINIMA AND ORDERED BY THEIR
MINIMA

4.1. Glueing together excursions ordered by their minima. Let L be the
generator of a diffusion on I of form (L3]). A loop of L, 1, rooted at its minimal
point is a positive excursion. For a given z¢ € I, we will consider the loops v € L, 1,
such that miny € (inf I,20]. We will root these loops at their minima and then
order the obtained excursions in the decreasing sense of their minima. Then we
will glue all this excursions together and obtain a continuous paths &, ;. The law
of this path can be described as a one-dimensional projection of a two-dimensional
Markov process. Moreover this paths contains all the information on the ensemble
of loops Lo, N {y € £*|miny < z¢}. So this is a way to sample the latter
ensemble of loops. In the particular case of o = 1, &; 1, is the sample paths of a
one-dimensional diffusion. This is analogue of the link between £; and the loop-
erasure procedure already observed in [I6] and in [I], chapter 8. Moreover this
will give an interpretation of a Ray-Knight theorem in terms of Possonian ensemble
of Markov loops. In the subsection [4.1] we will consider generalities about glueing
together excursions ordered by their minima and probability laws will be involved.
In the subsection we will deal with &, 1 and identify its law. In the subsection
[£3] we will consider the case of L containing a creation of mass term as in (LI2]).
We will observe that if L € DT then one can no longer construct &,,;, and show
what one can construct instead.

Let xp € R and let Q be a countable everywhere dense subset of (—oo, ). We
consider a deterministic collection of excursions (e;)qeo Where (eq(t))o<i<7(e,) 18
a continuous excursion above 0, T'(eq) > 0 and

eq(0) = eq(T'(eq)) =0
Vt € (0,T(eq)), eq(t) >0
We also assume that for all C' > 0 and a < =z, there are only finitely many
q € QN (a,zo) such that maxe, > C and that for all a < x

(4.1) > T(eg) < 400
q€QN(a,xo)
Let 7 (y) be the function defined on [0, 400) by
Ty = Y  T(e)
€N (z0—y,Z0)
T is a non-decreasing function. Since Q is everywhere dense, T is increasing. T

is right-continuous and jumps when x¢o —y € Q. The height of the jump is then
T(e_y).
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Let Thag := T (+00) € (0,+00]. For t € [0, Thnqee) we define
0(t) := zo — sup{y € [0,+00)[T(y) > t}

6 is a non-increasing function from [0, Tnaz) to (—00, zg]. Since T is increasing, 6
is continuous. We define

b~ (t) = inf{s € [0, Tynaz)|0(s) = 6(t)}
bt (t) =sup{s € [0, Trnaz)|0(s) = 0(t)}
b=(t) < b (t) if and only if §(t) € Q and then b*(t) — b~ (t) = T(egw)). We

introduce the set
67 = {t c [O;Tmam)|9(t) € Q’ bi(t) = e(t)}

b~ is in one to one correspondence with Q by t — 6(t).
Finally we define on [0, Ty,4.) the function &:

0 if o(t) & Q
&(t) == { 0(t) +eory(t — b (t) if 6(t) € Q

Intuitively & is the function obtained by gluing together the excursions (¢ + e4)qec0
ordered in decreasing sense of their minima. See figure 1 for an example of £ and

6.
Proposition 4.1. £ is continuous. For allt € [0, Trax)

(4.2) o(t) = inf ¢

The set b~ can be recovered from & as follows:

(4.3) 67 = {t € [0, Tmaa) [€(t) = Inf € and 3e > 0,5 € (0,¢), {(t +5) > £(1)}

Ifto € b~ then
(4.4) b* (to) = inf{t € [to, Trmaz]|E(t) < E(t0)}

Proof. Let t € [0, Tynaz). To prove the continuity of & at t we distinguish three
case: the first case is when 6(t) € Q and b~ (¢) < t < b™ (), the second case is when
0(t) ¢ Q and the third case is when 0(t) € Q and either b~ (t) =t or b™ (¢) = ¢.

In the first case, for all s € (b~ (t),b" (1)),

£(s) = 0(t) +egry(s — b (1))
eg(+) being continuous, we get the continuity of £ at .

In the second case we consider a sequence (t,)n>0 in [0, Tinqs) converging to .
Let C > 0. There are only finitely many ¢ € Q such that there is n > 0 such that
0(t,) = ¢ and maxe, > C. Moreover for any ¢ € Q, there are only finitely many
n > 0 such that 6(¢,) = gq. Thus there are only finitely many n > 0 such that
0(t,) € Q@ and maxeg(,) > C. So for n large enough

(4.5) O(tn) < &(tn) < O(tn) + C

But £(t) = 0(t) and 6(t,,) converges to (t). Since we may take C arbitrarily small,
(@3) implies that £(t,) converges to 0(t).

Regarding the third case, assume for instance that 6(¢) € Q and ¢ = b~ (¢). The
right-continuity of & at ¢ follows from the same argument as in the first case and
left-continuity from the same argument as in the second case.

By definition, for all ¢ € [0, Thaz), 0(t) < &(t). 0 being non-increasing, for all
t €10, Trmax)

0(t) < inf
< e
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For the converse inequality, we have

0(t) = &b~ (1) > inf €
Regarding ([@3]) and [@4]) we have the following disjunction: if 6(t) € Q and
b=(t) < t < bH(t) then £(t) > 0(t). If 0(t) € Q and t = b—(t) then for all
s € (0,07 () — b= (¢)), &(t+ s) > &(t). If either 0(t) € Q and t = bT(¢) or O(t) € Q
then £(t) = 0(t) and there is a positive sequence (s,)n>0 decreasing to 0 such that
O(t+ sn) & Q and &(t + s,) = 0(t + 5,) < 0(¢). O

Fig. 1 - Drawing of £ (full line) and 6 (dashed line).

Previous proposition shows that one can reconstruct @ and the family of excur-
sions (eq)qeo only knowing £. ([@2]) shows how to recover 8 from &. [@3) and (£4)
show how to recover the left and the right time boundaries of the excursions of &
above 6. Also observe that the set defined by the right-hand side of (&3] is count-
able whatever the continuous function ¢ is, even if it is not obtained by glueing
together excursions.

Lemma 4.2. Let (Q,,)n>0 be an increasing sequence of subsets of Q such that every
Q,, is everywhere dense in (—oo, xg] and such that

n>0
Let
Tymaz = T(eg)
qEQn
Let &, be the function on [0, Ty max) defined analogously to & by gluing together

the excursion (q + eq)qe0, . Then Ty maez converges to Thae and &, converges to &
uniformly on every compact subset of [0, Trnaz)-

Proof. Tt is obvious that T}, maq converges to Tyqq. For t € [0, Thnqy) let

t
fa(t) ::/0 Los)go\o, ds
Jrn maps [0, Traz) 10 [0, Ty maz). For ¢ € [0, T maa) let
hin(t) :=inf{s € [0, Trmaz)|fn(s) > t}
hy, is increasing and right-continuous. Its jumps correspond to ¢ € Q \ Q, an
their height is T'(eq). (£8) implies that f,, converges uniformly on compact subsets

of [0,T)haz) to the identity function and so does its right-continuous inverse h,,.
Moreover &,, = £ o h,, which implies the convergence of &, to €. (]

4.2. Recovering the Poissonian ensembles of loops from Markovian sam-
ple paths. Let o > 0 and £, g the Poisson ensemble of loops of intensity oup,,
where 15, is the measure on loops associated to the Brownian motion on R. Let
zo € R. We consider the random countable set Q:

Q = {min~y|y € Lo, gm} N (—00,z0)

Almost surely Q is everywhere dense in (—o00,zg) and for every g € Q there is only
one y € L, gy such that miny = ¢. Almost surely v € £, g reaches its minimum
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at one single moment. Given ¢ € Q and v € £, g such that miny = ¢ we consider
g4 to be the excursion above 0 equal to v — ¢ where we root the unrooted loop v at
argmin-y. Then the random set of excursions (e,)qeco almost surely satisfies the
assumptions of the subsection Il In particular the condition (1)) follows from
the fact that, according to ([2:30),

+oo
tA1

IAT (V) lmin~e(azo) e (dy) = (2o — a ——dt < 400
/* (’Y) VE(,o):uBM( 7) (0 ) 0 \/%

Thus we can consider the random continuous function (&, par(t))i>0 constructed
by glueing together the excursions (¢ + e4)qco in the way described in subsection

ATl Let

0, t) = inf &,
BM(t) [lg}t]é BM

Ea,pm(t) = (Sa,5M (1), 00,50 (1))
Next we will describe the law of the two-dimensional process (Eq, gz (t))e>0-

Proposition 4.3. Let (Bt)tzo be a standard Brownian motion on R starting from
0. (Ea,BM(t))t>0 has the same law as

. 1 . 1 .
(104 11l = 8(8). 20~ £ B) )
>0

In particular for a = 1, (‘fl,BM(t))tgo has the same law as a Brownian motion
starting from xg.

Proof. For a < xg let T,, be the first time 0, gas hits a. For [ > 0 let
70 .= inf{t > 0|%(B) > I}

According to the disintegration (230) of the measure pf;,, in the proposition 214]
for all a < xq the family (eq)qecon(a,zo) Of excursions above 0 is a Poissonian point
process of intensity 20477;?\4. This implies the following equality in law

law ~
(4.7) (ot (1) — b mar (Dosrer, = (IBeDo<e<re, .,
Since (@) holds for all a < xg, we have the following equality in law
law ~ ~
(48)  (Ganns(t) = bamar(1), a0 = bomas (O))ez0 = (1Bl ()0

[{3) is exactly the equality in law we needed. The fact that for o = 1,
(w0 + |Bt| — £9(B))i>0 has the law of a Brownian motion starting from x¢ is well
known. See [20], chapter VI, §2. O

Assume that zop > 0. Let (By):>0 be a Brownian sample paths. Let T be the first
time it hits 0. Then according to the first Ray-Knight theorem, (¢7, (B:))o<z<z,
is the square of a Bessel 2 process starting from 0 at 0, restricted to the interval
[0, 20] (see theorem 2.2 in [20], chapter XI, §2). But from proposition 3] follows
that the path (B:)o<i<r, can be sliced into a Poissonian ensemble of Brownian
loops of parameter @ = 1. The fact that its occupation field on [0, ] is the square
of a Bessel 2 process starting from 0 at 0 is given by the proposition [3.4]

From proposition follows in particular that (24, 5am(t))i>0 is a sample path
of a two-dimensional Feller process. Let

Dg := {(z,a) € R*|z > a}
Diag(R?) := {(z,z)|x € R}
For (zg,a0) € Dr we define the process

(Eosn(®)e=0 = (& 50 (1), 00 58 (1)e>0
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~ 1 ~ 1 -
(49) = (ao + |$0 —ag + Bt| — —6?0710 (B), ag — —6?0710 (B))
o o >0

where (B;)¢>0 is a Brownian motion starting from 0. B Bar has the same law as
Ea,BMm starting from zo. The family of paths (”z‘)g&)z@ao are the sample paths
of the same Feller semi-group on Dg starting from all possible positions. Next we
describe this semi-group in terms of generator and domain. Let f be a continuous
function on Dg, C? on the interior of Dg, such that all its second order derivatives
extend continuously to Diag(R?). This implies in particular that the first order
derivatives also extend continuously to Diag(R?). We write 91 f, daf and 0y 1 f for
the first order derivative relatively to the first variable, the second variable and the
second order derivative relatively the first variable. Applying It6-Tanaka’s formula

we get

FEXBM 1) = f(x0,a0) / OLf (E3° 5 (5))sgn(ao — ao + Bs) dBs+

L ((1-5) 0 - 00 ) sEmsmion aue=( / 011 J(Z20388 (5))ds
0

Let Dy, gar be the set of continuous functions f on Dk, C? on the interior of Dg,
such that all the second order derivatives extend continuously to Diag(R?) and
that moreover satisfy the following constraints: f and &, f are uniformly con-
tinuous and bounded (which also implies that 0y f is bounded by the inequality
101 flloo < 2+/11f loollO1.1f]|oo) and on Diag(R?) the following equality holds:

BN (R DR

1
If f € Dy, gy then Z(E [f(Ei“él]‘Q(t))] — f(z0,a0)) converges as t — 0", uniformly

1
for (zo,a0) € D, to =01,1f(x0,a0). Moreover D, g is a core for 58171 in the

space of continuous bounded function on Dg.

Next we describe what we obtain if we glue together the loops, seen as excursion,
ordered in the decreasing sense of their minima, where instead of £, gy we use
the Poissonian ensemble of Markov loops associated to a general generator of form
([C3). Let I be an open interval of R and L a generator on I of form

;o1 d( 1 d
-~ m(x) de \w(x) dr
with zero Dirichlet boundary conditions which satisfies the assumptions of the sec-
tion Let S be a primitive of w(z). We assume that S(sup I) = +oc0. Let
D; = {(x,a) € I*|z > a}
Diag(I?) := {(z,z)|x € I}
Let D; be the closure of Dy in (inf I, sup I]2.
Given any z(, > aj > %S’(inf I) let ¢, be the first time EZ‘);]"M hits %g(inf I). Let

t
7 1 a-1(9 ¢ab.ah
= / L (S1(2€58,(5))) ds
0 m

Let (f;1)0<t<1~ be the inverse function of (jt)0§t<§a' It is a family of stopping

_zo,

For:c0>a0€Iandt<I let

—Zo,a To,a T0,a L :5' 220),5(2a F—
O = .0 = S

times for =
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If « = 1 then fz“ia“ is just the sample paths starting x of a diffusion of generator
L. Let ﬁa 7 be the space of continuous functions f on D; satisfying

e fo S 1is C? on the interior of D; and all the second order derivatives
extend continuously to Diag(I?).

1 1
o f(r,a) and ——0 | ——=01f(x,a) ) are bounded on D; and extend con-
m(z)  \w(z)
tinuously to Dj.
1 1
o f(z,a) and ——01 | =——=01 f(z,a) | converge to 0 as a converges to inf [
m(x) — \ w(z)
uniformly in z.
e On Diag(I?) the following equality holds:

w0 ((1- 1) La) o -

Lemma 4.4. (EZ“;“)MEGOGI s a family of sample path starting from all possible

positions of the same Markovian or sub-Markovian semi-group on Dy. The law
of the path EZ"’;‘) depends weakly continuously on the starting point (xg,aq). The

domain of the generator of this semi-group contains ﬁa 7, and on this space the

generator equals
1 1
w7 (72)

Moreover there is only one Markovian or sub-Markovian semi-group with such gen-
erator on Da,i'

Proof. Since a change of scale does not alter the validity of the above statement,
we can assume that @ = 2. Then sup I = +o0. (27" (t))0<t<1~5 is then obtained

L
from (E5757,(t)) o<« ¢, by arandom time change. The Markov property and the

—=Zo,

continuous dependence on the starting point for i“” follows from analogous prop-

=
a’

erties for Z°5%,. If f € 5a’ 7 then

—xo,a0 (7—1 = 1 j;l/\éa —x0,a0
f(:‘a,B]\/I(It AGa)) — 3 . al,lf(:a,BM(S)) ds
>0

is a local martingale. We can rewrite it as

—Z0,a0 T K 1 —=Z0,a0 5
reentn - [ e, o)

a,L
The above local martingale is bounded on all finite time intervals and thus is a
1
true martingale. Since 2~—(>8171f($,a) converges to 0 as a converges to inf I,
m(x
uniformly in z, it follows that

FEL @A I) = Ler, FEEW)

Thus
li ! E 1,7 f(E*5(t S 0
e i ( [ t<1<~af(~a1,3 ( ))} - f(:COvaO)) = Yin(ag) 1,1f (2o, ao)
1
Moreover the above convergence is uniform in (zg,ag) because e ( )01,1 f(z,a)
m(x

extends continuously to D I.
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To prove the uniqueness of the semi-group we need to show that there is A > 0

such that
1 ~
() a0

is sufficiently large, for instance that it contains all functions with compact support
in Dy. Let g be such a function and A > 0. Consider the equation

1
4.11 —_— — =
( ) 27’71(:6) 51,1f(x,a) )\f(.’L',a) g(x,a)
Let @) | be a positive decreasing solution to
1 d*u
—(z)— A\ =0
2m(x) da? (%) = Aulz)
Let
@a) =gl [ [ 2e)aea)in () ds —2
folz,a ::ﬂﬁz/ / m(z)g(z,a)ur () dz ——=
0 A z y A uk,i(y)Q

Then fy is a solution to (@I1]) and it is compactly supported in D;. We look for
the solutions to (£.I1]) of form

f(z,a) = fo(z,a) + C(a)ur, (x)
f satisfies the constraint (@LI0) if and only if C satisfies
1 ac 1 du
f—ﬂAyi(a)%(a) + (1 - —) ﬂ(a)C’(a) +h(a)=0

« « dx

h(a) = <<1 - é) o — é32> fola,a)

h is compactly supported in I. We can set
. o [T ()
Cla) =inafa) [ POy
‘ inf 1 Ux,4(Y)"
C'is zero in the neighbourhood of inf I. Moreover %y, has a limit at +-oc0. It follows
that f €D, ;. (I

where

Let L be the generator of a diffusion on I of form ([3). Let xp € I. Consider
the loops v in L, 1, such that min~y < zg, rooted at argmin vy, seen as excursions.
Let (§a,r.(t))o<t<c¢. be the path on I obtained by glueing together this excursions
ordered in the decreasing sense of their minima. Let

oa,L(t) = I[I&})}]l ga,L

Eoz,L = (é-oz,La ea,L)

Proposition 4.5. Let L := Conj(uy,L). Then (Za.1(t))o<t<c, has the same law
as (Ez‘);" (t)o<i<s, - So it is a sample path of a two-dimensional Feller process. In
particular for « =1, &1, is the sample path of a diffusion of generator L. For all
a>0

1iménf €o,.(t) =1Inf I

t—Ca
If L is the generator of a recurrent diffusion then
limsup &, 1.(t) =supl
t—Ca
Otherwise
limsup &, 1(t) = inf I

t—Ca
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Proof. First notice that if L is the generator of a recurrent diffusion then L = L.
Otherwise a diffusion of generator L = L is, put informally, a diffusion of generator
L conditioned to converge to inf I (informally because this may occur with zero
probability). From h-transform invariance of the measure on loops follows that
Lo = Ea, 7. From property 2.6l (iv) and corollary 210 follows that =, 1, is obtained

—=Z0,T0

from E, pa by scale and time change in the same way as Er and thus 2, 1, and

:CEOLCE

EF ° have the same law. Regarding the limits of &, 1, at (,, we need just to observe
that they hold if L is the generator of the Brownian motion on an interval of form
(a,+00), a € [—00, +00), and by time and scale change they hold in general. [

As explained in the proposition B} the knowledge of the path (£a.r(%))o<t<c.
alone is enough to reconstruct £, 1 N {y € £*|minvy < zp}. From this we deduce
the following

Corollary 4.6. If L is the generator of a transient diffusion, it is possible to con-
struct on the same probability space Lo, and a continuous version of the occupation

field (L%, 1)zer-

Proof. By scale and time change covariance and h-transform invariance of the Pois-

son ensembles of loops, it is enough to prove the proposition in case of a Brownian

motion on (0,4o00) killed in 0. Let (zy)n>0 be an increasing sequence in (0, +00)
Tn,Tn

converging to +o0o. We consider a sequence of independent paths (£,"3y;)n>0 de-
fined by (£9). Let

T,y = inf{t = 0163750 () = n—1}
where conventionally we set x_; := 0. By decomposing the restricted path

(fzféﬁ\} (t))o<t<T, . , one can reconstruct a family of loops v such that miny €

(p—1,%,): there is a random countable set 7, of disjoint compact subintervals
[b~,b"] of [0,T}, 4, ,] such that

{50 (07 + ))oct<pt —p-|[b7, 071 €T} = La sy N {y € L7 miny € (2n—1,2n)}

(see [@3). The union of all previous families of loops for n > 0 is a Poissonian
ensemble of loops L4 gy N {7y € £*|miny > 0}.
Each of £ "5 is a semi-martingale and its quadratic variation is

(Earpan Sapant =t

Moreover for all x € R

t t
1 .
leonen_ d€¥n(g) = (1 — = 1,05 ds(°(B) =0
/o gonptn=g CarBr(5) ( a)/o 0(B)=ax s(B)

From theorems 1.1 and 1.7 in [20], chapter VI, §1, follows that we can construct on
the same probability space ‘EZZ;CI and a space-time continuous version of local times
(€ (5 ))were>0 of E.m5 relatively to the Lebesgue measure. In particular  —
g%n,mn,l (fzféﬁ}) is continuous. If [b,b"] € 7,, then (£F, (fzféﬁ}) — 07 (§zf]§9§\}))z>o
is the occupation field of the loop corresponding to the time interval [b~,bT]. We

need to check that
(4.12)  As Vo >0, 64, (i) = D (S — G- (S

[b=,bF]€Tn
For = > 0, consider the random set of times

(4.13) {t €0, Tna, JIE @ =23\ |J  [Bb7,07]
b=, bt]eTn
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L, Tn

If z is a minimum of a loop embedded in (£,"3y7 (t))o<t<T, ., , orifx & ("%, zp)
then the set (LI3) is empty. Otherwise it is reduce to one point: the first hitting

L, Ln

time of the level z. Almost surely, for all z > 0, the measure dplf()"5yr) is
supported in {t > 0§27, (t) = 2} and has no atoms. This implies (EI2). Finally

TnTn

we can conclude that (7, (£,"5737))e>0 is the occupation field of Lo, sy N{y €

n—1

£*| mln’y € (:L'n—laxn)}-
The occupation field of L par N {7y € £ miny > 0} is

<Z G (&iiﬁiﬁ}))
x>0

n>0

The above sum is locally finite and thus varies continuously with x. (]

Similarly to ordering the loops of L, 1 N {7y € £*|miny < ¢} in the decreasing
sense of their minima, we can root the loops in

LorN{y€ L miny > zo}

at their minima and order them in the increasing sense of these minima. Let
(€a,2(t))g<i<¢, be the path obtained by glueing this loops-excursion ordered this

way. For t < fa let
ea,L(t) = H}f é-oz,L
[t.Ca)

The ensemble of loops L4,z N {y € £*| min~y > x} is invariant in law through time
reversal. Thus, if 1 € I,z; > x¢, then what we obtain by time-reversing the path
€a., run until the last time it visits 21, equals in law the path £ run until
the first time it hits 9. Both paths are obtained by glueing togethef the loops in
Lo N{y € £%|zo < minvy < z1} rooted at their minima. In particular if L is the
generator of a Brownian motion on R then (éayBM(t), éQVBM(t))tZO has the same
law as

@ @ >0
where B is a standard Brownian motion starting from 0. If & = 1 then the path
(fl,BM(t) — x0)¢>0 has the law of a Bessel 3 process starting from 0. In gen-
eral (éa L, éa, 1) is the sample path of a two-dimensional Feller Markovian or sub-
Markovian process on Dg. Stated informally, its generator acts on sufficiently
smooth function f on Dy satisfying on Diag(I?) the constraint

<<1 + é) o+ éaz) fla,2) =0

Given such a function f, one applies the second order differential operator LT%o
to the first variable, the second one being fixed. If a = 1 then the path 517 L is
Markovian and has the same law as p™%° started from zq.

It is significant that for & = 1 the Poissonian ensemble of loops £; 1 can be
recovered from sample paths of one-dimensional diffusions. A similar property was
observed for loops of the two-dimensional Brownian Motion and of Markov jump
processes on graphs. In [IT], chapter 8, it is shown that by launching consecu-
tively symmetric Markov jump processes from different vertices of a finite graph
and applying the Wilson’s algorithm (|26]), one can simultaneously construct a
uniform spanning tree of the graph with prescribed weights on the edges and an
independent Poissonian ensemble of Markov loops of parameter o = 1. If D is a
simply-connected open domain of C other than C, it was shown in [27] that one
can couple a Brownian motion on D, killed when hitting dD, and a simple curve
(SLE>) with same extremal points such that the latter appears as the loop-erasure
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of the first. It is conjectured that given this loop-erased Brownian motion and an
independent Poissonien ensemble of Brownian loops of parameter 1, by attaching to
the simple curve the loops that cross it one reconstructs a Brownian sample path.
See [16], conjecture 1, and [I5], theorem 7.3.

For one-dimensional diffusions one can partially recover £; ; from Markovian
sample paths otherwise than slicing &; ; in excursions. The next result has an
analogue for loops of Markov jump processes on graphs. See [I1], remark 21.

Proposition 4.7. Assume that L is the generator of a transient diffusion. Let
x € I. Let (X¢)o<t<c be the sample path of a diffusion of generator L started from
x. Let T, the last time X wvisits x. For | > 0 let

o= (> 0)5(X) > 1}

Let (Y;) en be a Poisson-Dirichlet partition PD(0,1) of [0, 1], independent from X,
ordered in an arbitrary way. Let

lj = L5(X ZY

The family of bridges ((Xt)’ffj,lﬁtﬁ’ffj )j>0 has, up to unrooting, the same law as
the loops in

Ly, N{y € &z ey(0,T(v))}
In particular (Xt)0<t<Tm can be obtained through sticking together all the loops in
Lo, that visit x.

Proof. According to corollary 2.9, (£*(V))yeLa. 1,y visits = 1S a Poissonian ensemble

1 _dl A . .
of intensity e~ @ —. Thus L, ; is an exponential r.v. with mean G(z,r) and has

the same law as £¢(X). Moreover the Poissonian ensemble (£%(7))yez, ., visits o
has up to reordering the same law as (I; —;_1);>0. Almost surely { — 7% does not
jump at any l;. Conditionally on (I;);>0, ((Xt)le St )j>o0 is an independent
family of bridges and (Xt) s St has the same law as (Xt)0<t<fl . We
conclude using identity (m) and the theory of marked Poissonian ensembles O

Assume that L is the generator of a transient diffusion. Let x € I and let
(Xt)o<t<c be a sample path starting from z of the diffusion corresponding to L.
We will describe two different ways to slice (X¢)o<t<¢ so as to obtain the loops

Ly,p N {y € L0, T(v)]) N[X(0), X (¢7)] (or [X(¢T), X(0)]) # 0}
The first method corresponds to the loop-erasure procedure applied to (X¢)o<i<c¢
and the second to the loop-erasure procedure applied to the time-reversed path
(Xc¢—t)o<t<c. Let T, be the last time (Xt)o<t<c visits z. Let T be the first time
X hits X.-. If X.- € 01 then T =¢. Let (Y, i)jen be a Poisson-Dirichlet partition
PD(0,1) of [0,1], independent from X. The first method of decomposition is the
following:
e The path (Xt)0<t<TI
z to x by applying the Poisson-Dirichlet partition (Yj)jen to £¢(X), as
described in proposition 7
e Given the path (X7 )oc;cc 7, if X¢- <2 we define:

is decomposed in bridges ((X¢)rs <i<rz )j>0 from
o St )iz

bt = {te[O ¢ —T)| X5 sup

s€[t,§7TI)

and 3e € (0,1) s.t. Vs € (t —e,t), X3, < XTIth}

To+t XTIJrs
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b is countable and we define on b+ the map b~:

b~ (t) :=sup{s € [0,0)|Xj ., = Xj 1, }
((XT o (t)+s)0<s<t b-(t))tco+ are the negative excursions of the path
(XT +t)0<t<< 7, below (sup[T +.0) )O§t<C—Tm' If X¢- > o then:

inf X

€10, — T|X Pt

Ts t N
T semc—t)

and e € (0,1) s.t. Vs € (t —e,t), Xp > XTIth}
We define on b the map b™:
b~ (t) :=sup {5 € [0, t)|XT +s XTm+t}

((XTAIH,f(t)ﬂ)ogsgt—b*(t))teb* are the positive excursions of (XTAI+t)0§t<<7TAI

above (inf 7 4, o X)o<pco i, -
e We denote £ ((X;)o<t<¢) the set of loops

{(Xrz_ sdosscry —mz 172 0} U{(Xz, 1 (1) 4aJogsit-(ot € b7}
where the loops are considered to be unrooted.

The second method of decomposition is the following:
o If X,- <z we define:

b = {t € [0,T)|X; = inf X and 3 > 0 5.0. Vs € (1,1 +¢), X, > Xt}
ot

On b~ we define the map b*:
bH(t) == inf{s € (t,T)|Xs = X;}
((Xt+s)o<s<v+(t)—t)rep— are the positive excursions of (Xi),., 7 above

(infjo,) X )<y« This is exactly the decomposition described in section
B If X >z then:

b~ = {t € [0,7)|X; =sup X and 3e > 0 s.t. Vs € (t,t +¢), X, < Xt}
[0,2]
The map bT defined on b~ is
bH(t) :=inf{s € (t,T)|Xs = X;}
((Xt4s)o<s<v+(t)—t)rep— are the negative excursions of (Xi)o<, ¢ below

(SHP[O,t] X)ogtgf'
o If T' < ¢ we introduce:

=0
and
T, = inf{t € [T, )¢, Yo (X) > 1;}
We decompose the path (Xi)7., . in bridges ((Xt)ﬁ'j,lﬁtﬁﬁ'j )j>0 from
Xe- to Xe-.

e We denote £?((X;)o<t<¢) the set of loops
{(Xi4s)o<s<pty—elt €67 FU {(Xrl-j71+s)0§s§rl-jfrl-j71 j >0}

where the loops are considered to be unrooted.
The loops in 21 ((X:)o<t<¢) and £2((Xt)o<t<¢) are not the same but:
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Proposition 4.8. Z'((X;)o<t<¢) and L*((Xt)o<t<c), considered as collections
of unrooted loops, have the same law. Let Ly 1 be a Poissonian ensemble of loops
independent from X-. Then L1 ((Xi)o<i<c) and ZL?((Xi)o<t<c) have the same
law as:

(4.14) Ly n{y € £([0,T(7)]) N [X(0), X(¢T)] (or [X(C7), X(0)]) # 0}

Proof. First we will prove that Z2((X¢)o<t<c) has the same law as @I4). If
P(X.- =infI) > 0, then conditionally on X.- = inf I, (X;)o<¢<¢ has the law of a
sample path corresponding to the generator Conj(uy,L). If y € I N (—o0,x] and
y is in the support of k (the killing measure in L) then conditionally on X.- =
Y, (Xi)o<i<c is distributed according the measure m#iy (property (i)).
According to the property 2.3 (ii), (X¢)o<;<7 and (X74t)g<;<_7 are independent
conditionally X.- =y, (X;)<,«¢ having the law of a sample path corresponding
to the generator Conj(u, L), run until hitting y, and (XT‘H)OStSC—f following
the law mu%y From proposition ELH and {7 follows that £2((X¢)o<t<c¢) and
(A£I4) have the same law on the event X.- < x. Symmetrically this also true on
the event X,.- > .

The decomposition £ ((X¢)o<t<¢) is obtained by first applying the decompo-
sition .£? to the time-reversed path (X:_;)o<t<¢ and then applying again the
time-reversal to the obtained loops. The law of the loops in ([@I4) is invariant
by time-reversal. Let y € I, y in the support of k. Conditionally on X.- = y, the
law of (X¢_t)o<t<c i8 muyl So applying the decomposition .#2 to the path
(X¢—t)o<t<c¢ conditioned by X.- =y gives

Ly {y € L ([0, T(M]) Ny, 2] (or [z,y]) # 0}

If P(X;- = infI) > 0 then conditionally on X.- = infI, the path (X;)o<i<¢
is a limit as y — inf I of paths following the law G(i y),u””’y (i.e. the latter are
restrictions of the former). Thus conditionally on X = inf I Z*((X;)o<t<¢) is an

increasing limit as y — inf I of

Ly N{y € L0, T(7)) Ny, =] # 0}

which is
Ly, N{y € L([0,T(v)]) N[inf I,2] # 0}

Similar is true conditionally on X~ = sup . (]

4.3. The case of "generators" with creation of mass. Now we consider that
L is a "generator" on I that contains a creation of mass term as in (LI2). We
study the problem of glueing together the loops in L, 1, rooted at their minima
and ordered in the decreasing sense of the minima. If L € ©%~, the situation is
the same as for the generators of diffusions: if L = Conj(uy, L) and x¢ € I, then
§z?imo is the continuous path obtained by glueing together the loops v € L, 1, such

that miny < zg. This can not be done any longer if L € ®T. Indeed, according
to proposition 2.28] if = € I is sufficiently low and y € I sufficiently high, there are
infinitely many loops v € L4, such that miny < z and max~y > y. However one
can consider a continuous function H : I — I such that for all z € I, H(z) > x
and Ly, pm(z)) € D (see figure 2). We will show that one can glue together the
loops v € L4, 1, such that min+y < x and max(y) < H(min ), rooted in argmin -,
ordered according to the decreasing sense of their minima, and obtain a continuous
path (§a,r,m(t))o<t<c.. We will further identify the law of this path.
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Fig. 2 - The measure on (min~, max-y) induced by
w; (dy) is not locally finite in the dashed region.

Lemma 4.9. For all J compact subinterval of I,

(4.15) Z T(y) < 400 a.s.

¥ € Lq,r,miny € J
max~y < H(min )

Proof. For every a € I, there is e(a) > 0 and H(a) € I such that for all a’ €
(a —e(a),a+e(a)), H(a) > H(a") and L(,_.(4) f1(a)) € D - The set

{(z,a)|a € J,x € [a,H(a)]}

is compact and hence there is a finite family (a1, ..., an) € I such that the preceding
set is contained in

N
(@i = £(a:), H(ai)) x (ai — e(ai), a; + £(as))

i=1

But

(4.16) Z T(y) < +o0 a.s.

i=1 vy € La,L
miny € (a; — e(as), ai + £(a;))
max~y < H(a;)

(EI8) implies @I5). O

Preceding lemma ensures that the continuous path (€q, 1,1 (t))o<t<c, is well de-

fined. For t € [0, (,), let
Oo,r,m(t) :=miné, 1 1
[0,t]

We will show that (§a.r.1,00.L.1) is the sample path of a two-dimensional Mar-
kovian or sub-Markovian process. Next we introduce what will be its domain and
generator. Next we will apply the Hille-Yosida’s theorem to show that actually
there is a Markovian or sub-Markovian process with such a domain and generator.
Finally we will show that ({u,r,1, 0, 1) is indeed its sample path.

Let

Dr = {(z,a) € I*|la <z < H(a)}

First observe the following: Assume that zo € I and h is a C! function on I. If there

is an L-harmonic function u that is positive in the neighbourhood of = such that
2

u* dh

v o is C! in the neighbourhood of zg, then for any other L-harmonic function

w dx
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% dh
positive in the neighbourhood of zg, — e is C! in the neighbourhood of xy. Indeed
w dx

the quotient ¢ is C! on I. We define on Dy g the function ugy(z,a) as follows:
U

u—,H(a) (.’L')

u=-H(a)(q)

u is positive and continuous on D; i and by definition equals 1 on Diag(I 2). For
all a € I, z — ug(x,a) is L-harmonic and

upg(x,a) =

lim wg(z,a) =0
z—H(a)
We will consider functions f(x,a) such that for all @ € I, x — f(x,a) is C! and
for every zg > a € I, and u L-harmonic function positive in the neighbourhood of

u(x)?

=
Zo, X ’LU(ZL')

91 (z,a) is C! in the neighbourhood of zg. For such functions we can
define the second order partial differential operator

1 ug(x,a)?

wn (e, aPm(@) " ( w(o)

LH,lf(za a) =

For a € I, let

O f(x, a))

DI,H,& = DI,H N (inf],&]2
BI,Hﬁ ={(z,a) € I*|la < d,a <z < H(a)}

Let CAO(DI H,a) be the space of continuous bounded functions f on Dy g ; that
extend continuously to D IH,a and such that f(z,a) converges to 0 as a _converges
to inf I, uniformly in z. Let Da L,H,a be the subspace of function f € CO(DI H,a)
satisfying the following constraints:

e fis C' on the interior of Dy i and all the first order derivatives extend

continuously to Diag(I?).

o Ly 1f is well defined and in éo(DI,H,d)-

e On Diag(I?) f satisfies the equation (ZI0).
We are interested in Markovian or sub-Markovian processes on Dy g ; with domain
ﬁa, L,H,s and generator Ly ;. We will show that this a-parametrized family of semi-
groups is consistent in the following way: if @’ > a € I then any sample path for
the semi-group generated by (L 1, Da L.H.a) on Drp, is also a sample path for
the semi-group generated by (Lg 1, Da7L7H,a ) on Dy g

Lemma 4.10. ﬁa,L,H,d is dense in CAO(DLHya) for the uniform topology.

Proof. Let Da .. e the sub-space of functions f € Dy, r,n satisfying the fol-

m@lf(x, a) are in CAO(DI,Hﬁ).

It is enough to show that D L.m.q 1s dense. D L.H.4 1S a non-unitary algebra. If
f,gGDaLH& then

lowing additional constraint: 0 f(z,a) and

LHJ(fg)(SC, a’) = (LH,lf)g(xv a’) + f(LH,lg)(za a) + (alfalg)(za a)

2
m(z)w(z)
Thus Ly 1(fg) € CO(D[ Ha) Let D[ m,a U {f} be the one point compactlﬁcatlon
of DLH,,I Any function in CO(DI Ha) extends continuously to DI ma U {t} and
takes value 0 at . The space R & Da’ .1, Spanned by the constant function

and ﬁ;,L,Hﬁ, is a unitary sub-algebra C(D; s, U {1}) of continuous functions on

ﬁI,H,a U {t}. Lets show that this sub-algebra is separating.
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The main point here is to show that for every (zo,79) € Diag(I?) N BI,H,&
and € > 0, there is a function f € ﬁ/a,L,H,{z such that f(xo,zo) > 0 and f vanishes
outside an e-neighbourhood of (g, 2o). Similar property for other points in D 1,H,aU
{f} is trivial. Let ¢ > 0. There is & € (0,¢) such that v~ (@) is positive on
(vo — &', H(wo)) and inf ;) _cr zo4e) H > 20 +2¢’. Let h be a smooth non-negative
function on I such that h(xo) > 0 and h vanishes outside (zg — €', z¢ + ¢’). Let

1dh, u—H@)(g)? /I w(y)
——(a
ada w(a) u—H(@o) (y)2

If a < my — €', we set g(z,a) = 0. Lyg is continuous and g satisfies ([@I0).
g(x0,x0) = h(xg). Let x defined on R be a cut-off function: x is smooth, equals 1
on (—oo,1] and 0 on [2,+00). Let

T w zo+2¢’ w B

xo 0

9(w,a) = h(a) +

dy

Then f € 23;7L7H,&, f vanishes outside (xg — &', zg + 2¢’) X (¢ — &', 20 + &’), and
f(zo,x0) = h(zo) > 0. R

According to Stone-Weierstrass theorem the sub-algebra R @ D, | p ; is dense
in C(Dy g4 U{t}). Consequently ﬁ;,L,Hﬁ is dense in Co(D7.1.a)- O

Proposition 4.11. For every a € I, there is a continuous positive contraction
semi-group on (/Z\()(DLH@) such that ﬁa,L,H,{z is a core of the domain of its generator
and the generator on YSOQL’H,;I is Ly,1. Stated otherwise, there is a Feller semi-group
on C(lA)LHﬁ U{t}) such that R ® ﬁa,L,H,d is a core and the generator values L1

~

on Do 1,14 and 0 on constant functions. Moreover if &' > a € I, any sample path

~

for the semi-group generated by (Lp1,Da,1.1a) on Dr s is also a sample path

~

for the semi-group generated by (Lg1,Da.r,H,47) 00 Dr -

Proof. Let a € I. According to Hille-Yosida theorem (see theorem 2.2, section 4.2
in [8]), we need to check that
L] (1) ﬁa,L,H,d is dense in €O(DI,H,d)-
e (ii) There is A > 0 such that (L1 — A)(ﬁa,L,H,a) is dense in CAO(DLHya).
e (iii) Maximum principle: if f € ﬁa,L,H,&, f(xo,a0) = max f and f(xo,ap) >
0 then LH,lf(-TO, ao) S 0.

Condition (4) is given by lemma [Z10l Regarding the condition (i), if (zg, ap) &
Diag(I?) the maximum principle is obvious. If 29 = ag, then for € small enough,
(xo 4+ €,20) € Da,r,H,6a and necessarily 01 f(zo, o) < 0. For € small enough, (x¢ —
g,20 — €) € Dq,1,,H,5 and necessarily

—O1f(z1,21) — O2f(z1,21) <O

Together with (AI0) this implies that —ad; f(xo,z9) < 0. Thus 01 f(zo,x0) = 0.
Using again the fact that for e small enough f(xg —&,20) < f(xo,x0), we get that
LH71f($0,.T0) S 0.

Next we check the condition (ii). Let A > 0 and g € ﬁa,L,H,d such that g(x,a) =
0 for a close enough to inf I. Consider the equation on Dy g4

(4.17) Luaf—Af =y
Let @g x(z,a) be the function on Dy y satisfying the equation

Lyt —Aagy =0
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and the border conditions @y x(a,a) = 1 and g \(H(a),a) = 0. ag .y is C! and
positive. Let fo(x,a) be

H(a) rH(a) ug(z,a)? dy
4.18) w u ’
418) dunaa) [ [ mEuote a0 2 de s
The right-hand side of ([AIS) is integrable: uy(y,a) g \(y,a) " diverges in the
neighbourhood of H(a) like (H(a) —y)~*. g (2, a)un(z,a)? is equivalent in the
neighbourhood of H(a) to (H(a) — z)3. All other factors are bounded. Moreover

H(a) pH(a) dy
—Z 3 Y 0
/ / (H@) =2l iy = =Y

fo € ﬁa, 1.1, and satisfies the equation (ZI7), but in general does not satisfy the
constraint (ZI0). We look for a solution of [@I7) of form fo(z,a)+C(a)tmg(z,a).
For it to satisfy ({.I0), we need that

@19) - 29 @in (0, 0) + Cla) ((1 - é) o1 — éag) g (a, @) + h(a) = 0

«a da

where

using the fact that @ x(a,a) = 1, (£I9) becomes

(4.20) — é%(a) + Cla)drig r(a,a) + h(a) =0

Let U be a primitive of a — 01%m,x(a,a). Then

a

Cla) = exp(aU(a)) / h(y) exp(—all(y)) dy

inf T
is a solution to (Z.20)). C(a) vanishes for a small enough. fo(z,a)+ C(a)im (z,a)
is in 5041 r.i.a- The condition (ii) follows and hence the existence of a continuous
positive contraction semi-group on 50(D I, Hﬁ).
Let @' > a € I. Let (2(¢))o<t<c, be a sample path for the semi-group generated
by (LH,lyﬁa,L,H,d) on DI,H,{V Let f € ﬁa,L,H,d“ Then f restricted to DI,H,& is in
ﬁa, L.H,s and

tACa
(J“(E(tA Ca)) */ LH,1f(E(S))dS>
0 >0
is a martingale. This implies that (2(¢))o<t<¢, is also a sample path for the semi-
group generated by (Lp 1, Do, H,a) o0 Drma (see theorem 4.1 in [§], section
4.4). 0

Proposition 4.12. Let xg € I. The path (§a,r,1(t), 00,11 (t))o<i<c, starting from
(x0,20) obtained by glueing together the loops v € Lq,1 such that miny < xo and

maxy < H(min~) is a sample path for the semi-group generated by (L1, Da.1.1.4);
foranyael, a> xg.

Proof. We need only to show that given a € I, @ > xg, and f € ﬁa,L,H,da then the
process (Y;)¢>o, defined by

tACa
(f(fa,L,H(t ACa)yOanm(t AN Ca)) — /0 Luif(a,r,m(s),0a,0,1(8)) dS)

>0
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is a martingale. For this we will use an approximation of H from below by step
functions. Consider f fixed. For n € N, we define function the H,, equal to

Hy(a) := inf {H(a’)|x0 - 2in(l + [2"(xo —a)]) <d <mp — 2%|_2n(1'0 - a)J}
Let ug, (x,a) be
u (@) (g
upg, (z,a) := (z)

u_7Hn(a) (a)
ug, (z,a) may be discontinuous at points where a is of form xy — ;—n Let Ly, 1
be the second order partial differential operator

2
Ly, 1:= ! %) (an(x,a) 31)

up, (z,a)?>m(x) w(x)

LHmlf(x, a) may be discontinuous at points where a is of form zy — 2‘7—n Ly, 1f

converges uniformly on compact subsets of Dr g4 to Ly 1 f.

Let (§a,r,m, (t))o<t<c,.. be the path obtained by glueing together the loops in
v € L, such that minvy < 2y and maxy < H,(min~), rooted at their minima and
ordered in the decreasing sense of their minima. Let

0., t) := inf &,
L,H, (t) [1&]5 L.H,

Let (Ya,¢)o<t<c,.. be the process

t
<f(§a,L,Hn(t),9a,L,Hn(t))/O LHn,lf(fa,L,Hn(S%9a,L,Hn(S))d5>

0<t<(n,a

Let T,
path (Y, 1)o<i<T T are the loops in v € L, such that

n,xg—(j+1)2=" " Tn,xg—j2—"

o-n be the first time &, 1 g, hits o — ;—n The loops making up the

,Lo—J

miny € (xg —j2 ", 20— (j+1)277)
It follows from proposition that for T, ;o _(j+1)2-» < Cn,a the process

(Yn’(Tn,asofj27"+t)/\Tn,Igf(j+l)27" )t>0 is a martingale. This implies that for T}, ;_jo-n <
Cn,as (Yn7t/\Tn,mo—(j+l)2*n)tzo is a martingale. For j € N*, let
1 ag 1 a
K;:=<(z,a) € Dy g|(1— 3)supI+ n <a<ag, a<wzg<(1—=)H(a)+ =
J J

(K;);>1 is an increasing sequence of compact subsets of Dj g 4, containing (xo, <o)
and
Di g, = U K;
Jj=0
Let
Tij = inf{t Z 0|§oz,L,Hn (t) ¢ Kj}
Ty, = inf{t > 0[la,L,u(t) & K;}

Then (Yo iat,. Kj)tzo is a martingale. From lemma follows that &4, m, con-
verges uniformly on compact time intervals to £, 7, g and then that the uniformly
bounded process (Yn,tATij )t>0 converges uniformly to (YMTKJ_ )i>0. Thus (Y;f/\TK]. )t>0
is a martingale. Since lim;_, o Tk, = Ca, it follows that (Y});>0 is a martingale. [
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