LOCAL AND GLOBAL TAMENESS IN KRULL MONOIDS

WEIDONG GAO, ALFRED GEROLDINGER, AND WOLFGANG A. SCHMID

ABSTRACT. Let H be a Krull monoid with finite class group G such that every class contains a prime
divisor. Then the global tame degree t(H) equals zero if and only if H is factorial (equivalently, |G| = 1).
If |G| > 1, then D(G) < t(H) < 1+ D(G)(D(G) — 1)/2, where D(G) is the Davenport constant of G.
We analyze the case when t(H) equals the lower bound, and we show that t(H) grows asymptotically
as the upper bound, when both terms are considered as functions of the rank of G. We provide more
precise results if G is either cyclic or an elementary 2-group.

Dedicated to Marco Fontana on the occasion of his 65th birthday

1. INTRODUCTION

In an atomic monoid, every non-unit can be written as a finite product of atoms (irreducible elements).
The multiplicative monoid of non-zero elements from a noetherian domain is such an atomic monoid, and
furthermore it is a Krull monoid if and only if the domain is integrally closed. In a given monoid H, all
factorizations into atoms are unique (in other words, H is factorial) if and only if H is a Krull monoid
with trivial class group. Otherwise, the non-uniqueness of factorizations is described by arithmetical
invariants, such as sets of lengths, catenary and tame degrees.

The concepts of local and global tameness have found some attention in recent literature, and they
were studied in settings ranging from numerical monoids to noetherian domains (confer [5, 14, 4, 15,
11, 23, 24, 2, 21, 18, 22]). We recall their definitions. Let H be a monoid and v € H an atom. Then
the local tame degree t(H,u) is the smallest N with the following property: for any multiple a of u

and any factorization a = vy - ... v, of a, which does not contain the wu, there is a short subproduct
which is a multiple of u, say vy - ... - v, and a refactorization of this subproduct which contains u, say
V1t et Uy = Ulg - ... - Ug, such that max{¢,m} < N. Thus the local tame degree t(H,u) measures the

distance between any factorization of a multiple a of u and a factorization of a which contains the w.
The global tame degree t(H) is the supremum of the local tame degrees over all atoms v € H, and H is
called (globally) tame if the global tame degree t(H) is finite.

Local tameness is a basic finiteness property in the theory of non-unique factorizations in the sense
that in many settings where an arithmetical finiteness property has to be derived, local tameness has to
be proved first (confer the proof of the Structure Theorem for sets of lengths in [12, Section 4.3]). Krull
monoids with finite class group are globally tame. But if the domain fails to be integrally closed, this does
not remain true any more, not even for non-principal orders in number fields. Indeed, a non-principal
order o in an algebraic number field is always locally tame, but it is globally tame if and only if for every
prime ideal p containing the conductor there is precisely one prime ideal p in the principal order o such
that p N o = p (equivalently, if and only if its elasticity is finite). Higher dimensional analogs will be
mentioned after Definition 3.1.
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The focus of the present paper is on Krull monoids H with finite class group G such that every class
contains a prime divisor, and for simplicity suppose now that |G| > 2. There is the straightforward
inequality
D(@)(D(G) — 1)

2 )

where D(G) is the Davenport constant of G. We analyze the case when t(H) equals the lower bound, and
we show that t(H) grows asymptotically as the upper bound, when both terms are considered as functions
of the rank of G (Theorem 4.12). This result, which indicates the general behavior of the tame degree, will
be complemented by more precise results if G is either cyclic or an elementary 2-group (Theorems 5.1 and
5.2). Arithmetical invariants (such as sets of lengths, sets of distances, the elasticity, the catenary degree,
or the monotone catenary degree) of a Krull monoid as above depend only on the class group G but not
on the number of prime divisors in the classes, and therefore all investigations can be carried through
in the associated monoid of zero-sum sequences instead of doing them in H. In general, this is not the
case for the tame degree, and we provide the first example revealing this fact (see Theorem 5.1, but also
Proposition 3.3.1 and Remark 3.4.1). Moreover, note that the existing computational methods (as first
presented in [5]) cannot be applied to obtain this or many other examples given in the present paper (the
problem is the large number of variables involved in the systems of linear Diophantine equations to be
solved).

D(G) <t(H)<1+

2. PRELIMINARIES

Let N denote the set of positive integers, P C N the set of prime numbers and Ny = NU {0}. For
real numbers a,b € R, let [a,b] = {z € Z | a < & < b} an interval of integers. By a monoid, we mean
a commutative semigroup with unit element which satisfies the cancellation laws. All our concepts will
be formulated in the language of monoids. The monoids we have in mind are multiplicative monoids of
nonzero elements of noetherian or Mori domains, monoids of ideals (with suitable multiplication), and
additive monoids of certain classes of modules ([17, 12, 1, §]).

Arithmetic of monoids. Let H be a monoid. We denote by q(H) a quotient group of H with H C q(H),
by H* the group of invertible elements, and by Hyeq = {aH* | a € H} the associated reduced monoid.
We say that H is reduced if H* = {1}. Furthermore, let A(H) be the set of atoms (irreducible elements)
of H. For a set P, we denote by F(P) the free (abelian) monoid with basis P. Then every a € F(P) = F
has a unique representation in the form

a= H p»@ with vy(a) €Ny and vy(a) =0 for almost all p e P.
peP

We call suppp(a) = supp(a) = {p € P | vp(a) > 0} C P the support of a, and |a|r = [a| = >_ pvp(a) €
Ny the length of a. We will often consider submonoids of free abelian monoids, and in all these situations
the length | - | refers to the largest free abelian monoid under consideration. The free monoid Z(H) =
F (A(Hred)) is called the factorization monoid of H, and the unique homomorphism

w: Z(H) — Hyeq satisfying w(u) =u for all u € A(Hyeq)
is called the factorization homomorphism of H. For a € H, the set
Z(a) =7 Y(aH*) C Z(H) isthe set of factorizations of a, and
L(a) ={l|z| | z€Z(a)} C Ny isthe set of lengths of a.
By definition, we have Z(a) = {1} and L(a) = {0} for all @ € H*. The monoid H is called
e atomic if Z(a)# 0 for all a € H;

e factorial if |Z(a)| =1 for all a € H (equivalently, H is atomic and every atom is a prime).
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Let z, 2/ € Z(H). Then we can write

Z=UL . UV Uy and 2 =y UpWy .. Wy,

where £, m, n € No, w1, ..., Up, U1, ..., Umy W1, ..., W0y, € A(Hyeq) are such that {vq, ..., v, 0{ws,. .., w,} =

(). The distance between z and 2’ is defined by
d(z,2') = max{m, n} = max{|z ged(z, 2') 7|, |2’ ged(z, 2') !} € Ny .

Krull monoids. A monoid homomorphism ¢: H — D is called
e a divisor homomorphism if ¢(a) | ¢(b) implies that a|b for all a,b € H.
e cofinal if for every a € D there exists some u € H such that a|¢(u).

e a divisor theory (for H) if D = F(P) for some set P, ¢ is a divisor homomorphism, and for
every p € P (equivalently for every p € F(P)), there exists a finite subset () # X C H satisfying
p = ged(p(X)).
The quotient group C(p) = q(D)/q(¢(H)) is called the class group of ¢. For a € q(D), we denote by
la] = [a]y, = aq(p(H)) € q(D)/q(e(H)) the class containing a. If ¢: H — F(P) is a cofinal divisor
homomorphism, then

Gp = {lp] = palp(H)) | p € P} C Clyp)

is called the set of classes containing prime divisors. By its very definition, every glass g € C(yp) is a
subset of q(D) and P N g is the set of prime divisors lying in g. The monoid H is called a Krull monoid
if it satisfies one of the following equivalent properties ([12, Theorem 2.4.8] or [17, Chapter 22]):

(a) H is v-noetherian and completely integrally closed,
(b) H has a divisor theory,
(¢) H has a divisor homomorphism into a free monoid.

If H is a Krull monoid, then a divisor theory is essentially unique and the associated class group depends
only on H (it is called the class group of H). An integral domain R is a Krull domain if and only if its
multiplicative monoid R\ {0} is a Krull monoid, and thus Property (a) shows that a noetherian domain
is Krull if and only if it is integrally closed.

The main examples of Krull monoids which we have in mind are those stemming from number theory:
rings of integers in algebraic number fields, holomorphy rings in algebraic function fields and regular
congruence monoids in these domains are Krull monoids with finite class group such that every class
contains infinitely many prime divisors ([12, Section 2.11]). If R is an integral separable finitely generated
algebra over an infinite field k& such that dimg(R) > 2, then R is noetherian and every class contains
infinitely many prime divisors ([19]). Monoid domains and power series domains that are Krull are
discussed in [20, 3]. For the role of Krull monoids in module theory we refer to [6, 7, 1]. Module theory
provides natural examples of Krull monoids where Gp C G but Gp = —Gp holds true.

Monoids of zero-sum sequences. Let G be an additive abelian group, Go C G a subset and F(Gy)
the free monoid with basis Gy. According to the tradition of Combinatorial Number Theory, the elements
of F(Gy) are called sequences over Gy. For a sequence

S=gi-...oge= ][] 979 € F(Go),
9€Go
we call
J4
o(S) = Zgi the sum of S and 3(S)= {Zgi |0 #1C 1,0} the set of subsumsof S.
i=1 iel
Furthermore, S is called zero-sum free if 0 ¢ X(S), and it is a minimal zero-sum sequence if |S| > 1,

o(S)=0and ,.;9; #0 forall ) # I C [1,£]. The monoid
B(Go) ={U € F(Gyp) | o(U) =0}
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is called the monoid of zero-sum sequences over Gy. Since the embedding B(Gy) < F(Gy) is a divisor
homomorphism, B(Gp) is a Krull monoid by Property (¢). The monoid B(G) is factorial if and only if
|G| < 2. For every arithmetical invariant *(H) defined for a monoid H, it is usual to write x(Gy) instead
of #*(B(Gp)) (whenever the meaning is clear from the context). In particular, we set A(Go) = A(B(Gy)),
Z(Go) = Z(B(Gy)), and t(Go) = t(B(Gp)). The atoms of B(Gp) are precisely the minimal zero-sum
sequences over g, and
D(Go) = sup{|U[ | U € A(Go)} € NU {oo}
is the Davenport constant of Go. Suppose that G is finite with |G| > 1, say
chnl@...@cm gcql@...@cs,

where r,s € N, ny,...,n. € N, 1 <ny|...|n. and q1,...,¢s are prime powers (not equal to 1). Then

r = r(G) is the rank of G, s = r*(G) is the total rank of G, d(G) = D(G) — 1 is the maximal length of a
zero-sum free sequence over (G, and we define

r(G) r(G)

d*(G) = > (ni—1), D(G) =d*(G) +1, and k*'(G)= >

i=1 i=1

Furthermore, we set d*({0}) = k*({0}) = 0. A straightforward example shows that D*(G) < D(G).

Moreover, equality holds for groups of rank r(G) < 2, for p-groups, and some other types of groups but

not in general ([9, 16]). If ¢t € N and (eq,...,e;) € G, then (e1,...,e;) is said to be independent if

e1,...,e; are all nonzero and if, for every (my,...,m;) € Z!, the equation 22:1 m;e; = 0 implies that
mse; = 0 for all ¢ € [1,t]. Furthermore, (ey,...,e) is said to be a basis of G if it is independent and
G = <€1,...,€t>.

3. TAMENESS AND TRANSFER HOMOMORPHISMS

In this section we introduce the concepts of tameness and that of transfer homomorphisms. Our main
reference is Section 3.2 in [12]. We present the material in a way suitable for our applications in the
following sections. Among others we will show that a Krull monoid is locally tame if and only if the
associated block monoid is locally tame, a fact which has not been observed so far. Furthermore, we
establish a purely combinatorial characterization of the tame degree of a Krull monoid provided that
every class contains sufficiently many prime divisors (Proposition 3.5).

Definition 3.1. Let H be an atomic monoid.
1. For b € H, let w(H,b) denote the smallest N € Ny U {oo} with the following property :

For all n € N and ay,...,a, € H,ifb|ay -...-ay, then there is a subset  C [1,n] such that
Q<N and b| []a-
veQ

2. For a € H and © € Z(H), let t(a,z) € Ng U {co} denote the smallest N € Ny U {oo} with the
following property :

If Z(a)NzZ(H) # 0 and 2 € Z(a), then there exists 2’ € Z(a) NzZ(H) such that d(z,2") < N.
For subsets H' C H and X C Z(H), we define
t(H', X) =sup {t(a,2) |a € H',x € X} € NoU {oo}.
H is said to be locally tame if t(H,u) < oo for all u € A(Hyeq)-
3. We set
w(H) =sup{w(H,u) |uve A(H)} € NgU {o0},
and we call

t(H) = t(H, A(Hrea)) = sup{t(H,u) | u € A(Hyea)} € No U {o0}
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the tame degree of H. The monoid H is said to be (globally) tame if t(H) < oc.

To analyze the above terminology, suppose that H is reduced. By definition, an atom u € H is prime if
and only if w(H,u) = 1. Thus w(H) = 1 if and only if H is factorial, and the w(H, u) values measure how
far away an atom is from being a prime. Let a € H and u € A(H). If u{ a, then t(a,u) = 0. Otherwise,
t(a,w) is the smallest N with the following property: if z = vy -... v, is any factorization of a into atoms
V1, ..., Un, then there is a subset Q C [1, n], say Q = [1,m], and a factorization 2z’ = uug-. .. upVm41-. .. Oy
of a with atoms ua, . . ., ug such that max{¢, m} < N. If u is a prime, then every factorization of a contains
u; thus we can choose z/ = z in the above definition, hence d(z,2") = 0 and t(H,u) = 0. If u is not a
prime, then w(H,u) < t(H,u), and throughout this paper we will use the following characterization of
t(H,w); it is the smallest N € Ny U {oco} with the following property:

If me Nandwvy,...,v, € A(H) are such that w|vy-...-v,,, but v divides no proper subproduct
of v1 ... vy, then there exist £ € N and wa, ..., up € A(H) such that vy - ... v, =uug ... up
and max{/, m} < N (in other words, max{1 + minL(u"1v; - ... vy),m} < N).
Globally, we have that H is factorial if and only if t(H) = 0, and in the non-factorial case we have
w(H) < t(H). Moreover, it is not difficult to show that H is tame if and only if w(H) < oo ([14]).

If H is v-noetherian, then w(H,b) < oo for all b € H, but this need not be true for the t(H,u) values.
In other words, a v-noetherian monoid is not necessarily locally tame. Apart from Krull monoids which
will be discussed below, main examples of locally tame monoids are C-monoids: if R is a noetherian
domain with integral closure R, non-zero conductor f, finite residue field R/f and finite class group C(R),
then R is a C-monoid, and there is an explicit characterization when R is globally tame (see [12, Theorem
2.11.9] and [13, 18, 25]).

A central method to investigate arithmetical phenomena in a given class of monoids H (such as
noetherian domains) is to construct a simpler auxiliary monoid B and a homomorphism 0: H — B
which will be called a transfer homomorphism and which allows to shift arithmetical properties from B
to H. The machinery of transfer homomorphisms is most highly developed for Krull monoids but not
restricted to them. The auxiliary monoids associated to Krull monoids are monoids of zero-sum sequences
over their respective class groups. We start with the necessary definitions.

A monoid homomorphism 0: H — B is called a transfer homomorphism if the following holds:

(T1) B=6(H)B* and §~1(B*)=H"*.

(T2) fue H, b,ce B and 6(u) = be, then there exist v, w € H such that v =vw, 0(v) ~b
and O(w) ~c.

A transfer homomorphism ¢: H — B between atomic monoids allows a unique extension 0:Z(H) — Z(B)
to the factorization monoids satisfying 0(uH*) = 0(u)B* for all u € A(H).
For a € H and x € Z(H), we denote by t(a,z,0) the smallest N € Ny U {oo} with the following
property:
If Z(a)N2Z(H) # 0, z € Z(a) and 0(z) € O(x)Z(B), then there exists some 2’ € Z(a) N2Z(H)
such that 6(z') = 0(z) and d(z,2’) < N.
Then
t(H,z,0) = sup{t(a,z,0) |a € H} € NgU {00}
is called the tame degree in the fibres. We will make substantial use of this concept in Section 5.
Lemma 3.2. Let H be a reduced Krull monoid, H — F = F(P) a cofinal divisor homomorphism, and

let Gp C G = F/H be the set of all classes containing prime divisors. Let E: F — F(Gp) denote the
unique homomorphism defined by B(p) = [p] for all p € P. Further, let u € A(H) and U = B(u).
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1. The homomorphism (3 = B | H: H — B(Gp) is a transfer homomorphism, and hence
t(GPa U) < t(Hvu) < t(Gp, U) + t(Hvuaﬁ) .
2. t(H,u,B8) <14 |u| <1+D(Gp) forallue A(H).
3. Suppose that Gp = —Gp and that every nontrivial class contains at least two distinct prime

divisors. Then 1+ |u| = t(H,u,B) for all w € A(H) with |u| > 3. In particular, if D(Gp) > 3,
then D(Gp) + 1 = max{t(H,u,3) | u € A(H)}.

Proof. See [12, Theorem 3.2.5 and Proposition 3.4.8] for 1., and [10, Proposition 4.2] for 2. and 3. O

For any Krull monoid H, we denote by 3: F — F(Gp), by B: H— B(Gp),and by B: Z(H) — Z(Gp)
the homomorphisms as defined above.

Proposition 3.3. Let H be a reduced Krull monoid, H < F = F(P) a cofinal divisor homomorphism,
G =F/H, and Gp C G the set of all classes containing prime divisors such that that D(Gp) > 2.

1. H is locally tame if and only if B(Gp) is locally tame. More precisely, we have
t(Gp,U) <t(H,u) <t(Gp,U)+ |U|+1 forevery ue A(H).

2. t(H,u) < max {t(Gp, U), 3+(‘u|_1)éD(Gp)_1)} <1+ W for every u € A(H).
3. t(Gp) < t(H) < max {t(cp), W} <14 BERIDER)ZY) - ang if t(H) > D(Gp), then
t(H) < max{1+minL(W) | W € B(Gp \ {0}),|W| < D(Gp)(D(Gp) — 1)} .

4. Suppose that Gp = —Gp. If U € A(Gp) with |[U| > 3, then t(Gp,U) > |U|. In particular, if
D(Gp) > 3, then t(Gp) > D(Gp)

Proof. 1. The inequalities follow immediately from Items 1. and 2. of Lemma 3.2, and by the very
definition the inequalities show that H is locally tame if and only if B(Gp) is locally tame.

2. See [12, Theorem 3.4.10.6].

3. The first inequalities follow immediately from 1. and 2. Suppose that t(H) > D(Gp). If t(H) is
infinite, then D(Gp) is necessarily also infinite and the last inequality is clearly true. So, suppose t(H) is
finite. There are atoms u, ua, ... ug, V1, . . ., U, such that u | vy-.. . vy, but u divides no proper subproduct,
and t(H) = t(H,u) = max{¢,m}. Since m < |u| < D(Gp), it follows that t(H,u) = ¢ = 1 4+ min L(w)
with w = u~ vy - ... vp,. Since

lw| = vy ... vm| = |u| < [u|D(Gp) — |u| < D(Gp)(D(Gp) — 1),

the assertion follows.

4. Suppose that U = g1 - ... g, with m > 3, and set V; = (—g;)g; for all i € [1,m]. Then
UlVy ... - Vy, but U divides no proper subproduct. Since U(—=U) = Vi - ... V,, it follows that
t(Gp,U) > max{2,m} = m = |U|. The statement on t(Gp) is an immediate consequence. O

Remarks 3.4. 1. Proposition 3.3 shows that the property whether H is locally tame or not depends
only on Gp. This is not true for global tameness. We argue as follows. By [15, Example 4.13], there
is a tame Krull monoid H’ with class group G’, set of prime divisors G’» C G’ such that D(G’%) = cc.
Since H' is tame, B(G'p) is tame by Proposition 3.3.3. By a Realization Theorem for Krull monoids ([12,
Theorem 2.5.4]), there is a Krull monoid H with class group G, set of prime divisors Gp C G, and an
isomorphism ®: G — G’ with ®(Gp) = G5 such that every class in Gp contains at least two distinct
prime divisors. Then [15, Theorem 4.2] implies that H is not tame, but B(Gp) = B(G’) is tame.

2. Statement 3 of Proposition 3.3 shows that the finiteness of the Davenport constant implies that
H is globally tame and hence locally tame. Note, if Gp is finite, then D(Gp) is finite, and the converse
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holds if G has finite total rank ([12, Theorem 3.4.2]). Moreover, if Gp = G, then G is finite if and only
if D(G) is finite if and only if H is locally tame if and only if H is tame ([14, Theorem 4.4]).

As mentioned above, we can have that t(Gp) < oo = t(H). We will also give an example of a finite
abelian class group such that t(G) < t(H) (see Theorem 5.1). Thus in general the tame degree t(H) does
not coincide with the tame degree of the associated monoid of zero-sum sequences. However, if every
class contains sufficiently many prime divisors, then the following proposition offers a characterization
of t(H) in terms of zero-sum theory. This opens the door to study the arithmetical invariant t(H) with
methods from Combinatorial and Additive Number Theory.

Proposition 3.5. Let H be a Krull monoid with class group G and let Gp C G denote the set of classes
containing prime divisors. Suppose that Gp = —Gp and that 2 < D(Gp) < oo.

1. Let w € A(H) and U = B(u) with |[U| > 3. If every nontriwvial class contains at least |U| + 1
distinct prime divisors, then

t(H,u) = max{|U|,14+minL(A4; -...- Ap) |m e N, U =5, -...- Sy, and, for alli € [1,m],
Si, Ai € F(Gp) \ {1} with S;A; € A(Gp)}.
2. If every nontrivial class contains at least D(Gp) + 1 distinct prime divisors, then
t(H) =max{D(Gp),14+minL(A; -...- Ap) |meN,Ay,..., A, € F(Gp) \ {1}
are zero-sum free such that o(Ay)-...-o0(An) € A(Gp)}.

Proof. We may suppose that H is reduced, and we consider a divisor theory H — F = F(P).
1. First note that

o(Ar-...-Ap)=0c(A)+...+0(4n) =—c(U) =0,

hence Ay - ... A, € B(Gp). Since S;A; € A(Gp) and S; # 1, it follows that |A;| < D(Gp) — 1 for all
i € [1,m], and hence |A; - ... - Ay <m(D(Gp) — 1) < |U|(D(Gp) — 1). Thus we get

minL(A; -...- Ap) <Ay ... An]/2 < (D(Gp) — 1)D(Gp)/2.

Thus the set {|U],1+ minL(-) | ...} is finite, and we denote by ¢’ its maximum.
First we show that t(H,u) < t'. Let a € H with t(H,u) = t(a,u). Let £,m € N, vy, ..., U, Ua,. .., up €

A(H) such that w|vy - ... vy, but u divides no proper subproduct, vy - ... v, = uug - ...  uy and
max{l,m} = t(a,u). If £ < m, then t(a,u) = m < |U| < t'. Suppose that £ > m. Then t(a,u) = ¢ and
¢—1 = minL(u"ta). Since u divides v;-. . .-v,,, but no proper subproduct, there are s, ..., Sm, a1, ..., an €
F\ {1} such that u = $1 - ... s, and v; = s;a; for all i € [1,m]. Setting S; = B(s;) and A; = B(a;) for
all 7 € [1,m] we obtain that

t(H,u)=¢=1+minL(u 'a) =1+ minL(B(u"'a)) =1 +minL(A; -...- A,) <t'.

Next we show that ¢’ < t(H,u). If ¢ = |U|, then the statement follows from Proposition 3.3. Suppose
that ¢ > |U|, and let Sy, A1, ..., Sm, Ay be as in the definition of ¢’ such that ¢ = 1 4+ minL(A; -

Ap,). There are s1,...,8y, € F\ {1} such that u = s1-...- s, and S; = B(s;) for all ¢ € [1,m].
Set v = |Ay - ... Ap|. Since every class contains at least |U| 4+ 1 distinct prime divisors, there are
primes p1,...,py € P\ suppp(u) and elements as,...,a,, € F such that a1 ... - ap = p1 ... py,
gedp(u,ay - ... - am) = 1, and B(a;) = A; for all i € [1,m]. Now we define v; = s;a; for all i € [1,m],
and observe that vq,...,v,, € A(H). By construction, u|v; - ... v, but u does not divide any proper
subproduct. Let ug,...,u; € A(H) such that max{¢, m} < t(a,u). Then
(>14+minL(u"'a) =1+ minL(A;-...-A,) =t > |U| >m,
and hence

t(H,u) > t(a,u) = max{{,m} =0 >1t".
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2. Let t' denote the maximum on the right hand side. First we show that for all u € A(H), we
have t(H,u) < t'. We choose u € A(H) and use the equation for t(H,u) derived in 1. Clearly, we have
lu| < D(Gp) <t'. Let S1,A1,...,Sm,An beasin 1. Since U = Sy -...- S, € A(Gp), it follows that
U =0(S1)...-0(Sm) € A(Gp) and hence —U' = g(A1)-...-0(An) € A(Gp). Thus all the assumptions
on Ay,..., A, of 2. are satisfied, and thus t(H,u) <.

Conversely, we show that ¢’ < t(H). If ' = D(Gp), then t' = D(Gp) < t(H,u) for some u € A(H)
with |u| = D(Gp). Suppose that ¢’ =1+ minL(A; -...- A,,) with Ay,..., Ay, be as in 2. For ¢ € [1,m)],
we define S; = —o(A;), and we set U = Sy -...- Sp,. Then U, S144,...,S5,A, € A(Gp), and for any
ue B (U), wehave t’ = 1+ minL(A; -...- A,,) < t(H,u) by 1. O

4. KRULL MONOIDS WITH SMALL AND WITH LARGE GLOBAL TAME DEGREE

Let H be a Krull monoid with class group G such that every class contains a prime divisor, and
suppose that |G| > 3. Then, by Proposition 3.3, we have
D(G)(D(G) — 1)

5 .

The main result in this section is Theorem 4.12. Tt characterizes when the equality D*(G) = t(G) and
when the equality D*(G) = t(H) do hold. These characterizations reveal the first example showing that
t(G) < t(H) may happen. On the other hand, if we consider t(H) and D(G) as functions of the rank r
of G (with fixed exponent), then t(H) is growing as the upper bound given above.

We start with two lemmas providing lower bounds for the global tame degree.

D*(G) < D(G) < t(G) < t(H) <1+

Lemma 4.1. Let G be a finite abelian group with |G| > 1.
1. Then t(G) > 1+ exp(G)k*(G).
2. If G is cyclic of order |G| =n > 25, then t(G) > 2n — 7y/n + 10.

Proof. 1. See [12, Proposition 6.5.2].

2. Let G be cyclic of order |G| = n > 25. We start with a special construction (which is very similar
to [12, Proposition 6.5.2]). We set n = gm + j, where ¢q € [2,n — 2] with ged(g,n) = 1, and m,j € N, and
choose a non-zero element g € G. The atoms

U=(q9)", Up=g", Ur=(-9)g. V=1(a9)9" ", V' = (q9)(—9)*
are pairwise distinct, and we have
A=Vrmy'™ = guimuy T € B(G).

Since |Z(U™Uy~%"™)| = 1, A has precisely one factorization which is divisible by U. Therefore we
obtain that

t(G) > t(A,U) > d(V"V'™" uuim Uy ™)

(4.1) =max{n,1+gn+n—qg—m}=n+(g—1)(m—1).

Thus, it would remain to find ¢, m and j fulfilling the relevant conditions such that n+ (¢ —1)(m —1)
is greater than 2n — 7./n + 10. The main obstacle here is that ¢ needs to be co-prime to n. To side-step
this problem for the most part, we first apply the first part of this result.

It is easy to see that if n is divisible by at least three distinct primes then k(G) > 2 — 1/n, and the
result follows directly from the first part.

So, we may assume that n is divisible by at most two distinct primes. For such an n it is well-known
and not hard to see that among each four consecutive integers there is at least one co-prime to n. Indeed,
consider two distinct primes p, ¢, and assume for a contradiction a,a + 1,a + 2, a + 3 are all divisible by
porgq,say p|a, then pt(a+1)soq|a+ 1 implying that p needs to divide a + 2 and thus p = 2 and
q # 2, and a + 3 is divisible neither by p nor by ¢, a contradiction.
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Thus, we can choose some ¢ that is co-prime to n from the set {[\/n] —3,...,|v/n]}; note that here
we use the condition n > 25 to ensure that these elements are at least 2.

We then set m = |[n/q|, the quotient of the Euclidean division of n by ¢, and j the rest (note that j
is non-zero as ¢ does not divide n). It follows that m > [/n].

From this we get that (m — 1)(¢ — 1) > (v/n — 2)(v/n — 5), and the claim follows. O

It is apparent from the proof that also for n < 25 non-trivial bounds can be obtained using the same
method. However, if one wishes to have a bound for some specific (small) values of n, one should in any
case rather use the bound n + (¢ — 1)(m — 1) directly for an in this case suitable choice of ¢, or at least
not use the crude estimate |\/n] > y/n — 1 so that we made no effort to avoid the condition n > 25.
Moreover, for n a prime or also a prime-power one can get somewhat better bounds in essentially the

same way, using ¢ = |\/n] or g € {[\/n| — 1, [\/n]}, respectively.
Remark 4.2.

1. If G is cyclic of order |G| =n > 5 and n is a prime number, then t(G

) >2n —4y/n+4.
2. If G is cyclic of order |G| =n > 9 and n is a prime-power, then t(G) > 2n

—5y/n+ 6.

Lemma 4.3. Let G be a finite abelian group, and let r € N be even.
1. Let (e1,...,e;) € G" be independent such that ged (ord(e;),ord(e;)) > 1 for all i,j € [1,7],

eo=—€1—...—e, =y (—1)Tle,;,
U= ¢ H (760 - ei) H (60 + ei) ,
i€[1,r] odd i€[l,r] even
and
% =ord(e;)k; +7; with j; € [0,0ord(e;) —1] and k; = {ﬁ(@i)J for all i €l,r].

Then, U is a minimal zero-sum sequence and

HG,U) > 1+i (%mJ ”i) '

2. If G =Cy, withn > 2 and ged(r — 1,n) = 1, then t(G) > 14 2r|5-| and t(C3) > 1 + §

Proof. 1. We set S = e 'U. Since o(S) = —¢, it follows that U = @S is a zero-sum sequence. To
show that U is a minimal zero-sum sequence it remains to verify that S is zero-sumfree. Assume to the
contrary that S has a non-empty zero-sum subsequence

T = H —ep — €;) H (eo+e;), where I, and I, are subsets of [1,r] of odd and even numbers, resp.
iel, icl,

For i € [1,r] let a; € [0,0rd(e;) — 1] such that o(T") = Y ;_, a;e;. Recalling the definition of ey we infer
that

-1 for jel,,
ajej = (|Ip| — |Ie] + dj)e; where §; =41 for j € I,
0 otherwise.

Since o(T)) = 0 and (e1,...,e,) is independent, it follows that aje; = 0 for each j € [1,7], that is
ord(e;) | (o] — 1] + ).

Now, since 7" is non-empty not all §; equal 0. However, this implies that no d; equals 0. Indeed, if
91, = 0 for some k, then ord(eg) | |Io|—|Ic|, and considering some &’ such that d;, # 0 we infer that ord(ey)
divides |I,| — |I.| + 1 or |I,| — |I.| — 1. This entails that ged (ord(ex),ord(ex)) divides two consecutive
integers, a contradiction. Consequently, I, U I, = [1,7], T = S, and thus o(T) = o(S) = ¢ # 0, a
contradiction.
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We set Vo =€[[,_,(—1)"e,, and we define
v — (—eo — i) [Toep. iy (—ev) s if i is odd,
(eo + €;) Hue[l,r]\{z‘} ey, if 7 is even.
By construction, we have U | HZ:O V., but U does not divide any proper subproduct. Furthermore, we

have
r

w=U" Ve =] ((~ew)en) .

v=0 v=1
Next we study L(W). For any nonzero g € G, k € Ny, and j € [0,ord(g) — 1], we have

L(((=9))" ™) = {2k + w(ord(g) —2) + 7 | v € [0,K]},
and the minimum of this set equals 2k 4 j. Thus, for every ¢ € [1,7], we obtain that

L(((—ei)ei)rp) = {2k; + v(ord(e;) — 2) + ji | v € [0, k] },

with ) .
r/2
i L( —€i)e; ):2{7J i -
minL( ((—e;)e;) Sord(er) +J
Since
r/2
Lw) = YL (((—ees) ") .
i=1

min L(W) is the sum of the minima, and it follows that

(G, U) > 1 + minL(W) = 1 ({ J )

( ) > 1+ min +Z Sord(er) +j

2. Suppose that G = C? with r and n as above. After choosing a basis (e1,...,e,) of G with

ord(er) = ... =ord(e,) = n, the first inequality follows immediately from 1. Now suppose that n = 2. If

r =0 mod 4, then the statement on t(C%) follows from the first statement. If r = 4k + 2 with k € Ny,
then r/2 = 2k + 1, and 1. implies that

2
HG) 2 1+r(2k+1) =14 O

Lemma 4.4. Let G be a finite abelian group. Then exp(G)k*(G) > d*(G), and equality holds if and only
if G is a p-group of the form G = C], where n,r € N.
Proof. By definition, the statement holds if |G| = 1. Suppose that |G| > 1, say

chnl@...@cm gcql@...@cs,

where r,s € N, ny,...,n, € N, 1 <nq|...|n,, and q1,...,qs are prime powers. Note that exp(G) =
n, = lem(qy,...,qs). Obviously, the statement holds for cyclic groups of prime power order. Suppose
> 1 forall j € [1,s], it follows that

T
Z q] >1 and hence n, Z L - 2 ng > Z(n -
Jj=1 i=1

=

Thus the statement holds for cyclic groups. If G is not cyclic, then

(1) - (
exp(G)k*(G) = exp(G Z k*(Cp,) > Znik*(c ) >
i=1
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where equality in (1) holds if and ounly if n; = ... = n, and equality in (2) holds if and only if nq,...,n,
are prime powers. 0

Proposition 4.5. Let G1, Gy be finite abelian groups with t(G1) > D(G).
1. If t(G2) > D(G2) or D(G3) = D*(G>), then t(G1 & Ga) > t(Gh) +t(G2) — 1.
2. Ifd(Gy1 & G2) = d*(G1) + d*(Ga), then t(G1 ® G2) > D(G1 @ Ga).
Proof. 1. Let i € [1,2]. By definition of t(G;), there exists an U® € A(G;) with t(G;) = t(G;, U®). By
definition of t(G;, U®), there are £;,m; € N, UQ(i), . Uéj), Vl(i), LV e A(G;) such that U®) |V1(i) .
") but U® divides no proper subproduct, U(i)UQ(i) e Ué(j) = Vl(i) V9 and t(G;, U®) =
max{fl;, m;}. If t(G;, UD) = t(G;) > D(G;), then m; < |[U®W| < D(G;) implies that m; < £; = t(G;, U®)
and
6 —1=minL(Uy" -....U").
Now suppose that t(G2) = D(G2) = D*(G32). Then we provide a new construction of the above type
where we have f5 > m9g and ¢35 — 1 = min L(U2(2) . Ue(j))- For simplicity we use the same notation

as above. Let (e1,...,e,) be a basis of G such that ord(e;) = n; for all i € [1,r], 1 < ny|...|n, and
d*(G)=>1_(n;—1). Weset eg =e1 +...+ e,

U® = (—eo)eo, V1(2) = eOHe?Fl , and V2(2) = —\/1(2).

i=1
Then we get U []/_, ((—ei)ei)"i_l = V1(2)V2(2), t(Go, UP)) = t(G2) = 1 +d*(GQ), by = d*(G) +1>2 =
meo and
ly—1=minL(U” -...-UP),

with the obvious definition of U2(2), ceey Ue(j)'

We continue simultaneously for both cases. For v € [1,m;], we set Vl,(i) = S,Si)A,(j), with Sl(,i), A,(j) €
F(G;) such that U®) = Sil) o Sf,? We choose an element g; € G; with g; | Sy), and define

U=g;'9;" (91 +92)UDUP and Vi =g7'g; (01 + ) VIV

Then U, V4 € A(G1 ® G2) and U | V1V2(1) o V,%ll)Vf) e V,%QZ), but U divides no proper subproduct.
For W =U"V" vV v we get
w=u"- .. oPu Ul
and
1 1 2 2

L) =L ... )+ Los? - D).

This show that min L(W) = (¢; — 1) 4+ (¢ — 1). Summing up we obtain that
t(G1 (&%) GQ) > t(G1 ® G, U) > max{m1 +ma, b1 + b — 1} =0+l —1= t(Gl) +t(G2) —1.

2. Using 1. we infer that
t(G1 & Gg) Gl) + t(Gg) —-1> D(Gl) + D(Gg)

>t
_ O
>d*(G1) +d*(G2) +2=d(G1 ®G2) +2=D(G1 ®G2) + 1.

For the rest of this section, let H be a reduced Krull monoid, H — F(P) a divisor theory with class
group G and suppose that every class contains a prime divisor.
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Lemma 4.6. Let G = C§ with v > 3 and ¢ € [1,r + 1]. Let Aq,..., Ay be pairwise distinct zero-
sum free sequences with |A;| = r. Then there exist some k € [0,4 — 1] and Uy,..., U, € A(G) with
Up-...-Ug | A1~ ...+ Ag such that

|Uy ... - Ug| >3(£—1).

Proof. See [12, Lemma 6.6.5]. O
Lemma 4.7. Let G = C§ with r > 3, n > 3, and u,vy,...,v, € A(H) such that w | v1 - ... v, and
does not divide any proper subproduct. Furthermore, for every i € [1,n|, suppose that v; = s;a; with
ai,s; € F(P)\ {1} such that uw =T}, s; and set w =u""vy ... v,. Then minL(w) < w

Proof. Weset U = B(u), W = B(w), V; = B(v;), S; = B(s;) and A; = B(a;) for all i € [1,n)]. It is sufficient
to verify the upper bound for min L(W). After renumbering if necessary there is some ¢ € [0, n] such that
|A1| =...=|A¢| =rand |A;| <r—1forallie [{+1,n]. If £ =0, then min L(W) < [W|/2 =n(r—1)/2.
Let ¢ > 1, and assume to the contrary that there are distinct 4,5 € [1,¢] such that A; = A;, say i =1
and j = 2. Then
o(51) = 0(A1) = 0(A2) = 0(52),

hence u = s182 and n < 2, a contradiction. Thus A1, ..., A, are pairwise distinct zero-sum free sequences.
By Lemma 4.6 there exist some k € [0,¢ — 1] and Uq, ..., Uy € A(G) such that

Ui+... U |Ar-...- Ay and |Up-... Uyl >3(0—1).
Setting W/ = (Uy - ... Ug) "W we infer that
W <|W|=3l-1)<lr+(n—0r—-1)-3l—1)=n(r—1)—2({—1)+1.
Thus W has a factorization of length at most

Wl

k+T§%(n(r—1)+2(kz—(€—1))+1) SM_

2

Lemma 4.8. Let G = C§ withr > 3, and suppose that t(G) > 2+@. Then there are U, Vi, ..., Viyq €
A(G), where U|Vy «... - Vipq but U divides no proper subproduct, such that the following properties are
satisfied :

(a) U=¢€1-... €erq1, and V; = ¢;A; where A; € F(G) and e; = ged(U,'V;) for all i € [1,r + 1].

(b) A;A; is not zero-sum free for all i,j € [1,7 + 1] distinct.

(c) For W =U"1V;-...-Viy1 we have gcd(U,W) =1 and t(G) = t(G,U) = 1 + min L(W).
Proof. Let U € A(G) with t(G) = t(G,U) > 2+ "1 Then there are Vi,...,V,, € A(G) with
UlVi-...- Vi, Ut Vi for any I € [1,m], and such that

t(G,U) = 1 + min L(W).
Then Lemma 4.7 (applied with H = B(G)) implies that
r(r—1) m(r—1)+1
2 )

and hence m = r + 1 = |U|. Therefore we may assume that Property (a) holds.

Assume to the contrary that Property (b) fails. Then there exist some 4,5 € [1,r + 1] distinct such
that A;A; is zero-sum free, say ¢ = 1 and j = 2. We set

1+

<minL(W) <

r+1
U:(62+61)H6i and 72: (€2+61)A2A1.
=3
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Then U, Vs € A(G), U | VaVs ... - V,y1 and
T Vs Vo =W =U"1 ... Vs

Thus Lemma 4.7 implies that min L(IW) < @, a contradiction. Finally we assume to the contrary
that Property (c) fails. This means that the set I C [1,r + 1], defined as

H e; = ged(U, W),

iel
is nonempty. Let i € I. Then ¢; divides W = Ay - ...« Apyr. I ey | A7'W, then U | Tlicn oy gy Vi
a contradiction. Thus e; | A; whence V; = e?. If there would exist ¢,j € I distinct, then A;A; = e;e;
would be zero-sum free. This implies that |I] < 1.

Since we assumed I to be nonempty, we get that |I| =1, say I = {r + 1}. Then for i € [1,7] we have
‘/i = 61'141' and ‘/T-i-l = 672_+1 .
After renumbering if necessary, we may suppose that for some ¢ € [0,7] we have |[A;| = ... = |4/ =7
and |4;] <r—1forallie [(+1,r]. If { =0, then min L(W) < |W|/2 < (1+7r(r—1))/2, a contradiction.
Suppose that £ > 1. By Lemma 4.6, there exists some k € [1,£ — 1] and Uy, ...,U; € A(G) such that
UlUklAlAg and |U1Uk| ZS(f—l)
Setting W' = (Uy - ... U)W we infer that
W/ <|W[=3l-1)<lr+(r—-0r-1)+1-3l—-1)=r(r—1)—20+4.

Let W = Upyq - W with Upy1 € A(G) and e,41 | Ugyr. Since U 1 []i_, Vi, ep41 occurs exactly once
in W’ which implies that |Ugt1| > 3 and [W"| = |[W/'| — |Ugy41| < r(r — 1) — 20 + 1. Thus W has a
factorization with length at most

" 1 —1 1
PR LU B A U V7 ASE B R P Glult B
2 2 2 2
whence min L(W) < T(T; 1), a contradiction. O

Lemma 4.9. Let G = C§ with r € N.
1. t(G) = D(G) if and only if r € [2,3].
2. If r =2, then t(H) = D(G).
3. If r = 3 and if there is a nontrivial class containing at least two distinct prime divisors, then
t(H) =D(G) + 1.
Proof. We proceed in four steps, distinguishing the cases r =1, r =2, r = 3, and r > 4.
(i) If » = 1, then B(G) is factorial and hence t(G) =0 < D(G) = 2.
(i) Suppose that » = 2. Then D(G) = 3, and and by Proposition 3.3 we have

3 <t(H) < max {t(G), LS i (D(C;P) — 1)2J} = max{t(G), 3},

and hence it suffices to verify that t(G) < 3. This can be done by a quick direct check.

(iii) Suppose that » = 3. To show the statement on t(G), we assume to the contrary that t(G) >
DG)+1=r+2=5=2+ 3—22 Then let U, Vq,..., Vs have all the properties of Lemma 4.8, and use
all the notations of that lemma. In particular, we have U = e - ... e4. Then (e1,e2,€3) is a basis of G,
es =e1+ea+es, and G = {0,e1,e9,€3,e1 + €2 + e3,e2 + e3,e1 + e3,e1 + ea}. Since ged(U, W) = 1, it
follows that

supp(41) C supp(W) C {e2 + e3, €1 + ez, e1 + e}
On the other hand, A4; is zero-sum free with o(A4;) = e; and with |44] € [2, 3], a contradiction.
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Now suppose that there is a nontrivial class containing at least two distinct prime divisors. First
we show that t(H) > 5. Let (e1,e2,e3) be a basis of G and let p; € P Ne; for all ¢ € [1,3], and let
phy € PNes with py # ps. Let u = q1q2q3ps € A(H) with B(u) = (e1 + ez + e3)(e1 + e3)(e2 + e3)es such
that 1 € PN (e1 +e2+e3),q2 € PN (e; +e3), and g3 € PN (e2 + e3). Now we define

UL = QUp1D2Ps, V2 = @2P1Ps, Vs = q3paps, and  vs = paps.
Then v1,ve,v3,v4 € A(H), u|vivavsvs, but u does not divide any proper subproduct. Since we have
L(u~tvivgvgvy) = {4}, it follows that

t(H,u) > t(a,u) > max{4,1 + minL(v"'a)} =5=D(G) + 1.

Assume to the contrary that t(H) > 5. We choose a € H and u € A(H) such that t(H) = t(a,u) > 6.
Then there are ua, ..., us, v1,...,0n € A(H) such that u|vy-. .. vy, but u divides no proper subproduct,
and max{/,m} = t(a,u). We set U = B(u), w = u"ta, and W = B(W). Since m < |U| < D(G) = 4, it
follows that t(a,u) = ¢ =14 min L(W) > 6. From this we get that |U| =4 and |W| € [10,12]. Then for
every i € [1,4], there are p; € P and a; € F\ {1} such that v; = p;a; and u = p1papsps. Weset A, = B(a;)

for all ¢ € [1,4], and after renumbering if necessary there is an s € [0,4] such that |A;| = ... = |As| = 3,
and 3 > |As11] > ... > |A4|. Note that W = A;-...- Ay, and since (A1), ..,0(A4) are pairwise distinct,
the sequences Ay,..., Ay are pairwise distinct. Since |A; -...- A4 = |[W/| € [10,12], |IW| = 10 implies

s> 2, [W]| =11 implies s > 3, and |[W| = 12 implies s = 4. By Lemma 4.6 there exist k € [0,s — 1] and
Wi,...,Wi € A(G) such that Wy ... - Wi | Ay -...- Ag and [Wy -... - Wy| > 3(s — 1). This implies that
(W] — [Wi-... Wi Wl=3(s-1) _[W|=(s—1)

2 * 2 B 2 ’

5<minL(W) <k+ <(s—1)

a contradiction.

(iv) Suppose that r > 4. If r > 4 is even, then Lemma 4.3.2 shows that

2
tE) 21+ >r+1=D(G).

If » > 5 is odd, then again by Lemma 4.3.2 we get that

(r —1)*
2

t(G) >t(Cy ) > 1+ >r+1=D(G). O

Lemma 4.10. Let G = C§ with r € N. Then t(H) = D(G) if and only if r = 1.
Proof. Let r = 1. Then D(G) = 3, and by Proposition 3.3 we have
D —1)°
3 < t(H) < max {t(G), [3 + (GQP) ) J} = max{t(G), 3},

and hence it suffices to check that t(G) < 3. Let U € A(G). If |[U| = 2, then t(G,U) < 1+% = 3.
If [U| =3, then U = ¢, V; = Vo = V3 = (—g)g for some nonzero g € G, and hence t(G,U) = 2.

Note that D(C%) = D*(C%) = 2r + 1. Since t(H) > t(G), Proposition 4.5 implies that it is sufficient
to show that t(C5 @ C3) > 5 = D(C5 @ C3).

Let G = C5 @ C3, and let (eq, e2) be a basis of G. We define

Vi=Va=ei(—e1 —e2)?(ea—e1)?, Va=Vy=ea(—e1 —ea)*(e1 —e2)?, Vs = (e1+e2)(—e1)?(e1 —ea),

and

U=ee2(e; +ea).
Then U, V4,...,V5 € A(G), U|Vy - ... Vs, but U does not divide any proper subproduct. We set
W =U"'V; -...- Vs, and assert that min L(W) = 6, which implies that

t(G) > t(G,U) > 1+minL(W) =7.
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Note W = (—e1 — e2)%(e1 — €2)®(e2 — e1)*(—e1)?, in particular is has lenght 19. We determine the
atoms S € A(G) with S| W and |S| > 4. Such an atom must not contain both (e; —e3) and (ex —ey), yet
contains at least three distinct elements; consequently it contains —e;. First, suppose the two elements
besides —e; are (—e; —es) and (e2 —e1). We note that (—ej)(—e; —e2)(e2 — e1) is a (minimal) zero-sum
sequence, and thus the only minimal zero-sum sequence with this support. Thus, since |S| > 4, we have
supp(S) = {—e1, —e1—ea, e1—ea}. If the multiplicity of —e; is 1, we get the atom (—e;)(—e1—ez)(e1—e2)?,
and if the this multiplicity is 2, we get the atom (—e;)?(—e1 — e2)?(e1 — e2).

Therefore, noting that the multiplicty of —e; in W is 2, we can infer that every factoriazation of
W contains (counted with multiplicity) either one atom of lengths 5 and none of lengths 4 or none of
length 5 and at most 2 of length 4. Thus, min L(W) is at least the smaller of 1 + [(19 — 5)/3] = 6 and
2+ [(19 —2-4)/3 = 6; that is it is at least 6. O

Lemma 4.11. Let G = C] with r € N. Then t(H) = D(G) if and only if r = 1.

Proof. Let r = 1. Let u € A(H) but not prime. We have to show that t(H,u) < D(G) = 4. Let
U1y O € A(H) such that u | vy-. . .-y, but u divides no proper subproduct. We set w = u oo, €
H, and note that m < |u| and m € [2,4]. If m = 2, then |u~!v1v2| < 6, and hence min L(w) < 3. We set
U=p8u), W= pB(w), V; = B(v;) for all i € [1,m], and distinguish the cases m = 3 and m = 4.

CASE 1: m = 3.

First suppose that |U| = 3. Then U = g%(2g) for some g € G with ord(g) = 4, and we may suppose
that g| Vi, g| Va2, and (2g) | V3. Then |V3| < 3. Assume to the contrary that min L(1W) > 4. Then |W| > 8,
which implies that |Vi| = |Va| = 4 and |V3| = 3. Then Vi = Vo = ¢*, and V3 € {(29)¢%, (29)(—9)*}. In
both cases we get that min L(W) < 4, a contradiction.

Now suppose that [U| = 4. Then U = g* for some g € G with ord(g) = 4, and we assume again that
min L(W) > 4. This implies that || = 8, and hence, after renumbering if necessary, V1 € {g%, ¢%(29)},
and Vo = V3 = g% Thus we get L(W) = {2}, a contradiction.

CASE 2: m =4.

Then U = g* for some g € G with ord(g) = 4. Thus Vi, Vs, V3, V4 € {g9(—9g),9*(29), g*}. Assume to
the contrary that min L(W) > 4. Then |[W| > 8, and at most two of the V; are equal to (—g)g. Discussing
all possibilities we quickly see that min L(TW) < 3, a contradiction.

Now suppose that 7 > 2, and note that D(C}) = D*(C}) = 3r + 1. Since t(H) > t(G), it suffices to
prove that t(G) > D(G). Thus by Proposition 4.5 it is sufficient to show that t(C4s@®Cy) > 7 = D(C4®Cy).
Let G = Cy @ C4 and let (e1,e2) be a basis of G. We define

Vi=Vo=V3=ei(—e1 —e3)(2e1 — e2),
Vi=Vs= Vs =ea(—e1 —ea)®(—e1 + 2e2),
Ve=(e1 + 62)4 , and U= e?eg(el +e2).

Then U, Vy,....Vz € A(G), U|Vi - ... V7, but U does not divide any proper subproduct. We set
W =U~1V;-...-Vz, and assert that min L(W) = 7, which implies that

t(G) > t(G,U) > 1+minL(W) =8.
First we determine the atoms S € A(G) with S|W. Since

2 -1
(261 — €2, —€1 + 262) = (61562) < —1 2 >

and the determinant of the transformation matrix equals —1 modulo 4, it follows that (2e; —e2, —e1 +2e2)
is independent, and hence the sequence (2e1 — e2)?(—e1 + 2e5)? is zero-sum free. Now it is easy to check
that

S = (€1+€2)(2€1—62)3(—€1+2€2)3, Sy = (61-‘1-62)2(261—62)2(—€1+262)2, S3 = (€1+€2)3(2€1—62)(—€1+2€2)
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are the atoms S with (—e; —e2) 1S and S| W, and
Sy = (—e1 —e2)(2e1 — e2)(—e1 4 2€3), 55 = (—e1 —ea)(e1 +e2), 56 = (—eq —e2)?
are the atoms S with (—e; —e2) | .S |W. We claim that
Z(W) = {5153S5, 535155, 5254555, 535555 }
which implies that L(WW) = {7,9}. Clearly, it remains to show that the given factorizations are the only

ones. Let z € Z(W). If Sy | z, then obviously z = S1525¢. Suppose that Sy { z. If S| 2, then z = S357S¢.
Suppose that S5 {z. If S2 |z, then z = S55,5553. If also Ss f z, then z = S35258. O

Theorem 4.12. Let H be a Krull monoid with finite class group G such that every class contains a
prime divisor.
1. t(G) = D*(Q) if and only if G € {Cs,Cy,C3,C3}.
2. If one nontrivial class contains at least two distinct prime divisors, then t(H) = D*(QG) if and only
Zf G e {02, Cg, C4, 022}

3. Suppose that G has rank r(G) = r, and consider both, D(G) and t(H), as functions in r. Then
there are constants My, Mo, M5, My € R (depending only on exp(G) but not on r) such that

Mir < D(G) < Myar and Msr® <t(H) < Myr?.
In particular, t(H) grows as the upper bound 1 + D(G)(D(G) — 1)/2, given in Proposition 3.5.5.

Proof. Tf |G| = 1, then both, H and B(G), are factorial, whence t(H) = t(G) = 0, but we have D*(G) = 1.
From now on we suppose that |G| > 1, say G 2 C,,, @ --- & C,,,, where r = r(G) € N is the rank of G,
ny,...,n €Ny 1<ng|...|n., and n =n, = exp(G) is the exponent of G.

1. If |G| = 2, then t(G) = 0 and D*(G) = 2. Suppose that |G| > 2, and that t(G) = D*(G). By
Lemma 4.1 we obtain that t(G) > 1 + exp(G)k*(G). Therefore Lemma 4.4 implies that equality holds
and that G is a p-group with ny = ... = n,, whence G = C. If n > 5, then t(C,) > n = D(C,) by
Lemma 4.1.2. Thus Proposition 4.5.2 implies that t(C)) > D(C"). Therefore it remains to consider the
cases where n € [2,4]. Lemmas 4.9, 4.10, and 4.11 show that the mentioned groups satisfy t(G) = D*(G),
and that there are no other groups G with exp(G) < 4 with this property.

2. If |G| = 2, then H is not factorial whence t(H) > 2, and Proposition 3.3.3 implies that t(H) < 2.
If G = C3, then Lemma 4.9 implies that t(H) = D(G) + 1. Since t(H) > t(G) > D(G) > D*(G), the

remaining assertions follow from 1.

3. We have 1 4+ r(n; — 1) < D*(G) < D(G) < D(C7), and by [12, Theorem 5.5.5], we obtain that
D(Cr) <n+nlogn"' < (nlogn)r.

Thus there exist constants My, M as required. Let p be a prime with p|n;. Then G has a subgroup
isomorphic to Cj and hence t(Cj) < t(G). We intend to find a M3 € Ry with Msr? < t(Cy). If
p = 2, this holds by Lemma 4.3.2. Let p be odd. Then there is an s € [r — 2,7] such that s is even and
ged(p,s — 1) = 1, and hence Lemma 4.3.2 implies that

S S T
1+ 25{—2pJ <t(Cp) <t(Cy).
Finally Proposition 3.3.3 implies that

t(H) <1+
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5. KRULL MONOIDS WHOSE CLASS GROUP IS EITHER CYCLIC OR AN ELEMENTARY 2-GROUP

In this section we study Krull monoids H whose class group G is either cyclic or an elementary 2-group.
We get quite precise results, which confirm the general tendency of the tame degree indicated by Theorem
4.12. Suppose |G| > 3, that every class contains a prime divisor, and consider again the inequality

D(G)(D(G) — 1)

D(G)<t(H)<1+ 5 :

In case of elementary 2-groups, t(H) almost equals the upper bound and, apart from one exceptional case,
we always have t(H) = t(G). Suppose that G is cyclic of order |G| = n > 5. Then D(G) = n < t(H) < n?
(for better lower bounds see Lemma 4.1). As expected, it turns out that the tame degree is close to the
lower bound.

Theorem 5.1. Let H be a Krull monoid whose class group G is an elementary 2-group, say G = C§
with v € N, and suppose that every class contains a prime divisor. Then we have
1. If r =1, then t(H) =2 and t(G) = 0.
2. If r = 3, then t(G) = 4, and if one nontrivial class contains at least two distinct prime divisors,
then t(H) = 5.
3.
:1+§ if r>2 s even,

22—1—@ if »>5 s odd.

t(H) =t(G) {

Proof. We may suppose that H is reduced, and that H — F(P) a divisor theory with class group G. All
statements of 1. and 2. follow from Lemma 4.9 and from Theorem 4.12; and hence it remains to prove
3. The assertion for even r > 2 follows from [12, Corollary 6.5.6]. Suppose that » > 5 is odd. The lower
bound for t(G) follows from [12, Theorem 6.5.3]. So it remains to show that t(H) = t(G). By Proposition
3.3, it suffices to show that t(H) < t(G).

Let uw € A(H). We have to show that t(H,u) < t(G). If u € P, then t(H,u) = 0. Suppose that
u ¢ P, and let a € uH, vy,...,v, € A(H) with 2 = vy - ... v, € Z(a) such that u divides no proper
subproduct of vy - ... v,, and such that t(H,u) = max{n,1+ minL(w)}, where w = u= vy - ... v,. If
n < 2, then the assertion follows. Suppose that n > 3, and note that n < |u|. Then Lemma 4.7 implies
that min L(w) < w Thus we are done for n < r.

Suppose that n =7+ 1. Then u =p; ... py41 and, for all i € [1,r + 1], v; = p;a; where p; € P and
a; € F(P)\{1}. Fori € [1,7+1], weset V; = B(v;), g; = [p;] and we set U = B(u). Then U | Vi -...-Viy.
After renumbering if necessary we may assume that there is some m € [1,r+ 1] such that U |V} -...-V},,
but U does not divide any proper subproduct.

If m=1,then Vi, =U, B(2) = Vi-...- Vo1 € UZ(G), and by definition of the tame degree in the
fibres, there is a 2’ € Z(a) NuZ(H) with 8(z") = B(z) and d(z,2") < t(H,u,3). By Lemma 3.2, we get
t(H,u,3) <1+ D(G) =r+2 <t(G).

Suppose that m > 2. There exist Us,...,U; € A(G) such that V; -...-V,, =UUs - ... Uy and
max{k,m} =d(Vy -... - V;,,, UUs - ... - Ug) < t(G,U) < t(G).
Since B(u=ta) = Us - ... - UVips1 - ... Voyq and B: H — B(G) is a transfer homomorphism, there
exist ug, ..., Uk, Wmt1,...,Wrp1 € A(H) such that B(u;) = U; for all i € [2,k], B(w;) =V, for all
jem+1,r+1]andu=ta=wug-... upgWms1 ... wry1. Then
2 =wug . ugWmt e Wep1 € Z(a) NuZ(H) and  d(z,2") <max{r+1,k+r+1—m}.

If m = r + 1, this implies d(z, z’) < t(G). If m = 2, then
— 2D(Q) —
Iﬂ%lquSL (@) SJ:r—L
2 2

k71§{
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and

-1
k+1+7’fm§27"71§2+¥ <t(@).
Suppose that m € [3,r]. Then Lemma 4.7 (applied with H = B(G) and n = m > 3) implies that

k—lgL%J.Ifmgr—l,then

k+r+1—m§2+w+r—m§2+r(rfl)St(G),
Ifm:r,thenkflgwand
k+r+1—m:k+1§2+$§t((¥).
Thus in both cases we get d(z,z’) < t(G). O

For m,n € N, let w(n) denote the number of distinct prime divisors of n, and let ¢,,(n) denote the
number of integers a € [1,m] with ged(a,n) = 1; this function is sometimes called Legendre’s totient
function. Thus ¢, (n) = ¢(n) is Euler’s totient function.

Theorem 5.2. Let H be a Krull monoid having a cyclic class group G of order |G| =n > 5.
L Ifn=peP, then t(H) <1+ 2202 4 2(p — 1)(4 +log(22)).
2. If n=p“, where p € P and a > 2, then

a+1 7

2p = i p
t(H)§172a+p71 +20m+3i:zl(p fl)logg.
3. Ifn=p ... p%, wherer > 2, ay,...,a. €N, and p1,...,p, € P are distinct, then t(H) <

23 S @t Y %l”‘ 2. POTV2D+33 ) (d-1)log(| e

w(d -
2 1<d|n 1<d|n,d<4375 4376<d|n 1<dln 20+ /20(d) — 1+ 1

We need a new combinatorial invariant and a series of lemmas. The proof of Theorem 5.2 will be given
at the end of this section.

Definition 5.3. Let G be a finite abelian group. For every t € [2,D(G)], let m(G,t) denote the smallest
integer £ € N such that every sequence S over G \ {0} of length |S| > ¢ and in addition satisfying
vg(S) < ord(g) for each g € G\ {0}, has a minimal zero-sum subsequence T' of length |T'| > ¢.

The idea behind defining this constant is to somehow quantify how easy or hard it is for a given
group G to avoid the existence of long minimal zero-sum subsequences. While it is clear that some
additional condition, beyond the usual one on the length, is needed to make this definition a meaningful
one, regarding the precise condition there is some flexibility. The one we choose is, except for excluding
0, the most permissive one that seems reasonable. If one cares about minimal zero-sum sequences one
never has a need for an element more than its order times. To exclude 0 makes sense for the present
application and more generally is convenient; the variant of the constant where 0 would be admitted
(with multiplicity 1) would merely differ by exactly 1 from the current version.

The following lemma establishes some basic properties of this new invariant.
Lemma 5.4. Let G be a finite abelian group with |G| > 1.
1. For every t € [2,D(G)], we have m(G,t) > D(G).
2. We have m(G,2) = D(G) and m(G,3) € 2D*(G) — 1,2D(G) — 1].

1)).
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Proof. 1. By definition of D(G), there is a zero-sum free sequence S over G of length |S| = D(G) — 1;
note that, S being zero-sum free, v4(S) < ord(g) for each g. Since such a sequence does not satisfy the
defining property of m(G,t), it follows that m(G,t) > D(G) for every t € [2,D(G)].

2. Every sequence S over G \ {0} of length D(G) has a zero-sum subsequence, and hence a minimal
zero-sum subsequence 7. Since 01 S, we get |T'| > 2. Thus m(G, 2) < D(G), and equality follows by 1.

In order to show that m(G, 3) < 2D(G) —1, let S be a sequence of length |S| > 2D(G) — 1. We write S
in the form S = 51557 T» where, for i € [1,2], S; is a sequence over G such that supp(.S;)Nsupp(—S;) = 0
and T; is a squarefree sequence over G containing only elements of order 2. (Recall that the multiplicity
of an element of order 2 in S is at most 2, and also note that S1.52 cannot contain elements of order 2
appearing in S.)

Without restriction we may suppose that |Sy| > |S2| and |Ty| > |T2|. Then |S171| > D(G), and S1T
thus contains a minimal zero-sum subsequence 7. By construction we have |T'| > 3.

Finally, we verify that m(G,3) > 2D*(G) — 1. Suppose that G =C,,, & ... ®C,,, with 1 <nq|...|n,,
and let (e1,...,e,) be a basis of G with ord(e;) =n; for all ¢ € [1,7]. Then

T
_ ’n,i*l
S = I I e;
i=1

is a zero-sum free sequence of length |S| = D*(G) — 1, and the sequence (—S)S fulfills the additional
condition (for slightly different reasons in the cases ord(e;) = 2 and ord(e;) > 2), and has no minimal
zero-sum subsequence T of length |T'| > 3. Thus it follows that m(G,3) > |(=S)S| = 2D*(G) — 2. O

From now on till the rest of this section, let G be a finite cyclic group of order |G| =n > 5, G* = G\{0},
and m € [1,n].

Lemma 5.5. Let S be a sequence over G such that ord(g) = n for all g € supp(S). If |S| > %&?H,
then S has a minimal zero-sum subsequence of length at least [2].

n
m

Proof. For e € G with ord(e) = n, we have S = me - ... m§e where m§,...,m§ € [1,n]. For every
¢ € [2,n—1], let S(¢,e) denote the subsequence consisting of all terms mfe with m§, € [1,/]. Clearly, if
(5.1) S(6,e)| > n

then S(¢,e) has a minimal zero-sum subsequence of length at least [%]. So, it suffices to prove the

existence of some e such that (5.1) holds with £ = m. Since ord(g) = n for each ¢g|S we have

Y, Sme)=1s > 1= ¢m(n)|S|.

e€G,ord(e)=n i€[1,m],ged(i,n)=1
Therefore,
$m(n)]S]
max{|S(m,e)|| e € G,ord(e) =n} > ———.
{IS5(m, el | (e) =n} ()
It follows from |S| > % that max{|S(m,e)| | e € G,ord(e) = n} > n — 1. This proves (5.1)
holds for some e and completes the proof. O

The following technical lemma establishes some bounds on sums that is needed several times later on;
the somewhat unusual indexing is convenient then.

Lemma 5.6. Let ca, ..., ¢y be non-negative reals. Let C be such that " ic; < C'm for each m € [2, M].
Then Y "o c; < C(1+ "2 1/i) for each m € [2, M].
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Proof. The argument is by induction on M. For M = 2 the claim is obvious. Consider M > 3. Set
K, = Y i",ci. It suffices to show the claimed bound for Kj; (for the others the claim is clear by

hypothesis). Note that MKy = ZM Ko + Z —51c;. Thus,

M—1 m M
MKy <C Y (14 1/i)+CM =CM(1+)_1/i),
m=2 =3 =3
where the last equality can be seen, for example, by another inductive argument. O

Lemma 5.7. Letn=p e P.

1. For every t € [1,p — 1], we have m(G,t +1) < pr_/lth +1.

2. If S is a zero-sum sequence over G*, then minL(S) < min{ ‘S‘, 2‘55‘) +2(p— 1)(% + log(Z£2))}.

Proof. 1. This follows from Lemma 5.5.

2. Clearly, we have minL(S) < maxL(S) < l%' Thus it suffices to prove that min L(S) is bounded
above by the second term in the above set. To do so, we show that there exists a factorization S =
Up-... Ui, where Uy,...,U; € A(G) and ¢ is bounded above by the given term. We construct U1, oo U
recursively. Indeed, for ¢ € [1,t], let U; be a minimal zero-sum subsequence of S (]_[Z LU, )71, whose
length is maximal possible. Now we use 1. to obtain an upper bound on t. For every k € [2, pl, let ny be
the number of U; such that |U;| = k. For every m € [2,p — 1], the construction of U; and 1. imply that

> Z”“ <[

Ifm < p_42-37 then |p/m| > % > ”2—;11. Therefore, from (5.2) we infer that

(5.3) sz <2(p—1)m
i=2

holds for every m € [2, 23],

By equation (5.3) and Lemma 5.6 we obtain that

i <2 1)(1+1+1+ +1)
n; < - T U B
p P 3 4 m
holds for every m € [2, pT] Especially,
pts 3
1 &1 1 p+3
- )< 2(p—1)(= +log(BE2Y).
Z ~1(5+207) <200 = DG +log(=57)
=2 1=2
Since Y, p+5 in; < |S|, we have Y. pas 1y < %. Hence,
p
2|S| 1 p+3
= — +log(—)). J
=Y < 2o 1) + 1055 2)

=2

Lemma 5.8. Let n = p®, where p € P and o > 2, and let S be a zero-sum sequence over G such that

ord(g) = n for all g € supp(S). Then minL(S) < min{ ‘g‘, 721|f1| +3(n —1)(3 +log(2))}.
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Proof. As in Lemma 5.7.2., it suffices to show that there exists a factorization S = Uy - ... U;, where
Ui,...,U; € A(G) and t is bounded above by the second term in the above set. We construct U1, U
recursively. Indeed, for ¢ € [1,t], let U; be a minimal zero-sum subsequence of S (]_[Z L U;)71, whose
length is maximal possible. We are going to use Lemma 5.5 to get an upper bound on t. For every
k € [2,n], let ny be the number of U; such that |U;| = k. For every m € [3,n — 1], the construction of U;
and Lemma 5.5 imply that

(5.4)

If m < 22 then ¢ nj(n) = | 2] — [Lad) > | 2](1- 1) > 2=mtl(p - 1) > n g — 1) = 20 1 follows
from (5.4) that

m—1
> ini < 2m(n—1) < 3(m—1)(n—1).
i=2
Therefore, for every m € [2, §], we have
(5.5) > in; <3(n—1)m
i=2

It follows from (5.5), applying Lemma 5.6, that

> oni<3n-1)(1+5+ 5+ + 2
= 3 4 m
holds for every m € [2, §]. Especially,
E 1 E 1 1
n; §3(n—1)(§+ =) <3(n—1)(§ +log(=))
=2 =2 ¢
Since Yo n ini =Y isniring < [S], D00 ni < ﬂ Hence,
2
t i z<u+3( )(= +log(=)) O
= ntl

Lemma 5.9. Let n = p®, where p € P and o > 2, and let S be a zero-sum sequence over G°®. For
every positive divisor d > 1 Ofn let Ny denote the number of the terms of S which have order d. Then

min L(S) gmm{\§\ —2a + 2p — e 1p+1 o (p"—1)log 2}

Proof. Clearly, it suffices to prove that min L(S) is bounded above by the second term in the above set.
For every i € [1,a], let S; denote the subsequence of S consisting of all terms with order p*, let T; be a
zero-sum subsequence of S; with maximal possible length, and set 7} = Sinl. Therefore

S=8-...-8, = HTiIHTi and HTZ' has sum zero.
By the maximality of T; we infer that |T}| < p’ — 1 for every i € [1,a]. Hence,

(5.6) |HT{|SZ(I7*1)SP E*OZ
i=1 i=1
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Therefore,
min L(S) < min L(HTi')qLZmin L(T;) < |HZ 1 JermL
i=1 i=1

It follows from (5.6) that
o P

, e AR
(5.7) min L(S) < — +Zm1n L(T;

By Lemma 5.7.2 and Lemma 5.8 we obtain that

2|T; ; 1 i
min L(7T;) < IT:| +3(p' — 1)(5 + log %)

S iti
holds for every i € [1,«]. It follows from (5.6) that

minL(§) < ZEI=t s (AL 300 1)L 4 logZ))

p'+1
:pa:%@a—(ﬁ Ly 22 0 - )3, 0~ Dlog B
_ 9P — p 1)"’21 112)\7;1|+3ZZ 1(p —1)log2
<ot ””+211p+1+32 (0 1) log
2a—|—2p +Zzlp+l zl(p_l)logQ' O

We need certain bounds for Legendre’s totient function. We establish what we need in the two
subsequent lemmas in a self-contained way.

Lemma 5.10. Let n = p{* - ... - p%, where s > 2, aq,...,as € N, and p1,...,ps € P are distinct. If
m > 25%1\/25 — 1 then ¢y, (n) >m]_[Z (1= —1 :%T(l").
Proof. By the inclusion-exclusion principle we know that

Pm(n) =m-— Zi:l \.%J + El§i<j§s L%J —.et (‘Uﬂﬁj

>m—=3 ., pﬂ;r El§i<j§s(p_:’;j 1) = Xicicj<r —pi{”"flpk + le<i<j<k<l(m —1)—...
S s s 3 ~
=mILo (=) = () + )+ ) =mI[ (1 - 5) -2t

Therefore,
2 1

(5.8) Gm(n) =m]J(1—=)—2°7".
. bi
=1

It is easy to see that p; > 2i — 1 for all ¢ € [2, s]. Therefore,

S

1 11 20— 2
(5.9) H(1——)22H221.71.

i=1

2i—2 21—
2i—1 2

g holds for every i € [2, s], we obtain that

2 —2 2 — 2122 —3 - 1
(HQi—1)22H22—1H21—2 1;[ T o1

Since

i=2 i=2
It follows that
52 —2 1 u 1
5.10 > d h by (5.9 1 - — —_—
( ) gQi_l_ 7T’ and hence by (5.9) Zl;[l T

Since m > 2°71/2s — 1, from (5.10) we deduce that % []7_; (1 —--) > 2°7". It follows from (5.8) that
Omn) 2 m T (1= ) =27 > 5 TIL (- ). -
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Lemma 5.11. Let n = p{* -. p? , where s > 2, ay,...,as € N, and p1,...,ps € P are distinct. If
+1 _ 9(n)
3 S 9s+1 n/28_1+1 then ¢\_%j( ) = 22t 2t Hz 1( Pz) — 2.9t °

Proof. From t < zs+1\7}%+1 we obtain that |2] > 2=+ > 2571,/25 — 1. Lemma 5.10 implies that
1,n é(n) _ n—t+1¢(n)

5.11 —| = > .

(5.11) Pai(n) 2 55— = 2 — n

Since s > 2, we infer that t < 2”1";171“ < 8\’;‘51 < L Therefore, "_Q—tt“ > 5% and the result

follows from (5.11). O

Lemma 5.12. Let n = p{* - ... p%, where s > 2, ay,...,as € N, and p1,...,ps € P are distinct,

and let S be a zero-sum sequence over G such that ord(g) = n for all g € supp(S). Then minL(S) <
151 15| 1)1 nt1 _

min{ 5 2 P — +3.3(n — 1)(3 +1Og(t25+1m4r1 1)}

Proof. For ease of notation, set u = W\/%m It suffices to show that there is a factorization S =

Up-... U, where Uy,...,U; € A(G) and t is bounded above by the second term in the above set, and

again we construct Uy, ..., U, recursively. For i € [1,t], let U; be a minimal zero-sum subsequence of

S (H;;ll U;)~! with maximal possible length. We use Lemma 5.5 and Lemma 5.11 to study ¢. For every

k € [2,n], let ny be the number of U; such that |U;| = k. For every m € [3,n — 1], the construction of U;
and Lemma 5.5 imply that

— J)(n—1
(5.12) z; < 7@ 10 ))

If m < u, then by Lemma 5.11 we have ¢| = (n) > 3 (”) . It follows from (5.12) that

m—1
> ini <22m(n—1) <33(m—1)(n—1).
i=2

Therefore, for every m € [2,u — 1], we have

m

(5.13) > ini <33(n—1)m

i=2
Applying Lemma 5.6 we deduce that

ini<3.3(1+l+1+...+l)(n—1)
P - 3 4 m

holds for every m € [2,u — 1]. Especially,

lu—1] |u— 1J

1
> 0 <33(n—1)( § ) <33(n—1)(= +1 —1).
2. n; < 3.3(n + (n )(2+ og(|lu—1]))

Since 3 s,y i S S| Yis i < ‘Lij‘ Hence,

an_%+33(n—1)(%+log(w—1j)). O

Lemma 5.13. Let n = p{* - ... - p%°, where s > 2, aq,...,as € N, and p1,...,ps € P are distinct. If

n+1 n
n > 4376, then | 5 2s—1+1J 2 s
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Proof. Clearly, it suffices to prove that
n+1

n
_l’_
25t1,/2s —1+1 — 28+1\/25

which will follow from

25+1

(m+m

By a straightforward computation we get that (5.14) holds for (s = 2 and n > 250), for (s = 3 and
n > 656), for (s = 4 and n > 1707), and for (s = 5 and n > 4376). If s = 6, then n > 2x3x5x7x11x13 =
30030. Again by a straightforward computation we get that (5.14) holds. Now we proceed by induction.
Assume that (5.14) holds for some s > 6. Then it holds for s + 1 because

(5.14) —1)n > 2%%2,/25(25 — 1).

25+2 2s+1 QAst1
.2 > _
(\/Mwm Un 2 (G5im= — U T Petd
> (2292, /2525 — )plit!
> (225%2,/25(2s — 1)) x 17
> 2%, /2(s +1)(2s + 1). O
Lemma 5.14. Let n = p{* - ... - p%, where v > 2, a1,...,a, € N, and p1,...,p, € P are distinct,

and let S be a zero-sum sequence over G®. For every diisor d > 1 of n, let Ny denote the number of

the terms of S which have order d. Then minL(S) < min{ ‘g‘, i3 Pican(d=1) + 31 cgpn.a<asts Dy

2D+ /50,(d)N,
Casrocdn ——a 33 Lagrocan(d — Dos(|mmmmiitgmn —

Proof. Tt suffices to show that min L(.S) is bounded above by the second term in the above set. For every
1 < d|n, let Sy denote the subsequence of S consisting of all terms with order d, let Ty be a zero-sum
subsequence of Sq with maximal possible length, and set T); = SqT; ! Therefore

S = H T, H Ty and H T, has sum zero.

1<d|n 1<d|n 1<d|n

By the maximality of T; we infer that |T)j| < d — 1 for every 1 < d|n, and hence,

(5.15) T Tl < Y @-.

1<d|n 1<d|n
Therefore,
. . ’ . | H1<d‘ TI
min L(S) < min L( H T + Z min L(7T,) < Z min L(7T}).
1<d|n 1<d|n 1<d|n

It follows from (5.15) that

Zl<d\n(d - 1)

(5.16) min L(S) < 5

+ > minL(Ty).

1<d|n

If w(d) > 2 then by Lemma 5.12 and Lemma 5.13 we obtain that

d+1

20(d)+1, /2w(d) — 1+ 1

(5.17) min L(T}) < 207 V2w(d)Na 3.3(d — 1)(

+ log(]|

- 1))
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holds for every 4376 < d|n. By Lemma 5.7.2 and Lemma 5.8 we obtain that (5.17) is true for all 1 < d|n
with w(d) = 1. It follows from (5.16) that

min L(S) < M + 2 1 <apn min L(Ty)
Di<can d—1 N, QW(d)+1\/2w(d)N d
< ==y + X tcdinazasrs 3+ Lasrezan (7 T 3:3(d = 1)(5 + 10g(L2w<d>+1\/;ri(d)f1+1
. 2w (D+L /50 (d)N,
<42 Dicamd—1)+ Zl<d|n,d§43d75 Bt > 4376<dln —
+3.3 2 4z76<ajn (d — 1) log(| + —1]). U

20(D+1, /20 (d)—1+1

Proof of Theorem 5.2. We may suppose that H is reduced and that H < F(P) is a divisor theory

with class group G. Let u,v1,...,Um,u2,...,u¢ € A(H) be such that w|vy - ... vy, but u divides no
proper subproduct, that vy - ... v, = uus - ... - ug, and that max{¢,m} = t(H,u) = t(H). By Lemma
4.1.2, we have t(H) > t(G) > n > |u| > m, and hence we get 1 + minlL(w) = ¢ = t(H) > n, where
w=u"tvy ... vy Forie€ [l,m], we set v; = s;a; with a;,s; € F(P)\ {1} and A; = B(a;). We set

S =Ay-...- Ap, and observe that S = B(w) and that |S| < m(n—1) < n(n—1). We have to show that
1+ min L(S) is bounded above by the terms given in the statement of the theorem.

CASE1: n=pel.
This follows from Lemma 5.7.2.

CASE 2: n =p®, where p € P and a > 2.

For every divisor d > 1 of n, let N4 denote the number of the terms of .S which has order d. Since A; is
zero-sum free, we infer that A; has at most d — 1 terms which have order d, and hence Ny < m(d—1) <
n(d — 1). Thus it follows from Lemma 5.9 that

minlL(S) < —2a+ 2pa+1 +Z? 1p+1+3zz (P 71)10g
2oe+2p +Zl e 3y (pf fl)log
2a+2p Jr2om+32:Z (" —1)log &

CASE 3: n=p{"-...-p%, where r > 2, aq,...,a, € N, and py,...,p, € P are distinct.

For every divisor d > 1 of n, let Ny denote the number of the terms of S which have order d.
Since A; is zero-sum free, we infer that A; has at most d — 1 terms whose order divide d. Therefore,
Ng <m(d—1) <n(d—1) for each 1 < dn. Now the result follows from Lemma 5.14. O
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