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Abstract

We consider a simple model of an open partially expanding map. Its trapped
set I in phase space is a fractal set. We first show that there is a well defined
discrete spectrum of Ruelle resonances which describes the asymptotisc of correlation
functions for large time and which is parametrized by the Fourier component v on the
neutral direction of the dynamics. We introduce a specific hypothesis on the dynamics
that we call “minimal captivity”. This hypothesis is stable under perturbations and
means that the dynamics is univalued on a neighborhood of K. Under this hypothesis
we show the existence of an asymptotic spectral gap and a fractal Weyl law for the
upper bound of density of Ruelle resonances in the semiclassical limit v — co. Some
numerical computations with the truncated Gauss map illustrate these results.
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1 Introduction

A “partially expanding map” is a map which is expanding except in some directions which
are “neutral”. An “open map” is a map for which the non wandering set (or trapped
set) is not the full manifold but a relatively compact subset. The aim of this paper is to
study the dynamics of a class of open partially expanding maps from the spectral approach
initiated by D. Ruelle and R. Bowen. In this approach, the pull back operator by the map,
called transfer operator, is shown to have some discrete spectrum in some specific functional
spaces. These eigenvalues called “Ruelle resonances” are very useful to describe the effective
long time behavior of the dynamics: to express dynamical correlation functions and deduce
statistical properties of the dynamics such as mixing and central limit theorems.

In Section 2 we define the model of expanding maps on some union of intervals I C
R precisely called an iterated function scheme (I.F.S.). This is a well studied class of
dynamical systems for which the trapped set K C [ is a Cantor set and has some Hausdorff
dimension dimyK € [0,1]. In Section 2.4 we extend this model by adding a neutral
direction and obtain a “partially expanding map”. The transfer operator is defined in
Section 2.5. We can decompose the transfer operator into its Fourier components v € 7Z
with respect to the neutral direction and obtain a family of operators ﬁ’,, also written Fh
with h:=1/(27v) (if v # 0).

In Section 3 we present the main new results of this paper. Theorem B.I]shows that each
transfer operator F,, has some discrete spectrum of Ruelle resonances in specific Sobolev
spaces. Then Theorem B9 shows that in the limit of large frequencies |v| — oo the spectral
radius of F), is bounded by some expression, under some condition that we call “minimal
captivity”. In order to derive this result we use a semiclassical approach which relies on

microlocal properties of the family of operators (Fy) in phase space T*I (precisely it is a

v

Fourier integral operator). This allows to consider the associated canonical map F on T™1.
This canonical map F' is multivalued and has a trapped set K which is also a Cantor set
(which projects on K). We also obtain an upper bound on the number of Ruelle resonances
in the limit |v| — oo in Theorem B.I1l This upper bound involves the Hausdorff dimension
dimy K and is usually called “fractal Weyl law” after the work of J. Sjostrand in [29]. The
“minimal captivity” condition means that the dynamics of the canonical map F restricted
to its trapped set K is one-to-one (whereas the map F' on 7™/ is multivalued).

In Section 4 we illustrate our results by numerical computations with two particular
models: the truncated Gauss map and Bowen-Series map for Schottky groups. We show



that these models fullfill the minimal captivity property. Sections 5 to 8 are devoted to
the proofs of the results.

The same semiclassical approach has been used before for “closed dynamical systems”
in [I1] and [18], i.e. for systems in which the trapped set was the full manifold. In these
latter papers as well as in [33] a similar result for the asymptotic spectral radius has been
obtained. Technically the open aspect here is overcame by using a truncation function
X as explained in Section 2.6. In [I8] the author considers models for which the neutral
direction is a non commutative compact Lie group and shows discrete spectrum of Ruelle
resonances, asymptotic spectral radius and Weyl law. Let us remark that we could extend
the present results similarly by considering extensions with compact groups.

As explained in Section 4.1 our results can be applied to “Bowen Series maps” and
“Bowen Series transfer operators” associated to the geodesic flow of “convex co-compact
hyperbolic surfaces” also called “Schottky surfaces”. So our results give some results for
the zeroes of the Selberg zeta function and resonances of the Laplacian of these surfaces.
In that case the Weyl law of Theorem [B.11] is in close relation with the results obtained
by Lin, Guilloppe and Zworski in [I5] where they give an upper bound on the density of
resonances for the Laplace-Beltrami operator on open hyperbolic surfaces. We can also
apply our results to the quadratic maps and recover results already obtained in [30), 23].

Also let us remark that with the condition of “minimal captivity”, the dynamics of the
canonical map F' in the vicinity of the trapped set K is univalued and can be identified with
the classical dynamics of a “open quantum map”. Within this identification, the results
of S. Nonnenmacher et M. Zworski [24] about asymptotic spectral radius and Weyl law of
these open quantum maps are very similar to the results presented in this paper.

2 The transfer operator

2.1 Iterated function scheme

The transfer operator studied in this paper is constructed from a simple model of chaotic
dynamics called “an iterated function scheme, I.F.S.”[10, chap.9]. We give the definition
below and refer to Section d] where many standard examples are presented.



Definition 2.1. “An iterated function scheme (I.F.S.)”. Let N € N, N > 1. Let
Ii,...In C R be a finite collection of disjoint and closed intervals. Let A be a N x N
matrix, called adjacency matrix, with A4;; € {0,1}. We will note i ~» j if 4;; = 1.
Assume that for each pair 4,j € {1,..., N} such that i ~ j, we have a smooth invertible
map ¢;; : I; = ¢;;(L;) with ¢;; (I;) C Int(f;). Assume that the map ¢;; is a strict
contraction, i.e. there exists 0 < # < 1 such that for every z € I;,

|05 ()] <0 (2.1)

We suppose that different images of the maps ¢;; do not intersect (this is the “strong
separation condition” in [9, p.35]):

Remark that the derivative ¢; ; (x) may be negative. Figure LTl illustrates Definition
21 on a specific example.

2.2 Example with the truncated Gauss map

The Gauss map is
{]0, 1] —1]0,1]
G: . (2.3)
v =4
where {a} := a — [a] € [0, 1] denotes the fractional part of a € R. For j € N\ {0}, and
y € R such that J% <y< % then G (y) = G, (y) == é — 7. Notice that dG/dy < 0. The
inverse map is y = G, (z) = ﬁ
Let N > 1. We will consider only the first NV “branches” (Gj)jzl,...N' In order to have a
well defined I.F.S according to definition 211 for 1 < i < N, let o := G;l (L) L = —

N+1 1+i0
b; such that a; < b; < %, and intervals [; := [a;, b;]. On these intervals (I;),_, ,, we define
the maps
1
<Z)7J('r) 7 (SC) SC—Fj’ J ) ( )

The adjacency matrix is A = (4;;), ;, the full N x N matrix with all entries A;; = 1.

2.3 The trapped set K
We define

I=|Jrn (2.5)
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Figure 2.1: The iterated functions scheme (IFS) defined from the truncated Gauss map
(23). Here we have N = 3 branches. The maps ¢: ¢;; : [, = [;, i,j = 1...N are
contracting and given by ¢; ; (z) = x_-lw The trapped set K defined in (29) is a N-adic
Cantor set. It is obtained as the limit of the sets Ko = ([; Uly...UlIy) D K1 = ¢ (Ky) D

Ky=¢(Ky)D...DOK.

and the multivalued map:

¢: 1 —1, ¢:<¢i7j)i,j'
¢ can be iterated and generates a multivalued map ¢" : I — I for n > 1. From hypothesis
(22) the inverse map

p () =1
is uni-valued. Throughout the paper we will use the “unstable Jacobian function”
do~1
J =1 2.6
() = log| 7 (x) (26)
defined on ¢ (I). From (Z1), one has
1
Ve, J(z)> logg > 0. (2.7)
Let
K, :=¢" (1) (2.8)

and Ky = 1. Since K, ;1 C K,, we can defined the limit set

K=K, (2.9)

neN

called the trapped set. Then the map
p K= K (2.10)

is well defined and uni-valued.



2.3.1 The fractal dimension of the trapped set K and the topological pressure

In this paper we will use the following definition of fractal dimension.

Definition 2.2. [20, p.76],[9, p.20] If B C R? is a non empty bounded set, its upper
Minkowski dimension (or box dimension) is

dimy, B := d — codim, B (2.11)
with

codimy B := sup {s € R | limsupd~* - Leb (Bj) < —i—oo} . (2.12)
510

where Bs := {z € R dist (z, B) < 6} and Leb () is the Lebesgue measure.

Remark 2.3. In general

lim sup ™ B . Leb (Bs) < 400 (2.13)
510
does not hold, but if it does, B is said to be of pure dimensionﬁ. It is known that

the trapped set K defined in (2Z9) has pure dimension and that the above definition of
Minkowski dimension coincides with the more usual Hausdorff dimension of K [9] p.68|:

An efficient way to calculate the fractal dimension dimyK is given by the topological
pressure. The topological pressure can be defined from the periodic points as follows. A
periodic point of period n > 1is € K such that © = ¢~ (x). The topological pressure
can be defined in terms of periodic points.

Definition 2.4. [9, p.72] The topological pressure of a continuous function ¢ € C (I)
is

1
Pr(¢) := lim —log Z e (@)

where ¢, (x) is the Birkhoff sum of ¢ along the periodic orbit:

Zsee [29] for comments and further references.
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Figure 2.2: Topological Pressure Py (5) defined by (2I5) for the truncated Gauss map
example of Section for each value of N =1,2,3... being the number of branches. The
black points mark the zero of Py (8) = 0 giving the fractal dimension of the trapped set
Ky for each value of N: dimy K; = 0, dimy Ky = 0.531..., dimy K3 = 0.705..., and

It is interesting to consider the special case of the function ¢ (x) = —5J (x) with some
f € R and J (z) defined in (2Z6]). This gives the function P : R — R defined by

n—oo N,

P (B) :=Pr(—BJ) = lim l1og > 1:[ ¢/ (¢7" @))yﬁ (2.15)
v=¢—"(z) k=0

The following lemma provides an easy way to compute (numerically) the dimension of
K. See figure 222

Lemma 2.5. [9, p.77] P (B) is continuous and strictly decreasing in 8 and its unique zero
s given by f = dimy K.

2.4 An extended partially expanding map and reduced transfer
operators

The map ¢! : ¢ (I) — I is univalued and expanding. Let 7 € C* (I;R) be a smooth real
valued function called roof function. We define the map

.{gb(l)xSl — I xSt

@) =6 @)+ @) (2.16)

8



with S1 :=R/Z. Notice that the map f is expanding in the x variable whereas it is neutral
in the y variable in the sense that ‘3—5 = 1. This is called a partially expanding map and is
a very simple model of more general partially hyperbolic dynamics [26].

Let V € C* (I;C) be a smooth complex valued function called a potential function.

Definition 2.6. The transfer operator of the map f with potential V' is

. {COO (I xS —C=(¢(I)x S (2.17)

U (z,y) — "y (f (z,y))

Notice that v (z,y) can be decomposed into Fourier modes in the y direction. For

v € Z, a Fourier mode is
2TVY

by (2, y) = @ (x) e

and we have

<ﬁ,¢)u) (z,y) = "D, (f(z,y) =" Do (¢! (z)) @)
— <ﬁy¢) (.T) €i27r1/y
where the Standard reduced transfer operator FV :C>(I) = C*® (¢ (1)) defined by
(FV<P> (z) = eV @ei2mr(@), (qb’l (:1:)) ) (2.18)

So the operator F is the direct sum of operators @, ., F,. From the next section we will

study the individual operator F, in (219). Since our main interest is the limit v — oo of

large frequencies in the neutral direction, we will suppose v # 0 and write A := 27%/ In
Section we will deduce from our principal results, some asymptotic expansions for time

correlation functions of the map (2.10).

2.5 The transfer operator

Notations: We denote C§° (R) the space of smooth function on R with compact support.
If B C R is a compact set, we denote C (R) C C§° (R) the space of smooth functions on
R with support included in B. Recall that the inverse map ¢! : ¢ (I) — I is uni-valued.



Definition 2.7. Let 7 € C* (I;R) and V € C* (I;C) be smooth functions called re-
spectively roof function and potential function. Let A~ > 0. We define the transfer
operator:

Cr[R) = CF(R)

- 2.19
Y= (‘PZ)@ — (Z’i\il Fz}j‘:@i)j ( )
with
Cr (R) — CF(R)
ﬁ’i - R V(z) itr(z), . -1 if i . dreod (I
) e = (Fgei) @) =40 7 (@) fivjendse oyl
0 otherwise
(2.20)
Remark:

e From assumption (2.2)), for any x € I, the sum Zf\;l (Fidcpi) () which appears on
the right hand side of (2.I9]) contains at most one non vanishing term. See figure

e For short we can write that

CF(R) — CF (R)
F R {QV(@%T(”w(as—l () fzes() (221)

7 0 otherwise
Remark 2.8.

e For any ¢ € C7° (R), n > 0 we have
supp (F”go) C K, (2.22)
with K, defined in (Z8]).
e In the definition [I0) we can write e’ @eia7®) = exp (i1V (z)) with V (z) :== 7 (z) +
h(—iV (x)). More generally we may consider a finite series V (v) = > "WV (2)

with leading term Vy (z) = 7 (x) and complex valued sub-leading terms V; : I — C,
il

10
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Figure 2.3: Action of the transfer operator ' on a function ¢ as defined in (ZIJ). In

this schematic figure we have V' = 0 and 7 = 0. In general the factor eV®) changes the
A

amplitude and €7@ creates some fast oscillations if i < 1.

2.6 Extension of the transfer operator to distributions

The transfer operator F' has been defined on smooth functions C5° (R) in ([ZI9). We will
need to extend it to the space of distributions. For that purpose we first introduce a cut-off
function y € C7° (R) such that x (z) = 1 for every x € Ky = ¢ (1), i.e. x(¢ij(x)) =1
for every x € I; and j such that ¢ ~~ j. We denote y the multiplication operator by the
function y. Let us define:

Eyo=Fx,  E,=F % (2.23)

Note that for any ¢ € CF (R) we have x¢ = ¢ hence (ﬁ’f() ¢ = F¢.) has x :
Cs° (R) — O (R) hence F, is defined on .
1 C5° (R) — CF° (R) is defined by

The formal adjoint operator F}';  :

<()02‘ i,7,X > - <E7J7X(pi‘wj>7 v‘Pz € Cgo (R) 71/}j S CSO (R)7 (224>
with the L2-scalar product (ulv) := [u(z)v (z) dz.

Lemma 2.9. For ¢ ~» j, the adjoint opemtor
yel; by

D O (R) — CF2 (R) is given, for

'lJX

( ”X%)( ‘(b” } V(i (v) ) o= 77 (%4,5 () 1/, (fl%( )) (2.25)

The adjoint operator F; 1 C§° (R) — C5° (R) is given by

o=, (Fw) W= 3 (F) )

11




Proof. Using the change of variables © = ¢; ; (y) and definition ([2.24]), we write
WlEw) = [0l (Bpw) ) dy
= <E,j,x90i|1/}j> = /q5 " ev(m)ei%T(x)% (¢Zj1 (37)) X ((b;jl (55))7/%‘ (v) dx
i,5 (Li

— [ FWx w6, @] T @) dy

I;

and deduce (2Z23]). O
Remark 2.10.

e Without the cut-off function y the image of FZ*J may not be continuous on the
boundary of ;.

e An other more general possibility would have been to consider y € C7° (R) such that
0 < x (z) for z € Int (I) (without assumption that y =1 on K;) and define

Fijx = X"Fix: O (R) = O (R) (2.26)

which is well defined since supp (F,ﬁ((p) C Int ({;) where x does not vanish. This

more general definition (2.26) may be more useful in some cases, e.g. we use it in
numerical computation. We recover the previous definition ([2.23)) if we make the
additional assumption that y =1 on Kj.

Proposition 2.11. By duality the transfer operator (Z.23) extends to distributions:
F, D' (R) = D' (R) (2.27)
E D (R) = D (R)
Similarly to (2.23) we have that for any n > 1, any o € D' (R),
supp (ﬁ’;ﬂ) Cc K, (2.28)

with K, defined in (2.8).

Proof. The extension is defined b}ﬁ

Fon (o) () =i (B i), o €D/ (R), 0y € CF (R), (2.29)

3The complex conjugation appears in ([Z29) because duality is related to scalar product on L? by
a(P) = [Pa = (p,a)r:.

12



Then the transfer operator extends to: F, : D' (R) — D' (R).
If ¥ (¢i;(y)) = 0,Vy € I, Eq.(223) shows that F}; 1; = 0. More generally let
Y € Cg° (R) with supp (¢) N K,, = 0 with n > 1 and K, defined in ([2.8). Then

(F;)"w —0. (2.30)
For any a € D’ (R), we deduce that (F;W) (V) =« ((F;)nw) = 0. By definition, this

means that supp (F)?a) C K,. O

3 Main results

3.1 Discrete spectrum of Ruelle resonances

Theorem B.1] below shows that the transfer operator Fx (for any k) has discrete spectrum
called “Ruelle resonances” in ordinary Sobolev spaces with negative order and that the
spectrum does not depend on the choice of y. Recall that for m € R, the Sobolev space
H=™(R) C D' (R) is defined by ([31] p.271)

H(R) = () (12 (R)) (3.1)

with the differential operator & := —i-L and the notation (z) := (1 + x2)1/2.

Theorem 3.1. "Discrete spectrum of resonances”. For any fized h, any m € R, the
transfer operator F, in (2.27) is bounded in the Sobolev space H™™ (R) and can be written

F,=K+R (3.2)
where K is a compact operator and R is such that:
R < T, Tm = CO™ (3.3)

H-m(R)

where 0 < 0 < 1 is given in (21]) and C does not depend on m. Notice that r,, — 0 as
m — 400 and that the operator Fx has discrete spectrum on the domain |z| > r,,. These
eigenvalues of Fx and their eigenspace do not depend on m nor on x. The support of
the eigendistributions is contained in the trapped set K. These discrete eigenvalues are
denoted

Res (F) ={\}, CcC (3.4)

and are called Ruelle resonances.

In Section @l we show the discrete spectrum of Ruelle resonances computed numerically
for different examples.

13



3.2 Asymptotic spectral gap and Fractal Weyl law

We will give some partial description of the discrete spectrum of Ruelle resonances of the
operator F’xﬁv Eq.[227), in the limit 2 — 0. For brevity we will drop the index x and
simply write £,. In Theorem below we present a result giving an upper bound for the
spectral radius of F}, in the semiclassical limit i — 0. In Theorem BII we provide an
upper bound for the number of resonances outside any radius ¢ > 0 as A — 0. This is
called “fractal Weyl law”. These results rely on the study of the dynamics of a symplectic

map or canonical map F': T*I — T*I associated to the family of operators (Fh) , that
h

we describe first.

Lemma 3.2. The family of operators (Fh) restricted to C° (R) is a h-Fourier integral
h

operator (FIO). Its canonical transform is a multi-valued symplectic map F : T*I —
T*1 (with T*I = I x R) given by:

(3.5)

P T —T*I
(2,8 — {Fi, (7,6 with i,j s.t. x € I;, i ~ j}

with

=i (z)
F’ij : / AN .
R e o

The proof of Lemma will be given in the beginning of Section [Gl

Remark 3.3. For short, we can write

™ —=1T%I

(2.8 = (6(), 7+ (0(@)

We will study the dynamics of F' in detail in later Sections, but we can already make
some remarks. The term % (2’) in the expression of ¢, Eq.(3:0]), complicates significantly
the dynamics near the zero section & = 0. However the next Lemma shows that a trajectory

from an initial point (z, &) with || large enough, escape towards infinity:

Lemma 3.4. For any 1 < k < 1/0, there exists R > 0 such that for any |{| > R and any
i~

€' > k€] (3.8)
where (¢/,&') = F, ; (z,§).

14



Proof. From (B.8)), one has ' = }(x)f + 7' (2'). Also m‘ > 6 hence
7 ]
= rlel = |+ @)| - rlel = | f’_\T'(l")\—H\él
;] (z) N ;] (z)
1
> (5 - /{) €] — max |7’ (x)] > 0.
The last inequality holds true if || > R := (3 — /@)_1 max, |7'|. O

Definition 3.5. The trapped set in phase space T*[ is defined as

K={(x,§) e T*I, 3C & T*I compact, Vn € Z, F" (z,§)NC #D}. (3.9)

Remark 3.6. Since the map F': T*I — T*[ is a lift of the map, we have K C (K x R).
For any R given from Lemma [B.4] we can precise this and obtain

K C (K x[—R,R]).
For € > 0, let K. denote a e—neighborhood of the trapped set K, namely
Ke:={(z,&) € T*I, F(x0,&) € K, max(|x —xo|,|E — &) <e}.

From now on we will make the following hypothesis on the multi-valued map F'.

Assumption 3.7. We assume the following property called “minimal captivity”:

Je >0, V(1,) €K, jj{F(x,g)ﬂlCE} <1. (3.10)

This means that the dynamics of F' is univalued on the trapped set K.

Remark 3.8. In the paper [I1] we introduced the property of “partial captivity” which is
weaker than “minimal captivity”: partial captivity roughly states that most of trajecto-
ries escape from the trapped set K whereas minimal captivity states that every trajectory
except one, escapes from the trapped set K.

In Section [0l we provide more details on the dynamics of the map F': T*I — T™*I, namely
we provide a more precise description of the trapped set K, a detailed symbolic coding for
this dynamics and some equivalent statements to the property of minimal captivity.

15




For the next theorem, let us define the function Vy € C* (1)
1
Vo () := QJ(x) (3.11)
called “potential of reference” with J (x) defined in (2.6). Recall from (2.7 that
1 1
Vo (x) > §log (5) > 0.
Let us define the function D € C* (1)

D (z):=Re(V () — Vy(x) (3.12)

called “effective damping function”.

Theorem 3.9. Spectral gap in the semi-classical limit. With assumption [37 of
“minimal captivity” (and m sufficiently large so that r,, < 1 in (2.3)), the spectral radius
of the operators Fy, : H~™ (R) — H~™ (R) satisfies in the semi-classical limit h — 0:

T (ﬁ’h> <e*+o0(1) (3.13)
with
1
Y4 := limsup ( sup —Dyy, . (x)) (3.14)
n—00 ,W0,n

where Dy, (x) == Y71 D (¢wk,n (ZL‘)) is the Birkhoff average of the damping function
D along a trajectory of length n, starting from the point x. Moreover the norm of the
resolvent is controlled uniformly with respect to h: for any p > e+, there exist C, > 0,
h, > 0 such that Yh < h,, V|z| > p then

I

<C, (3.15)
H=m (R)

Remark

e Notice that Theorem [B.9 depends on the roof function 7 only implicitly through
assumption 37 The value of the upper bound ([BI3]) does not depend on 7.
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e Eq.(BI0) implies (BI3) and is equivalentH to the following property that the norm
HF,{L ’ is controlled uniformly with respect to h: For any p > €7+, there exist ¢, > 0,
h, > 0 such that Vh < h,, for any n € N,

[n
|7

<c,p" 3.16
ey = P (3.16)

We will use ([B.10) later to compute asymptotics of correlation functions.

Lemma 3.10. If assumption [37 holds true and if the adjacency matriz A is symmetric
then
dimy K = 2dimy, K = 2dimyg K (3.17)

where dimy; B stands for the Minkowski dimension of a set B as defined in Eq.(211).

Recall from (ZI4) that dimy K = dimy K.

Theorem 3.11. “Fractal Weyl upper bound”. Suppose that the assumption of minimal
captiwity [37 holds and that the adjacency matriz A is symmetric. For any ¢ > 0, any
n > 0, we have for h — 0

jj{A? € Res (Fh> U 5} = O (im0 (3.18)

3.3 Decay of correlations

In this subsection we present a quite immediate consequence of the existence of an asymp-
totic spectral radius e’ obtained in Theorem we obtain a finite expansion for cor-
relation functions (v|F™u) of the extended transfer operator F defined in (2I7), with
u,v € C™ (I x SY).

4Let us show the equivalence. In one sense, let p > p; > €7+, suppose that ‘ F;} ® < ¢y, .pt- Let
H-m(R
A\ —1 . n
|z| > pa. The relation (z - Fh) =271 50 (%) gives that
1 i n
A\ —1 -1 P1 Cp1 Cp1
z— Fh) < |z <|z] "¢ — = < =:C
I T S e L T s S s O

n>0 n>0

(-5)"

Lo\ 1 .
L fv z" (z - Fh) dz where 7 is the circle of radius p one deduces thatHF,Z}H < pCpp™.

2me

For the other sense, suppose that for |z| > p, ‘ < C,. From the Cauchy formula F,Zf =
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We first introduce a notation: for a given v € Z, we have seen in Theorem [B.I] that the
transfer operator .7:",, =F v, that the transfer operator ]:_V =F v has a discrete spectrum of
resonances. For p > 0 such that there is no eigenvalue on the circle |z| = p for any v € Z,
we denote by I1,,, the spectral projector of the operator F), on the domain {z € C,|2| > p}.
These projection operators have obviously finite rank and commute with E,.

Theorem 3.12. For any p > e+, there exists vy € N such that for any u,v €
C> (I x SY), in the limit n — oo,

WiF ) = 3 (ol (Bl ) @) +0 (o) (3.19)

lv[<wo

Remark 3.13. In the right hand side of (8I9]) there is a finite sum and each operator
F,,Hp,,, has finite rank. Using the spectral decomposition of F, we get an expansion of
the correlation function (v|F"u) with a finite number of terms which involve the leading
Ruelle resonances (i.e. those with modulus greater than p) plus the error term O (p").

Proof. Let p > e’+. Recall that h = ﬁ and that we note Fh = 13’,,. In Theorem B.1] we

have for A — 0 that r, (Fh> < e’ +0(1). Let the value of vy be such that r (ﬁ’h) <p

for every v > vy. Then

WiF ) = 3 (ol (Bl1,,) ) + 0w (07) + S (vl ) (3.20)

lv|<vo [v|>vo

rn
Fu

But <v|f7§u>‘ < Ny g V0] 7= ‘ ~ where u,,v, € C*(S") stand for the Fourier

components of the smooth functions u,v € C* (I x S'). On one hand, for smooth
functions one has fast decay ||u,|,||v.]| = O (¥=>°). On the other hand from (B.Id),

Fun = O (p"). So }Z‘V‘>V0<v|ﬁfu>‘ = O (p"). Then B20) gives (B.19). 0

We recall the following result called “Perron-Frobenius Lemma’:

H-

Lemma 3.14. For real potential V, if the map ¢~1 is ergodic then the transfer operator
F has a leading and simple eigenvalue \g > 0 in the Fourier mode v = 0, 1.e.

Foeo = Aol + F

with 11, being the rank 1 spectral projector associated to Ao, the remainder operator has
T (.7:"') < Ao and for any v # 0, we also have r (ﬁy) < Ao.
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For example without potential, i.e. V' = 0, then Ay = exp (Pr(—J)) with J given in
206). As a consequence of Lemma [B.14] and Theorem we obtain (a result already
obtained by Dolgopyat [§]):

Theorem 3.15. Let u,v € C* (I x S1), then for n — oo,
([ F'u) = Ag (v[Tyu) + O (|M]")

where Ay is the second eigenvalue with |\| < Xo. This gives that the extended map
f:Ix St —Ix 8 is mizing with exponential decay of correlations.

4 Numerical results for the truncated Gauss map and
Bowen-Series maps

In this section we will present numerical results for two important classes of I.LF.S.: the
truncated Gauss map and the Bowen-Series maps for convex co-compact hyperbolic sur-
faces. We will show that both examples satisfy the partially captive property. We will
then give some numerical illustrations of the main theorems presented in this paper and
finally discuss the connection between the spectrum of these transfer operators with the
resonance spectrum of the Laplacian on hyperbolic surfaces.

4.1 The truncated Gauss map

In this section we consider the example of the I.F.S. defined from the truncated Gauss map
with N intervals presented in Section 2.2 We choose the roof function 7 and the potential
function V' which enter in the definition of the transfer operator (2.20) to be:

7(x)=—J(2), V)=(1—-a)J(z), a€cR. (4.1)

where J (z) = log (}(¢*1), (ZE)D = log (|G’ (z)|) = —2log (x) has been defined in Let

us write 1
s=a+1b e C, b:ﬁ>0'
Then for every s € C, the transfer operator F' given in (ZI9) will be written L, = F and
is given by: X R )
Lsﬁp _ F(p — eV(x)eiﬁT(a:)sp o ¢—1 _ 6(1_S)J(p o gb_l (42)

As explained in Section ELI.T] below, this choice is interesting due its relation with the
dynamics on the modular surface. The (adjoint of the) transfer operator F' constructed in
this way is usually called the Gauss-Kuzmin-Wirsing transfer operator or “Dieter-
Mayer transfer operator” for the truncated Gauss map.
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Figure 4.1: The trapped set I := K for the truncated Gauss map with functions ([@.1]), for
the cases of N = 3 and N = 10 branches. This corresponds to the Gauss-Kuzmin-Wirsing
transfer operator (AL2). We have Ky C Kni1 and for N — oo, the limit trapped set
Koo =UnsoKn = {(2,€) 2 €]0,1[, -1 < £ < 0} is the band between the marked black
lines. (More precisely, we have represented the periodic points with period n = 6. That
explains the sparse aspect of the trapped set).

Proposition 4.1. For every N > 1, the minimal captivity assumption[37 holds true for
the truncated Gauss transfer operator defined by (4.9).

The proof is given in Section 3] below. In this proof we explain the structure of the
trapped set I with more details.

Consequently, we can apply Theorem 8.9/ and deduce that there is an asymptotic spec-
tral gap. See figure for numerical results and comments. We can also apply Theorem
[B.11 and deduce an fractal Weyl upper bound for the density of resonances. See figure (.3
for numerical results and comments.

4.1.1 Relation with the zeroes of the Selberg zeta function

For the geodesic flow on the modular surface SLyZ\SLoR it is possible to define the Selberg
zeta function (see Section L.2.1] below for more comments and references):

CSelberg H H S+m)|'y|) S € C,

v m>0

where the product is over the primitives periodic orbits v of the geodesic flow and |v|
denotes the length of the orbit. This zeta function is absolutely convergent for Re(s) > 1.
Using the Gauss map and continued fractions, C. Series has shown that a periodic orbit
v is in one to one correspondence with a periodic sequence (wj)jez e (N\ {0})” where
w; € N\ {0} is the index of the branch of the Gauss map G,' in ([24). Given N > 1, we
can restrict the product H over periodic orbits above to orblts for which w; < N, Vj € Z,
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Figure 4.2: The discrete spectrum of Ruelle resonances A; (in log scale writing: log A =
x + 1y) for the truncated Gauss-Kuzmin-Wirsing transfer operator (4.2)) associated to the
Gauss map, for N = 3 branches and parameters a = 1, b = 0,100, 1000. For b = 0 there
is the eigenvalue \ = e”*=/) at = Pr(—J), y = —7 corresponding to the “equilibrium
measure”. The full vertical line is at © = Pr(—J). The dashed vertical line is at z = ~,
which is shown in ([B.I3) to be an asymptotic upper bound for b = 1/h — 0.

log NV(b)

35

25

I I I | | I I I
4 4.5 5 55 6 6.5 7 7.5

log(b) = log(1/h)

Figure 4.3: This is the Weyl law for the model of Gauss map with N = 3 branches. The
points represent the number of resonances N (b) = ]j{Aj € Res (is) Jdog |A;| > —3.5}

computed numerically, as a function of the semiclassical parameter b = 1/h in log scale.
The linear fit gives log N (b) = —0.70 - logb — 0.96 which has to be compared to the
fractal Weyl law ([BI8) giving log N (b) < —dimy (K) - logb + cste. From (Z2]) with have
dimy K35 = 0.705 giving an excellent agreement with the numerical results and suggesting
that the upper bound is in fact optimal.
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and define a truncated Selberg zeta function as follows:

CSelberg,N (S) = H H (1 _ 6—(s+m)\“/|) . secC,

v, wi<NNj,  m>0

On the other hand, for fixed s € C, we have from Theorem 3.1l that the operator L has
discrete spectrum of Ruelle resonances. It is possible to define the dynamical determinant

of Ly by
~ ik ~
d(z5) = Det (1= 2L, ) =exp =D =T (L2) |, zecC
(z,8) e z exp ( ; T (L] z €
where T’ (ﬁ?) stands for the flat trace of Atiyah-Bott. The sum is convergent for |z| small

enough. It is known that for fixed s, the zeroes of d (2, s) (as a function of z) coincide with
multiplies with the Ruelle resonances of Ly [I]. In the case z = 1, we also have that d (1, s)
coincides with the truncated Selberg zeta function [27][2]:

Det (1 = Ly ) = Gsatverg.v (5) (4.3)

which means that the zeroes of (geierg, v ($) are given (with multiplicity) by the event that
1 is a Ruelle resonance of the transfer operator L,. This also shows that (semerg,n () has
a holomorphic extension to the complex plane s € C.

Remark 4.2. in 27][2, p.306] they consider the adjoint operator L* called the Perron-
Frobenius operator.

4.2 Bowen Series maps for Schottky surfaces

The second class of examples that we consider in this section are Bowen-Series maps for
Schottky surfaces [4]. We will follow the notation of D. Borthwick’s book [2 chap.15]
and recall the definition of a Schottky group given there. Recall that an element S =

( (Cl Z ) € SLyR acts on H? = SLyR /SO, and R = 9H? by S (z) := %'

Definition 4.3. Let Dy, ... D, be disjoint closed half discs in the Poincaré half plane
H? = SLyR/SO, with center in R = 9H?\ {oo}. There exist elements S; € SLoR, i =
1,...,7r such that S; (0D;) = 0D;y, and S; (Int (D;)) = C\ D;;,. The group generated
by the S; is called a Schottky group I' = (S5i,...,S,).

Remark 4.4. For convenience we will use a cyclic notation for the indices ¢ = 1,...,2r.
Then one can also define S; for i = r + 1,...,2r as in the definition above and obtains
SiJrr = S;l
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Figure 4.4: In this (arbitrary) example, we have r = 2 hyperbolic matrices of SLyR: S} =
4 5 -1 5

( 5 1 ) and Sy = ( V5 4 ) that generate a Schottky group I' = (57, 5,).

Figure (a) shows the Dirichlet fundamental domain H?\ (D; U Dy) with the intervals [;,i =

1,2, on which the L.F.S. is defined. Figure (b) shows the resulting Schottky surface I"\H?2.

It has three funnels. Figure (c) shows the graph of the generating functions ¢;; = g; =

Sitr + I; = I; of the associated iterated function system.

Let I; := D; N OH. Then <[i>z’=1,...2r are N = 2r disjoint closed intervals. One has
S; (Int (1;)) = OH\I;;, and we assume that S; is expanding on [; (this can always be
obtained by taking iterations if necessary and localizing further to the trapped set, see
[2, prop.15.4]). The maps S; are usually called the Bowen series maps. Considering the
inverse maps one obtains an iterated function system according to definition 2.1] associated
to this Schottky group in the following way. For any j = 1,... N and ¢ # j + r let:

bij = S]fl =Sj L= S{l (I;) C Int ([j)

The adjacency matrix A;; has all entries are equal to one except A;;, = 0. See Figure
g4
As in (A1) we make the following choice for the potential and the roof function for

l‘G]j
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7(x)=—J(2), V)=(1—-a)J(z), a€eR. (4.4)
where J (z) = log (‘ ((;5;].1)/ (:L’)D =log (|¢} (x)|) has been defined in 26 Let us write

1
s=a+1b e C, b:ﬁ>0'
Then for every s € C, the transfer operator F' given in ([ZI9) will be written L, = F and
is given by: K R )
LsSO _ F(,O _ €V(m)€iﬁq—(m)g0 o (bfl _ e(lfs)J(p o (bfl (45>

The adjoint of our transfer operator L} = F* s exactly the Ruelle transfer operator
defined in |2 p.304] and as we will discuss below, its spectrum is in a close connection to
the spectrum of the Laplace operator on the Schottky surface.

Proposition 4.5. The minimal captivity assumption[37 holds true for the Bowen-Series
transfer operator defined by (4.5).

The proof is given in Section E3] below.

Consequently, we can apply Theorem and deduce that there is an asymptotic spec-
tral gap. We can also apply Theorem B.I1] and deduce an fractal Weyl upper bound for
the density of resonances.

4.2.1 Selberg zeta function and resonances of the Laplacian

For the geodesic flow on a hyperbolic surface it is possible to define the Selberg zeta function

Cselberg () = H H (1 — e—(8+mw)

v m>0

where the product is over primitive periodic orbits v of the geodesic flow and |y| denotes
the length of the orbit. This zeta function is absolutely convergent for Re(s) > 1 and has
a meromorphic continuation to the whole complex plane. This continuation is particularly
interesting as its zeros are either “topological zeros” located on the real axis or resonances
of the Laplace operator A on the corresponding hyperbolic surface T'\H?. These resonances
s € Res (A) are defined as the poles of the meromorphic extension of the resolvent[2]:

R(s)=(A—s(1—s)"", seC (4.6)

This correspondence follows from the Selberg trace formula for finite-area surfaces, and
has been shown by Patterson-Perry [25] for infinite volume surfaces without cusps and
Borthwick, Judge and Perry [3] for infinite volume surfaces with cusps (see also [2] for an
overview).
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For the transfer operators as defined above, one can define a dynamical zeta function

by [2, p.305]
d(z,s) := Det (1 — zﬁ5>

The dynamical and the Selberg zeta function are equal Cselberg (5) = d (1, s) (see [2], th.15.8]).
This implies immediately that if s € C is a resonance of the Laplacian on the Schottky
surface, then 1 has to be an eigenvalue of L,:

s € Res(A) < 1 € Spec (L) (4.7)

Remark 4.6. For the full Gauss map (i.e. with infinitely many branches) the same corre-
spondence between the resonances of the Laplacian on the modular surface SLyZ\H? and
the Dieter-Mayer transfer operator L, is true and has been developed by Dieter Mayer
[21]. For the truncated Gauss map considered in Section 21} to our knowledge, no such
corresponding surfaces are known.

Using the relation (@7T) between the Ruelle spectrum of the transfer operator L, and
the resonances of the Laplacian, it is possible to deduce from Theorem some estimate
on the “asymptotic spectral gap” for the resonances of the Laplacian as follows.

Definition 4.7. The asymptotic spectral gap of resonances of the Laplacian A is
defined by
Aasymp := limsup {Re (s) s.t. s € Res(A), |Im (s)| > b}

b—oo

The setting [4) gives D (z) =V — 3J = (3 — a) J () hence our estimate 14 gives
that dasympt < % However this result concerning the resonances of the hyperbolic Laplacian
is not new: from the self-adjoint properties of the Laplacian A in L? space we have that
Im (s (1 —s)) <0 and this gives that

1
aasympt S 5 (48)

Remark 4.8. If § denotes the dimension of the limit set (equal to the dimension of the
trapped set K) a result from F. Naud gives [22]: e > 0 s.t.

Qasymp < (1 —¢€) 0

which improves [ if § < 1/2.
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4.3 Proof of minimal captivity for both models

We give now the proof of Propositions 1] and .5l Note first that in both models the
contracting maps are Moebius maps i.e. of the form 2, = ¢; ; (v) = ijizj = g, (z) with

2 X 2 matrices g; = ( a b ) with D; := detg; = £1. For the truncated Gauss map

¢ d;
0 1 _
gj:(l j):Gjl (4.9)

with 7 =1,...N and D := D; = —1. For the Bowen-Series maps we have
g; = SJl € SLQR (410)

these matrices are

with j =1,...2r and D := D; = +1.
The following proposition shows that there exists coordinates (x,n) on phase space such
that the canonical map F' = (Fj)j:L..  is decoupled in a product of identical maps.

Lemma 4.9. The canonical map F defined in (3.3) is the union of the following maps
F;, withj=1...N:

(2),€) = Fy (2,€) = (g5 (2), (6;) () € + 7 (a})) (4.11)
= (9; (), Dy - (¢jz + d;)* € = 2¢; (¢;x + d;)) (4.12)

Using the change of variables (z,n) = ® (2,£) € R x R with R := RU {oo} and
ni=x——, 4.13
¢ (4.13)

the map F}; gets the simpler “decoupled expression”

(@), 1) = (@ o Fyo®") (2,n) = (g, (), 9; (n)) (4.14)

Remark 4.10. geometrically these new variables (x,n) can be interpreted as the limit points
(z,m) € OH of a geodesic. The map (z/,7/) = (® o F o ®~ 1) (x,7n) is simply the Poincaré
map of the geodesic flow [6].

d; —b

e a) ) (9;") () = 2222 and (g;") (y) = D; -
(a; —c;y) > = D; - (c;z +d;)? if y = g; (x). The roof function is given by (EI):
m(y) = 7 () = —1og (| (6) W)]) = ~1og (| (5") W)

= 2log (a; — ¢;y)

Proof. One has gj’1 =D, - (
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So 7' (y) = —2¢; (a; — ¢;y) " = —2¢; (¢;x + d;) and

(2}, &) = Fj (2,€) e (9j (@), D - (cj + dj)* € — 2¢; (cjz + dy)) (4.15)
giving (£I12). Now we use the change of variable
2D
£ = : (4.16)
r—n
So
& =D (cjz+dj)* € = 2¢; (i + dy)
2D
=D- (ijE + dj)Q m — QCJ‘ (CjZL' + d])
2 (le’ + d])
Bl Sl e AP
(.’L‘ - n) (Cﬂl + j)
Then
I /_@_ajx+bj_ D(x—ﬁ)
BTN T T Gar d; (et dy) (gn + dy)
_ (az 4+ b)) (ejn + d;) — (a;d; — bicj) (x —n) _ a;n+b; g (n)
(¢jz + d;) (ejn + d;) ent+di

O

Recall that the multivalued map ¢ = (¢;; = g;); has a trapped set K defined in (2.9) as
K =(V,»1 9" (I). The basin of K on Ris B(K) := {z € R,3n > 0,¢" (z) e [} CR.

Lemma 4.11. The trapped set in phase space K defined in (3.9) in contained in the

following set:
Kc{(z,&),xel,n¢ B(K) with (x,n) = (x,§)} (4.17)

Proof. Let (z,£) € I x R which does not belong to the set defined on the right hand

side of (AI7). Then n € B(K). Hence for every admissible word w € W, we have
that |@u,,, (¥) = du,, ()] < C.6" — 0. From the change of variable ([I6) and the

n——+oo

expression (LI4) with the new variables, this gives that(x,,&,) := F,, (z,§) satisfies
2

¢w0,n (‘/E) - ¢w0,n (77)}

hence (z,€) ¢ K. We deduce (AIT).

>0 — +oo

[€nl = |
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Finally, we show minimal captivity of the canonical map F. According to (B.10), we have
to show that there exists a neighborhood B of K such that V (z,&) € B, $ {F (x,§) N B} <
1. This is true if B; := F’j_1 (B),j = 1...N are disjoint sets. Using the coordinates
(x,m) which decouple the map Fj, in ([@I4), it is equivalent to show that there exists a
neighborhood B of K in R such that B; := g, (B) CR,j = 1,... N are disjoint sets. For
this we consider both cases:

Minimal captivity of the truncated Gauss map. For this map, let B :=| — oo, —1].
Then the sets g; ' (] — oo, —1[) =] — j — 1, j[, with j = 1... N, are mutually disjoint. From
the argument above this implies that the truncated Gauss map is minimal captive, i.e.
Proposition .1l Notice that, from (£I6), in variables (z, ) € T7(0, 1] we have

—2
B={zxe€[0,1],n €] —o0,—1[} = {(x,f),xe 0,1], —— <§<0}
r+1
This set B contains the trapped set I and is depicted in figure ([I]).

Minimal captivity of the Bowen Series map. For this case, let B := 1 = Ujrzl I;.
Then B; = g;' (B) = gj4r (I) C Ijy,. Since the sets [;,, are mutually disjoint, the sets
B; are also disjoint. From the argument above this implies that the Bowen Series map on
phase space is minimal captive, i.e. Proposition

Figure (£5]) shows the sets B; = Fj_1 (B) with B := {zx € I,n € B}and

B;={zxel,ne B}

that we have used in the proof of minimal captivity.

5 Proof of Theorem [3.1] about the discrete spectrum

For this proof we follow closely the prooiﬁ of Theorem 2 in the paper [II] which uses
semiclassical analysis.

5.1 Dynamics on the cotangent space T™[

In order to study the spectral properties of the transfer operator, we have first to study
the dynamics of the map ¢ : I — [ lifted on the cotangent space T%1.

Ssee also theorem 4 in [I2] although we are dealing in this paper with expanding maps instead of

hyperbolic maps which simplifies the analysis, since we can work with ordinary Sobolev spaces and not
anisotropic Sobolev spaces.
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I I I, I

Figure 4.5: This figure illustrates the choice of the bounding functions in the proof of the
minimal captive property for the example of a Schottky surface shown in figure €4l The
light shaded regions indicate the set B(;) := B N (/; x R) while the darker shaded regions
indicate the different pre-images B; ;) := Fgl (BN (I; xR)) C By, i # j +2 mod 4. For
example, that dark orange shaded regions B3 3), B(43), B(2,3) shows the three preimages of
the light orange region B(s). The trapped set K is contained in the union of these B j.

Proposition 5.1. Considering h > 0 fixed, the transfer operator Fx restricted to C7° (R)
is a Fourier integral operator (FIO). Its canonical transform is a multi-valued sym-
plectic map § : T*I — T*I on the cotangent space T*1 = I x R given by:

5 T  — T*I
(@8 = S (x,6), withi,j st x €L, i~ j}

with

2t =i (2)
gm.{é, e (5.1)

Remarks:

e For short, we can write

5 ™1 =TI -
'{mo = (60). ) 2
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e Notice that the map § differs from the canonical map F' introduced in ([B.7). The
reason is that this latter map is used in the asymptotic limit A — 0, whereas the
study in this section is for fixed h.

Proof. of Proposition (.1l The operator ¢ — ¢ o gbi_,jl is a pull back operator, one of the
simplest example of Fourier integral operator in the sense of semiclassical homogeneous
theory [32], see also [I9] example 2 p.150. In that case the canonical map §;; is the map
¢, lifted on the cotangent space 7*I in the canonical way. In particular the action on ¢ is
linear. The term e¥®er™@)y (gbl-f; (z)) in [220) does not contribute to the expression of
$ because it acts as a pseudodifferential operator, equivalently as a FIO whose canonical
map is the identity. O

Remarks

e Observe that the dynamics of the map § on 7™[ has a quite simple property: the
zero section {(z,§) € I x R, £ =0} is globally invariant and any other point (z,¢)
with £ # 0 escapes towards infinity (£ — 4+00) in a controlled manner, because
}(bgj ()] <6 <1, with 6 given in (ZI)), hence:

€1 5 I (53)

e Due to hypothesis (2.2) the map ¢; jl is uni-valued (when it is defined). Therefore
the map § ! is also uni-valued and one has

3 ' oF =Idp (5.4)

5.2 The escape function

Definition 5.2. [32] p.2| For m € R, the class of symbols S~ (T*R), with order m,
is the set of functions on the cotangent space A € C*° (T*R) such that for any a, f € N,
there exists C 3 > 0 such that

1/2

v (z,€) € T'R, (5.5)

ROPA @ )| < Cap @, with (&) = (146
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Lemma 5.3. Let m > 0 and let
Ay (2,8) = ()™ €S (T'R).
We have

Ap By (2,8))

VR >0,V > R, Vi~ j,Vo€l,
€] A (2,€)

<cm<1, (56

with C' = ,/% < 1. We say that A,, is an escape function: (524) shows that A,

decreases strictly along the trajectories of § outside the zero section.

Proof. From Eq. (5.J)) and (5.3) we have

An @iy (@) _ (+™ (14" L+R2 N\
A8 (e e ( ) e

B 1+ R2/6?

The last inequality is because the function decreases with |£|. O

Using the standard quantization rule [32, p.2| the symbol A,, can be quantized into a
pseudodifferential operator A, (PDO for short) which is self-adjoint and invertible on
Ce (R):

N 1 )
(Auo) (@) = 5= [ A (0.0 () dy (57)
Conversely A, is called the symbol of the PDO A,,. In our simple case, this is very

explicit: in Fourier space, A,, is simply the multiplication by (£)™. Its inverse /Al;ll is the
multiplication by (£)™™.

5.3 Use of the Egorov Theorem
Let

A

Qm = AnF LAY L2 (R) — L2 (R),

which is unitarily equivalent to F}, : H~™ (R) — H~"™ (R) (from the definition of H~" (R),
Eq.(3d)). This is expressed by the following commutative diagram

R & 2R
1 ! Ar_nl
H™(R)

8
3

=

1=
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We will therefore study the operator Qm on L* (R). Notice that Qm is defined a priori on
a dense domain C§° (R). Define

with R o o
B = F;AanX = )ZF*A?,LFX. (5.9)

Now, the crucial step in the proof is to use the Egorov Theorem.

Lemma 5.4. (Egorov theorem). B defined in (2.9) is a pseudo-differential operator
with symbol in S™2™ (T*R) given by:

B(x,)= | xX*(@) Y |o; @)V ONAR (F5(2,6) | +R (5.10)

j 8.t

where R € ST>™~1(T*R) has a lower order, x € I, £ € R.

Proof. F and F* are Fourier integral operators (FIO) whose canonical maps are respectively
§ and . The pseudodifferential operator (PDO) Am can also be considered as a FIO
whose canonical map is the identity. By composition we deduce that B = f(ﬁ’ *Afnﬁ’ X is
a FIO whose canonical map is the identity since §' o § = I from (5.4). Therefore B is

a PDO. Using (Z20), (ZZ5) we obtain that the principal symbol of B is the first term of
EI0). O

Remark: contrary to (5.9]), FA,, F* is not a PDO, but a FIO whose canonical map §og *
is multivalued.

Now by theorem of composition of PDO [32] p.11], Eq.(5.8) and Eq.(&I0) imply
that P is a PDO with symbol in S° (R) and for x € I;,£ € R the principal symbol is given
by

b ’ / e i (T A%n Si,j s
Pt = o= (@ X e envenen 2 Bu Ol )

j St iy
The estimate (0] gives the following upper bound for any R > 0, = € I and [{| > R:

P (@,6)] < X2 (@) O™ S |6, ()| 2100 < c2m Nt

Jyig

with Vijax = max,eRe (V (2)).
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We applyﬁ the L2-continuity theorem for PDO to P as given in [I4] th 4.5 p.42].
The result is that for any € > 0, o
P = ke +ﬁz—:
with k. a smoothing operator (hence compact) and ||p.|| < C2"N@e2Vmsx + ¢,
IfQ, =U )Qm‘ is the polar decomposition of Q,,, with U unitary, then from E3),

P =0, Qm) = \/E and the spectral theorem [32], p.75| gives that ‘Qm) has a

similar decomposition

2
, hence

with & compact and ||.|| < VC?"N@e?Vmex 4¢, with any € > 0. Since HUH = 1 we deduce

a similar decomposition for Q,, = U Qm’ : L?(I) — L*(I). We also use the fact that

C — 0 as R — oo in ([E8) and we deduce [B2) and B3) for F, : H~(R) — H™ (R).
Precisely we obtain that r,,, = ™V Nfe?Vmax = CO™ with C' independent on m.

The fact that the eigenvalues )\; and their generalized eigenspaces do not depend on
the choice of space H~™ (R) is due to density of C§° (R) in Sobolev spaces. We refer to
the argument given in the proof of corollary 1 in [12].

Finally, if ¢ is an eigendistribution of an ie. Fxcp = \p with A # 0, we deduce that
p = A%F’;go for any n > 1, and (Z28) implies that supp (¢) C K = [,y K- On the
trapped set we have x = 1 hence the eigendistribution and eigenvalues of ﬁ’x do not depend
on x. This finishes the proof of Theorem [3.1]

6 Dynamics of the canonical map F' : T"] — T"1

In this Section we study the trapped set K and the symbolic dynamics of the canonical

map F defined in Proposition as associated to the family transfer operator Fj,. Before

we give:

Proof. of Proposition B2l This is the same argument as in the proof of Proposition 5.1

except that now the family of operators (e%T(x)> which appears in [220) is a FIO. As
h>0

explained in [19] ex.1,p.150], its canonical map is (z,£) — (z,£ + Z—;). We compose this
map with the previous one (B.1]) to get (B.6). O

6 Actually, we can not apply directly the L2-continuity theorem for PDO to P because P doesn’t have
a compactly supported Schwartz kernel. However B obviously has a compactly supported Schwartz kernel
due to the presence of x in Eq.([59). The trick is to approximate Ar_nl by a properly supported operator
A, as it is done in [14 p.45] and then apply the L?-continuity theorem to A BA,,.
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6.1 The trapped set K in phase space

We have provided a definition of the trapped set K in (39). We will give now a more
precise description of it. Recall that the inverse maps ¢! and F~! are uni-valued. For
any integer m > 0, let

K, = "™ (K,, x [-R, R])

where K, = ¢™ (I) has been defined in ([2.8) and R is given by Lemma 3.4l In particular
Koy=1x[-R,R]. Let 7 : (z,§) € T*I — z € I be the projection map. These sets have

the following properties:
m (f(m) =1,

Kyt C Ko, (6.1)
Proof. of (61]). From Lemma [3.4] we have
(Kmt1 X [-R, R]) C F (K,, X [-R, R])

hence

K1 =F " (F7' (Kpq x [-R,R])) € F7" (K, x [-R, R]) = K,,
]
Let us define . B
K=Ky (6.2)

Now we combine the sets K, defined in (Z8) with the sets K,, and define for any
integers a,b > 0

Kap =" (K,) () Kb (6.3)
We have
ICaJrl,b - ICa,ln ICa,bJrl C ICa,b (64>
and
F7' (Kap) = Kao1p41- (6.5)

Remark 6.1. We can interpret the trapped set K C [ with respect to the lifted map
F :T*I — T*I, as follows. The trapped set 71 (K) C T*I is characterized by

7 (K) = {(2,&) € T*I, 3Jcompact C € T*I,¥n >0,F " (z,§) € C}

Le. 71 (K) can be considered as the “trapped set of the map F in the past”. Similarly
K C T*I can be interpreted as the “trapped set of the map F in the future” and K C T*1
as the full trapped set (past and future) since they are characterized by

K ={(2,§) € T*I, 3Jeompact C € T*I,¥n >0, F" (2,§) N C # 0}

K = {(z,¢) € T*I, ZFeompact C € T*I,Vn € Z, F" (z,§) N C # (0} (6.6)
= 7Y K)NK
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From this previous remark, the next definition is equivalent to (3.9)).

Definition 6.2. The trapped set K C T of the map F' is

K:= ﬁlﬁm (6.7)

The hypothesis of minimal captivity has been defined in (3.7)). The following proposition
gives equivalent, stronger and weaker definition of minimal captivity. They are convenient

for practical purposes.

Proposition 6.3.

1. The map F is minimally captive (i.e. Eq.(310) holds true) if and only if the map
F satisfies

S0, V(0,6) € Kaar 2{F (@,0)(\Kaa} <1. (6.8)
2. If map F is minimally captive then
34,30, ¥n s.t. ¥ (2,€) € Kap, jj{F" (z,€) ﬂlca,o} <. (6.9)

where Ko := (771 (K,) ([~ R, R]) has been defined in (37).

Proof. The fact that (6.8]) is equivalent to (B.I0) is because
Ve >0,da s.t. Ky CKe

Va,3e > 0s.t. K. C Kua

6.2 Symbolic dynamics

The purpose of this section is to describe precisely the dynamics of ¢ and F' using “symbolic
dynamics”. This is very standard for expanding maps [5]. This somehow refines the
structure of the sets K, introduced before.
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6.2.1 Symbolic dynamics on the trapped set K C I
Let

W_ = {( . ,U},Q,U},l,UJ(ﬁ S {17 . '7N}_N7wlfl ~ wl7VZ < 0} (61())

be the set of admissible left semi-infinite sequences. For w € W_ and i < j we write
w; ;= (Wi, Witq, ... w;) for an extracted sequence. For simplicity we will use the notation

Py = Puy_yw; © - © Puwipr - Lw, — T, (6.11)

for the composition of maps. For n > 0, let

[w—n,O = ¢w—n,o ([w_n) C [wo- (6.12)
For any 0 < m < n we have the strict inclusions
Ly o €1y C Ly

From (210), the size of I, ,, is bounded by

n,0

[ Lu_o| < 0" |1

0‘7

hence the sequence of sets (Iw*n,o)n>1

is a point in K. We define

is a sequence of non empty and decreasing closed
intervals and (.~ I,

—n,0

Definition 6.4. The “symbolic coding map” is

W_ —= K
5 {w — S (w) =Mty Lo (6.13)

n=1

In some sense we have decomposed the sets K,,, Eq.(2.8)), into individual components:

K.= |J Tu., (6.14)
U)_n’OGW_
K= |]J Sw)
weEW_

Let us introduce the left shift, a multivalued map, defined by

L:{W — W_

(...,U},Q,U},l,’wo) — (...,w,Q,w,l,wo,wl)
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with wy; € {1,..., N} such that wy ~» w;. Let the right shift be the univalued map

defined by
R {W_ — W_

(...,w_g,w_l,wo) — (...,w_g,w_l) .

Proposition 6.5. The following diagram is commutative

w. = K (6.15)
RTL L R
w. = K

and the map S : W_ — K is one to one. This means that the dynamics of points on
the trapped set K under the maps ¢~, ¢ is equivalent to the symbolic dynamics of the
shift maps R, L on the set of admissible words W_. Notice that the maps R and ¢+
are univalued, whereas the maps L and ¢ are (in general) multivalued.

Proof. From the definition of .S we have
(wawl (S ( W9, W_1, ’w(])) =S ( L, W9, W_1, Wy, wl) (616)

and
1

w_1wo (S ( o, W9, W_1, wo)) =S ( .. ,w_g,w_l) (617)

which gives the diagram (6.I5). The map S : W_ — K is surjective by construction. Let
us show that the hypothesis (22) implies that it is also injective. Let w,w’ € W_ and
suppose that w # w’, i.e. there exists £ > 0 such that w_; # w’,. From (2.2)) we have

Ow_jyw_pi1, (Iw_k) N ¢w’,k,w’,k+1 (Iw’,k) = (. We deduce recursively that Pw_yo (Iw_k) N

Pur (Ika> = (. Since S (w) € ¢w_,, (Iw_k) and S (w') € Pur (lek> we deduce that
S (w) # S (w'). Hence S is one to one. O

6.2.2 The “future trapped set” K in phase space T*
Let

W, = {(wo,wl,wQ...) {1, N, e wig, V> o}

be the set of admissible right semi-infinite sequences. We still use the notation w;; =
(Wi, wit1, ... w;) for an extracted sequence. For any n > 0 let

L, = F " (L, x [-R, R]) (6.18)
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be the image of the rectangle under the univalued map F~". Notice that 7 ([wo ") = Ly,

where 7 (x,£) = x is the canonical projection map. Since the map F~! contracts strictly

in variable £ by the factor < 1 then ([:wo ") is a sequence of decreasing sets: l:wo wr C
B "/ neN ’
Iy, and we can define the limit

S:weW, = S(w):= ﬂfwo’n c K. (6.19)

n>0

Proposition 6.6. For every w € W, the set S (w) is a smooth curve given by

S(w)={(z,Cu (@), @€ luweW,}

with

Z¢w0k ('bw()k( )) 5. (620)

k>1

We have an estimate of reqularity, uniform in w: Vo € N, 3C, > 0, Yw € W, , Vo € I,
(05 Cw) ()] < Ca. (6.21)

Moreover, with the hypothesis (371 of minimal captivity there exists a > 1 such that these
branches do not intersect on 7' (K,),

Vw,w' e Wy, w#w =71 (K,)NS(w)NS(w) =0 (6.22)

The set (6.2) can be expressed as

Proof. From (B.6]) we get

i (2),8) = (.67 (2) (€ = 7 (01 (2)))) - (6.23)

[terating this equation we get, that

Cwn : Z¢w0k ¢w0k ( )) - F_n (¢w0,n (l‘) 70) )

thus Cyn(z) € S (w) for all n € N and we get ([620). In order to prove ([B.2I) we can check,
that the series of ¢y n(x) and 0% (y () converge with uniform bounds in w which follows
after some calculations from QZI]) and the fact that ¢;, , (z) < 0% independent of w. [
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6.2.3 Symbolic dynamics on the trapped set K in phase space 7%/
Recall from (6.0) that K = 7' (K) N K. Let

W = {(...w,z,w,l,wo,wl,...) € {1,...,N}Z, wy ~ Wiy, Vi EZ}

be the set of bi-infinite admissible sequences. For a given w € W anda,b € N, let

Iw—a,mwo,b = (ﬂ-il (Iw—a,o) n [Nwo,b> C ICa,b

where /C,p has been defined in (63).

Definition 6.7. The symbolic coding map is

' {W — K (624
o =S W) = M Tu g, = (7S ) NS (wy)) |

with w_ = (... w_1,w) € W_, wy = (wg, w1, ...) € W,.

More precisely we can express the point S (w) € K as

S (w) = (xw,,ﬁw) ’ Lw_ = S (w—) ) gw - Cw+ (S (w—)) ) (625)
with (., given in (E20). We also have

Kap = U waa,o,wo,b'

weWw

Proposition 6.8. The following diagram is commutative

w = K (6.26)
R1L L FI4LF
w -2 K.

If assumption 37 of minimal captivity holds true then the map S : W — K is one to one.
This means that the univalued dynamics of points on the trapped set K under the maps
F~Y F is equivalent to the symbolic dynamics of the full shift maps R, L on the set of
words W .
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Proof. Commutativity of the diagram comes from the construction of §. Also § is surjec-
tive. Let us show that S is injective. Let w,w’ € W, with w # w’. There exists n > 0 such
that (L™ (w))_ # (L™ (w'))_. So S ((L™(w))_) # S ((L™ (w'))_) because S : W_ — K is
one to one from Lemma [0 Hence S (L™ (w)) # S (L" (w')) and F" (S (w)) # F" (S (w'))
from commutativity of the diagram. We apply F'~" and deduce that S (w) # S (w’) because
F~1 and F~" are injective on K from Assumption 3.7 U

6.3 Dimension of the trapped set
6.3.1 Proof of Theorem

For w = (wy) e, € W, we note w_ = (..., w_g,w_1,wy) € W_ and wy = (wo,wy,...) €
W+. Let
Inv (er) = ( .. Wa, U}l,’wo)

be the reversed word. Since the adjency matrix A is supposed to be symmetric we have
that Inv (w;) € W_. Then, let us consider the following one to one map

D:{W = (W_ x W),

w = (w_,Inv (wy))

where

W x W), == {(w,w') e W_ x W_,  wy=w,} (6.27)
is a subset of W_ x W_. The index [ stands for “linked”. Let
q)I:(S@S)ODOS_l K= Kx K

where & : W — K has been defined in (6.24]) and is shown in Proposition [6.8 to be one to
one under assumption 37 The map S : W, — K has been defined in (GI3]) and is also
one to one. Consider

(K x K), = (S®8)(W-xW.)) CKxK (6.28)

the image of (6.27)) under the map S ® S. From the previous remarks, the map ¢ : £ —
(K x K), is one to one.

Lemma 6.9. The map ® : K — (K x K), is bi-Lipschitz.

As a consequence of this Lemma, since the Hausdorff and Minkowski dimension is
invariant under bi-Lipschitz maps [9, p.24], we deduce that

dimyy (K) = dimy, (K x K), (6.29)
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Before proving Lemma [6.9] let us show how to deduce Theorem B.I10] from it. Let us
temporally write K; := K N I;. From ([6.28)) we have that

(K x K), = JKi x K;
hence
dimy (K x K); = sup (2dimy K;) = 2 dimy, K (6.30)

Eq.([€29) and ([6.30) give Theorem

Proof. of Lemma 6.9 Let w € W. We write w = (w_,w, ) as before and z,,_ := S (w_) €
K, p = (2w_,&) = S(w) € K. Similarly for another w’ € W we get another point

/

P = (xw/_,fw/) € K. We have that

®(p) = (S(w_),S(Inv(wy))) = (:wa,xlnv(w”) € K x K.
That the map ® is bi-Lipschitz means that

@ (p) =@ (p)] < |p— /]

uniformlyﬁ over p, . Equivalently this is

%,

&l (6.31)

ll‘wf = Ty LInv(wy) — xInv(w’Jr)’ = ’LL -
uniformly over w, w’ € W. Let us show ([631]). Let w,w’ € W and let n > 0 be the integer

such that that (w,); = (w ’) for —n < j < 0 but (wy)_, , # (v/)_ . From the

definition (6.12)) of the mtervals Iy_, o, we see that the two points Tiny(w, ), Py (w, ) belong
both to the interval I(yy(w,)) ., but inside it, they belong to the disjoint sub-intervals
I(Inv(w+))—n—l,0 and I<Inv<w,+)) respectively. Hence

—n—1,0

)ﬁhw(wn - xlnv(w;)‘ = )[anv(wm_no

uniformly over w,w’ € W, where |I| is the length of the interval I. From the definition
(6.I])) of the sets Iwo we observe that the points p = (xup , Sw) and p/ = (xw/_,fwf) belong

respectively to the sets fwo’n and fw(’)’n- Let @' := (w',wy) .We have
|p_p,| = )(:Ew,agw - (:Ew’ ) )
= } (SL’w_ ) gw) (xw ) gw ) } ) ('Tw_ ) gﬁ)’) o (xw’, ) guﬂ) ) (633>

= ’xwf - xw’_’ + |&w — &

(6.32)

/

"The notation |® (p) — @ (p')| < |p — p’| means precisely that there exist C' > 0 such that for every
pp, CHp=p'[ <@ (p) =@ ()| < Clp—pl.
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The points &, £z belong to the same set fwo’n. However if assumption of “minimal captiv-

ity” holds, they belong to disjoint sub-sets [, and f% - respectively. Hence

0,n+1

|§w - 5711’| = |Jw,n| (634)

with the interval J,, ,, := fwo’n Nt (:pwf). From the bounded distortion principle [9] we
have that

Va,y € [w—n,07 ‘(bew_n,o) (I)‘ = ‘(D(bw_n,o) (y)‘ = ‘[w—n,o‘

uniformly with respect to w,n, x,y. From the expression of the canonical map F' in (B.6)
and the bounded distortion principle, we have that

| Jwnl = |(Du_,,) (@)|, Yz € Ly,
uniformly with respect to w,n,z. Using the previous results we get
’xwf —xw'_’ + 6w — &wr| =X T — T |+ &0 — &ar]
= |Tw. — T |+ [Tl
= Ty — Ty |+ (D(bwo’n) (), Yz € L,
=Tl T Ty | F ’IIHV(wo,n)}

= Ty — Ty |+

TInv(wy) — "L‘Inv(w;) :

We have obtained (6.31]) and finished the proof of Lemma and Theorem 3.0 O

7 Proof of Theorem for the spectral gap in the semi-

classical limit
For the proof of Theorem 3.9 we will follow step by step the same analysis as in Section
(and also follow closely the proof of Theorem 2 in [II]). The main difference now is
that & < 1 is a semi-classical parameter (no fixed anymore). In other words, we just

perform a linear rescaling in cotangent space: &, := h&. Our quantization rule for a
symbol A (z,&,) € S7 (R), Eq.([1) writes now (see [19] p.22), for p € S (R):

(A¢) ) = 5 [ A6 0905 () iy, (71)

For simplicity we will still write £ instead of &, below.
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7.1 The escape function

Let 1 <k < 1/8 and R > 0 given in Lemma 3.4l Let m > 0, n > 0 (small) and consider a
C function A,, (x,&) on T*R so that:

Ap (2,6) = (" for [{[> R+n
= 1 for E <R

where (£) := (1 + 52)1/2. A, belongs to the symbol class S™™ (R) defined in (B.H).
From Eq. ([B8) we can deduce, similarly to Eq.(5.0) and if 7 is small enough, that:

m bJ ? . R2 |
VSL’EI,V|£‘>R’VZ'WJ' ( 7<J<x)£>)<cm<]’ with C_ KJQ%<]

This means that the function A,, is an escape function since it decreases strictly along
the trajectories of F outside the zone Zy := I x [—R, R]. For any point (z,§) € T*I we
have the more general bound:

Am (Fij (.8)
Ap (2,€)
Let A > 0. Using the quantization rule (1)), the symbol A,, can be quantized giving a

h-pseudodifferential operator A, which is self-adjoint and invertible on C*°(I). In our
case A, is simply a multiplication operator by A,, (§) in A—Fourier space.

Ve e I,VE e R Vi~ j

(7.3)

7.2 Using the Egorov Theorem
Let us consider the Sobolev space
H™™(R) = A.' (I*(R))

which is the usual Sobolev space as a linear space, except for the norm which depends on
hi. Then F': H™™ (R) — H~™(R) is unitary equivalent to

Q:=A,FAZ' L*R)— L*(R).
Let n € N*, a fixed time which will be made large at the end of the proof, and define
PO = i = AL g2 At (7.4)

From Egorov Theorem, as in Lemma [5.4), we have that B :=F *Afnﬁ’ is a PDO with
principal symbol

B(x,&) = X*(0) Y |¢, (@) VOENA (F(2,), (2,6 eT"]

j S.b.ivg

= x*(z) Z 2P(@is @) A2 (F, - (x,€))

j S.b.ivg
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where we have used the “damping function” D (z) := Re (V (z)) — 3 log (’(¢*1), (z)|) al-
ready defined in (B12). Iteratively for every n > 1, Egorov’s Theorem gives that ﬁ’*"flibﬁ’"
is a PDO with principal symbol

B,(2,§) = xX*(x) > &P (R, (,9))

w_n,o€W_

where W, is the set of admissible sequences, defined in (6.I0), with the Birkhoff sum
Dy_,o(x):=>3_ D (wa_n,_k (ZL‘)) and

Fo o =Fy_jw©...0F

W—n,W—n+41"

With the theorem of composition of PDO [34] chap.4] we obtain that P™ is a PDO of
order 0 with principal symbol given by

2Dw_,, o(x) A% (wan,o (z, f))

(n) _ 2
w_n,QGW_
We define .
Yin) = sup —Dy_,, ()

xel,w_no0EW_ n

hence e2Pw-n0@ < 2m1m)

From Theorem B.I], the spectrum of F}, does not depend on the choice of y. Here we
take a > 0 as given in Assumption B.7] and we choose y such that y =1 on K, 1, x =0
on R\K,. We have P (z,&) =0 if 2 € R\ K,.

Now we will bound the positive symbol P™ (x,¢) from above, considering = € K, and
different possibilities for the trajectory F,_, , (,&):

1. If [¢] > R, Eq.([T2) gives

A (o 0.6) AL (i (@.8) AL (Fu,y (0.6) A (Fu, . (2,6))
A2, (2,€) A (Fu oy (2,6) A2 (Ful, L, (,9) 7 A2 (x,0)

(7.6)
< (CZm)” 77
therefore

P (2,€) < (§W,,) 21 (C*™)" < (NePrm o)™,

We have used that WV, < N™. Notice that C?™ can be made arbitrarily small if m
is large.
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2. If |¢| < R, we have from the hypothesis of minimal captivity B and Proposition
that at time (n — 1) every point (z/,&’) of the set F" 1 (z,£) except finitely
many points, satisfy [¢/| > R. Using (Z3)) and (Z.2), for all these points one has
A2 (Pu_,, o(@.8) A (Funo @)

1. This gives

< C?™ and for the exceptional point one can only write

P (2,6) < e (W, = 1) C*" + (') < B

with the bound
B = ™ (N"C*™ + (") (7.8)

With the L? continuity theorem for pseudodifferential operators [19, [7] this implies that
in the limit A — 0
H pm

<B+0,(h) (7.9)

Polar decomposition of Q" gives

HQn < (B+0,(h)"” (7.10)

<ler

- H P

Let 74 = limsup, o Y- If we let & — 0 first, and m — 400 giving C*™ — 0,

and n — oo, we obtain (B + O, (h))"®" — ¢+ Therefore for any p > €'+, there exists
ng € N, hg > 0, mg > 0 such that for any A < hg, m > my,

1m0 —_ |[Ano 10
ol . -l <o o
Also, there exists ¢ > 0 independent of i < hg, such that for any r such that 0 < r < ng
we have Qr ,<¢ As a consequence for any n € N we write n = kng+r with 0 < r < ng
L
and X
A A o o
5, .- e < el e, <0 <o
H—-m 12 1.2 12 pr
We have obtained (B.I0). Equivalently this gives (3.15)).
For any n the spectral radius of () satisfies |28, p.192]
A ~ 111/n
(@) <@ e
So we get that for A — 0,
Ts (ﬁ’h) =7, (Q) <e* +o(l) (7.12)

which finishes the proof of Theorem
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8 Proof of Theorem [3.11] about the fractal Weyl law

We will prove this result once more by conjugating the transfer operator by an escape
function as in previous Section [[l However we first have to improve the properties of the
escape function.

8.1 A refined escape function
8.1.1 Distance function

The escape function A will be constructed from a distance function §. For = € I, let
K ()= K()({z} xR) (8.1)

where K has been defined in ([B2). With this notation we can define the following distance
function.

Definition 8.1. Let = € I, and ¢ € R, we define the distance of (z,&) to the set K
given in (6.2) by

5 (x,€) = dist (g, K (x)) = min | — (, (7). (8.2)

weW

We will show that the distance function 0 (z,£) decreases along the trajectories of F.
First, the next Lemma shows how the branches (, are transformed under the canonical
map F. This formula follows from straightforward calculations.

Lemma 8.2. For every wy = (wo, ws,...) € Wy, x € I, we have

Fwo,w1 ('Tv Cw+ (.T})) = ('Tlv CL(w+) (xl>) (83)

with L (wy) = (wy, we, . ..)andr’ = ¢uyuw, (T).

Lemma 8.3. Vi, j,i ~ j, Vo € [,V € R,

5(Fi7j (SL’,&-)) > 5('T7§)

|

where 6 < 1 is given by (21).
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Proof. Let i = wyg ~ j = wq, x € IL,. Let (2/,&') := Fypu, (x,€&) with 2’ € I,,. We use
(B3) and also that F,, ,, is expansive in £ by a factor larger than 6~ > 1 (Eq.(3.6)), and
get

€ Gy (@] = | Fuon () = Fugun (2:Guy ()| 2 516~ G ()]

Thus
8 (Fupw, (2,€)) = w%i/ﬁ &' = Cus (@)] = wfglelq € = Crwy) (@)
1 1
> 5 min €= Gu (@)] = 50 (2,€).

8.1.2 Escape function

The aim of this section is to prove the existence of an escape function with the following
properties:

Proposition 8.4. V1 < r <67, 3C; >0, Vpu, s.t. 0 < p < 5, Vm > 0, there eists
an h-dependent order function A,,, € OF™(({)™™) (as defined in Definition [C_3)
which fulfills the following “decay condition

Vi g, st i~ jand ¥V (z,€) € I; x R s.t. §(x,§) > Coh* the following estimate
holds:

(AszouF;]) (x,&) < k™™ (8.4)

In order to prove the above proposition we first remark that the distance function (82))
is not differentiable, however Lipschitz.

Lemma 8.5. Let C1 := sup,cs,ew, [(0:C,) (). Then § : T*I — R*is a Lipschitz
function with constant C7 + 1

Proof. Let x,y € I;, then from the fact, that |(0,(,)(x)| is uniformly bounded by C; we
have

6(2, &) —6(y, &) < Cilz —yl.
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On the other hand clearly

thus

10(,8) = 6(y, O < Cilz —yl + |§ = ¢] < (Cr + D)dist((x, £), (y,¢))-
O

Next we choose 0 < 1 < 1/2 and regularize the function § at the scale h*. For this
we choose y € C§° (R?) with support in the unit ball B;(0) of R?* and x (z,£) > 0 for
|(z,&)|| < 1. This function can be rescaled to

1 xr &
X hm (5675) ATV ||X||L1X (ﬁa ﬁ)

such that suppxm C Bpe(0) and [ xm (2)dz = 1. Now we can define the regularized
distance function by

o (x,8) = /T*I 6 (2,8 xp (v — 2 & = &) da'dE'.

This smoothed distance function ¢ differs only at order A# from the original one because

3(r,€) = 3(a. )|

[ (6(0.6) = 8o — at¢ =@l e

< sup  [(8(z,&) —o(x — ', & = &)
(z',&)€Bpu (0)
< (Cy+ )R (8.5)

Furthermore we get the following estimates for its derivatives:

Lemma 8.6. For all o, 5 € N the estimate
102070(x, &) < Cogh™ T (6(x,€) + CHM)

holds

Proof. From the definition of x;. we have ||8§‘8?Xﬁu||oo < C, ph™27(@+A1 and thus:

(r023(2,0)| = /T O ) 90w — €~ €)'
< ﬂ-hzuH5|’007Bhu(z,g)Caﬁhi(QJraJrﬁ)u
< wCaph™ (52, &) + (C1 + 1))
where we used the Lipschitz property of ¢ in the last inequality. U
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As [6(z, )| < |€] + C the above lemma gives us directly that ¢ € S, (T*I). Now we define
the escape function as:

Amw(mg)::hm“<hm—k(5@;§»2>?. (8.6)

This is obviously a smooth function and it obeys the following estimates:

Lemma 8.7. The function A,, ,, defined in (88) is an h-dependent order function: A,, , €
OF™ (&)™)

Proof. As min(0, |£] — C) < §(x, &) < |€] +C it follows, that A, ,(z,€) < C(€)~™ and that
Ay p(z,8) > C'"R™H(E)~™. It remains thus to show, that for arbitrary a, f € N one has:

1050 A, €)| < Cogh™ ) Ay (2, €) (8.7)

where C,, 3 depends only on « and . First consider the case a =1, § = 0:

100 A (2, €)| = [R™m (8:0(x,€))8(x, &)

@%+((£D)m“

where we used § < Vh2 + 62 and [9,0| < Ch™#\/ k2 4 62 which follows from Lemma
together with (8H). Inductively one obtains the estimate for arbitrary a, € N by
repeated use of Lemma [R.6 and (8.3]). O

< ChH A (2,€)

Finally it remains to show the decay estimates for (%) (x,€&). Combining (8H) with
lemma we then get

(Fig(, ) 2 (s, ) — (G + DI 2 53(x,€) — (1 + D

1+ 1 .
2 50(2,8) = (5 +D(C1 + 1)k

and thus ~ .
» 1,08 _ 2\ 2
Am7M(E,] ("L‘7 5)) S ]' + ( hH C) (88)
A2, 6) 1+ ( (hﬂ ))2
where C' = (3-+1)(C1+1). Clearly the right side of () converges to (5)~™ for CICRI NP

which proves the existence of a desired Cy and finishes the proof of Prop081t10n -
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8.1.3 Truncation in z

Here we choose a similar truncation operator y as in Eq.(2.23]) but in a finer vicinity of
the trapped set K. First notice that Kp. € ¢! (Kju) where Kpx has been defined in
Definition 222l For A small enough we have ¢! (Ku.) @ I. Let y € C;‘il () such that
X (z) =1 for x € Kju. x can be considered as a function x (z,€) := x (x) (independent of
¢) and we have that x, € Sj) (T*R). As in Eq.(223) we define x := Opj’'(x) which is the

multiplication operator by y and

A

Fijx=Fgx,  Fyi=Fx

~

We will again omit the y in the notation and write F), for ﬁx in the sequel.

8.2 Weyl law

The Weyl law will give an upper bound on the number of eigenvalues of F}, in the Sobolev
spaces H™. These estimates will be obtained by conjugating F), with Opy(Am,,) in the
same way as for the discrete spectrum or the spectral gap. Note that we use the Weyl
quantization (see Definition [C.2)) in this section, because we want to obtain self adjoint
operators. In order to be able to conjugate we have to show, that Op}(A,,,) : H™™ — L?
is an isomorphism. We already know that Op¥((£)™) : L? — H™™ is an isomorphism,
thus it suffices to show, that B := Op (Ap,)Opr((§)™) + L* — L? is invertible. From
the hi-local symbol calculus (Theorem [C.7) it follows that B is an elliptic operator in the
fi-local symbol class S, (A, ,(§)™) and thus the invertibility follows from proposition [C.I0l
Note that it is necessary to work in the A-local symbol classes as B would not be an elliptic
operator in S,(1). Proposition also gives us the leading order of our inverse B!
W}_lilch is AL (€)7™. So the inverse of Opj(Apn,,) is again a PDO with leading symbol

m#?\/ith the isomorphism Op¥'(A,,,) : H™ — L* we can thus define a different scalar
product on the Sobolev spaces which turns Opj’(A,, ,,) into a unitary operator. The Sobolev
space equipped with this scalar product will be denoted by Hj', and the study of Fy is
thus unitary equivalent to the study of Q,, defined by the following commutative diagram

(where we noted Am,u = Opy(Am,p):
R) % I*(R)
VAL LA (8.9)
m B —m
Hﬁvﬂ/ $ IHE,M

In the next Lemma, Cy and « are as in lemma K41
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Lemma 8.8. 3C > Cy, Ve > 0, Vu s.t. 0 < pu < %, VYm > 0 sufficiently large, as h — 0
we have:

jj{)\f co (ﬁhm%) A > e} < 271T—h (élLeb{lcCW} + égh) . (8.10)

Before proving Lemma[R.8 let us show that it implies Theorem B.I1l From Theorem B.1]
the discrete spectrum of F h\H% is the Ruelle spectrum of resonances Res (13’ h) , independent
of p and m. With assumption B.7 we can use Eq.(3.I7) and that K has pure dimension,
thus equation ([2I3) gives Leb{Koym} = O ((h“)COdimM(K)>. As codimy (K) < 2 and

< 3 equation(®I0) and gives
t{N e Res (B) [ [\ 2 e} = O (wyeimu®)

_ 0 (h_l (hM)Q—QdimH(K)) —0 (hQM—l—ZudimH(K))
for any fixed 0 < 1 < 1/2. This gives Theorem B.IT with n = (1 — 2u)(1 — dimg(K)).
Proof. of Lemma[88 From (R9), vaﬁ  Hy, — Hj', is unitary equivalent to

Qe = OP} (Am) X0} (Ay) ™ s LP (R) — L* (R).
Consider
pu = Q:n,u@m,u = Opy, (Am,u>_1 )ACF;:OP;‘;} (Am,u)2 ﬁ’hf(()p}f (Am,u)_l .

By the composition Theorem and the Egorov theorem for h-local symbols, P,
is a PDO with leading symbol P, (z,&) € S, (1), for x € I;, £ € R, given by the same

expression as in (.IT])

/ o A (Fig (2, 6)) o1 s
P, (z,€) = x*(2) Z |6, ()] 2RV Gia@)) ngwg) mod h'~*S 1 (T*R).

j S.t. g
(8.11)
From the definition of y and Eq.(84]), the operator ]5” can be decomposed into self-adjoint
operators R R
P,=k,+7,
where ]%u is a PDO with symbol k, € S}) (T*R) supported on K¢, for some Cy > 0. Hence

k, is a trace-class operator. The operator 7, is a PDO with symbol 7, € 52 (T*R) such
that
7l < 02 loo=2m 4 O (BI721)

8Also for this calculation it is crucial to work with the A-local calculus in order to obtain sufficient
remainder estimates.
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hence [|7,]| < Cx™™ + O(R'~2).
Using Lemma [AJlin Appendix A we have that for every € > 0, in the limit & — 0,

ﬂ{uf co (kﬂ) I e} < (2rh)™" (CHLeb{ICCW} + C*gh) . (8.12)

By a standard perturbation argument the same estimates holds for the operator f’u (for m
sufficiently large): for every € > 0, in the limit & — 0,

h{uf co (ﬁu) ||| > e+ ||fu||} < (2rh)™" (ClLeb {Keyw} + an) . (8.13)

From the definition ]5” = QA:IL,,LLQAm#“ the \/p” are singular values of Qm,u. Then corollary

from Appendix B shows that the same estimate holds true for the eigenvalues of Qm,u,
hence of F};, yielding the result (8I0). O

A Adapted Weyl type estimates

Lemma A.1. Let ay € S, ({(x)73(£)72) with 0 < p <  be a real compactly supported

symbol. Yh > 0, A := Op¥(ay) is self-adjoint and trace class on L? (R) and for any
€e>0,ash—0:

(27rh)ﬁ{>\? co (A) BUE e} < CyLeb {(z,€); |a] > 0y + Coi (A1)

where C7 and Cy depend only on i and €.

Proof. As ay, is compactly supported A is trace class for every h (see theorem C.17 [34]).

Consequently also }21212 is trace class and its trace is given by Lidskii’s theorem by TT(E%Az) =
h

2 A
> (/\—1> . As A is self adjoint all \! are real and one clearly has

jj{)\;? co (A) = e} <Tr <612A2> :

If we denote by by(z,&) the complete symbol of A? we can calculate the trace by the
following exact formula

h 1
2y
T = 5o [ e
According to the theorem of composition of PDOs b, can be written as b, = b;il) + hlbg)

where suppbg) = suppay and bg) € S, ((x)~2(€)"?)(note that this decomposition depends
on . Thus

</ b)(il)(x,g)dxdij hl/b%1)<x7£)dxd§) < (%ClLeb(supp(ah)) + CQH)
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0

B General lemmas on singular values of compact oper-
ators

Let (P,),cy be a family of compact operators on some Hilbert space. For every n € N let
(Ajn)jen € C be the sequence of eigenvalues of P, counted with multiplicity and ordered
decreasingly:

‘)\O,n‘ > |)\1,n| > ..

In the same manner, define (1;,);en € RT, the decreasing sequence of singular values of

P,, i.e. the eigenvalues of /PP, .

Lemma B.1. Suppose there exits a map N : N — N s.t. N(n) — o0 and pinmyn —
n— oo n

—00

0, then VC > 1, |Nc.nmyn] — 0 where [.] stands for the integer part.
n—oo

Corollary B.2. Suppose there exits a map N : N — N s.t. Ve > 0, JA. > 0 s.t.
Vn > A,
#{jeNs.t pj,>ec} <N(n),

then VC' > 1, Ve > 0, 3Bc. > 0 s.t. Vn > B¢,

£ ENSs.t N>t <C-N(n). (B.1)

Proof. (Of corollary[B.2). Suppose that for any € > 0, there exists A. s.t. for all n > A,
#{jeNst. pj, >ec} < N(n). Then pnm)n —nseo 0 and from Lemma B VC' > 1,
|Ae-N(m)n] —n—oe 0, which can be directly restated as (B.I). O

Proof. (Of lemma [B).Let mj,, := —logp;, and ;,, := —log |\ .|, My, = Z?:o mMjn
and Ly, == Ef:o ljn- Weyl inequalities relate singular values and eigenvalues by (see [13]
p. 50 for a proof) :

k k
[Lmim < TT1Nnl ¥R > 1 (B.2)
j=1 j=1
This rewrites:
Mk,n S Lk,na Vk:,n (B3)

The sequence (lj,n)j20 is increasing in j so, Vn, Vk we have

k- lon > Ly (B.4)
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Suppose that (), — 0 as n — oo hence

mN(n)m — o0 (B5)

n— o0

Let C' > 1. The sequence (mj,n)j> is increasing in j hence

0

Moy = ([C - N(n)] = N(n)) - mym)n, (B.6)
hence
l > ! L > ! M,
C-N(n)|,n el TN 1 HC-NR)|nn = T AN At/ N1 C-N(n)],n
[C-N(n)] ew) [CN(n)] [C-N(n)] 3 [C-N(n)] [C-N(n)]
. NN
(B.6) [C"- N(n)] - (B3
Thus l[C-N(n)},n njoo oo and |)\[C~N(n)],n| n_—>mo 0. ]

C Symbol classes of local h-order

In this Appendix we will first repeat the definitions of the standard symbol classes which are
used in this article as well as their well known quantization rules. Then we will introduce
a new symbol class which allows A-dependent order functions and will prove some of the
classical results which are known in the usual case for these new symbol classes.

C.1 Standard semiclassical Symbol classes and their quantization

The standard symbol classes (see e.g. [34] chapter 4 or [7] ch 7) of APDO’s are defined
with respect to an order function f(x,§). This order function is required to be a smooth
positive valued function on R?" such that there are constants Cy and N, fullfilling

f(@,€) < Col(w,€) — (2, €))* f(a',€). (C.1)

An important example of such an order function is given by f(z,§) = (£)™ with k € R.

Definition C.1. For 0 < p < 3 the symbol classes 1*S,,(m) contain all families of
functions ay(z,£) € C°(R?") parametrized by a parameter h €]0, lig] such that

0507 an(x,€)| < CRFHIHD £ (2, €)

where C' depends only on o and £.
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Unless we want to emphasize the dependence of the symbol a; on A we will drop the
index in the following. For the special case of order function f(z,£) = (€)™ we also write
St = S,({§)™), if p =0 we write S(f) := So(f).

As quantization we use two different quantization rules in this article which are called
standard quantization respectively Weyl quantization.

Definition C.2. Let a; € S, (f) the Weyl quantization is a family of operators
Opy(a) : S (R™) — S (R™), defined by

(Obi(an)e) (2) = )™ [ oy (L1 6) ptniapas,  pes®). (€2

while the standard quantization Opy(a) : S (R") — S (R") is given by

(Opa(an)e) (x) = (2nh) ™ / KDy (2,6 p(y)dyde,  pESERY.  (C3)

Both quantization extend continuously to operators on S&'(R™). While the standard
quantization is slightly easier to define, the Weyl quantization has the advantage, that real
symbols are mapped to formally self adjoint operators.

C.2 Definition of the Symbol classes S5, (A)

In this standard A-PDO calculus the symbols are ordered by there asymptotic behavior
for i — 0. If we take for example a symbol a € h*S,,(f) then a(x, &) is of order A for all
(x,€) € R?". The symbol classes that we will now introduce will also allow h—dependent
order function which will allow to control the A-order of a symbol locally, i.e. in dependence
of (z,&). First we define these h-dependent order functions:

Definition C.3. Let f be an order function on R*® and 0 < p < % Let A, € S,.(f) a
(possibly A-dependent) positive symbol such that for some ¢ > 0 there is a constant C'
that fulfills

and that for all multiindices «, § € N™:
02 An(,€)| < Cosh 11D 4, () (C.5)

holds. Then we call Apan h-dependent order function and say A, € OF(f)
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Definition C.4. The symbol class S, (Ay) is then defined to be the space of smooth
functions ap(z,€) defined on R** and parametrized by % > 0 such that

0 an(w,€)| < Cagh #1119 2, 2, ) (C.6)

By 1*S,,(A;) we will as usual denote the symbols aj, for which i *a; € S, (Ap)

As Ap(2,8) < Cof(x,€) and from (C.H) it is obvious, that
Su(An) € 5,(0) )

and via this inclusion for a; € S,(A;) the standard Quantization Opp(a) and the Weyl
quantization Op}’(ay) are well defined and give continuous operators on S(R™) respectively
on &' (R"). Furthermore equation (C.4) gives us a second inclusion

Sulf) € h05,(An) (C.8)

thus combining these two inclusions we have:

heS,(f) € Su(An) C Su(f)

As for standard A — PDO symbol we can define asymptotic expansions:

Definition C.5. Let a; € S,(Ay) for j = 0,1,... then we call Y ha; an asymptotic
J
expansion of a € S,,(Ay) (writing a ~ Y W a;) if and only if:

J

a— Y Waj€hVS,(A)

J<N

As in for the standard A-PDOs we have some sort of Borel’s theorem also for symbols

in S,u(Ah)

Proposition C.6. Let a; € S,,(A;) then there is a symbol a € S,,(Ap) such that

a—Y Ma; € h*S,(Ay) (C.9)

Jj<k
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Proof. Once more we can use the inclusion ([C.7) into the standard h — PDO classes and
obtain the existence of a symbol a € S,(f) such that

a—Y Wa; €1 S,(f) (C.10)
i<k

and we will show that this symbol belongs to S,(A;) and that (C.9) holds: For the first

statement we write
a:a—Zh]aj—i-Zhjaj
j<c j<c
—_— N——
€heSu(f) €Su(An)
and use the inverse inclusion (C.§]).
In order to prove (C9) write

k+c—1

a—Zhjaj:a— Z W a;+ Z W a,
j=k

j<k j<k+e

-~

€RTFSu(f) ENFSu(An)

and use once more (C.8). O

The advantage of this new symbol class is, that the order function Ay(x,§) itself can
depend on A and thus the control in A can be localized. A simple example for such an

order function would be Aj, = A™ ()™ € OF°((()™). For £ # 0 this function is of order
h? whereas for £ = 0 it is of order A™". Thus also all symbols in S, (4;) have to show this

behavior.

C.3 Composition of symbols

By using the inclusion (C.1) we will show a result for the composition of Symbols absolutely
analogous to the one in the standard case Theorem 4.18 in [34]. We first note that for
A € OF“(fa) and By, € OF°(fp) the product formula for derivative yields that A, B, €
OF°AteB(f,fp) and can now formulate the following theorem:

Theorem C.7. Let Ay, € OFA(fa) and B, € OF°E(fg) be two h-dependent order
functions and a € S, (Ap) and b € S,(By) two h-local symbols. Then there is a symbol

a#b € Su(AhBh)

such that

Opj,(a)Opy; (b) = Opj/ (a#tb) (C.11)
as operators on S and the at first order we have

a#tb —ab € h'7?S,(AnBy) (C.12)

o7



Proof. The standard theorem of composition of i-PDOs (see e.g. Th 4.18 in [34]) together
with the inclusion of symbol-classes (C.7) provides us a symbol a#b C S,(fa - fp) that

fulfills equation (C.I1)). Furthermore it provides us with a complete asymptotic expansion
for a#b:

N-—1 . k
a#b—ZG W«D”D")z_ wyﬂg))} a<x,£>b<y,n>) & WV, (f4 - fp)

ly=2,n=¢

(C.13)
In order to prove our theorem it thus only rests to show, that a#b € S, (A;By;) and that
equation ([C.I2)) holds. We start with the second one. First let N € N be such that
(N —1)(1 —2u) > ca + cp, then equation (C.I13) and inclusion (C.8) assure that the
remainder term in (CI3) is in A'~2#S,(A;By). For 0 < k < N —1 each term in (CI3) can
be written as a sum of finitely many terms of the form

()" (e

where «, 5,7, € N* are multiindices fulfilling || + |8| + |y] + |d| = 2k. Via the product

formula one easily checks, that these terms are all in B*1=20S (A, By) which proves that
a#b € SH(AhBh). O

C.4 Ellipticity and inverses

In this section we will define ellipticity for our new symbol classes and will prove a result
on L2-invertibility.

Definition C.8. We call a symbol a € S, (A;) elliptic if there is a constant C' such
that:
a(z.6)] > CAy(x,€) (C.14)

For an h-dependent order function A, € OF(f), from (CA) and (Cd) it follows,
that AA, ' € OF°(f~1) is again a h- dependent order function and we can formulate the
following proposition:

Proposition C.9. Ifa € S,(A;) is elliptic then a=' € h=°S,(h°A; ")

Proof. We have to show, that \8:‘3‘8?&_1(:c,£)| < Ch#lel+B) A1 (z, €) uniformly in A, x
and £. For some first derivative (i.e. for « € N** |a| = 1) we have

- 8§7£a| - Chquh

o —1 _ — —1
Ot = S < O = O,

o8



where the inequality is obtained by (C.) and (CI4)). The estimates of higher order

derivatives can be obtained by induction. O

As for standard A-PDOs this notion of ellipticity implies that the corresponding oper-
ators are invertible for sufficiently small 7.

Proposition C.10. Let A, € OF°(1) and a € S,(A;) be an elliptic symbol, then
Op¥(a) : L*(R™) — L*(R") is a bounded operator. Furthermore there exists hy > 0
such that Opy(a) is invertible for all h €]0,hy]. Its inverse is again bounded and
a pseudodifferential operator Op¥(b) with symbol b € S,(A;'). At leading order its
symbol is given by

b—a'ehn S, (A1)

Proof. As a € S,(A;) C S,(1) the boundedness of Op}'(a) follows from theorem 4.23 in
[34]. By theorem we calculate

Op}(a)Opy(a") = Id+ R

where R = Op¥'(r) is a PDO with symbol r € h'~2#5,,(1). Again from theorem 4.23 in [34]
we obtain ||R||z2 < CR'*™2* thus there is hg such that ||R||z2= < 1 for i €]0, hg]. According
to theorem C.3 in [34] we can conclude that Op{’(a) is invertible and that the inverse is
given by Op¥(a~)(Id + R)™'. The semiclassical version of Beals theorem allows us to

conclude that (Id+ R)™' = > (—R)" is a PDO with symbol in S, (1) (cf. theorem 8.3 and

k=0
the following remarks in [34]). The representation of (Id — R)™! as a series finally gives us
the symbol of the inverse operator at leading order. O

C.5 Egorov’s theorem for diffeomorphisms

In this section we will study the behavior of symbols a € S,(A;) under variable changes.
Let v: R®” — R" be a diffeomorphism that equals identity outside some bounded set then
the pullback with this coordinate change acts as a continuous operator on S(R"™) by:

(v'u)(x) = u(y(z))

Which can be extended by its adjoint to a continuous operator v* : §'(R") — S’'(R"). By a
variable change of an operator we understand its conjugation by v and we are interested for
which a € S,(A}) the conjugated operator (v*)'Op;(a)y* is again a A-PDO with symbol
a. At leading order this symbol will be the composition of the original symbol with the
so called canonical transformation

T:R*™ - R*™ (2,€) =~ (v 1z), (Oy(y " (2)))7€)
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and the symbol class of a, will be S,(A; o T). For the A, € OF¢(f) defined in Definition
[C.3lthe composition ApoT will in general however not be a Ai-dependent order function itself
because the derivatives in = create a supplementary ¢ factor which has to be compensated
(cf. discussion in chapter 9.3 in [34]). We therefore demand in this section that our order
function Ay, satisfies:

0207 Ap(w, )| < Co gh" 1D (6) 7P Ay (2, €)

A straightforward calculation shows then, that A,oT € OF°(foT) is again a h- dependent
order function. The same condition has to be fulfilled by the symbol of the conjugated
operator:

|8§‘8?a(x, )| < h—u(|a\+|5\)<§>—\ﬁ|Ah(5E’ €) (C.15)

Theorem C.11. Let a € S,(A;) be an symbol which fulfills (C13) and has compact
support in x (i.e. {x € R*|3¢ € R™ : a(x,§) # 0} is compact) and let v : R™ — R™ be a
diffeomorphism. Then there is a symbol a, € S, (A oT) such that

(Opn(ay)u)(y(2)) = (Opa(a)(uo7))(x) (C.16)

for all w € S'(R™). Furthermore a, has the following asymptotic expansion.

??‘

-n 1 .
~ Z — D£> eh(pz(y)ﬁ)a(x’f)}yzo,fz(afy(m))Tn (Cl?)

yl

v(l— 2;L)

where p.(y) = y(y+z)—y(x)—7 (x)y. The terms of the series are in h S ((n)%Aﬁo

T(y(x),m)).

We will prove this theorem similar to theorem 18.1.17 in [I7] by using a parameter
dependent stationary phase approximation (Thm?7.7.7 in [I6]) as well as the following
proposition which forms the analog to Proposition 18.1.4 of [17] for our symbol classes and
which we will prove first.

Proposition C.12. Let a(x,&;h) € C°(R*™) a family of smooth functions that fulfills
050z, )| < CRT(&) f(,€) (C.18)

where C' and | may depend on o and . Let a; € S,,(Ap), 7 =0,1,... be a sequence of
symbols such that

ja(z,€) =Y Way(w,€)| < O™ (€)™ f(x,€) (C.19)

i<k
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where T > 0. Then a € S,(Ay) and a ~ Y Wa;.

Proof. We have to show that for all k& > 0 and g(z,&) = a(z,&) — > Wa;(x,§) we
j<k
have \0?0? gr| < ChF=#Uel+18D A, This result can be obtained by iterating the following
argument for the first derivative in z;:
Let e; € R™ be the first eigenvector and 0 < ¢ < 1. For arbitrary 5 € N we can write
by Taylor’s Formula

|gj(x + e, &) — g;(2,£) — Oy, 95(x, §)e)| < Ce? Sl[ép] 02 gi(x + ter, &)
te|0,e

From (C18) and the property, that all a; are in S, (As) we get

sup |03, 9;(x + ter, )| < Ch7(€)' f(x,€)

te[0,e]
for some [ € R and get

)+ |gj(x+€617€) - gj(x7§)|

00195, &) < Ch™!(g) m(a. € :

which turns for j > 22t and ¢ = prtite(g) =+ into:
102,95(2, )] < CRTHE D f(x,€) < CR A(w, )

where we used ([C.8)) in the second equation. Thus

J
|8€B1gk‘<x7 £>| < Ch’kAh<x7 é) + ‘ Z hiaﬂilai<x7 £>| < Ch’k_MAh(xv g)

i=k
which finishes the proof. O
After having proven this proposition we can start with the proof of theorem [C. 11k

Proof. 1f we define . ,
a,(v(x),n) == e D0py(a)ei? (C.20)

then equation (CI6) holds for all e#*” which form a dense subset of S’'(R"). We thus have
to show that a, defined in ([C20) is in S, (A;) and that (CI7) holds.

We will first write a, as an oscillating integral in order to apply the stationary phase
theorem. By definition of Op;(a) one obtains

5 1ﬁ) / / o, £)eH E=DEO@ =1 gaé
T n
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which we can transform by a variable transformation & = (n)€ and § = y + z into

a,(v(z),n ;fl —ys+(v(y+e) (= )<">)dyd§

where A = .

The critical points of the phase function are given by

y=0and ¢ = (87(56))T%

Let x € C°([—2,2]") such that x = 1 on [—1,1]" then we can write
a,(v(x),1n) = L(R) + L(h)

with
A (v aNTL az. () €)ek CHEHOHD) (@) )
L) = /] X(y)x(f (07/(x)) ) (z, (n)¢) ) dyde

and

) = o [ (1= x 0 (€= @07 2 ) Yot et 00 G g

While I (h) still contains critical points, for I5(h) there are no critical points in the support
of the integrand anymore.

I is of the form studied in theorem 7.7.7 in [I6]. Here the role of x and y is interchanged
and there is an additional parameter . We thus get from this stationary phase theorem

L(h) — Z L(ihD,, D¢)" ot ). 75) u(z, &, y,1m) ly=0.6=(0n ()T
< Cﬁ Z upy@ |D;£U(ZL‘, 57 Y, 77)|

al<2

w (C.21)

where u(z, €, ,7) = x (y) x (€ = (97(2))" & ) a(z, (n)€). Because of (CTH) and (CCI) we

can estimate

sup D cu(e, &y, )] < CH f (, 0(2)) ) = CH1F o (o), m)
Y,

Thus transforming the expansion (C.2I]) back to an expansion in i we get

h i (P2 ()
L(h) - E 21 (i Dy, De) e =@M, £y, 1) [y=0.6=(0r(a)"
< O Rz Sodn ()

o
[&))
k4+n

> foT(y(z),n)
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As the stationary points for I, are not contained in the support of the integrand we get by
the non stationary phase theorem:

L(h)| < C (%) foT((x),m)

for all N € N. Thus we finally get
k—n

@ (1(@),m) = X gy Dy D) eh @Dz, €, )

y=0,=(D1(@)T (C.22)
k(1—2p)+n

<Ch 2 ()~ f o T(y(x),n)

v(1—2p)

If we show that the elements of the series are in h~ =2 S, ((n)2 Ap o T(y(z),n)) then this
equation is of the form (C.19). The terms of order v in the series are of the form

h\"” i
(45) ot @gate. @) )
Where v € N* with |a| = v. The second factor (9¢a)(x, (0v(x))"n)(n)" is in k=S, (Aj o
T(y(x),n)) as we demanded the condition (C.IH) on our symbol a. Thus it remains to

v

[v=0

show that the other factor is of order <<%) ? on the support of a. This is the case because

p(y) vanishes at second order in y = 0. Each derivative of e {p=).m) produces a factor
+(0y,p2(0),m). But as d,,p,(0) vanishes we need a second derivative, now acting on 9, p.(y),

in order to get a contribution. Thus in the worst case 8;e%<p“(y)”7> is of order <%) * . Thus
we have shown that (C.22)) is of the form (C.19).

The last thing that we have to show is thus, that a., fulfills (C18]). If we consider the
definition (C.20) of a., we see that 8;85%(7(3;), n) can be written as a sum of terms of the
form %e*%“’(x)"Oph(b)e%V(')” where b € S,(A(€)7) and P(n) is a polynomial in 7. The
constants j, k and the degree of P(n) depend on o and 5. Thus writing these terms as
oscillating integrals and applying the same arguments as above one gets (C.Ig]).

We have thus shown that all the conditions for proposition are fulfilled and can
conclude that a, belongs to S,(A;) and that (C.22)) is also an asymptotic expansion w.r.t.
the order function Aj. O
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