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A unified perturbation approach to static/dynamic coupled instabilities of

nonlinear structures

A. Luongo ™

DISAT, University of L'Aquila, Monteluce Reio, 67040 L'Aquila, Italy

ABSTRACT

A unified perturbation approach, based on the multiple scale method, able to analyse interactions
among static and/or dynamic bifurcations of nonlinear structures, is illustrated. The method appears as
the natural extension to the dynamical case of the static perturbation method, well known in buckling
of elastic structures. To illustrate the algorithm, a general, multiparameter, finite dimensional
autonomous system is considered, simultaneously undergoing a static (divergence) and two dynamic
(Hopf) bifurcations, of nonresonant or resonant type. The method furnishes bifurcation equations
governing the time evolution of amplitudes and phases of the critical interacting modes. Results
relevant to sample structures are discussed.

1. Introduction

Coupled instability phenomena, often referred to as ‘multiple’
or ‘simultaneous buckling mode interaction’, often occur in statics
of nonlinear elastic structures. They are well known to research
ers and practitioners and have been object of extended studies in
the last few decades [1 5].

A coupled static instability phenomenen manifests itself, along
a ‘known' path I'q of a load displacement space, when, at a
bifurcation point C, the tangent stiffness matrix admits an
eigenvalue A=0 of multiplicity M = 2. As a result, more than
one path I'; bifurcate from Iy, each correspending to different
buckling patterns, which, in the neighbourhoed of C, are close to
linear combinations of the M critical modes. It is also well known
that one or more splitting (or detuning) parameters py (typically,
geometric aspect ratios) must be adjusted, in order that a multiple
bifurcation occurs. A paradigmatic example of such a behaviour is
offered by the famous 2 d.of. Augusti medel (Fig. 1a), for which
four bifurcated paths exist for M=2, when the stiffness ratio is
p=1 (Fig. 1b). If the splitting parameters are not exactly tuned,
‘nearly simultaneous' buckling modes occur, entailing more
critical point (; clustered on [y, close to other ‘secondary’
bifurcation points C; belonging to I'; {i=1,2 and j=34 in the
example of Fig. 1c}.

A simple and efficient method to deal with such problems is
offered by the static perturbation method (SPM} (see, e.g. [6 8]).
It consists: (1} in expanding the displacement variables w and
the load parameter u in series of an artificially introduced
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perturbation parameter £« 1; (2} in solving a sequence of linear
perturbation equations in the unknown coefficients w;, and u; of
the series expansions; and, (3) in expressing the bifurcated paths
in parametric form, w=w(&), = u€). In this perturbation
procedure, a key role is played by the ‘solvability (or compat
ibility} condition’ {namely, the bilinear identity of linear algebra,
or the Fredholm alternative of functional analysis}, ie. the
condition under which a linear problem with singular operator
admits solution. Such a condition requires the known terms of
each perturbation equation are orthogonal to all the critical
modes u,, and supplies, at any order, the set of nonlinear
equations linking the coefficients of the linear combinations of
u; (i.e. the ‘amplitudes’ of the buckling modes) and g It is worth
noticing that the SPM works as a reduction method, since it
reduces the {generally large) dimension of the problem to the
{generally small} dimension M.

Several assumptions are understood in the elastic buckling
analysis described above, namely:

{1} The load & is taken as unique control parameter, and splitting
parameters p;, are adjusted to the values causing coalescence of
M eigenvalues A, and (usually) kept constant. The influence of
the splitting parameters is investigated by repeating the analysis
for slightly modified values, considered as imperfections.

(2} The system is conservative, ie. the stiffness matrix is
symmetric. This entails a complefe set of eigenvectors exist,
and right and left eigenvectors coincide.

{3} Nonconservative forces are excluded, so that bifurcations are
of static type only. (Flutter instability, as e.g. induced by
follower forces, is analysed outside this context, by methods
often borrowed from nonlinear dynamics).



Fig. 1. (a) Augusti model (p:=k,/k;), (b) paths for simultaneous modes (p=1) and (c) paths for nearly simultaneous modes (p~1).

One, of course, could be interested in removing one or more of
the previous hypotheses. In particular, to deal with loads
depending on several independent parameters, and/or families of
systems (not just a special system!) described by the splitting
parameters. These aspects call for considering multiparameter
systems, for which the concept of ‘equilibrium paths’ must be
generalized to ‘equilibrium surfaces’. Moreover, damping and
nonconservative forces should be included in the analysis, in
order to study dynamic bifurcations. As a consequence, the
configuration space must be enlarged to the state space (including
velocities), and the tangent (Jacobian) matrix Fﬁ considered
(accounting for inertial, dissipative, potential and circulatory
forces), instead of the stiffness matrix. As a remarkable difference
with the conservative case, when the eigenvalues 4¢=0 (static
bifurcation) or A,=iwy (dynamic bifurcation) of the nonsymmetric
matrix Fg coalesce at a critical point, an incomplete set of
eigenvectors generally exists. In this richer scenario, new interac
tions appear with respect to the purely static interactions,
namely, of purely dynamic (e.g. (iwp, iwy)) or mixed static
dynamic type (e.g. (0, iwy)). In addition, a new coupling
mechanism manifest itself, said of internal resonance, which, for
example, occurs when two critical frequencies, wy and wy, are in
an integer ratio.

All these aspects are well known in the general Bifurcation
Theory, which has been developed in the framework of the
Dynamical System Theory (see, e.g., [9,10]). Direct applications of
the theory to mechanical systems have also been illustrated [11].
In this environment, the analytical tool employed is the Center
Manifold Theorem in conjunction with the Normal Form Theory.
The method captures the essential dynamics of the system,
reducing the dimension to its linear codimension, i.e. to the sum of
the algebraic multiplicities of the critical eigenvalues and of the
number of the resonance conditions [12].

With rare exceptions, however, the Buckling Theory seems to
have been developed independently of the general Bifurcation
Theory, instead of constituting a special case of it. In spite of this,
the author and his co workers, in a number of papers written in
the last decade, and in accordance with some results already
contained in [13], has shown that the basic ideas of the SPM can
also be applied to purely dynamic and static dynamic bifurca
tions [12,14 16]. The method applied there is a version of the
multiple scale method (MSM), employed in nonlinear dynamics
[17], suitably suited for bifurcation problems of nondefective type
(i.e. bifurcations in which a set of complete critical modes exists).
Later, a new version of the MSM, valid for defective operators (i.e.
with an incomplete set of eigenvectors), has also been imple
mented [18 20]. More recently, the method has been extended to
continuous systems [21 25]. As result of these researches, a
general, unified method is available to analyse static and/or
dynamic bifurcations from a known path of autonomous systems,

both of discrete or continuous type. The method is alternative to
the (more extensively employed) center manifold method;
moreover, it is more engineering oriented and preserves all the
aspects of the SPM.

The fundamental steps of the algorithm are illustrated here
with reference to a divergence Hopf Hopf bifurcation (0, iw,
iwy), of resonant or nonresonant type. Results concerning some
sub cases, already studied in previous works, are resumed here.
The reader is referred to an extended review [12] or to the original
papers for any additional details.

2. The multiple scale method for nondefective multiple
bifurcations

A general, n dimensional autonomous system is considered,
whose equations of motion read:
4=Q(@q.4;p), qeR", peRY (1)

Here, q is the lagrangian coordinate vector, Q accounts for
nonlinear forces of any type, p is the parameter vector and the dot
denotes time differentiation. It is assumed that Q (0,0; p)=0, Vp,
i.e. the origin is an equilibrium position for any combination of
the parameters (trivial path). Eq. (1) can be put in the state space
form:

x=Fx, p), xeR', peRY, FO, p=0vp 2)

where x: =(q.q), F: =(q, Q(q.q.p) and N:=2n.

2.1. Spectral properties of the Jacobian

Let the Jacobian F2: =[oF/oxly op o evaluated at
0: =(x,p) =(0,0), admit a cluster of (critical) distinct eigenvalues
A with zero real part, i.e. let O be a bifurcation point. The
remaining eigenvalues are assumed to lie on the left part of the
complex plane, well separated from the imaginary axis. As an
example, a specific case of divergence Hopf Hopf bifurcation is
considered, for which one zero eigenvalue, 45=0, and two distinct
purely imaginary eigenvalues, 11=iw1, A>=iw5,, together with their
complex conjugates, occur at O (Fig. 2). If r:=w,/w=2,3,..., the
double Hopf bifurcation is termed resonant, otherwise
nonresonant.

In order to satisfy the conditions which identify the critical
point, namely, Re[4o] = Re[4;] = Re[1,] =0, plus Im[A;] = rIm[44], at
least M=3 parameters are necessary in the nonresonant case, and
M=4 parameters in the resonant case. Each of these conditions
represents a surface in the parameter space. The intersection of
the M surfaces determines the critical manifold. Accordingly, the
integer M is called the (linear) codimension of the problem.
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Fig. 2. Stable and critical eigenvalues at a divergence-Hopf-Hopf bifurcation
point.

The (right) eigenvectors uge R and (uq,u;) e C, associated
with the critical eigenvalues, are solutions of:
Fgllo =0, Fglh = i(D]lll , Fgl.lz = iCOzllz 3
while the left eigenvectors vge R and(vy,vy)e C satisfy the
adjoint problem:
(F'vo =0, (FQIV2 = iwyv, 4)

Right and left eigenvectors are bi orthogonal, i.e. viiu, = dp,
where ¢ is the Kronecker symbol and the superscript H denotes
the transpose conjugated.

0\T. .
(FY)'vi = iwyvy,

2.2. Perturbation equations

The equations of motion (2), after expansion around O, assume
the form:

X =X+ 1/2(F X% + 2F0, Xp) + 1/6(F X + 3F%, X2+ 3Fg,, xp?)+ -

€)]
where the subscript denotes x or p differentiation and the
superscript 0 evaluation at the bifurcation point. Moreover, it has
been utilized from Eq. (2), that F and its p derivatives vanish at
the equilibrium point. Solutions of (5) are sought in parametric
form x=x(t,p(e)), p=p(e), where <1 is a perturbation para
meter. By taking £=0 at O, and expanding in series for small ¢,
it follows:

X(t) o gk (X (t)
<u>:kzﬁ<"k> ©

According to the MSM, several independent time scales t; are
introduced; consequently, the time differential operator is
expressed by the chain rule:

2 k

& &
to=t, t;=c¢tt, tzzjf,...,thEt
d &2 gk d
- = = B e L= 7
da do+edy + 2!d2+ + T dp+ , dy ot (7)

By substituting Eqs. (6) and (7) in (5), and separately equating
to zero terms with the same power of ¢, the following perturba
tion equations in the unknowns x; and p, are finally obtained:
e:(do FOx; =0
& (do Fg)X2 = ngx% +2F2uX1 19 2d1x4

& (do FXs =3FX1X;+3F,Xom, +3Fg, X1,
+3F0 XTI +3Fg, X + Fo X3 3dyx; 3dix; 8)

2.3. First order solution

The perturbation Eq. (8) are solved in chain. The ¢ order
(generating) equation admits the solution:

X1 =Ao(ty,ta,.. JUg+A1(t1, L2, .. U4 el@1to +As(ty, t, .. .)U2€iw2t0 +C.C.
9

where Ag e R, (Aq,A;)eC are the slowly modulated unknown
amplitudes of the critical modes, and c.c. denotes the complex
conjugate of the preceding terms. It should be noted, that only
motions belonging to the critical subspace ¢, : = {ug,uy,u,} have
been considered, namely X; € U/, since they are in steady state on
the ty scale, whereas the remaining components, being associated
with stable eigenvalues, decay in time.

When x; is substituted in the &2 order equation, the quadratic
nonlinearities generate the ‘forcing’ frequencies (0, w{, w2; 2w+,
25, W1+W3, W 1), SO that the equation assumes the form:

(do Fxp=(fy 2d1Agug)+(f; 2di1A1up)ei™ o 4 (f, 2diAyuy)ei®2to

+f20e2i(01 to +f02€2i w; by +fllei( 1 +m3) to +fl_1 ei( wy—m1) ty +coc.
(10)

where the f vectors are bilinear in the first order quantities A’s
and py:

fo 1 = 2A3Fguf + A A Fouy T + Ay A o upthy + 2A0Fy, uo,

f1 0 =4ApA Fouou; +2AFyupp,,

£y : =4AcAFouou; +2A,F upp,

fr0: =AFO 02, fop: =AF0u3, f1: =2A1AFuuy,

fr, : =2A;AF, 0w, amn

and where an overbar denotes the complex conjugate.

Now, the forcing frequencies (0, @, w,) are certainly resonant,
and would cause responses which diverge on the ty scale (secular
terms). The remaining frequencies, instead, do not cause resonance
if the frequency ratio r assumes a generic value; in contrast, if r=2,
then 2w =w, and w, wi=w1, so that f,¢ and f;; are also resonant.
All these resonant terms must be removed from the right member,
by requiring they have zero components along the critical
eigenvectors ug, u; and u,, respectively, i.e. they are orthogonal to
the left eigenvectors vp, v; and v,. By enforcing these (solvability)
conditions, and accounting for bi orthogonality, one gets:

diAo=1vifo, diAr =3V +00007),  diAy =W (F, +512f20)

(12)

Eq. (12) govern, for given parameters p;, the evolution of the
amplitudes of the critical modes on the slow time scale t;. They
are called the (first order) amplitude modulation equations (AME).
Since Ag is real and Ay, A, are complex, Egs. (12) are equivalent to
five real equations. Therefore, the original N dimensional dyna
mical system (2), has been reduced to a 5 dimensional system, i.e.
to the dimension of the critical subspace /..

If the analysis is truncated at this order (first order approxima
tion), then x=¢X,, according to Egs. (9) and (6). Therefore, the motion
consists of two harmonic components, of frequencies (wq, ®y),
slowly modulated in amplitude and phases, which occur around a
buckled equilibrium state, also modulated in amplitude. The
trajectories all belong to the critical subspace, namely x(t) e U, Vt.



2.4. Second order solution

If a higher order approximation for the AME is desired, the
&2 order perturbation Eq. (10) must be solved. After using
Egs. (12) to eliminate the amplitude derivatives, the steady state
solution reads:

X; = 2A3200 +A1A12,5 +A2A2Z,5 + 2A0Zop by + (AoA1Zor +2A1Ziuty) €1

+(4ApA2Zo; + 2A2Z2u’,l,1) eiwztO +A%Zn eZi“" fo +A%Zzz eZi“)ZfO
+2A1A52Z15 ei(wl + )ty +2K1AZZT2 ei((uz —m)ty +coc. (13)

Here, the vectors zy, € C", zj, ¢ C" x C" are solution of the
following algebraic equations:

lio; Fozy = Fuyu, (vj’-’nguhuk)uj, Johk=0, +1, +2, oy + o = ;

liw; FRlzi=Fu (HFuu;, j=0,+1,+2,

li(wp+i) FRlzp = Fupuy, Jh k=0, £1, £2;0p+wy # w;

(14)

Moreover, wy: = @y and uy, : =U, when k <0, and a negative
subscript of z, stands for an overbarred subscript. It should be
observed that, while the nonsingular Eqs. (14); admit a unique
solution, the singular Eqs. (14);,, by virtue of Egs. (3), admit oo’
solutions of kind z, =2, +Bju;, VB;, with Z, a particular solution.
However, z, can be made unique by enforcing a suitable normal
ization condition, e.g. v]H z, = 0; this assures that X, does not contain
the ¢ order solution (9), i.e. it does not have harmonic components
(0, w1, w>) belonging to the critical subspace. X,¢i/ describes the
contribution to motion of the ‘passive’, stable coordinates, which
also depend on the amplitudes (Ao, A;, Az). Hence, the motion
X=eX;+(1/2)ex, develops itself on a 5 dimensional manifold which
is tangent to U/, (since it reduces to ¢/ when ¢ —0), according to the
basic idea of the Center Manifold Theorem.

When x; and x, are substituted in the ¢ order perturbation
Eq. (8) (and use is made of Eqs. (12) to express d; x ), the
quadratic and cubic nonlinearities generate the ‘forcing’ frequen
cies (0, wq, w3; 2mw1, 27, W1+w7, Wy W1; 3w1, 3wy, 203 + W1,
w, + 2m1), so that the equation assumes the form:

(do E)x3=(8y 2drAouo)+(g; 2drA1uy)e 0 (g, 2drArup)el

+g2082iw1 to + gﬂ ei(mz—cm o
+g30e3iw1 to + gf] ei((uz—Zwl )to
+NRT +c.c. (15)

In this equation, only the (possibly) resonant frequencies have
been displayed, while the remaining nonresonant terms (NRT)
have been omitted, since they are inessential to the second order
approximation. The g vectors in Eqgs. (15) are trilinear in the first
order quantities A’s and p,, and/or bilinear in A’s and the second
order quantity p,; due to their cumbersome expressions they
have been omitted here.

Egs. (15) show that, in the resonant case r=2, in addition to the
quadratic frequency combinations 2w=w, and w, =W+, also
the cubic combination w, 2w;=0 is resonant. Moreover, a new
form of cubic resonance appears in the r=3 case, since 3w;=w, and
wy 2wq=wm. Therefore, solvability conditions for Egs. (15) lead to:

daAo = (1/2)V{(go +0r285,)

drAr = (1/2)V! (g, + 61287, +61385,)

d2Az = (1/2)V5 (8, + 012830 +0r3830) (16)
Eq. (16) are second order AME. For given parameters p; and p,,

they govern the evolution of the amplitudes A’s on the slow time

scale t;. They should be solved dfter having determined the

t; dependence from Eq. (12). However, since this procedure is

inapplicable in the general case, an alternative method is followed.
This is called reconstitution method, and consists in combining the
two sets of partial differential Egs. (12) and (16) in a unique set of
ordinary differential equations, by returning to the true time t [26].
Thus, by using the chain rule (7),, the following reconstituted AME,
corrected up to second order, are obtained:

Ao = (1/4)vi[2ef0 + 6% (8o + 51285,)]
A1 = (1/4)\VH[2ef1 + %8, +0,22ef7, +6281)) + 6201385, ]
Ay = (1/4WH 12k, + 828, + 12 (2620 + E280) + 2 513830] 17)

They are also referred to as bifurcation equations. Since
A;j=0(¢), p=0(¢), and f's and g's are homogeneous of degrees 2
and 3, respectively, in the perturbation parameter ¢, this latter can
be reabsorbed, according to the rules A;—A;, ey +&2p, >,
&2p? —»p?. Finally, when the expressions for fs and g's are
substituted in Eqgs. (17), these assume the following form:

Ao = RyuoPAo +RooA3 + R, 7A1A1 +Ry5A2A5
+ Ruuo],leo + Ruooll.A(z) +R000A(3) + RulTl’lA]E] + RuﬂquEz
— — 2 — —
+R01TA0A1A1 + RoszOAZAZ + 5r2(cﬁ2A1A2 + CﬁzA%Az)

A1 = CuipA; +Co1AoA
+ Cpp1 2 A1 + Co1 MA0A1 + Coo1AGAT +Cy 1 7ATAT +C5A1A2A,
+6,2Ce,A1Ag + 613 CorpAs g

Az = CuapA; + CozAvA;
+ Copa®As + CuooPAoAs + ConaARAs + Cy1yArAr Ag + C, 5 AR,
+0r2C11AT +3,3Ci11 A3 (18)

where the expressions for the coefficients ReR,Re RM,
C e C,Ce CM have been omitted here. In each of Egs. (18), the first
row contains the first order terms (quadratic), the second row the
second order terms (cubic), the third row contains terms which are
only present when the critical frequencies are internally resonant
(r=2,3). Note that the frequency associated with each term in the
right hand member is equal to the frequency associated with the
left hand member (e.g. A;A 1has frequency @w; w1=0 and A;1AA,
has frequency w1+, wy=wm;). Moreover, the coefficients of terms
with frequency 0 are real, while the others are complex. Therefore,
the general structure (18) of the AME can be predicted in advance,
before any calculation is performed.

2.5. Reduced amplitude modulation equations

To put the AME (18) in the real form, the polar representation
is adopted for the complex amplitudes, namely:
Ao=(1/2)a0, Ar=(1/2)are”, A, =(1/2)ae" (19)

with ag; the real amplitudes and 0; the phases. When Eq. (19) are
substituted in Eq. (18), and the real and imaginary parts are
separately equated to zero, a set of five real equations follow.
Three of them govern the amplitude modulation, namely:
do = Ryuopdo +(1/2)Reoad +(1/2)R,7a3 +(1/2)R,a3
+Rypor?ao +(1/2)Ryoopad + (1 /4)Rogoap + (1 /2)Ru“—pa§
+( /2)R"ﬁua§ +(1/4)R,,7a0a} +(1/4)R,,50003
+8:2(1/2)a}a3[Ry7,€05(201  02) +I17,5in(20;  62)]
a1 = Ry1pa; +(1/2)Ro1a0a1 +Ryp1 p2aq +(1/2)Ryo1 naoas
+(1/4)Roo1a3ar +(1/4)R, 703 +(1/4)R,,5 a103
+5r2(] /2)(11 az[RTZCOS(291 02)+IT2511'1(261 62)]
+6r3(1/4)a3az[Ry7c0s(301  02)+1,17sin(301 05)]



. 1 1
a) = Ruzllaz + jRozaoaz +Rmx2u2‘12 + 5 Ruozuaoaz

1 1 1
+ ZRooza(z,az + ZRsza%az + ZRzﬁag

1 .
+0r2 5@} [R11€05(201 02)+I115in201 02)]

r34ﬂ1[R111C05(301 02)+11118in(30;  0y)] (20

and the remaining two the phase modulation:

; 1 1 1
a0, = Ilﬂ na; + 5101 apa; + Zlmn u2a1 + ilumllaoa]

1 1
lelﬁa?Jr lezjaﬂlé
a10az[l7,c08(207 03) Ry,sin20; 07)]

1
+ 51001 aja; +

+5r2 2

+0 a]az[Izncos(BOl 02) Ry7sin(30; 0)]

r34
1 1 1
205 =lopay + 2102(10(12 + 41;1;12“ a+ 5

1 1 1
+ Zloozaéaz + Zlﬁza%az + b2z a

poz Raoaz

1 .
+5r2*a%[111C05(291 02) Ry1sin(20; 03)]

r34a1[1111C05(391 02) Ry118in(30; 03)] (21)

where Ry:=Re[C,], I:=Im[C,], Ry:=Re[C,], I,:=Im[C,] has been

set. Important properties follow from the previous equations, as

discussed below:

(a) In the nonresonant case (r#23, ...) the (real) amplitude
equations (20) are uncoupled from the phase equations (21).
Therefore, the essential dynamics is governed by a reduced set
of three equations of type:

az =fr(ap,ay,az;p)
(22)

ao =fo(ap, a1, az; ), a1 =fi(ap,a,az;p),

Phase modulations here play a secondary effect. They can be
evaluated by the remaining Eq. (21), once the amplitude time
dependence has been determined, by solving:

a101 =gi(ap, a1, ax;p), a0, =g (a, ar, ax; p) (23)

(b) In the resonant case (r=2,3, ...) the (real) amplitude equations
(20) are coupled with the phase equations (21). However, the
phases do not appear individually in the amplitude equations,
but just as a difference. This suggests to introduce a new
variable, having the meaning of phase combination, defined as

(200 0, ifr=2 »
7P=030, 0, ifr=3 @4

and accordingly, to recombine the phase equations, in order to
write the system in the form:

ao =fo(ap,a1,az,y; W), @i =fi(ao,as,az,79; W),
a; =fo(ap,a1,az,7: W), a1a27 =g(ao,ar, az,y; p) (25)

After having solved Egs. (25), phases are drawn by equations of
type:

a101 =g1(ao, a1, a2,y p),  a02 = g>(do. a1, az,7; ) (26)

By summarizing, in both cases, the essential dynamics around
the bifurcation is captured by a reduced set of equations (RAME),
in a number of three in the nonresonant case (a) and four in the
resonant case (b), i.e., in a number equal to the codimension M of the

problem. This is found to be a general property, which holds for
any kind of coupled instabilities.

2.6. Steady state solutions and their stability

The first step in analysing the RAME (22) or (25) consists
in finding, may be numerically, their steady solutions
(aps(p), as(p), azs(p)) = const, y,(u) =const (also said the fixed
points of the dynamical system), as functions of the parameters.
They are obtained by solving a set of M=3,4 nonlinear algebraic
equations (steady version of RAME). The steady solutions
constitute a set of paths (hyper surfaces) in the amplitude
parameter space of dimension 2M; their plot is called the
bifurcation diagram.

Since steady amplitudes and phase difference are constant, it
follows from Eqgs. (23) or (26), that phases vary linearly in time,
0;=vjt+@;(j=1,2), where v; are the frequency corrections and ¢; the
initial phases. No particular relations exists among these quan
tities in the nonresonant case. In contrast, in the resonant case,
and due to Eq. (24), the frequency corrections and initial phases
are linked by vy=rvy, r@01 @2=Ys i.e. the nonlinear frequencies
Q;:=w;+v; are in the same ratio r as the linear frequencies wj, and
just one initial phase remains arbitrary, in accordance with the
fact the system is autonomous (i.e. insensitive to time shifts). The
steady motions, from Egs. (9) and (19), read:

X =agUy+0a; (Re[u1 Jcos(1t+ ;) Im[uy]sin(Qqt+ ¢, ))

+az(Re[u2]cos(Q2t+(p2) lm[uz]sin(92t+(/72))+h.o.t. 27)

where ¢ has been reabsorbed and higher order terms (h.o.t.)
omitted. In the nonresonant case (2,/2:;¢N"), the motion is
quasi periodic (also called bi periodic); in the resonant case it is
periodic (25/21=2,3). In both cases they occur around a nontrivial
buckled configuration. Eq. (27), in which amplitudes and non
linear frequencies vary with p, describe a family of tori or limit
cycles, respectively, in the state space.

Stability of steady solutions is investigated by means of the
variational equation, obtained by linearizing the RAME around
their fixed points, namely:

i g sa £, £ /o .
a=hod o sy )7 e &)\ o @8

where a: =(ap,a1,a2)", f: =(fo.f1.fo)7, the subscript denotes
differentiation with respect the homonymous variable, and the
superscript s evaluation at the p depending steady values.
(It should be noted that, if a;s and/or a,; vanish, Egs. (28), cannot
be put in the standard form see Eq (25)4; in this case, use must
be made of the Cartesian form to express complex quantities
[27]). The eigenvalues of the M x M Jacobian matrix govern the
stability of the steady solutions. If, for example, at some value of
1, a zero eigenvalue is encountered, an amplitude divergence
occurs, denoting branching of a new harmonic steady motion. If,
for example, a purely imaginary eigenvalue is encountered, an
amplitude Hopf bifurcation occurs (also called secondary Hopf
bifurcation), denoting the branching of a new harmonic, periodi
cally modulated motion (quasi periodic motion). The MSM can, of
course, be again applied to the RAME, in order to analyse these
secondary bifurcations.

3. Examples: divergence-Hopf and double Hopf bifurcations

Using the results achieved in Section 2, three examples (taken
from [14 16]) are briefly illustrated, in which some sample
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Fig. 3. Structures undergoing: (a) divergence-Hopf bifurcation and (b) Hopf-Hopf bifurcation, of nonresonant or resonant type.
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Fig. 4. Bifurcation map for the structure of Fig. 3a, undergoing divergence-Hopf
bifurcation; p load parameter, and v wind parameter.

structures undergo, (a) divergence Hopf, (b) nonresonant Hopf
Hopf and, (c) resonant Hopf Hopf bifurcations, respectively. The
structures considered are illustrated in Fig. 3.

3.1. Divergence Hopf bifurcation

The structure shown in Fig. 3a consists of a rigid rod, with
symmetric cross section with respect the x; axis, spherically hinged,
elastically restrained and damped at ground, subjected to a dead
load P and a wind flow U. The dead load is responsible, at P=P,, for
buckling in the (x;, x3) plane, of minor stiffness; the wind flow, at
U=U,, triggers a Hopf bifurcation in the (x,, x3) plane. A static
dynamic instability interaction takes place around the point C:=
(U, P.) of the parameter plane (codimension M=2). Drag forces,
acting in the buckling plane, are neglected, in order the system
admits the trivial solution. A more refined analysis, accounting for
these latter as imperfections, has been carried out in [15].

The dynamics around C is governed by the following
amplitude equations [15], which are a particular case of Egs. (22):
o = 2%5 (,uao %a?ﬁ— %aoa%), a; = %éaval + %Z—iwza? (29)
in which ag is the buckling amplitude, a; the oscillation
amplitude, w its linear frequency, & and &, the structural and
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Fig. 5. Bifurcation map for the structure of Fig. 3b, undergoing nonresonant Hopf-
Hopf bifurcation; u wind parameter, and v damping parameter.

aerodynamic damping coefficients, respectively, cs3 < 0 a nonlinear
aerodynamic coefficient, u. a nondimensional wind velocity, u the
increment of nondimensional load and v the increment of the
nondimensional wind, measured from their critical values.
Analysis of Eqs. (29) leads to the bifurcation chart of Fig. 4.
Here, the parameter plane has been divided in regions in which
the system has qualitatively similar behaviours, sketched by
phase portraits. In region I the trivial equilibrium is stable; in
region II a stable periodic motion around the trivial equilibrium
takes place; in regions Il and IV the periodic motion occurs
around the buckled configuration; in region V only buckling
occurs. It should be noticed that, the interaction triggers buckling
even in the (otherwise stable) region III

3.2. Nonresonant Hopf Hopf bifurcation

The structure shown in Fig. 3b consists of two planar rigid rods,
elastically restrained and damped at the ground, connected at the
free ends by a visco elastic extensional device (e.g. an active control
device, able to furnish forces of both signs). The system is loaded by
a wind flow U blowing orthogonally to the plane of the structure,
causing in plane instability of a purely vibrational type. Both rods,
considered independently, experience Hopf bifurcation; due to the



coupling device, they interact. A symmetric structure is considered
here (k¢ =ks) for which oscillations manifest in an antisymmetric
mode (rods rotating in phase), of amplitude a;, and in a symmetric
mode (rods rotating opposite in phase), of amplitude a,. For
damping c. of the coupling device equal to zero, the two Hopf
bifurcations occur simultaneously at a certain wind velocity U.
Interaction then occurs around the point C:=(U,, 0) of the (U, c.)

parameter plane (codimension M=2 bifurcation). Here, dynamics is
governed by the following amplitude equations [14], which are a
particular case of Egs. (22):

1
2
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In these, &, c3, uc and @ keep the meaning previously assumed,
4 is the nondimensional incremental wind velocity and v the
(positive or negative) nondimensional damping of the coupling
device. Analysis of Egs. (30) leads to the bifurcation map of Fig. 5.

In region I the trivial solution is stable. In regions Il and VI, a stable
symmetric or antisymmetric periodic motion (limit cycle) takes
place, respectively. These persist also in regions Il and V, after the
appearance of an unstable mode of opposite type. Finally, in
region IV, both monomodal solutions lose stability, and a stable
bimodal, quasi periodic motion exists.

3.3. Resonant Hopf Hopf bifurcation

The same structure as in Fig. 3b is considered, but asymmetric,
with kg # k. In order two Hopf bifurcations occur simulta
neously, having critical frequencies in an integer ratio, three
parameters are necessary, namely p=(y, v, p). These are chosen as
the (incremental) nondimensional wind velocity p, the nondi
mensional coupling stiffness v and the detuning p:=(keo/kn) (ke2/
kq)c between the actual and the critical value of the torsional
stiffness ratio. The equations governing the dynamics around the
codimension 3 point C:=(y, v, p)=(0, 0, 0) have been obtained
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Fig. 6. Bifurcation map for the structure of Fig. 3b, undergoing resonant Hopf-Hopf bifurcation: (a) r=3, (b) r=2; u wind parameter, v coupling stiffness, and p detuning.



in [16], and are a particular case of Egs. (25):

@y = C1(W)ay +C2@3 430105 + 51201 A5(C4 COS P +C5 Sin y)
+8r3a3ay(Cg COSy+Cg Siny)
(3 = Cg(W)aa +Co@3 @z + C10a3 + 61207 (C11 COS Y +C12 SN Y)
+613a3(C13 COS Y +C14 SINY)

1027 = C15(W)a1 02+ C1603 02 +C1701 @3

+8r2[a1a2(C1g COS P—C1g SiN Y)+ a3 (C20 COS Y—Cz1 SINP)]

+0,3[a7a5(C22 COS P—Cy3 SIN ) + A7 (C24 COS Y —Cs Sin )]

(31

where a; and a, are the amplitudes of the two (nonsymmetric)
interacting modes, y is the phase-difference, assuming one of the
alternative expressions given in Eq. (24), and c; are coefficients
depending on system parameters, not reported here.

A numerical analysis of Egs. (31) furnishes the results displayed
in Figs. 6a and b, in the r=3, 2 cases, respectively. Only a section of
the three-dimensional bifurcation chart is shown, at a fixed value of
the detuning parameter p. Moreover, qualitative sketches of the
trajectories belonging to the {a;, a,, y}-space have been projected
onto the (a;, az)-plane. A very rich scenario is found, organized by
H-curves, at which amplitude-divergence bifurcations occur
(i.e. Hopf bifurcations for the original system) and by Q-curves,
at which amplitude-Hopf bifurcations manifest themselves
(i.e. secondary Hopf for the original system, leading to quasi-
periodic motions). In the phase-portraits, points E; and cycles denote
the fixed points and the periodic orbits of Eq. (31), respectively
(i.e. periodic or quasi-periodic motions of the structure). Homoclinic
bifurcations also occur on the positive p-half-axis. As an important
result, while in the r=3 case just one attractor is found to exist in
each region (Fig. 6a), in the r=2 case two attractors are in
competition in some regions, so that the initial conditions decide
the regime motion (Fig. 6b).

4. Conclusions and remarks

A general perturbation algorithm, based on the multiple scale
method, has been illustrated, able to analyse static/dynamic multi-
ple bifurcations of multiparameter autonomous systems. The
method develops through the same steps of the static perturbation
method, namely: (1) expand by series both state-variables and
parameters; (2) obtain the perturbation equations; (3) solve in
sequence these equations, and enforce solvability conditions at any
step; (4) collect all the solvability conditions and obtain the
bifurcation equations. As peculiar aspects of the dynamical problem,
however: (a) the amplitudes depend on time; (b) several time scales
are introduced; (c) the solvability and bifurcation equations are
differential, instead of algebraic, equations. As peculiar aspects of
nonconservative systems, two sets, of right and left eigenvectors,
must be considered. Moreover, as distinct from the standard analysis
carried out in elastic buckling, more parameters (not just the load)
are considered simultaneously, in order to exhaustively describe the
system behaviour around the critical point.

Only the simplest case of complete set of critical eigenvectors
has been discussed here. When, instead, two or more eigenvalues
coalesce at the critical point, generic systems do not posses a
complete set of proper eigenvectors (they have not-diagonal,
Jordan-block Jacobian matrices). In these cases, as known from
Algebra, generalized eigenvectors must be introduced. Moreover,
the perturbation algorithm must be modified by using fractional
(instead of integer) power expansions and time scales [18,20].

The multiple scale method also works for coupled bifurcations
of continuous systems, both of nondefective or defective type (see
e.g. [23,25]). In these cases, care must be taken in deriving the

adjoint differential operator and boundary conditions, in order to
obtain the left eigenvectors. The bilinear (or Green) identity is the
tool to enforce solvability at each step of the procedure.
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