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Abstract

In this paper we prove the existence of a solution to a nonlinear
Schrodinger—Poisson eigenvalue problem in dimension less than 3. Our
proof is based on a global approach to the determination of eigenval-
ues and eigenfunctions which allows us to characterize the complete
sequence of eigenvalues and eigenfunctions at once, via a variational
approach, and thus differs from the usual and less general proofs de-
veloped for similar problems in the literature. Our approach seems
to be new for the determination of the spectrum and eigenfunctions
for compact and self-adjoint operators, even in a finite dimensional
setting.
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1 Introduction

In this paper we are interested in the study of the following stationary
Schrodinger system of equations: find an infinite sequence (A, U, )m>1 and
a potential V satisfying

— Ay, + %um + Vupy, = Ay, in Q (1a)
—AV = pulum/|* in Q (1b)
m=1

where, in addition, we require that

Uy € HY(Q), forallm>1, Ve H}(Q), (2a)
(Um)m>1 is a Hilbert basis for L*(Q). (2b)

Here we assume that the external potential ‘N/O and the positive numbers
(Pm)m>1 are given.

The system (1a)-(1b) appears in the modeling of nanoscale semiconduc-
tor devices as part of the so-called “quantum-kinetic subband model”, which
itself is a simplified model of the full evolution 3D-Schrédinger-Poisson equa-
tion N. Ben Abdallah & F. Méhats [1, 5]. In order to improve the cost of
numerical simulation of the evolution 3D-Schrédinger-Poisson equation and
taking advantage of the extreme confinement of the electrons in one direction
transverse to the transport directions, one can perform a block diagonali-
sation of the electron Hamiltonian, thanks to a separation of the confine-
ment and transport directions. This reduction process leads to replace the
3D-Schrodinger-Poisson equation by a system of 1D stationary Schrodinger
equations (for the confinement) coupled to a 2D equation (for the transport).
In that reduced model, the system of 1D stationary Schrodinger equations
is nothing but (1a)-(1b) where the parameters (p,,)m>1 are the sequence of
occupation numbers, which may depend on time and space, and which are
given by the above mentioned 2D equation (for the transport).

On the other hand, as it is outlined in P. Zweifel [17], the Schrodinger-
Poisson system of equations derives from a quantum transport equation,
the Poisson-Wigner system. After, performing the Wigner transform to the
former system one ends up with the following system of evolution equations

10ihm = — A + Votbm + Vb, (3a)

Ym(0,2) = Yom() (3b)

—AV = Z Pm|¢m|2a (3¢)
m=1



with the condition (o, |Yok)r2 = Okm for any k,m > 1. Seeking standing-
wave solutions of the form

Y (t,x) == e iAmt U ()

leads to the equations (1a)-(1b).

Existence of solutions to the system (la)-(1b) has been proved in R.
Hlner, O. Kavian, H. Lange [2] in the case when p,, = 0 for any m > 2, and
the same method extends to the case when p,, = 0 for any m > M for a
given M > 2. On the other hand, a different but similar eigenvalue problem
has been considered by F. Nier [8, 10, 9].

In order to solve this system of equations, taking into account the fact
that the family (uy,)m>1 must be contained in H{ () and, at the same time,
has to be a Hilbert basis of L?(£2), we observe the following. Let us consider
a fixed Hilbert basis of L?(Q), denoted by (em)m>1, such that e, € H(Q)
for all m > 1. For instance such a basis may be given by the eigenfunctions
of the Laplace operator on H&(Q), that is a family satisfying

—Aey = m€m, €m € H&(Q), / er(x) e (x) dx = Sy (4)
Q

where the sequence of eigenvalues of the Laplace operator, with Dirichlet
boundary conditions, is denoted by (ftm)m>1. Now, saying that the family
(Um)m>1 satisfies condition (2b) means that the linear operator U acting on
L?(Q2) and defined by

for all m > 1, Uep, = Up, Uf = Z(ﬂem)um for f € L*(Q),

m>1
(5)
is a unitary operator, that is U*U = UU* = I. Therefore determining the
whole family (wn,)m>1 satisfying equations (1a)-(2b) is equivalent to find a
linear operator U defined on L?(f2) verifying

U*U =UU* =1, Ue; € Hy(Q) for j>1, (6)
and such that the family u; := Ue; is the family of normalized eigenfunctions
of (1a) where V is given by (1b).

In this paper we give a variational formulation of the system (1la)—(2b),
yielding a solution in terms of critical points of a real valued functional
defined on a subset of the group of unitary operators. More precisely we
define a subset S of unitary operators on L?(f2) as

S:={U:L*Q) — L*() ; U satisfies (6)}, (7)



and then we define a functional J on S by setting

WO i= Y om [ (Vun(@P + Tofo)id @) dos(8)

m>1 Q

and then
JU) = Jo(U) + % - /Q \VVU](x)|?dz, (9)

where u,, := Ue,, and V[U] is the solution of (1b). The main purpose of
this paper is to show that critical points of J on S yield solutions of the
Schrodinger—Poisson system and that the minimum of J is achieved on S.

It is clear that in order to define the potential V[U] and the functional
J on the manifold S some conditions must be imposed on the sequence
(Pm)m=>1-

Our main result concerning the system of equations (la)—(2b) is the
following;:

Theorem 1 Let Q@ C RN be a bounded domain and N < 3. Assume that
the sequence (pm)m>1 satisfies

pm >0, Z m?N p, < o0, (10)
m>1

and

Vof e LMQ), Vg e L (9),

for some pyg > N/2 (or pg = 1 if N = 1). Then the Schridinger—Poisson
system of equations (1a)-(2b) has a solution obtained as the minimum of

the functional J defined in (9).

In order to give a clear exposition of our global approach to the deter-
mination of a system of eigenvectors in terms of unitary operators U, in this
introduction we give an outline of our approach, getting rid of technicalities
inherent to an infinite dimensional Hilbert space and to noninear problems.
Thus, in a first step, assume that we are given a finite dimensional (complex)

Hilbert space H of dimension n > 2, its scalar product being denoted by
(‘|). If A: H — H is a self-adjoint, nonngeative operator (matrix), our
aim is to define a procedure in which all the eigenvectors of A are deter-
mined at once, to compare with a step by step construction of eigenvalues



(and eigenvectors) through the construction of critical values of the Rayleigh
quotient

A
W) w20,
(ulu)
by a min-max proceduure. To this end, for uy,...,u, € H let us define the

functional

Flu, ... un) =Y pi(Auj|uy),
j=1

where, as above, we assume that the coefficients p; verify p; > 0, and also,
for the sake of simplicity of exposition (see below for the general case), here
assume moreover that

pi # p;j for i #j.
Define the subset (or manifold) S C H" by

We claim that upon maximizing or minimizing F' on the manifold S C H",
all the eigenvectors of A can be determined (as a matter of fact, any critical
point of F' yields such a result).

We begin by observing that an orthonormal basis ey, ..., e, of H being
given once and for all, the manifold S can be identified with the set of unitary
matrices U such that U*U = UU* = I, where [ is the identity operator on
H: indeed it is enough to see u; as the j-th column of U, that is to set
uj = Uej. Then we see that (Aujlu;) = (U*AUejle;), and denoting by
D the diagonal matrix D := diag(p1, ..., pn), that is the matrix defined by
De; = pjej, we check easily that

Fluy,...;un) = Y pi(Aujluy) = p;j(U*AUejle;) = tr(DU* AU),
j>1 j>1

where tr(B) denotes the trace of the operator (or matrix) B. Finally, con-
sidering for instance the minimization of F', this can be reformulated in the
following way:

minimize J(U) := tr(DU* AU) under the constraint U*U = I
Clearly J is C*° (in fact analytic) and positive on the set

SL(n):={U:H — H; U'U =1},



which is a smooth and compact manifold: therefore J achieves its minimum
at some point Uy € SL(n). Now we have to show that the vectors u; := Upe;
are indeed the eigenvectors of A.

Let M : H — H be skew-adjoint (that is M* = —M) and consider
the one parameter group U(t) = exp(tM)Uy for t € R; note that since
M* = —M, one has exp(tM)* = exp(—tM) and thus one checks easily that
having UjUp = I, then for all ¢ € R one has U(t) € SL(n), and consequently
J(Uy) < J(U(t)) for all t € R. Now

J(U(8)) = tr(DUF exp(—tM)Aexp(tM)Tp)  and %t(t))uozo’

so that, after a straightforward calculation, we obtain

for all M such that M* = —M, we have
tr(DUs M AUy) = tr(DUGAMUy).

Setting
B :=UyDUy ,

and using the fact that for two given matrices K, L we have tr(KL) =
tr(LK), we observe that tr(DUjMAUy) = tr(MAB), and that

tr(DU; AMU,) = tr(BAM) = tr(MBA).
Summing up, we conclude that
for all M such that M* = —M, we have tr(M(AB — BA))=0.
Taking M := (AB — BA)*, we conclude that BA = AB, that is
UpDUjA = AUyDU.

Applying this equality to the vector u; := Upe;, and taking into account the
definition of the diagonal operator D, we obtain (recall that UjUy = I)

(U()DUS)AU]' = AU()DUSUJ‘ = AUQDej = ijerj = ijuj,

that is (UyDU)Au; = pjAuj, which means that Au; is an eigenvector of
UoDUg. This implies that D(UjAu;) = p;(UgAuy), and we see that U Au;
is an eigenvector of D for the eigenvalue p;, which is a simple eigenvalue of



D, corresponding to the eigenvector e;. This means that there exists A\; € C
such that UjAu; = Ajej, that is

Auj = )\juj .

As a matter of fact one sees that A\; € R, while u; is an eigenvector of A
and Uy is a diagonalization operator for A, which consists in the matrix
whose columns are the eigenvectors u;. Actually this procedure allows us
to construct all the eigenvectors of A through the minimization of a unique
functional defined on the group SL(n). Also, since F'(Up) = >_ ;5 Ajpj, one
easily sees that different choices in ordering the numbers p; yield different
ordering of eigenvalues and eigenvectors of A: for instance one may check
that if the p;’s are decreasing, that is if p; > pjy1 for 1 < j < n —1,
then one obtains the eigenvalues of A in a non decreasing order, that is
A< Ag <--- <Ay, While if pj < pjqq for 1 < j <n —1, then one obtains
the eigenvalues in a non increasing order, that is Ay > Ao > --- > \,,. (Had
we began by maximizing J, the conclusion would be somehow reversed but
analogous: if the p;’s are decreasing then the \;’s would be non increasing).

In the next section of this paper we will show that, for a certain class
of self-adjoint operators A, the eigenvectors and eigenvalues of A can be
obtained through the minimization of the functional

Jo(U) := tr(DU* AU)

on an appropriate subset of unitary opeartors U: this is precisely stated and
proved in section 2. In section 3 we gather a certain number of preliminary
results used in section 4, after stating the assumptions on the domain €2 and
on the sequence (pm,)m, we prove theorem 1, as well as slightly more general
variants of the Schrédinger—Poisson systems (see theorem 12 in section 4).
In section 5 we shall discuss some generalizations and state a few remarks
about the results presented here.

2 Global determination of eigenvectors and eigen-
values

In this section we consider an infinite dimensional, separable, complex Hilbert
space whose scalar product is denoted by (+|-) and its norm by ||-||. We shall
make the following assumptions:



Hypothesis 1 We assume that (A, D(A)) is a densely defined, selfadjoint
positive operator acting on the Hilbert space H, and that the domain D(A)
equipped with its graph norm is compactly imbedded in H, so that A has a
compact resolvent and A possesses a sequence of eigenvalues (fi;);>1 such
that 0 < p; < pj+1, each eigenvalue having finite multiplicity m; > 1, and
pj — +00 as j — oo, H being infinite dimensional.

Denoting by D(A/?) the domain of A'/2, that is the subspace of H obtained
upon the completion of D(A) with the scalar product (u,v) — (u|v)+(Aulv),
we recall that D(A'/2) is dense in H. Hence we can introduce the next
assumption:

Hypothesis 2 We consider a fized Hilbert basis of H, denoted by (e;);>1,
such that e; € D(AY?) for each j > 1.

With the Hilbert basis (e;);>1 given by hypothesis 2, we consider a sequence
(pj)j>1 of real numbers such that

p; >0, ij H%‘H%(Al/z) < 00, (11)
i>1

and we denote by D the diagonal operator defined by
De;j := pje;, for j > 1. (12)

Note that since H is infinite dimensional and A has a compact resolvent,
while e; € D(AY?), we have llejllparszy — oo as j — oo. Indeed, other-
wise, the sequence (e;); would be bounded in D(A!/2), and the imbedding
D(A'Y/?) ¢ H being compact, one would extract a subsequence (€5, )k>1 such
that e;, — fin D(AY?) and ej, — f strongly in H; in particular | f|| = 1,
since (e;); is a Hilbert basis of H. But we have also e; — 0 in H, and thus
we should have f = 0. This contradiction shows that (e;); cannot contain
any bounded sequence in D(A2). As a consequence we have p; — 0 and
D is a compact operator.

Next we shall consider unitary operators U : H — H which satisfy the
following condition (this expresses the fact that the operator DU*AU is of
trace class, see M. Reed & B. Simon [14], volume 1, section VI.6)

{U*U —UU* =1, Uej€ D(AY?)for j>1, 13)
2321 pj(U*AUejle;) < oo.
and we define the set S through

S:={U:H — H ; U satisfies (13)}. (14)



Remark 2 Let us point out that such operators U exist, that is S is not
empty: indeed, not only for t € R we have 4 € S, but also for any A > 0,
the operator Uy (the so-called Cayley transform of A, see K. Yosida [16])
defined by

Uy = (I +iIMA)(I —ixA)~!

1s a bounded operator on H and one checks easily that
Uy = (I —iNA)(I +irA) 7,

so that UUy = I. Moreover, for any f € D(AY?) we have (I +iXA)~ f €
D(A3/?), and thus Uyf € D(AY?). As a matter of fact, not only Uy is a
unitary operator on H, but one has also ||[Ux f|| p(a1/2) = || fllp(ar/2y- There-

fore, since the sequence (p;); satisfies (11), one sees that Uy satisfies (13)
and Uy, € S.

For a unitary operator U : H — H satisfying (13), we define Jo(U) by

Jo(U) :=tr(DU*AU) = p;(U* AUej]e;) (15)
j>1

The following result concerns eigenvectors of A:

Theorem 3 Assume that the hypotheses 1 and 2, as well as condition (11)
are satisfied. Then the functional Jy defined in (15) achieves its minimum
on S defined by (14). Then there exists Uy € S such that
Jo(Up) = min Jo(U
0(Uo) = min Jo(U),

and Uy is a diagonalization operator for A; more precisely, for each j > 1,
the vector ¢; := Upe; is an eigenvector of A corresponding to the eigenvalue

Aj = (Apjle;).

Remark 4 It is clear that the eigenvalues (\;)j>1 are independent of the
choice of the sequence (pj)j>1. However, as pointed out in the introduction,
if one assumes that the sequence (pj)j>1 is decreasing, then the eigenvalues
()\j)jzl are ordered in a non decreasing order, that is \j < X\j4q for j > 1.

We split the proof of this result into a couple of lemmas.

Lemma 5 The functional Jy achieves its minimum on S at a certain Uy €

S.



Proof. Indeed consider the infimum « := infyes Jo(U). Since S # 0, we
have 0 < a < co. Consider a minimizing sequence (Uy),>1 € S, such that
for instance o < J(U,) < a + 1/n. Then for each fixed 7 > 1, setting

u? := Uyej, we have for all n > 1

a—+1
HU?HQD(Alm) =1+ (Au?]u?) <1+ 0;
j

Thus, since the inclusion D(Al/ 2) ¢ H is compact, upon extracting subse-
quences through Cantor’s diagonal scheme, and denoting again this diagonal
subsequence by (u;‘)n, we may assume that for all j > 1 there exist a family
(uj); such that for j > 1 fixed

uf — u;  weakly in D(Al/Q), uf — u; strongly in H

as n — oo. Setting Upe; := u;, one checks easily that Uy can be extended by
linearity to the subspace span{e; ; j > 1}, and that for f € span{e; ; j > 1}
we have

1012 = lim U1 = [1£]

In other words Uy is a unitary operator on (the algebraic) span{e; ; j > 1},
and therefore can be extended as such to the whole space H. Since for any
m > 1 we have

n—oo

Z pi(Aujluj) < lirginfz pj(Aujluy) <liminf Jo(Uy,) = a,
j=1 j=1

upon letting m — oo we conclude that Jo(Up) < «. Thus, having UsUy = I
and Upe; € D(AY2) for all j > 1, and Jy(Up) < oo, we have Uy € S and
JO(UO) = Q. [l

Next we show that Uy, given by lemma 5 is a diagonalization operator

for A.

Lemma 6 Under the assumptions of theorem 3, let Uy be given by lemma 5,
and set u; := Uge;j, for j > 1.

(i) Assume that k > 1 is such that

pe # pr for L# k. (16)

Then there exist A\, € Ry such that Aug = Apuy.

10



(i) Assume that k > 1 is such that for some m > 2

(17)

Pk = prte  for 0 <L <m—1,
pr#pn forng{k+0;0<L<m—1}.

Then there exists a unitary transformation Uy of the m-dimensional
space Hy := span {Upexyp; 0 < ¢ <m — 1} such that if

Ugyr = UpUo€pyr,

then there exists A1y € Ry such that Augiy = Agyetgae for 0 < £ <
m — 1.

Proof. First let M : H — H be a bounded skewadjoint operator such that
M : D(AY2?) — D(A'?) is also bounded. Indeed such operators do exist
(consider for instance i(1 + AA)~! for A > 0). Setting U(t) := exp(—tM)Uy
for t € R, one checks easily that, since M* = —M, one has U(t) € S for all
t, and thus the function g(t) := Jo(U(t)) is well defined, is of class C'! and
achieves its minimum at ¢ = 0. However since

g(t) = tr(DU; exp(tM)Aexp(—tM)Uy),
one concludes that
g (0) = tr(DU M AUy) — tr(DU; AMUyp) = 0 (18)

for all bounded operators M : H — H such that M* = —M and M is
also bounded from D(A'?) into itself. In the same way, if we consider a
bounded operator L : H — H such that L = L* and L is also bounded
from D(A'/?) into itself, upon setting M := iL, we conclude that (18) yields

tr(DUS LAU,) = tr(DUEALUY), (19)

for all such operators L.
Note that the above relation (18) yields that

ij(USMAerﬂej) - ZPJ(USAMU06j|ej) =0

i>1 i>1
> pi (M Auglug) = pj(AMuglus) = 0,
i>1 i>1

11



that is, since M* = —M,

=Y pi(Auj|Muy) = Y pj(AMujlu;) =0 <= Re)  pj(Au;|Muy) = 0.
j=1 Jj1 Jj=1
(20)
Analogously using (19) one obtains in the same way

Y pi(AujLug) =Y pi(ALujluj) <= Im Y pj(Auj|Luj) = 0. (21)
j>1 j>1 Jj1

At this point, in a first step, assume that the integer k is such that
condition (16) is fulfilled. Consider an integer n # k, so that p, # px, and
define the operators M and L in the following way

Muy = un,, Mu, = —ug,
Luy, := uy,, Lu, :=ug, (22)
Luj = Mu; =0 for j & {k,n}.

Clearly M and L satisfy the required conditions above, and using (20),
with our choice of the operator M, we get (p, — pr)Re(Aug|uy,) = 0, that
is, since pp — pn # 0,

Re(Aug|uy) = 0.
Upon using (21), with our above choice of the operator L and the fact that
pn — pr. # 0, analogously we have that

Im(Aug|uy) = 0.

So, from the above two relations, we infer that (Aug|u,) = 0 for all n such
that p, # pk, that is

Auy, € span{u, ; n # k}*+ = span{uy},

where we use the fact that the family (u;); is a Hilbert basis of H, being the
image of the Hilbert basis (e;); under the unitary operator U. This means
that Auy = A\yuy for some A\ € C, but since A is a nonnegative self-adjoint
operator, as a matter of fact we have \j, > 0.

Next assume that the integer k is such that the coefficient p; has mul-
tiplicity m > 2, that is condition (17) is satisfied. Arguing as above, we
consider the following operators M and L: forn € {k+j; 0<j<m—1}
and 0 < ¢ < (m — 1) fixed, set

Mugyg = un, Muy = —ugyy,
Lugyg:=un, Lup = ugyg (23)
Luj = Mu; =0 forall j¢&{n,k+/}.

12



Then, proceeding as above, we conclude that (Augi¢|un,) = 0 for all n &
{k+j; 0<j<m-—1}, that is:
Augyp € (span{u, s n#k+j, 0<j<m—1})"*
that is
Aupgyp € span{ugy; ; 0<i<m—1}.

This means that if we set Hy := span{ugi;; 0 <i<m—1}, then A :
H;, — Hj is a self-adjoint operator on the finite dimensional space Hy.
Therefore there exists a unitary operator Uy, acting on this space, such
that if for 0 < £ < m — 1 we set Ugry = Uguryre = UrpUperie, we have
AﬁkH = AkJrzakJrg for some )\kJrg > 0. O

As we may see from the above analysis, when all the p;’s are distinct,
then Up, any unitary operator which minimizes Jj, is a diagonalization op-
erator for A. However in the general case, when some of the coefficients pg
have multiplicity m; > 2, it is possible that one has to impose a unitary
transformation U in the space

Hj, .= span{Upegi¢; 0 <€ <my — 1}

in order to have the operator A diagonalized. In other words, one may find
a unitary operator Uy, on Hy such that if Ay := Ap, is the trace of A on Hy,
the operator U} AU} is diagonal. Thus since pj, = ppq¢ for 0 <€ <m —1,
if we denote by U the unitary operator obtained through the composition

of all such operators Uy and Uy, one has Jo(U) = Jo(Up). More precisely,
we can we state the following corollary, which ends the proof of theorem 3:

Corollary 7 Under the assumptions of theorem 3, let Uy, be given by lemma 6
when k > 1 is such that (17) is satisfied. Then the operator Uy defined by
Uoer, = Upey, when k satisfies (16), and

ﬁ0€k+g = UrUpekre, for 0< 0 <m—1, when (17) is satisfied,

belongs to S, while Jo(ﬁo) = Jo(Uy) and (//\'S‘A/U\'() is diagonal. Setting p; =
ﬁoej for j > 1, then there exists \j > 0 such that Ap; = \jp;.

Remark 8 Regarding the finite dimenional case, R.V. Kohn (private com-
munication) mentioned to us a result due to J. von Neumann [7] which states
that for two n x n matrices A and B

tr(AB)| <) " 5;(A)o;(B)

j=1

13



where (0;(A))1<j<n and (0j(B))i<j<n denote the decreasing singular values
of A and B respectively. From this L. Mirsky [6] points out that one can
conclude another result due to J. von Neumann, stating that:

sup [tr(BUAV)| = > 0;(A)o;(B).
uv -
I ]:1

Our result in the finite dimensional case, specialized to self-adjoint matrices,
can be interpreted as another proof of the above result in that particular case,
and also characterizes the diagonalization matrice by a variational method.

3 Preliminary results for Schrodinger—Poisson sys-
tem

In this section we prove an existence result regarding the system of equations
(1a)—(2b). We shall assume that

Q c RY is a bounded domain and that N < 3, (24)

and we endow the (complex) space L*(2) with its scalar product denoted
by (-|) and its norm || - ||. Let Vj be a real valued potential such that

- . N
V0+ € Ll(Q), Vy, € LP°(2) for some py > ) and po > 1. (25)
Then we define an unbounded operator (A, D(A)) by setting

D(A) := {u € Hol(Q) - —Au+ Vou € LQ(Q)} , Au = —Au + Vyu.
(26)
This operator is self-adjoint, has a compact resolvent, and there exists a
Hilbert basis of eigensystem denoted by (Ap,,¥m)m>1, that is (here
being the Kronecker symbol)

A+ Vopm = Amgms o € HA(Q), 4%m%wm=%w

It is well-known that by Weyl’s theorem there exist two positive constants
c1, ¢2, depending on 2 and Vj, such that for all integers m > 1 one has

em?N < Ay < com?N.

(See for instance [3], chapter 5, § 3, where the case of Neumann boundary
conditions is also treated). For this reason, as far as the sequence (pm)m>1

14



is concerned, in order to ensure the finiteness of the functionals we are going
to minimize, we assume that the growth condition (10) is satisfied.

For a given unitary operator U : L?(Q) — L?(f2) we shall denote by
V' := V|U] the potential defined by the Poisson equation (here |U¢;| denotes
the modulus of the function Uyp;)

—AV =) pilUgl> in Q, Ve H(Q) (27)
Jj=1
It is noteworthy to recall that, thanks to the Sobolev imbedding theorem we
have H}(Q) € L? (), where 2* = 2N/(N —2) when N > 3, while 2* can be
any finite exponent if N = 2, and 2* = co if N = 1: thus, when N < 3, the
right hand side of the above equation belongs to some L4(Q2) with ¢ > N/2,
and more precisely a classical regularity result (see for instance [4]) states
that there exists a constant ¢ > 0 such that if V € H}(Q) satisfies —AV = f
and f € L1(R), then
Voo < el fllq- (28)
Therefore, if V := V[U] is given by (27) we have V € L*°(2) when N < 3
(see below lemma 11). Note also that by the maximum principle we have
V[U] > 0 in Q.
It is useful to consider the Sobolev space H; endowed with the norm
I ey

o= {u e @) ¢l = 190 + | T @luto)Pde < oo

The imbedding H; C L?(Q) is compact. Note that since the eigenfunctions
©m belong to L*>(Q2), we have ¢, € Hj.

Regarding the manifold S defined in (7), we have to modify it slightly,
as we did in section § 2. More precisely we shall consider unitary operators
U : L*(Q) — L?() such that

U'U=UU" =1, UgjeHy for j>1, > pi(U"AUgp;lp;) < o0, (29)
i>1

and we consider the manifold defined by
S:={U: L*(Q) — L*(Q) ; U satisfies (29)}. (30)
We denote by D the diagonal operator acting on L*(2) defined by D¢, =
pjp;j, and for U € S we define the functionals Jy and J; as follows:

RO) = (DU A0) = 3 p; [ (190,(0) + Vol (@) o (31)
i>1
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and

1
= (AL VD) (32)
1 1 .
=3 > 0 (VIUIU@;|Ugp;) = S (DUTVUID),
Jj=1
where, in the last equality of (32), by an abuse of notation, we denote by
V[U] the (linear) multiplication operator f +— V[U]f. Since we assume

N < 3, we know that V[U] € L*(Q) as seen above, so that this operator
acts boundedly on L?(12).

Note that here the potential 170 may have a negative part, so at some
point we will need to ensure that the functional Jy is bounded below, and
that is coercive in some sense. More precisely we have:

Lemma 9 There exists C > 0 such that for any U € S one has
1 -
W02 550 [ (VU + 20 W) do - €.
2551 e

Proof. Assume that N = 3 (the case N < 2 can be handled in a similar
way). For t > 0 and u € Hg(Q) such that ||u|| = 1 we have

/ Vo uf*de = /~ %’U\Zdﬂc+/~ Vi ul?da
Q [V0_>t} [V()—St]
~ - 2 2
= /Ql[vo->tﬂ/o |ul dﬂﬁ-i-t/ﬂ\u] dz
< ey Vo sz ]2+t
< Cy(N) meaS([‘N/(f > t])? H‘N/o*HLPo 1| + ¢

where we have used Holder’s inequality twice (once with N/(N — 2) and
(N/(N —2)) = N/2, once with py and N/2, where § = (2/N) — (1/pg) =
(2/3) — (1/pg) > 0). We used also Sobolev’s inequality |lullox < C|[Vu].
Now, since 1707 € LPo(9)), we know that meas([f/(f > t]) - 0 as t — +o0.
We choose t > 0 large enough to ensure that

~ ~ 1
Ca(V) meas([Ty > ) 1Ty 1o < 5.
Then we have for all v € H;

_ 1 ~
/\Vu]de—i-/ Volul2dz > —Hwym/ Vet jufda — t.
0 Q 2 Q
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Applying this to u := U¢p;, multiplying by p; > 0 and calculating the sum
over j yields the inequality claimed by our lemma, with C':=¢_ i>1P5 O

It is well known that the fact that the functional u — || Vul||? is weakly
sequentially lower semi-continuous (l.s.c.) on H} () plays a crucial role in
many, if not all, minimization problems. Regarding the functional Jy we
need an analogous property which is stated below:

Lemma 10 The functional Jy is “weakly sequentially lower semi-continuous”
in the following sense: let (Up)n>1 be a sequence in S such that for some
R >0 and all n > 1 one has Jo(Uyp) < R. Then there exists a subsequence
(Un, )i such that for any fized j > 1 one has Uy, @; — uj in H; as k — 400,
and if we set u;”“ = Uy, pj and we define a linear operator U by setting

n

Upj := u; we have u;* — u; strongly in L?(Q) and

lim %‘\u?kIde = / %_]ujIde, UeS, Jo(U)<liminf Jo(Uy,).
Q Q k—o0

k—o0

Proof. Assume N = 3. Thanks to lemma 9, we know that

ij/ (]VUntpj]2 + 2&70+\Un<pjy2) dz < 2R +2C =: C}.

1 e

This implies that for each j > 1 fixed the sequence (u}), := (Unpj)n is
bounded in Hy, more precisely Hu?H?Hh < C/pj;. By using Cantor’s diagonal
scheme and the compactness of the imbedding H; C L?(2), we may extract
a subsequence denoted by (u;”“) k>1 such that

ui* —u;  weakly in Hy,
uit — w;  strongly in L*(9),

u;lk —uj ae. in Q,
as k — oo. For any m > 1 fixed, we have
3 - o0
jzlijuJ‘H}%Il < hgg.}szlpjllu?“llﬁl < liknigszlpjuu;}w%l <c
and finally

o0 o0
2 s 2
> ol < mind 3=yl < (33)
J= J=

17



Setting U¢g; := u;, one checks easily that U can be extended by linearity to
the subspace span{y; ; j > 1}, and that for f € span{y; ; j > 1} we have

IUFI? = lim |UafII* =[£I
n—oo

In other words U is a unitary operator on (the algebraic) span{y; ; j > 1},
and therefore can be extended as such to the whole space L?(£2). Then (33)
shows that U € S.

We note also that in particular we have

S0 [ Vi @lug(o)Pde < oc. (34)

=1 78

Since we assume N = 3, the strong convergence of u;”“ — u; in L%()

implies (through Hélder’s inequality, or interpolation between L2(Q2) and
L5()) that for any fixed p < 3, and any j > 1 we have that uit =

?’“|2 — |uj|? strongly in LP(€2).
Since ‘707 € LPo(Q) and pg > 3/2, taking p := pj = po/(po — 1) we conclude
first that

strongly in L?(Q) and a.e. in €2, and thus |u

lim ‘N/O_|u?’“|2dx:/‘~/0_|uj|2dx,
Q Q

k—o00

and then thanks to (34) and the monotone convergence theorem,
. 5 2 = 2
klggoz,%/ﬂ% 5| dl’:ZP]’/QVo |uj|“d.
j=1 j>1
From this and (33) it is clear that
© ~
Z,oj/ <|vuj|2 + VO+(x)|uj|) dz < liminf Jo(U,,)
=1 0O k—o00
: =1, k|2
+klirgozpj/gl% |uj* [*dz
j21
< liminf Jo(Up,)
k—ro00
+ 30 [ Vil
j>1 78

which means that Jo(U) < liminfy_,o Jo(Up, ), as claimed. O

Regarding the functional J; we have the following result:

18



Lemma 11 The functional Ji is “weakly sequentially continuous” in the
following sense: let (Uyp)n>1 be a sequence in S such that for some R > 0
and all n > 1 one has

> rillUng;li, < R,

Jj=1
and such that for any fized j > 1 one has Upp; — uj in Hy as n — +oo. If
we set uj = Upgp; and we define a linear operator U by setting Uep; := u;
we have V[U"] — VU] strongly in L>=(Q) N HE(Q) and JL(U™) — J1(U) as

n — 0.

Proof. Let us assume N = 3, as the cases N < 2 is easily handled anal-
ogously. Since uj — w; in Hy, we have u] — u; strongly in L?(Q). By
Sobolev imbedding theorem we conclude that for 3 < p < 6 for some con-
stants ¢ > 0 and 6 := 3(p — 2)/(2p) we have

0 0 0
[l P[], = 115 < cllufll - luf 18" < elluf |l - [IVuf]*® = e[ Va2,

p/2

From this we infer first that ‘U?P — |u;]? in LP/2(Q) as n — oo, and next
that for any m > 1 fixed, and setting ¢o := 1/6 > 1 and ¢, = qo/(go—1) < o0
we have

0
Do el < DT plled ;< e 37 psll Vg

1/q4 1/q0 1/q
> o > pjlIvap|® <cRY (> p,
j>m j>m j>m

From this it follows that

ij]u;’\Q — ij\uj\Q strongly in LP/2(2),
i>1 i>1

for any p € (3,6). Therefore thanks to (28) we have that V[U,] — VU]
strongly in L>°(Q2) and finally

Zp]/ ) [uf] dx—)ij/Q Ul |ujdz,

7>1 7>1

as n — oo, which means that Jy(U,) — J1(U). O
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4 Existence of solutions for the Schrodinger—Poisson
system

In this section we solve the following Schrodinger—Poisson problem:

— Aty + Vot + Vi = Aty in Q (35a)
—AV = pulum|* in Q (35b)
m=1
and moreover
U € HY(Q), forallm>1, Ve HYQ), (36a)
(tUm)m>1 is a Hilbert basis for L*(Q). (36b)

The main result of this section is:

Theorem 12 Assume that the hypotheses (24)-(25), as well as condition
(10) are satisfied. The functionals Jy and Jy being defined in (31)-(32), we
set J(U) = Jo(U) + J1(U) for U € S given by (30). Then J achieves its
minimum on S and there exists Uy € S such that Jy(Uy) = minges Jo(U),
and the family u; := (/}ogoj is solution to (35a)-(36b). Moreover if V €
H(Q) satisfies by —AV = 3" | pm|um|?, then the eigenvalues \; are given
by

Aj = (—Au; + %Uj + Vujluj) = / \Vu|?da + / (‘70 + V> uj(z)?de.
Q Q

We split the proof of this theorem into several lemmas. First we show
that J achieves indeed its minimum.

Lemma 13 The functional J achieves its minimum on S at a certain Uy €

S.

Proof. Since S # () and Jj is bounded below (see lemma 9), so is J and the
infimum

a = inf J(U)

is finite. Consider a minimizing sequence (Uy)p>1 € S, such that for instance
a < J(U,) < a+1/n. Inparticular Jo(U,) < 1+a, and thanks to lemma 10,
there exists a subsequence (which denote again by U, ) such that if we set
setting uj = Unyp; for each fixed j > 1, we have, for all 2 < p < 2%,

uy — uj  weakly in Hy,
ul — uj strongly in LP(€),

n . :
ui —u; a.e. in Q,
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and the operator Uy being defined by Upy; := u;, we have Uy € S and
Jo(Up) < lirginf Jo(Uy).

On the other hand, thanks to lemma 11, we know that V[U,] — V[Uj] in
L*>(Q) and that Jy(U,) — J1(Up). Thus

o = lim inf J(Un) = lim inf JQ(Un)+ h_)m Jl(Un) > Jo(U0)+J1(U0) = J(U()),

n—oo n—o0

that is, since Uy € S, we have Jy(Uy) = o = infyes J(U). O

Lemma 14 Let Uy be given by lemma 13, and let M : H — H be a
bounded skewadjoint operator such that M : Hy — Hy is also bounded. Set
U(t) := exp(—tM)Uy fort € R, and go(t) := Jo(U(t)). Then go is of class
C' and
95(0) = —2Re Y _ p; (AUop;|MUpg;). (37)
i>1

Proof. First one checks easily that, since M* = —M, one has U(t) € S for
all ¢, and thus the function

go(t) == Jo(U(t)) = ZPJ(AU(t)SDjW(t)SDJ)
j>1

is well defined and is of class C. Since U’(t) := dU (t)/dt = —M exp(—tM)Uy,

one sees that

9(t) = pi (AU (1), U (1)) + Y pi (AU ()5 U (£) ;).
i1 i1

and finally,

96(0) = = > p;(AMUs;|Unsp;) — > _ pi (AU MUpep;),
Jj=1 Jj=1
which yields our claim since A* = A. O
We have an analogous result concerning the functional Ji: before show-

ing this, we need to show that the mapping U + V[U] is smooth.

Lemma 15 Let Uy be given by lemma 13, and let M : H — H be a
bounded skewadjoint operator such that M : Hy — H s also bounded. Set
U(t) := exp(—tM)Uy fort € R. Denoting by V (t) the mapping t — V]U(t)],
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then t — V(t) is of class C from R into L>(Q) N HL() and denoting by
W the solution of

—AW = —2Re Y _ p; (MUop;)Uog;, W € Hy (),
i>1
we have V'(0) = W.
Proof. The fact that for all T > 0 and ¢ € [T, T] we have
1M exp(=tM)Uopjllr, < [M]]zm) exp(TI1M || caay) 1Tl

shows that for any p € (3,6) (see the proof of lemma 11) the mapping

t Y pilU)e;?
i>1

is of class C! from (~=T,T) — LP/2(Q) ¢ H~'(Q), and thus using (28),
the mapping t + V(t) := V[U(t)] is of class C! from (—T,T) into L°(Q2) N
HE(Q). The calculation of V/(0) is straightforward.
U
Now we can state the following result, which will allow us to characterize
Up given by lemma 13.

Lemma 16 Let Uy be given by lemma 13, and let M : H — H be a
bounded skewadjoint operator such that M : Hy — Hy is also bounded. Set
U(t) := exp(—tM)Uy fort € R, and g1(t) := J1(U(t)). Then g1 is of class
C! and
91(0) = —2Re Y _ p;(V[UolUnsp;| MUsp;). (38)
Jj21

Proof. Thanks to lemma 15 one checks easily that the function
1 9 1
g1(t) = L (U(1) = 5 /Q (VYU dz = S(=AVIUMIVIU#)])
is O, and that denoting by W := V’(0), we have (with V, := V[Up])

31(0) = (~AWI) = ~2Re Y p, | (MUog))TigsVido
i>1

= —2Re Z pi(MUop;|VoUow;),
i>1
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where we use the fact that Vj := V[Up] is real valued. O

The following result is analogous to lemma 6: the only difference is that
due to the presence of the nonlinear term we have to check that when some
pr. has multiplicity m > 2, we can still proceed as before.

Lemma 17 Under the assumptions of theorem 12, let Uy be given by lemma 13,
and set u; := Upp;, for j > 1. Then the conclusions of lemma 6 hold.

Proof. The proof is very much the same as in lemma 6, so we give only the
outline and the changes to be made. With the notations of lemmas 14 and
16, we set g(t) := J(U(t)) = go(t) + g1(t). Since g(0) < g(t) for all t € R,
we have ¢/(0) = 0, that is

Rez pj(AUocpj‘MUotpj) + RGZ pj(V[UQ]UQQOj‘MUo(pj) =0 (39)
j=21 j=1

for all bounded skew-adjoint operators M such that M : H; — H is also
bounded.

In the same way, if we consider a bounded adjoint operator L such that
L : Hy — Hj is also bounded, we may set M :=iL and conclude that (39)
yields

Im )~ p;(AUsp;|LUsp;) +Im > pi(V[Uo)Usp;| LUps;) = 0 (40)
j=1 j=1

for all such operators L.

At this point, in a first step, assume that the integer k is such that
condition (16) is fulfilled. Choosing M and L as in (22), and proceding
exactly as in the proof of lemma 6, using the fact that pr — p, # 0, we
conclude that

(Aug + V{[Uolug|un) = 0,

that is
Auy, 4+ V[Uolug € span{u, ; n # k}* = span{uy}.

This means that
Auy + V[UoJug = Apuy,

for some A, € C, but since A + V[Up] is a self-adjoint operator, as a matter
of fact we have \;, € R.
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Next assume that the integer k is such that the coefficient p; has mul-
tiplicity m > 2, that is condition (17) is satisfied. Arguing as above, we
choose the operators M and L as in (23), and conclude that

(Augre + V[Uo|ugse|un) =0
foralln & {k+7; 0<j<m— 1}, that is:
Atgrg 4 V[Uolupse € (span{un s n £ k+7, 0<j <m—1})*.
This means that if we set Hy := span {ug4;; 0 <i <m — 1}, and
Aou = —Au+ (170 n V[UO]) u

then Ag : H, — Hy is a self-adjoint operator on the finite dimensional space
Hj.. Therefore there exists a unitary operator Uy, acting on this space, such
that if for 0 < £ < m — 1 we set uxry = Ugugpre = UpUpprre, we have
AoﬁkH = )\kJrgakJrg for some )\kJrg € R.

However, since Uy is a unitary operator on Hi we have

m—1 m—1
Uoensel* = D [UkUogphel?
= =0
and thus
ktm—1 m—1 m—1
> pilUi? = pi Y 1Uokrel® = pr D [UsUopirel.
=k =0 =0

This means that if we set ﬁkapj =Upp;if j ¢ {k+¢;0<¢<m—1and
Uj = UpUpyp; if k < j < k+m—1, we have V[Uy] = V[Uy], and finally this
implies that

Aoy = — Al + (‘70 + V[ﬁk]) Uyt = Mot Upe-

O

As we may see from the above analysis, when all the p;’s are distinct,
then Up, any unitary operator which minimizes Jy, yields a solution to the
Schrodinger—Poisson system. However in the general case, when some of the
coeflicients pj have multiplicity ms > 2, it is possible that one has to impose
a unitary transformation U in the space

Hj, := span{Uppp1e; 0 <€ <my — 1}
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in order to obtain a solution (note that these unitary transformations do
not change the value of V[U)).

In other words, one may find a unitary operator Uy on Hy such that if
Ay = Ag, is the trace of A on Hy, the operator Uy AUy, is diagonal. Thus

since px = prre for 0 < £ < m — 1, if we denote by U the unitary operator
obtained through the composition of all such operators Uy and Uy, one has

~

Jo(U) = Jo(Uy). More precisely, we can we state the following corollary,
which ends the proof of theorem 17:

Corollary 18 Under the assumptions of theorem 12, let Uy be given by
lemma 17 when k > 1 is such that (17) is satisfied. Define the operator Uy
by Uppr = Ugpr, when k satisfies (16), and

ﬁogok+g = UrUokre, for 0< € <m—1, when (17) is satisfied.

Then Uy belongs to S, while Jo(Uo) = Jo(Up) and VU] = V[Us]. Moreover
setting u; = Upp; for j > 1, there exists \j € R such that

—Auj + (‘70 + V[ﬁo]) U; = )\juj-, Uuj; € Hy, (uj|uk) = 0jk
and moreover V := V[Uy| satisfies

—AV =Y " pjlu®, V€ Hy(Q).
i>1

5 Further remarks

The one dimensional case d = 1 is particularly simple to handle, using a
completely different method. Indeed we point out that for a given potential
V € C([0,1]) the spectral sequence (Ak, @r)k>1

—oh+ (V+V)ok = Mor,  9k(0) = 0p(1) =0, ¢},(0) >0,

is well defined, and fol prpjdr = 0y, each eigenvalue Ay being simple. Using
the simplicity of the eigenvalues, it is known that the mapping V +— ¢y is
continuous fron C([0,1]) into L?(0,1) (see J. Péschel & E. Trubowitz [11]).
If the coefficients (p;);>1 satisfy

pj >0, ij::M<oo
j=1
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one can easily see that the mapping F : C([0,1]) — L'(0,1)

Vs F(V) = prlowl
k>1

is continuous.
Now consider the mapping B : L'(0,1) — L'(0,1) defined by Bf := v
where v € C1([0,1]) is given by

—" = f in (0,1), v(0) =v(1) = 0.

Clearly B can also be considered as a linear mapping on C([0,1]), and B is
compact. Also observe that the second equation in (1b) is equivalent to find
V € C([0,1]) such that

V —BF(V)=0.

Denoting by T'(V') := BF(V'), we know that I —T is a compact perturbation
of the identity on C([0,1]) and one can check easily that there exists R > 0
such that for any 6 € [0,1]

V—0T(V)=0= |V|]e < R.

Thus the invariance by homotpy of the Leray—Schauder topological degree
implies that for all 6 € [0, 1] we have

deg(I — T, B(0, R),0) = deg(I, B(0, R),0) = 1,

which means in particular that deg(! — 7', B(0, R),0) = 1. Therefore there
exists at least one V' € C([0,1]) such that V — T'(V)) = 0, that is the system
(1a)—(1b) has at least one solution, when © = (0,1).

We point out also that in the case in which p,, is a function of A,
for instance py, := exp(—Apn,) (see F. Nier [10]), the same approach can be
applied. In dimensions N > 1, J.Ph. Solovej [15] considers a one-particle
density matriz defined by f — vf =3 <1 pm(tm|f)tm and minimizes a
functional depending on « under the constraint spectrum(y) = {p,, ;m >
1}. See also E. Prodan [12], E. Prodan & P. Nordlander [13] where Hartree-
Fock approximations are considered.
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