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Convergence of a low order non-local
Navier-Stokes-Korteweg system: the order-parameter model

Frédéric Charve*

Abstract

In the present article we consider a capillary compressible system introduced by
C. Rohde after works of Bandon, Lin and Rogers, called the order-parameter model,
and whose aim is to reduce the numerical difficulties that one encounters in the
case of the classical local Korteweg system (involving derivatives of order three) or
the non-local system (also introduced by Rohde after works of Van der Waals, and
which involves a convolution operator). We prove that this system has a unique
global solution for initial data close to an equilibrium and we precisely study the
convergence of this solution towards the local Korteweg model.

1 Introduction

1.1 Presentation of the systems

In the mathematical study of liquid-vapour mixture, Gibbs first modelled phase transi-
tions thanks to the minimization of an energy functional with a nonconvex energy density
(see [17]). The phases are separated by an hypersurface and there are mainly two ways
to describe it: either we consider that the interface behaves like a discontinuity for the
fluid parameters (this is the Sharp Interface model), either we consider that between the
phases lies a thin region of continuous transition (this is the Diffuse Interface approach,
where the phase changes are seen through the variations of the density and which is much
simpler numerically). Unfortunately the basic models provide an infinite number of solu-
tions (few of them being physically relevant) and this is why authors tried to penalize the
high variations of the density (with capillary terms related to surface tension) in order
to select the physically correct solutions.

In the present paper, we are interested in the local and non-local Korteweg systems
(in the diffuse interface model). These systems are based upon the compressible Navier-
Stokes system with a Van der Waals state law for ideal fluids, and endowed with a
capillary tensor.

Let us recall that the local model was introduced by Korteweg and renewed by Dunn
and Serrin (see [16]) and the non-local model was introduced by Van der Waals and
renewed by F. Coquel, D. Diehl, C. Merkle and C. Rohde. For an in-depth presentation
of the capillary models, we refer to [30] and [11]).
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Let p and u denote the density and the velocity of a compressible viscous fluid (p is
a non-negative function and v is a vector-valued function defined on R%). We denote by
A the following diffusion operator

Au = pAu+ A+ p)Vdive, with >0 and v=XA+2u>0.
The Navier-Stokes equations for compressible fluids endowed with internal capillarity
read:
O¢(pu) +div (pu ® u) — Au+ V(P(p)) = kpVD[p].

The capillary coefficient £ may depend on p but in this article it is chosen constant. In
the local Korteweg system (NSK), the capillary term D[p] is given by (see [16]):

{ Op + div (pu) = 0,

Dlp] = Ap,

and, in the non-local Korteweg system (NSRW) (see [29], [11], and [34]), if ¢ is an
interaction potential which satisfies the following conditions

(.| + H2)¢() € Ll(Rd)7 y ¢(x)dr =1, ¢ even, and ¢ > 0, (1.1)

then D[p] is the non-local term given by:

Dip] =¢xp—p.

Comparing the Fourier transform of the capillary terms, we have (¢(£) —1)p(§) in the
non-local model, and —[¢£|?p(€) in the local model so that a natural question is to study
the closedness of the solutions of these models when (}5(5) is formally "close” to 1 — [£]2.
For this, we introduced in [7] a specific interaction potential and considered the following
non-local system:

(VSR { Ope + div (P'eua) =0, -
Ou(peuz) +div (peu @ ue) — Aue + V(P(pe)) = pe 5 V(9e * p= = pe),
with 1 1 ||
6= 0(Z) with 9{e) = e
For a fixed £ the Fourier transform of ¢, is (55(5 ) = P |2, and when ¢ is small, %

is close to —|¢|?.

Using energy methods, we proved in [7] that this system has a unique global strong
solution for initial data close to an equilibrium state. The functional setting are classical
and hybrid Besov spaces (taylored to the capillary term). We also obtained that when
the small parameter € goes to zero, the solution tends to the corresponding solution
of the local Korteweg system and we obtained a rate of convergence in terms of €. In
[9], we provided by Lagrangian methods more precise a priori estimates giving a better
understanding of the convergence and the hybrid Besov setting in terms of the linear
Fourier structures.



Though, these models are not completely satisfying. On one hand, recalling the re-
sults from [12], [2] (compressible Navier-Stokes system), [14], [8] (local Korteweg model),
and [19], [7] (non-local Korteweg model), we observe that the density in the local cap-
illary model is far more regular than in the non-local model where it shares the same
frequency structure as in the compressible Navier-Stokes model (heat regularization in
low frequencies and only a damping in high frequencies).

On the other hand, from a numerical point of view the local model is difficult to
handle because the capillary term contains third-order derivatives. The non-local model
also presents difficulties in numerical studies: even if the capillary term only contains
derivatives of order one, it involves a convolution operator, whose numerical difficulty is
comparable.

For this reason, C.Rohde presented in [31] a new model, called the order-parameter
model, and inspired by the work of D. Brandon, T. Lin and R. C. Rogers in [5].

This new system consists in introducing in the capillary term a?V(c — p) a new
variable ¢ called the ”order parameter”, which is coupled to the density via the following
relation related to the Euler-Lagrange equation from the variational approach (« controls
the coupling between p and c):

2Ac+a*(p—c)=0
so that the new system he considers is the following:

Otpo + div (poue) = 0,
(NSOF,) Ot (patia) + div (patia ® ta) — Atg + V(P(pa)) = £0%paV(ca — pa),
e2Acy + a2(pa —¢o) =0.

As emphasized by C. Rohde, from a numerical point of view this system is much more
interesting because now we only have one derivative in the capillary tensor (which is
local), and the additionnal equation for the order parameter is a simple linear elliptic
equation that can be easily and numerically fast solved at least when the mesh is fixed.
Moreover as we will see later, as for the previous non-local capillary model, this system
has the same frequency structure as the classical Navier-Stokes model.

In [31], C. Rohde proves (for ¢ = A = x = 1 in the two-dimensionnal case) that the
system has a unique local classical solution:

Theorem 1 ([31]) Assume that the initial data (po,up) is independant of o« > 0 with
ug € H*(R?), pg > 0 and pg — p € H*(R?) for some constant p. Let cy the solution of
the elliptic problem —Acgy + a’co = a?py. There exists a constant T, > 0 such that the
initial-value problem (NSOP,) has a unique solution defined on [0, T} | satisfying:
Pa_ﬁ,ua € LOO(O)T*aH4(R2))a Pa >05
Ca — p € LX(0,Tu; H*(R?)).
Moreover, for all t € [0,T,[ we have

lim [|pa(t,.) = ca(t; )l L2m2) = 0.

a—r 00

In this paper, C. Rohde also conjectures that when the coupling constant « goes to
infinity, these solutions converge to the solution of the local Korteweg model.



1.2 Statement of the results

In the present article, following what we did in the whole space for the non-local system
(see [7]) and using lagrangian methods from [9], we will prove that under smallness
conditions, and with less regular initial data, the system has global strong solutions in
the following critical spaces (we refer to the appendix for more details on Besov spaces
and hybrid spaces). We also prove the above conjectured convergence and give an explicit
rate of convergence with respect to a.

Definition 1 The space F? is the set of functions (g, c,u) in
. . . . 2 . . d
(Cb(RJr’ BSEI n Bg,l) n Ll(RJra B;—i_l’s_l n B(§+2’S)> X (Cb(RJra BSEI) n Ll(RJﬂ B§j1)>

endowed with the norm ||(q, c,u)|[rs = [/(q, ¢, u)|| s (o0) Where for all t we denote (recall
that vy = min(u,v))

def
Ig, e;w)llrgey = Nullzee pgyr + Mallzee gyt +vlldllzee sy |+ lellzoe g +vllellzee ;|

+ VOHU”ZgB;fll +vllgllzy et + VQHQHZtIBf;rZS +vllelzrggrre- + VQHCHQB;“’S (1.2)

Theorem 2 Let o > 0 and assume min(u,2p + A) > 0. There exist two positive con-
stants nop and C only dependmg ond, pu, A\, k, and P'(p) such that for all n < nop, if

po—pE 321 ﬂle, ug € B21 , ¢o is defined by —Acg + a’co = o’py and

1ot ol g <7

oo =2l 4y .4

221 m3221 2 1

then system (NSOP,) has a unique global solution (pg, Ca,Ua) With (po — D, Co — P, Ua) €
d

F2 such that:

_ _ def _
1(pa —Boca —Brua)| g <COL Cllpo—7ll 4o g + ol 40).
F B3y mB2,1 B2,1

@

Moreover we have the global in time results:

Co — P —+ vilc —pP . — 0
H (0% Oé” ( 7 le 1) H (6% Q’H ( , 2%1) b
Vi|Co — P, —+ v4|c Y < C « 2
H ¢ a||L1(R+7E2%1_1) || “ a”Ll(R‘FvBQ%,l) n

The following result deals with the convergence in «: when the initial data are small
enough (so that we have global solutions for (NSK) and (NSOP,)) the solution of
(NSOPF,) goes to the solution of (NSK) when « goes to infinity.

Theorem 3 With the same assumptions as before, there exists 0 < ng < min(ngx,nop)
such that for all n < nq, if

HPO - ﬁ” .4 + HUOH d_y <,

§-1_ 5% ¢
32,1 mBQ,l Bz,l
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then systems (NSK) and (NSOP,) both have global solutions and ||(po — p, Ca — p, Ua —
u)| ¢ goes to zero as a goes to infinity. Moreover, with the same notations as before,
F,

there exists a constant C' = C(n,k,p, P'(1)) > 0 such that for all h €]0,1[ (if d = 2) or
h€)0,1] (ifd > 3)
||(p0! — P Ca — Py U — U)HF%—h < Caih,

[e3

Remark 1 We can assume that e = 1 without loss of generality. If not we just have to
replace k by € and o by a/e.

Remark 2 As the order parameter c, goes to p,, we formally get that when a goes to
infinity, the capillary term goes to kpV Ap.

1.3 outline of the paper

The article is structured the following way: section 2 is devoted to the proof of theorem
2. We first introduce an interaction potential ¢, that allows us to rewrite the system
into a non-local shape. As we want precise estimates we follow the methods from [9]:
we first obtain estimates on the linearized system and then on the advected linear sys-
tem thanks to a Lagrangian change of variable. The rest of the proof is classical, we
define approximated solutions thanks to the Friedrichs’ scheme and obtain existence and
uniqueness like in [7]. In section 3 we prove theorem 3 and in the appendix, we first re-
call basic properties of Besov spaces, then we provide estimates for the flow of a smooth
vectorfield. The last part of the appendix is devoted to Bessel functions that are needed
for the expression of our new interaction potential.

2 Proof of theorem 2

2.1 Interaction potential

As announced in the introduction, we first rewrite the system in a non-local shape. Let
us focus on the last equation, we can write that (for more clarity we drop the subscripts
with «):

—2A(p—c)+a%(p—c)=—*Ap

which leads to:

o? —A 1.
a(p—c)=—a’(-A+ 5_2) 'Ap = —(? + 5_2) "Ap

So that in Fourier variable:

a? 1

5 _— 2.— e
p(f)—& 82(1 2_22’5‘2+1

TP €I

a2(p - C)(g) = €] )ﬁ(g)

Then up to choose k = &2 and replace a by a/e, from now on we assume that e = 1 and
then if we introduce:

Dlp] = a*(c—p),



we have
1

L +1

— —1€P? R
DIFI(E) = e —716) = 05— ~ DAE). (2.3
EE 41
a? +
As a consequence, when « is large, o?(p — ¢) formally goes to Ap as for the non-local
capillary term from [9], and the object of this article is to prove that the solutions of
this system will go to the solutions of the local Korteweg model. Let us now define the
interaction potential ¢, by:

— 1
¢al8) = (2.4)
B 1
We have [; ¢o(2)dz =1 and D[p] = o?(¢a * p — p). If we put ¢ = ¢; then
- 1 .
B(€) = T ba = ¢(-/a), and ¢o = adp(a-). (2.5)

In some cases we have explicit expressions for this inverse Fourier transform: for all x,
p(x) = Ce™1*l when d = 1, ¢(z) = ' when d = 3 (we refer to [33]). In the other

|z]
cases the expression of ¢ involves Bessel functions. Let us begin by recalling that the
fourier transform of a radial function is also radial, more precisely (see for example [33]
page 213) there exists a constant Cy such that if f(z) = fo(|z|) for all 2 € R?, then its

Fourier transform satisfies for all £ € R?, f(£) = Fy(|£]) where for all p > 0

Cy & d
[ agamhrtar
p2~tJo

Fy(p) =

where J, denotes the general Bessel function of real index v. This formulation is related
to the Hankel transform, we refer to the appendix for more details and properties on
Bessel functions. Coming back to our problem, we then obtain that for all z € RY,

d

b(x) = C%d_l /Ooojgl(r]x‘) dr. (2.6)

r2
N 2] 2 1+ 72

And thanks to the Hankel-Nicholson integrals (we refer for example to [27] page 330 or
[36] page 434), under the following assumptions:

3
a>0, Re(z)>0, —1< Re(v)<2Re(u)+ 2’

we have the identity:

[e§) tV+1J t WA V— [
/ o — KV*H(GZ)’
0

t—
@+ 2 T Bt 1)

where K, denotes the modified Bessel function of the second kind and index v (also called
Hankel, Schlifti or Weber function). This allows us to finally write that for all z € RY
provided that d € {1,2,3,4} (from the previous conditions with v = %l —1,pu=0z=1,
a = |z[),

b)) = — Ky, (|a]). (27)

o |$|g71 2



Remark 3 Another way to understand the limitation on the dimension consists in ob-
serving in the integral (2.6), that if we roughly approximate the Bessel function by
cos(r)ril/ 2 at infinity, then the integrated function has the following asymptotic expan-
sion at infinity: cos(r)r%?=%/2 (|z| = 1 for more simplicity).

In fact (2.7) is also valid for dimensions d > 5 (Like the Fourier transform, the Hankel
transform can be generalized for tempered distributions). Let us compute the Fourier
transform: for all ¢ € R?

. Ki71(‘x’) oy .
/ eTmE 2y = / r2Ka (1) </ e”’“"gdw> dr,
R 2271 0 2 sd-1

and thanks to the radial symmetry:

e Ty = e~ rllwrer gy,
gd—1 gd—1

Performing a d-dimensional spherical change of variable we obtain that (with A = r|{]):

™ 21 2
/ e Awerg / / / e o801 6ind=2 9, sin?3 ... sin Oy_odb;...d04_,
§d—1 0 0 0

=0y / e~ sV 6ind=29,dh,. (2.8)
0

Using the following integral representation of function I, (for Re(r) > —1/2 see the
appendix for modified Bessel functions I, and K))

I,(z) = lz—/ e 208 tgind=2 ¢t
2vmal(v + 3) Jo

Then thanks to the following identity (here a = i|¢| and b= 1):

/zL,(az)Ky(bz)dz = ﬁ (al,41(az) K, (bz) + bl (az) K, 4+1(b2)),

we obtain that:

d_11d
R R
Rd |£C|2
so that in (2.7), Cy = (2%_11“(%))*1, Considering the asymptotics of function K4 ,, ¢ is
2

continuous on R* — {0}. Near 0, and for d > 3, we have ¢(z) ~ Cyg|z|>~% so that |z|¢(x)
is a L' function on RY,

2.2 Reformulation of the system
We are now able to write the system into a non-local form:
(NSOF,)
Opa + div (paus) =0,
O (patia) + div (patt @ uq) — Aug + V(P(pa)) = Pa“a2v(¢a * P — Pa)s



with
Cq

a2

B0 = a'd(a) with ¢(x) = — Ky _,(|x).

Remark 4 From the previous computations, we immediately get that
Ca = Pa = (_A + aId)ilApa = Qa * Pa — Pa

that is o, = Go*po. This is why we cannot choose any initial data for the order parameter
and take co = ¢q * po.

As we consider initial data close to an equilibrium state (p,0) we begin with the
classical change of function p = p(1 + ¢). For simplicity we take p = 1. The previous
system becomes (also denoted by (NSOP,)):

(NSOF,)

0o + 1a-Vqo + (1 + qo)divu, =0,
8tuoz + ua-vuoz - -Aua + Pl(l)-VQa - FLOCQV((ﬁa * Qo — Qa) - K(Qa)-an - I(Qa)Auon

where K and I are the real-valued functions defined on R given by:

K@= (PO -0 wd 1 =

The functional spaces we will really use are the following:

Definition 2 The space Ef is the set of functions (q,u) in
a5—1 A T 1 astls—1 ~ Ps+2 s—1 1 551y )
(G, B37" 0 B5) ML Ry, B0 0 B729)) x (Go(Ry, By N LRy, B3

endowed with the norm ||(g,u)||gs = [/(¢,u)|| g5 (o0) Where for all t we denote (recall that
vy = min(y, v))

def
H(%u)”Eg(t) = HUHE?BST + H(JHzgoggf + V”QHE?BS’I

+ I/OHUHZ%BST + I/HqHZ%Bzﬂ,sﬂ + V2”qHZ}B§+2’S (2.9)

Remark 5 Due to obvious simplifications we slightly changed the notations for E and

B5%: with the notations from [9] these spaces would have been respectively denoted

by Ef/a and Bf;f’s

We will now follow the tracks of [7] and [9] to prove the results. Classically in the study
in critical spaces of compressible Navier-Stokes-type systems (see [12, 6, 18]), the proofs
of theorems 2 and 3 (see [7] section 2) rely on key a priori estimates on the following
advected linear system (a > 0 is fixed and for more simplicity we write (¢, u) instead of

(QQaua)):

9q+v.Vq + divu = F,
(LOP,) { vV divu

oy +v.Vu — Au + pVq — HO&ZV(QM *q—q)=G.



With
Au = pAu + (A + p)Vdivu.

Although the potential function is different from the gaussian from [7], we can easily
adapt the energy methods and results from this paper. Here we will directly focus on
more refined estimates as in [9] and use them in the proof of the last theorem: we can
prove that the estimates are similar up to slight changes in the constants:

. a
Theorem 4 Leta >0, 441 <5< 941, 1=[0,T] or [0, +00| and v € L(I, B! )N

.4
L3(I, B3 ). Assume that (q,u) is a solution of System (LOP,) defined on I. There exists
ag > 0, a constant C > 0 depending on d, s such that if o« > «, for allt € I (denoting
v =+ 2\ and vy = min(v, 1)),

lellzp s + lallze g1 + Vlallze g, + vollullzy g + vl ggesoms + 02l e

t

C, 2 Cuisc | ([[Vo(7)]l

2
+ ||v(T dr
2 | g4 FIROI)

d
2
2, 2,1

<C e

Y4k

X (Iuoll g + laol g + Vol + 1F gy gy + VIFl gy, +11G 7y gt ) (2:10)

where )
1 4
Cp,ﬁ = C'max(/p, —p) maX(V—I;, (Z_/-@
L+ A +pl+p+v
Cm’sc =

Yo

),

1
1, —).
+ max(1, y3)
Remark 6 The coefficient C;. satisfies:

o - 20 4 max(1, %) IFA+p >0,
e #—l—max(l,%) IfFAX+ 1 <0

).

and when both viscosities are small, we simply have Cy;s. < max(1,

X
ol

2.3 Linear estimates

As in [6] and [9] the first step to prove theorem 4 is to obtain estimates for the following
linearized system:

(OF,)

Oq +divu = F,
Ou — Au+ pVq — ka*V (o x g —q) = G.

With
Au = pAu+ (A + p)Vdivu.

In this article, we will use the following frequency-localized estimate:



Proposition 1 Let « >0, s € R, I =[0,T] or [0, +o0[. Assume that (q,u) is a solution

of System (O.) defined on I. There exists oy > 0, a constant C' > 0 depending on d, s,

co and Cy such that if & > «yg, for all t € I (we recall that vy and C 2 are defined in
T4k

the previous theorem), and for all j € Z,
1A jullzzors + 022 | Agully o + (4 v2) (1450 e + vmin(a?,22) | Al 2

<C, 2 (02 lAsaollze + 1 Aguollze + (1+v2) A Fll e + 145G ) (211)

4K

Remark 7 Let us precise that these linear estimates are valid for all dimension, the
limitation d < 4 only appears in the advected case.

2.3.1 Eigenvalues and eigenvectors

In this article, since the methods are very close to [7] and [9] we will only point out
what is different and refer to these articles for details. As in [12] or [6] we first introduce
the Helmholtz decomposition of u. Defining the pseudo-differential operator A by Af =
FHLIF()), we set:

v=A"ldivu,
(2.12)
w = A"tcurlu
then v = —A~'Vv + A~ 'divw and the system turns into:
Orq+ Av=F,
(L) O — vAv — pAgq + ka*A(pe * ¢ — q) = A~ div G,

dw — pAw = A Leurl G.

The last equation is a decoupled heat equation, easily estimated in Besov spaces (see
[2] chapter 2). Moreover, as the external forces appear through homogeneous pseudo-
differential operators of degree zero, we can compute the estimates in the case F' =G =0
and deduce the general case from the Duhamel formula. So we can focus on the first
two lines and compute the eigenvalues and eigenvectors of the matrix associated to the
Fourier transform of the system:

q q _ 0 . —[¢|
@<a>=ﬂ®<a> with A0 = el + i) —vigl?

The discriminant of the characteristic polynomial of A(§) is:

2
A@)zmﬁ<ﬂmﬁ—4@+ﬁgfllo,

0%

and thanks to the variations of function

fo:z—= 12z —4A(p+r

Z
a? o



we obtain the existence of a unique threshold x, > 0 such that

< 0if [¢]? < 2q,
A(¢) o
> 0if [£]° > zq4.

We emphasize that this function has the same variations as in the case of [9]: when
2
v

iK
[0, (Q\ﬁ 1)] and then increasing.

> 1, fqo is an increasing function on Ry, and when ;= < 1, f, is decreasing in

Proposition 2 Under the same assumptions, we have:

( 4dp
e >1,
V2 — 4k !
To ~ Qay/L if v =1,
a— 00 K
4K 9 .
(ﬁ —-1l)ao” if - <1
Proof: It is simpler than in [9] because here we have explicit expressions for the

threshold: if we put A = v? — k — 4p/a?, then

a? V2
Ta =53 A+ 16p$ +A|.

Next introducing the following function, we obtain the expressions of ¢ and ¥ exactly as

in [9]:
_ Jol@) _

vz

9a() -+ R ) (213)

-For the low frequencies (A < 0), when [{| < \/Z4, we have:

% +1

oA ot

a6 = 4 ((1+ sfg)e™ + (1 = glg)e™ ) @l©) - eme(©)

3(8) = <p+n§'§'2 ) T H(©) + 5 (1= slg)e™ + (L+ ghy)e ) @(6),

with:
2
=V —=9al¢]?) ¢2mpp+mmp )—1 (2.14)
and )
re = -z,

-For the high frequencies (A > 0), when |£] > /T4, we have:

7€) = 5 (1= g™ + (1 + gg)e™ ) @(6) + ez 0(6),

€]

(e) = <p+ mé )tngfg;)qz(g)+;((1+%)ew+(1—%)eﬂ)%(5),

11



with:

zao=\@4m9w=¢r—ﬂépm+ﬁ <P (215)

L +1
and )
v
r =200+ i)
Remark 8 As in [9] it is crucial for the time integration to observe that
5 2 1/2 5 2
ptrge— =Bl - R+ RE)
P 4

2.3.2 Thresholds

As in [9] we can find another threshold frequency y, > z, of size a? (in each case for
ﬁ) that will enable us to push the parabolic regularization until frequencies of size a.
In the present paper we will have explicit expressions. Let us first remark that rewriting
function g, into the following form immediately implies that this is an increasing function
from [0, 0o to | — oo, 1]:

pl o 1 def V2

T Mriaz With M= (2.16)

If € [0,1[ we easily compute that there is a unique positive solution of the equation
go(z) = B given by:

1 16p 1 1 1 4p
=—|(-A ————a?+ A2 here A = —a?(M — —— ) — —— =
To,B 2( +\/(1—ﬁ)y2a+ > where Ma( 1—ﬁ) 5.2
so that we immediately have the following asymptotics when « is large:
( 1
— 1) ifM <L
(Mﬂ—ﬁ) )“ e

2 [ p . 1
'rOé,BN ; 1—/8a lfM:m,

4p M
S it M > L.
V2 (1— B)M —1 R

Remark 9 The previous proposition is obviously a particular case of this result.

We are now able to define the second threshold y,:

% if M <1, 2
9a(Ya) = 1 1 where M = -—. (2.17)
- — >t M>1,
2M — 2

Using the previous result for g = % or 1— ﬁ according to the case for M, we obtain
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Proposition 3 With the same notations we have that:

o IfM >1, y, ~ a? and for all a,
o o0
o? <y, < 207

o If M <1,y, ~ (& —1)a? and for all a,
a—r

2.3.3 Pointwise estimates

Now that we have defined the frequency thresholds z, and y, we have the following
estimates. Up to the values of m and the second exponential from the density in the
second case, they are the same as in [9] to where we refer for details or proofs:

Proposition 4 Under the previous notations, there exists a constant C', such that for
all j € Z and all £ € 2IC where C is the annulus {¢ € R%,¢o = 3 < |¢] < Cp = &}, we
have the following estimates (we denote by f; = Ajf and we refer to the appendix for
details on the Littlewood-Paley theory):

o If|¢] < /Ta:

vtci22d

(1+v2)|g(§)] < O™ ((1+v2)fa5(§)] + (1+ F)lw())

2052]
utco J

[53(€)] < Cem (1 +v2) (1 + p) (1 + 75)la05 (&) + [205(E)]) -

o If /Ty < |€] < \/Ta:

<1+u2ﬂ‘>|@<s>|s%e‘ 0 (@) + (4 I,

T < e =1 (¥271q0,3 ()] + [P05(£)1) »
: L2 :
where m = ga(ya):%n”M:Rgl,m: 1— 5 if M > 1.

o IF|E] > /Ta > /Ta:

vig|?

<1+u2f>|q7<f>|gc(e +) (@ +v2)@30) + 1+ ) E5))

2j
_utcOQ J

\@rs)\sc(e (- ga<c322j>>e”“%”@ng“%?”)))(uzﬂ‘rq’o;@)rﬂvfo;(s)\)-

13



2.3.4 Time estimates

As in [9], due to the choice ¢y = 3/4 and Cy = 8/3 (see the appendix), we can observe
that there exist at most two indices j = Jo — 1 or i, = Jo such that \/ya € 27co, Co]

for j € {j . Jat-
We refer to [9] for the proof of the following proposition that implies Proposition 1.

Proposition 5 Under the same assumptions as in Proposition 1, there exists a constant
2
C such that for all j € Z (denoting M = - ):

e Forall j <j,,
ol ce + v2% sl + (@402 (lagllimre +v29 gl yre) <

1 . 1
Cmax(z M) (14 021+ VPl + 1+ longe ).

VP

(2.18)
e Forall j >7j,,
losllngers + 2% oyl g o + (0 +v27) (i lleer + S5l e ) <
Cms(1,0) ((1-+02 a0 2+ (1 =) ).
(2.19)

2.4 Advected linear estimates

The difficulties and methods exposed here are the same as in [9], so we will roughly
explain them and focus on what is new.

In order to prove Theorem 4, a natural idea is to use Proposition 1 and put the
advection terms as external forces. Unfortunately, there are some obstacles: the main
problem is that in v- Vg, the term T}, Vq can be estimated in 3287_11 but not in Bil because
it is not enough regular in high frequencies.

A direct use of the linear estimates will be useful only for the low frequencies (j < 0),
and in the high frequency regime (j > 0), we will perform a Langrangian change of
variable (as in [22], [23], [15], [6], [9]) in order to get rid of v - Vq. We then aim to
use on the new system our linear estimates but we have to be careful with the external
force terms introduced by the change of variable. Most of the work in [9] was to provide
estimates on the commutator of the non-local operator from the capillarity term and the
Lagrangian change of variable.

For all j € Z and t € I, we introduce:

Uj(t) = [|Ajull oo 2 +102% [ Ajul| 13 o+ (14027) (HAJQHL;X’L? + len(€—2,22j)HAjQ\|Lng>
(2.20)
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and

U(t) = fullzm o1 Hlal e gyt e g Fvollullzy gas+vllalzy peerems+0 Nl g
(2.21)

2.4.1 Low frequencies

For the low frequencies, we obtain (see [9] section 3.1 for details) that there exists a
nonnegative summable sequence whose sum is 1, denoted by (¢;(t));ez such that for all
j <0, K > 0 (to be chosen later), and if @« > N;/log2 (we refer to [9] section 3.1
for this, and to the appendix for N7 which is a constant related to ¢y and Cy in the
Littlewood-Paley decomposition, such that if |j — | > Ny then Aj oA; = 0, in our choice
of ¢p and Cy, Ny =1).

Uj(t) < C, 12 [U50) + (14 v2) | AjF [ 12 + | A; Gy 2
1 i(s—1) t 2
+to2 7 /0 ¢;(7) <Vo\|u||3;jl + vlgll gs+rs-1 + v ||(IHB§+27$> dr

+C2§2—j<5_n/ ¢;(7) ((max(l,%)-i-yio)]]v(ﬂ”zg +CHU(T)HB%H> U(T)dT],

0 2,1 2,1

(2.22)

Remark 10 As pointed out in [9] (remark 29) using the linear estimates for the low
frequency case, allows us to get rid of another difficulty introduced by the change of
variables: in low frequencies some of the additional external force terms have too much
regularity to be absorbed by the left-hand side, and not enough regularity to be controlled
with a view to apply the Gronwall lemma. The only way to control them would be to
use interpolation arguments that would introduce linear time dependant coefficients, and
prevent us to get global in time results.

2.4.2 Lagrangian change of coordinates

As explained, in order to get rid of the advection terms involved in system (LOP,) the
first step is to consider the following localized equations (as usual we set f; = A;f...):

Ovqj + Sj,w.qu +divu; = fj,
Opuj + Sj_10.Vu; — Auj + pVaq; — Ko’V (da * ¢; — ;) = g5

where the external force terms are defined by:
[i=F+ <Sj_1v.qu - Aj(v.Vq)> and g; = G; + (Sj_lv.Vuj - Aj(v.Vu)> .

Both of these terms can be estimated thanks to the following commutator estimate from
[15] (we refer to lemma B.1 from appendix B):

15



Lemma 1 (/15]) There exists a sequence (c;)jez € I'(Z) such that ||c[;z) =1 and a
constant C' = C(d, o) such that for all j € Z,

HS};ﬂ).th — AJ(’UVh)HLQ S CCjQ_jOHV’UHB%

s
2,00

NL%°

In order to perform the change of variable we define v;; as the flow associated to Sj,lv:

{at%,t(fﬂ) = Sj_10(t, vj4(z)) (2.23)

Yjo(r) = .
we can also write:

t .
1/1]‘7,5(1') =+ /0 Sj_lv(T, ij,T(m'))dT.

Thanks to propositions 8 and 9 from the appendix (we refer to [15] or [6]), there exists
a constant C' such that:

llg o wjillLe < e“Vg|lzr for all function ¢ in LP,
DY | e < e, )
DY, = Lallne < eV —1, (2.24)
DM < Co(eY S ) for k22,
where
def [t
Vi) / V(7| oo (2.25)
0

As explained in [9], considering some of the additionnal external force terms at the
point ¢;t1 (x) instead of x will help getting uniform estimates with respect to «a, so the
jacobian determinant of the change of variable will play a crucial role in our computations
(contrary to the case of lemma 2.6 from [2] where it produces a term that we are not
able to sum here).

tdiv Si_1v) (T, T
{det(pqu,t(x)) = eJo(div S5-10) (7 oy )T 2.36)

det(DT/J;tl (QT)) . fg(div.S.'j,1v)(T,Xj(T,t,m))d7— . fot(div S’j_lv)(r,wjﬁowj_’g(m))d’r,
where X;(7,t,2)) denotes the two parameter flow associated to S;j_jv (we refer to (4.88)
in the appendix).

_ Let us now perform the lagrangian change of variable, for a function h, we define
h = hojs = h(t,1;:). Then we have 0:q;(t,x) = (0rq; + Sj_lv.qu)(t,i/JN(x)), which
provides the following system:

Oty — Atlj + pVg; — ke’ V(o * @ — @) = §j + RS + R + kR;,
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where the remainder terms Ry, R? and RJ are exactly the same as in [6] and [9] (with
the same convention: if f : R — R™ is a differentiable function then Df denotes the
Jacobian matrix of f, and V f is the transposed matrix of Df.):

Rj(t,x) == Te (Vi (t,2) - (Ig — VU5, (54(x)))),
Rj(t,z) := V(t,x) - (Vi (¢4(2)) — Lg)
and R := pRj + (A + p)R? with
Ry (@) 1= Tr (V5 (654(2)) = 1) - VD (1) - D7 (5())
FV DI (1) - (D5 (W0(2)) = ) ) + V(1) - A5 (0(2))
R () 1= Te (D (1, @) - 0D (50(2)))
+ Y Rt ) Ok (Wa()) - Oaty (g ())
ab,cba,ctk

d
0 R (@) - (O () — La) - Butey (b (@) + (0005 (050(2)) — 1)),
1=1

As in [9], the only difference with [6] is the following additionnal remainder term:
R; = a*(¢a * Vq; — Vg;) 0 i — & (¢a * VG — Vj). (2.28)
Thanks to the definition of ¢, and ¢ we can also write that:

Q) (fa=2) = f@)d= (229)

La(f) ™ 0?(¢u* f — f) = ? /

R

As in [9] most of the work consists in obtaining bounds in L} L? that are uniform with
respect to «, and go to zero when t is small and dealing with R; is the object of the rest
of this section.

2.4.3 Precisions on the capillary term

Let us first go back to the convolution term written in (2.29): for a function f,

[

a2(¢e*/ﬁ N = T e (&)
1+ 7

Similarly to [9] we obtain the following equivalence, giving a smooth interpretation of
the hybrid norm. Here again, instead of a fixed frequency threshold there is a continu-
ous transition from the parabolically regularized low frequencies and the damped high
frequencies:

Proposition 6 For any suitable function f and any s € R, we have:

1l gsv2s = > min(a?,2%)29%|| A, f| 2
22

JEZ
S 2 A e ~ (e S — gy, (2:30)

=/ a?
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Proof: Thanks to the monotonicity of function z — x/(1 + z), we easily obtain that for
all j € Z:

We refer to [9] for details.

Remark 11 In the L"-setting, we can prove that for all j € Z:

lo® (¢ * Ajf — Ajf)llzr < Cmin(a®, 22) A f 1.

2.4.4 Estimates on the capillary remainder R;

This section is devoted to giving estimates on the capillary term introduced in (2.28). As
Va; = V(g5 0 950) = Vaj 0 vja X Dipjy = Vgj 00 X (Dyjp — La) +Vaj 09y,

we obtain the following decomposition: R; = I; + I1; with

I; = a*(¢. * gj — gj) where g; = Vqj o j, x (I; — Dipjy),

(2.31)

ITj = a*(¢e * Vagj = Va;) 0 s — o <¢e *(Vgj o) = Vgjo %}t)-
So that as in [9], we need to estimate (locally in frequency) the commutator between the
Lagrangian change of variable and the non-local operator L, defined in (2.29). For a
function f, and all j € Z we set f; = A;f and:

1T = IT5(f) = o®(¢a * fj — fj) 0 iz — 042(% *(fjoie) = f; O%‘,t)- (2.32)

Theorem 5 Let o € R. There exists a constant C' = C, 4 such that for all f € B2
there exists a summable positive sequence (c¢;(f))jcz whose sum is 1 such that for all t

so small that

e : (2.33)

DO | —

and for all j € Z,
MZ(F)llzz < CeY (V4 Y = 1)es (52797 |02 * £ — g
where V (t) = fot |Vo(T)|| peedr.

Remark 12 As a by-product we obtain that under the previous assumptions, if t is
small enough,

0?[[(@=+A; flove—d(Ajforsa) 12 < Ce® (VDY =1)¢; (/)27 la® (e f — )l g -

Remark that neither of the left-hand side terms are spectrally localized.
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Proof: we refer to [9] for details and here we will only focus on what changes. The first
step is to obtain pointwise estimates and then L? estimates: as in the works of T. Hmidi,
S. Keraani, H. Abidi and M. Zerguine ([22], [23], [24] and [25]) we wish to retrieve the
desired Besov norm thanks to an equivalent expression of 11 ]’ as an integral formulation
involving finite differences of f of order 1 (that is expressions of the type 7_, f — f where
7_yf(z) = f(z +y)) or order 2. Like in [9] we need to directly consider I1}(¢); )
instead of simply I7}(z) and we obtain:

13 @) = [ 62 (e - 2) = @)

1—

¢(a(w;3<m>¢—( zj—;(x - 2) - /0 (div 550, Xj(rytyo = Dpr | 1)

Remark 13 We emphasize here that the previous quotient is well defined near zero and
we refer to section (2.1).

We have to face the same problem as in [9]: as we want to estimate the L? norm of this
quantity, that is a Besov norm with integer regularity index s = 0, the finite difference of
order 1 will not be sufficient for our need, and we will have to introduce finite differences
of order 2 (this is a classical problem for integer indices). Indeed, using the present
quantity would only involve a term in |y|/a and when estimating in low frequencies,
there would be either an extra multiplicative coefficient o or an extra derivative term
277 (that would prevent any convergence when —j is large). To be able to do a correct
estimate we need at least |y|?/a?.

For this, we simply write [1}; = %(IIJ’- + II7), and perform the change of variable
z = —y in the second integral. If we set:

(

L olell @ vl - )
o 9(2) ’

Lo @ -l )
o ¢(2) ’ (2.35)

B_ = /0 (div Sj,lv)(T, Xj(r,t,x — 2))(17—,

\B+ = /0 (div Sj,lv)(T, Xj(r,t,x + 2))(17—,

then
a? e
Ill(w;tl(x)) Y /Rd ¢(2) <f]($ - E) - f](m)) [1— R_e_B*]dz
a? .
+ 5 [ 66 B+ 2= @) [ = Rl = 11 (@) + TV (0). - (236)
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where
2

11w) = 5 [ o) (fle =2+ fa+ 5 - 2@) 1 - Boe e

) (2.37)
« z _ _
V() = 7/ 6(2) (Fi(x + 2) — (@) [Roe™P — Rye PH]dz.
Rd «
Taking L? norms we have:
||II]/'OZZ);t1||L2 <N 2 + IV} 12, (2.38)

and thanks to estimates on the Jacobian determinant of the flow (see 2.24), theorem 5
is immediately implied by the following proposition:

Proposition 7 Under the previous assumptions, there exist a positive constant C' = Cy 4
and a nonnegative sequence (c; = ¢;(f))jez whose sum is 1, such that if t is so small
that e2CV(1) _ 1 < %, we have:

1Tz + [1Vj] 2 < OV + &Y = 1) 2790 (¢a * f = f)ll g -

To prove this result we will successively prove the following lemmas:

Lemma 2 There exists a constant C' only depending on the dimension d such that for
all j € Z, f, and all t is so small that 20V _ 1 < %,

|12 < CeCV(V 42V — 1)
Izl \ 14|z z
car [ oIS ‘3 55 = 204 550+ 2) =26, Oll ez, (2.39)
Rd |Z| (%

and

11V;]2 < CCY (V 4+ 2V — 1)

XQQAde;%ml ( | |)Hf]( ) ’(')HL2dz7 (240)

|z
where V' is defined in (2.25).

Lemma 3 For all 0 € R there exists a constant C, q such that for any f € Bg |, there
exists a nonnegative summable sequence (c;(f))jez with |c;(f)lljz) = 1, such that

1
0‘2/Rde L2 +‘Lz|3 15— D)+ £+ 2) = 26502

|z
par [ i 2By 2 Ol

2|72
< Coa2777¢i(f)ll0®(¢a * f — llgg - (2:41)

20



Proof of lemma 2: A direct estimate gives:

2
[ITL; 2 < % /Rd P (= 2) + fi(-+ 2) — 252 llt = Boe™ P~ || oo dz,

z
o
and
o? z B _B,
1Vjllzz < y o)1 f5(- + E) = fiOllzl|R-e™"~ — Rye” "t || o dz,
So that we first have to focus on the L*° norms:

Lemma 4 Under the same assumptions, for all n €]0, 1], there exists three constants C,
Cq and Cy,, such that for all j € Z, all f, and all t > 0 so small that 20V 1 < %, we
have:

|1 - R_e B- e < Cdmecd\/(t)(ewv 14 V)e|z|[n+(17n)(e2CV(t)71)](1 " |Z|_%).

|R-e P~ — Rye P10

2”2’ )e|z|[17+(1777)(626V(t)*1)](1 + ‘z’_%) (242)

< OV 2V —1 4 V)min(1,
«

Proof of Lemma 4: as in [9] every term is close to 1 when ¢ is small and we obtain the
result by carefully estimating the differences between these terms. For this we write:

(2.43)

Q=1-ReP=1-R +R (1-e5B),
Q=R e B —RieB+ =(R.—Ry)e B~ + Ry(eP- —eB+).

Thanks to the following elementary consequence of the mean-value theorem:

Lemma 5 For any z,y € R, [¢® — e¥| < |z — yle™ax(@v),
we obtain (we refer to [9] for details) that there exists a constant C' > 0 such that (we
refer to theorem 5 for the definition of V):

1—eB-| <CV(t)efV®,

e P < VO, | (2.44)
2|2’

(0%

leB- — e B+| <20V (£)e*V® min(1,

).

We now turn to the estimates involving Ry. As obtained in (2.7), the interaction potential
can be expressed thanks to the modified Bessel function of second kind Ka4_:
2

C
() = —=Ku_,(lz]),
jofe =12

so that if we denote by Y4 the variation ratio of the flow:

def Wj_,tl(x) - wj_,tl (z+ 2)|
N lz|
(e}

Vi (2.45)
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we have the expression:

. ) Ky (ofud @) - vl £ ) (. ) K)o

v Ky (2] Vi) K

We bound the first factor thanks to the following estimates on the variation ratio:

Lemma 6 ([9] section 3.4) Under the general previous assumptions, for all x,z € R?

with z # 0, we have:

and

N 1' < VO 1.

Yy —1] <XVl _q
Y -1 <e Vs

)

Using the upper and lower bounds for ¢ given by proposition 11, we can write that for a
fixed n €]0, 1] (to be precised later) there exists a constant Cg,, such that:

R. < (.. CE-DV() e*(lf”)a‘%i(r)w;g(mig)
+ = Cgnpe

d—1

(alvji @) — vt @=2)]) °

(1+|22) ifd=2."

that is, with the previous notations:

a1 d_1 .
Ra < CyyeCE-DVOJI0-0-n)¥s) (L) S L
Yy 2|7 ((A+]z]2) ifd=2.

and then
Ri <Oy neC(d—%)V(t)en\Z\e(l—n)IZI(l—Yi)(1 + ]z\_%)

Thanks again to lemma 6, we finally obtain:
Ry < CygpeCaV O elllrt(=m (2O -1)] (7 4 151=2), (2.47)
There two terms left to estimate: 1 — R_ and R_ — R,. Again, we simply write that:

<L> a 1— K%fl(a‘i/’j_,tl(x) eTICES))
Yy K%71(‘z’)

-1

[S—y

|
N
| -
~
Nl

d
2

An elementary use of the mean-value theorem to the function h(y) = y ! gives that

(we recall that in lemma 6, we proved eV (®) < v, < CV1):

1 1 d 1
h(1) =) <1 =I5 - 1) sup  yp 2 < Cylt = |eC1E AV, (2.48)
Yy Y. 2 ye[e=CV (D) CV®] Yy
that is:
|Py| < Cg(e2¢V® — 1)elaV®) (2.49)
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Moreover, the second term is bounded by:
CdV t)

Pl <
\ZI_KQ
2

o Ka e — Ky el @) — i+

Similarly, we can write that:
_ _ z
Ka_y(12]) = Ka_y(aft; (@) - v (@ )]
<pm;—u/‘K (12(1 + u(|Yz — 1)) pu

< 2V _ 1) sup ‘K L ( y)‘_ (2.50)
ye[\z\(1,(e2cv(t),1)),‘Z‘(1+(e2cv(t) 1

If ¢ is so small that e2€V(1) —1 < %, then thanks to the bound for K/, ) from proposition
2
11 we obtain that:

—(1-n)y
_ _ z e
K%_l(‘z’)_Kg—l(aw}j,tl(w)_wj,tl(xia)‘)‘ < (eZCV(t)_l)‘z’. sup  Cap—3
ye[4121,312] y 2
—(1-n)lzl (1-(e2°V O -1))
< Cyy(e2°V 0 —1)8 . . (2.51)

2|2

Gathering this with the lower bound for K4 _, from proposition 11, we finally bound P»:
2

(1= 2l (1—(e2CV () _ d_ )
’PQ‘ < eCdV(t)Cd (eZCV(t) B 1)6 (1-n)| |(1 ( 1)) e {‘ ’ 1 if d> 2,
- )1

2|5 (1+|2]2) ifd=2
< Oy pefV® 20V _ 1)zl A=mEEV O (1 4 173) (2.52)

Finally together with (2.49), we finally obtain the estimate:
11— Ry| < CygpeCaV @ (2CV0 _ q)elalfre=m(e*VO-1)] (1 1|13y, (2.53)

Let us finally turn to the last term: R_ — R,. Using the notations, we can write:

1 )‘51 Ka_(]2[Y-) ( 1 >31 Ka_,(|2Y5)

R.-Ri=|v| 7 \v) 5
(7 KD\ K LG

(%)

As we did in (2.48), if k(y) = y~ (57D we can write:

ol

4_(30%4 Kd4wx»+<i>%4K%gmx»—K%gmn»
Yy __1(‘ ) Yy Kg_1(‘z’)
=P+ P). (2.54)

)| < CalY- = Yy eV,
+
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The other term in P| has already been estimated when estimating Ry :
Ka (1Y)

2D < CgyeCaV Ol A (E O] (g 73,
Kg—1(12‘) &

and we get that:
|P}] < CaneCtV O — vy el llrr = (eO-0] (g 4 p)=3) (2.55)

For Pj, as in (2.50), we can write:

Ky (1Y) — Ky, (v < | (1= v ) )
(A = 0 = )+ - 1))
< JAlIY= — Yl sup i, W)
2
ve[1z (1-(20V 0 -1)) |21 (14(e20V O -1) )|
o~ (1=l (1=(e2°V O 1))
< CyylV- =Yy = . (2.56)
z
Using once again the lower bound for Ka4 , implies that:
2
|Pj| < CaneV O — vy lelllrt (e O-0] (g 4 =3y,
and together with (2.55), this implies that:
[R_ — Ry| < CapeCtVO)Y_ — v, |elllmamm (@ O-1)](q 4 15-3). (2.57)
Thanks to lemma 6, we get:
Yo — Y| < eCVO(2VE 7). 2.58
| +

Unfortunately, as explained, this will not be sufficient: this estimate is useful for high
frequencies 7, but after integration in z, the result is not summable when j goes to —oc.
This is why, as in [9], we need a much more precise estimate on |Y_ — Y, |:

Ixquhﬁ%(Mﬁuﬁ;%ﬂx—iﬂ—Wﬁhﬂ—%?@+§”)

_alvn@ -y ﬂ Wﬁw—wm%af_am
1. —1 z —1 2 — 7 1 (259)
=] |y (@) = — )|+ Y5 @) = @+ 2)] 2l D;

As in the proof of lemma 8 from [9], we simply use the identity |a|? — |b]?> = (a + bla — b)
and write:

N; = (2051 @) — v = D) vt + D)@ -
< |27 @) =5l (o = 2) =5 @+ )| oyl -



Thanks to the mean value theorem (used twice for the first factor and once for the
second), we can write:

2021 2 Er.
Nj < (20205 e x (ED)1D6; e

and using the estimates for the flow (see (2.24)), we obtain that
22|°

C C
N; < V(e —1) 3

On the other hand,

D; = %’(n +Y.)> 2e—CV(t>%.

From these estimates, we easily conclude that:

J| |3 J
V- <Xk eV (O 1) 27 Lova ¢20V (o€ _ 1) 2l
|| a3 2 || a
Then, combined with (2.58), we obtain:
20V ( 20V o 2
Y =Y, | <e™™" (e —1)min(1, ) (2.61)
a

and then, thanks to (2.57), we obtain that:

J t
IR_ = Ry| < Cg eV (2 — 1) min(1, PIL el - (@Y O-1)] (1 4 11174y, (2.62)
(6%

Gathering (2.44), (2.47), (2.53) and (2.62), we obtain the result from lemma 4. W

End of the proof of lemma 2. Thanks to lemma 4, and proposition 11 (with the
same 7)), all that remains is to estimate the following function:

—(1=n)|z
(b(z)e‘z‘[n+(1_n)(ezcv(t)_1)] <Cdne ( 71)3| Ie\z\[n#—(l—n)(ewv(”—l)]
o z|d*§

1
S Cd7n‘ ’dié e|Z|[714’2774’(1*77)(620‘/()5)71)] (263)
Z 2

Using that e2¢V(®) — 1 < %, we have

1 3 1
—1+ 2+ (1—m) (VY 1) < S+ 50 < -3

if we choose = 1 (in fact we need n < %). W
Proof of lemma 3: as f; = Ajf, we can write that for all x and z,

filx — 2) + fi(z + 62) —2fj(x) = (ngAjf +T A f — 2Ajf> (z)

and we refer to [9] (proof of lemma 5) for the following result which is adapted from [2]
(theorems 2.36 and 2.37):
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Lemma 7 Under the same assumtptions, there exists a nonnegative summable sequence
of summation 1, that we will also denote by (c;)jez, such that:

T2 Ajf + 72 A5 f =24, 12

. . 92j| |2
< C,2777¢;max(a™2,27Y)||a® (¢o * f — f)HBgl min(1, |2Z| ) (2.64)
: «

= A5 f = A
. . 27
< 0,277 ¢;max(a™2,27 %) ||0® (¢po * f — f)HBgl min(1, %) (2.65)

It appears then clearly that both integrals are bounded by:

2

CUQ_j"cjHa2(¢a*f—f)HB§1 max(a 2,277 )a?xI = CUQ_j"cj|]a2(¢a*f—f)HB§1 max(1, =) x1,

o
where we define:

1 . 1 .

121 1 ~3 2% 2|2 S 2% 2

Hd;f/ e_?L’BQmin(l,#)dz:Cd/ e_ﬁljmin(l, ; yrd=Ldr
Rd || 2 Q 0 rd—3 o

° L, 222
= Cd/ e &(1+r2)min(l, ?)dr = Cy(I; + 1), (2.66)
0

where we have splitted the integral into:

(&3

221 37

Oé2 0

[e.e]

e*§r2(1+r%)dr and ]IQ:/ e
%

ool

I, = (1+r2)dr.

As in [9], the second integral is easily bounded: as there exists a constant C' > 0 such
that for all z > 0, (1 + r%)e_g < Ce™ 15, we have

o0 r 1 «
I < C/ e t6dr < 16Ce 1627,

(&3

27
For the second integral, if we use the same argument, we get the estimate:
2% [ . 2% a

]11 S C? . e 16dr § 160? min(l, 2—]) (267)

which, multiplied by max(1, ;TQJ) gives a resulting term in max(1, %) that is not summable
for high frequencies. To overcome this difficulty we simply write that there is a constant
C’" > 0 such that for all r € [0, 2],

)97
9 1. _r « 1, _r (&
r{(l+r2)e s < 57“(14-7“2)6 8 gC’ge 16
and then we obtain: ) o
247 27 r
]11 < CI—QE./QJ e Tﬁd"",
[0 2-] 0



which is obviously interesting only when 5 <1 that is for high frequencies: in this case

it cancels the diverging max(1, E)' But in low frequencies this new term is much bigger
that the one from (2.67), so that we have to combine both estimates and finally get that:

2% Q 37 2% a?
I < Cﬁ min(1, 27)/0 e~ Todr < 160— min(1, QTJ)
We are now able to estimate I:
22j . o? 1l a
]:[S Cd (ymln(l,ﬁ)—i—e 162]> ,
and then
Co2777¢j|la*(pa * f — f)HB%1 max(1, 22 — ) xI<

o 2 2 22] a2 1l a a2 _ 1l o

Co2777¢j||a (Qba*f—f)HBgl max(1, 5% ) min(1, 5% —=) + max(e 1627  535¢ 16 27 )

< Co2777¢lla*(@a * f = fllpg . (2:68)
which concludes the proof of lemma 3. B

2.4.5 End of the proof of theorem 4

As this part is strictly the same as in [9] (section 3.5) we will not give details (in particular

we refer to [6] or [9] for estimates on R;(Q’g) and to [35]). Going back to system (2.27), we
use the linear estimates from proposition 1: for all I € Z, as ¢;(0) = ¢;(0,%;0(.)) = ¢;(0),

. . 1
At || ge 2 + VOQQZHAlUjHLtIL2 +(1+0v2) <HAIQJ”L°°L2 + me(g )HAJqJHLlL2>

<Oz [(L+v2) [ A1g;(0) |22 + 1A (022 + (1 + v2)| A + AR} e

74N
+ HAlgj + AIRJ2 + Ale’ + "iAleHLtlLQI . (2.69)

Thanks to (2.22), all we need is to estimate the high frequencies, that is (¢;, u;) for j > 0.
For this, we define some Ny € Z (that will be fixed later), and write:

lgjllzz = 13 0 5t llee < eV NGl < e [ 1S mdslle + D 1A
1>j—No

We refer to [2] lemma 2.6, or [15], lemma A.1) for the following classical estimates:

15wl < CeCY (e9V — 142NV |1g; ]l 12,
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so that going back to U; (we refer to (2.20) for the definition), we can write that for all
J=0,

U;(t) < CeV (eCV -1+ Q*Noecv) U;(t) + max(1,22V0)C 2 x

Par

> (@+v2)Ag Oz + 1A 012 + (1402 (IAFl ar + 1A 1)
1>j—No

+1AGs i e + IARS | pa e + AR L2 + Kl AR | 1 p2) | (2.70)

1(2,3)

We refer to [9] for the estimates on the remainder terms ;=" Recall that the previous
section is needed to estimate R;. If we fix Ny > 0 large enough and ¢ so that:

0.9 N <« =
40 8 ( )
9 L+ A +pl+p+v 1 1 2.71
Z 1 + 25No V) <=
4 ( * C ( v * V2) -8
we obtain that for all 7 > 0,
Uj(t) < 3025N°C 22 ((1 +v27)]1g5(0) || 2 + [|u;(0)]| 2
+(1+V2j)HF}‘HLgL2+HGjHLgL2+/0 2776 ey ()| Vo(r )HBg U(r)dr
2.1

K ! i(s1). 2y %= * Vg = Vg
+§(V+e20V—1)/0 ¢j()27( 1)V2|’€€—2”B§31dT . (2.72)

Now, if ¢ is so small that:

2

1
3C2NC o (V4 1) < v (2.73)
74N 2 K
and if we take K = (2C’p ,2)~1in (2.22), then sum over j € Z, we end up with
T4k
U(t)
Ut) < == +C, 2 | UO) + 1Pl gy +VIFl Ly gy, + 1G]y g5
1+]A
+( * +IfH—'LH—V%—InaX /W > (2.74)
0
where
V)« ||v dr <w(t) Y : 2. yd
o(7)||eedr < W () = (HVU( Wy eI, )dr. (2.75)
B22,1 By
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and thanks to the Gronwall lemma, we obtain that for ¢ small enough (satisfying condi-
tions (2.33), (2.71) and (2.73)),

U(t) <2C . <U(0) HIE gy + VI F My, + HGHLgB;j;)

4k
1+ [\ 1
2C +| +“|+”+V+max(1,—3))vv(t)
we P Vo v (2.76)

Then we globalize the result as in [9]. W

2.5 Proof of theorem 2
2.6 Existence and uniqueness

As explained in the introduction, once we have defined the interaction potential ¢, we
can follow the very same methods as in [7]: using energy methods gives apriori estimates
on the advected linear system. then the proof for existence and uniqueness is classical
and follows the lines of [2] (section 10.2.3) for the compressible Navier-Stokes system
(see also [14], [12]). In order to use the classical Friedrichs approximation, we define the
frequency truncation operator .J,, by: for all n € N and for all g € L?(R%),

Jng=F! (La-n<jg)<c2n (§)7(9))

and the following approximated system (we omit the dependency in « for more simplic-
ity):

Ohqn + Jn (Joun NV Jnay) + Jpdivu, = F,,
Oty 4 T (Jptin .V Jptiy) — Adptin + P(5).VJngn — 662V (¢a * JnGn — Jngn) = G,

where
Fp = —Jn (Jngn.div Jpuy,)
Gn = Jn(K(Jnn)-VIngn — 1(Jngn) Adnun)

It is easy to check that it is an ordinary differential equation in L2 x (L2)%, where
L? = {u € L*(RY), J,u=u}. Getting uniform estimates implies global lifespan if the
initial data is small enough. Then classical compactness arguments give existence of a
global solution.

Remark 14 Let us emphasize that the precise estimates proven in the present paper
cannot be used in the proof of the existence: indeed the term J,, (u,.Vgqy) is an obtacle for
the lagrangian method to give bounded constants (with respect ton). So for the existence
we simply use the rough apriori estimates given by the classical energy methods (as they
rely on inner products in L?, here .J,, has no effect).

To obtain uniqueness for a fixed «, using (2.10) the computations are close to those for
the compressible Navier-Stokes system. As in [2] we need to separate the cases d > 3 and
d = 2 (the case d = 2 is more difficult because of endpoints for the remainder estimates
in the Littlewood-Paley paradecomposition).
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2.6.1 Uniform estimates

Using estimate (2.10) with s = 4, we obtain that for all t € Ry (we refer to [7] for the

expressions of the external force terms F' and G):

t

Cp 2 Chise (HVua(T)HB% + Hua(T)Hz% ydr
= < S 0 2,1 ’
g(t) H(Qa7ua)HEa%(t) < Cp7%e 51
< (BO) PN, g +VIFI 4 +IGI, 4.) (277)
LtBQ,l LtB271 LtBQ,l

Let 7 > 0 be small (it will be fixed later) and assume that:

9(0) Z O g + 12O 4, + Vg,

g
2,1 2,1 32,1

<1

Let us now define
T =sup{t e Ry, g(t) <2C ,29(0)}.

Y4k
As g(0) < n, we have T" > 0 (C > 1) and the aim is to prove by contradiction that
T = oo. Assume that 7" < oo, then we obtain that for all ¢ <T', denoting by C = C’ ,

and C/,.. = Cyisc/ 0

p74,i

2000 2c20!,  n(1+2Cn)
g(t) < (Ce2(C ! en(142Cn+e )g(O)

So that if n = n(p, £7 Chise/vo) > 0 is small enough then for all t < T, g(t) < 2Cp ,29(0)
which contradicts the fact that T is maximal. It then implies that 7" = oo. .

Remark 15 When for example A = 0 we have i = v = 1 and for asmallv, C!,_ ~ v4,
so that the previous condition simply implies that » = n/v* < 1 must be small enough

2(C27"(1+2(C+62C2 ) 6rC2e2C° < 9.

so that e < 2. A sufficient condition is that r satisfies e

2.7 Order parameter estimates

As already explained (see remark 4), we have ¢, = ¢ * po, 50 that ¢, — 1 = ¢4 * ¢, and
for all s € R, ||cq — 1”35 s HqO‘HBg .- Moreover:

1 Is . 92l .
l[ca — PaHB;J = [|¢pa * ga — qozHBi1 = ?HQOJHB(S;%,S = Z 2 min(1, ?)”AlQaHLQ-
leZ
On one hand, thanks to the Lebesgue theorem (for series), for s € {4 —1, 4} this involves
that:

Co — _ a_ + ey, — _ a — 0
llca pa‘|L°°(R+,B§’11) llca pa||L°°(R+,B§1) oo

and on the other hand, thanks again to the energy estimates, we end up with:

CO

VHcoz_paHL 4 +V2H004_p04H = 2"

. . d
1(R+7322,1 ) LI(R+7BQQ,1) o

This concludes the proof of theorem 2. l
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3 Rate of convergence (Theorem 3)

In this section we prove that the solution of (NSOP,) goes to the solution of (K), and
we give estimates of the rate of convergence as « goes to infinity. Here we follow what
we did in [7]: everything relies on Theorem 4. As already explained, if the initial data
satisfy

+ HUOH ¢, <n < min(nk,nop),
1 2 1

lqoll . a a8 +v|lqol|
2 1
then systems (K) and (NSOP,) both have global solutions (¢, u) and (¢q, uq), and with
the same notations as before, denoting C = C' 2 then for all £ € R we have,

"4k

d
B2
2

4 def def
2(t) = U a = ||ul|l. a4, + ~ .d_TV|ql. .4
6 (0 < Mol g S Ml g+l e
2
+Vo||u\|~% ng vl T g1 T vollall T <Cn, (3.78)
and

d, . def
Ol g+l g+ vlal g +vollull g

L o B2 > B L+ B

t 21 t 2,1 t 2,1 t2,1

2
ol g+ Nl g < G (379)

As in [7], up to an additional forcing term, let us rewrite system (K) with a capillary
term as in system (NSO,):

(K) g +uNVg+ (1+q)divu =0,
O+ u.Vu — Au+ P'(1).Vq — 5V (b * ¢ — q) = K(q).Vq — I(¢)Au + R,

where the remainder R, = kV (Aq —a?(¢o *q— q)) and K and [ are defined in the
introduction. Let us now write the system satisfied by the difference (dq,du) = (g0 —

q, Up — U):

010G + ue.Viq + divéu = 6 F, (3.80)
Orou + 1. Vou — Adu + P'(1).Vq — ka*V (¢q * 0q — §q) = 6G — R, '
where
0G1 = —ou.Vu
e 0F; = —ou.V 060Gy = (K(qo) — K Ve
5FL S sm 1 u-Vq 2 = (K(qa) — K(q)) -Vq
def o with ¢ 0F; = —dq.divu, and § 0G5 = K(q).Vig
6G = Y11 0Gi dF3 = —q.divou 0G4y = (I(q0) — 1(q)) Aug,
0G5 = —1(q)Adu.

Except Ry, all these additionnal terms are exactly the same as in [7], so we refer to this
article for details on their estimates and we will only focus on what changes. As 7 is
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small, we can additionnally assume 7 < 1, let us denote once again by C a constant only
2
depending on 7- and d (that may change from line to line). If we introduce for h € [0, 1]

f ( ) Ea%—h(t)a

then using (2.10), we obtain that for all £ € R (see [7] for details),

def
1(0g, ou)|

eQC—CZéSC n

C

<
[ / fa(r)F(7)dr + / 19l -1 <uq|| s+ (L)l g>d7+||R . ]
21 21 B21

[/ fulr d7+771(1+ )fa(t) + | Rall P 1]- (3.81)

2,1

where 1
FE) = Nl o vl g+ ol g+ 0 )l

2 1 2 1 2 1
Remark 16 We recall that, due to endpoints in the Littlewood-Paley remainder term
estimates, as in [7] we have the condition h < d — 1, which is why we impose h < 1 in
order to work for any dimension d > 2.

Cuisc n

If n is so small that 77@62([: v0
Gronwall lemma,

max(1, %)(1 + 1) < 1, then we obtain thanks to the

C
UZSC 2 ’U’LSC
+(t) < Ce 2 K R, 4o eCe " FG
h—1
t 2 1

Thanks to (3.78) and (3.79) we have,

/OtF(T)dT < (% + %0(2 + %)) Cn

so that using the condition on 7, we end up with:

fa) < o(Cse iR (3.52)
= vy 4K lpipgnt .

tP21

Remark 17 For small viscosities, in the case A\ = 0, the previous condition on n is
n

roughly C i< % which is obviously implied by the condition required in the existence

result (see remark 15).

To estimate the remainder in the case h €]0, 1], we simply write that:

= [P
Ro(§) = —ikg = ‘5’241(5)
which allows us to write:
25 2j(2*h)
(4—h-1 440
HR H ——h 1 KZQJ ) ———o a2 + 92 ||(1]||L2 - KZQJ )HQJHL a2 + 92

JEL JEZ

We now consider two cases:
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o If 27 > « then '
A N
o? 4 2% o2 4 2% ’
o If 27 < o then as h € [0,1]
23(2—h) 2i(2=a)  ,(2-a) T
2195 a2 < o2 Sa
We conclude that:
—h
1Rall g-os < 0™ lall g,
2 1 By
and then o ) o )
v —h isc V —h
visc .d)|lql| B%+2a < C( Z)SC, 4—,d)a ‘

falt) < C(=222,

To complete the proof of the theorem, all that remains is to estimate
p)+¢a*/0_10:¢a*(QO¢_Q)+¢a*q_q

Ca =P = Qa*pPa—p=ba*(pa—
Thanks to what precedes only the last term has to be estimated, and similarly we have
J(&—h-1) J(4-1) Pe
|paxq— QH gon1 = ZQ 2+22]||Qj”L2 22 ;|2 m < lall . 4 Tl
JEZ JEZ
and
—h
Il g0 < 0"l g
For the hybrid norms, we do the same
2 2%
00 % 0= allg-pergoss < D2 PED min(a,24) min(1, 2 g
a ]EZ
J(E+1) 20-(1+2) in(1. 202 < b
= S P ED g 120?29 min(1, 250 < a Mgl g, (389
JEZ 2,1
so that we finally obtain that if h €]0, 1]
Cvisc V2 —h
H(pa_Paca_%ua_u)HFa%,h SC( v 7E7d)a .
Coming back to (3.82) in the case h = 0, we simply write that
i 22]
1Rallisg, < w3 29°2% min(1, 25)lgsl
— P Ca —

JET

and thanks to the Lebesgue theorem for series we obtain that the norm ||(ps
Pyua—u)|| a_, goes tozero when « goes to infinity, which ends the proof of the theorem

|
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4 Appendix

The first part is devoted to a quick presentation of the Littlewood-Paley theory and
specific properties for hybrid Besov norms used in this paper. The second section to
general considerations on flows.

4.1 Besov spaces
4.1.1 Littlewood-Paley theory

As usual, the Fourier transform of u with respect to the space variable will be denoted by
F(u) or u. In this section we will briefly state (as in [6]) classical definitions and properties
concerning the homogeneous dyadic decomposition with respect to the Fourier variable.
We will recall some classical results and we refer to [2] (Chapter 2) for proofs (and more
general properties).

To build the Littlewood-Paley decomposition, we need to fix a smooth radial function
X supported in (for example) the ball B(0, %), equal to 1 in a neighborhood of B(0, %) and
such that r — x(7.e,) is nonincreasing over R ;. So that if we define (&) = x(&/2) —x(§),
then ¢ is compactly supported in the annulus {¢£ € R?, ¢y = % <)l <Cy= %} and we
have that,

VEeRIN{0}, > e =1 (4.84)
leZ

Then we can define the dyadic blocks (A;)iez by A == ¢(27'D) (that is Aju = ¢(274€)0(€))
so that, formally, we have

u=>_ Awu (4.85)
l

As (4.84) is satisfied for £ # 0, the previous formal equality holds true for tempered
distributions modulo polynomials. A way to avoid working modulo polynomials is to
consider the set S} of tempered distributions u such that

lim || Syuz~ =0,
l——o00

where S stands for the low frequency cut-off defined by S; := x(27!'D). Ifu € S, (4.85)
is true and we can write that Sju = Z Aqu. We can now define the homogeneous

k<i—1
Besov spaces used in this article:
Definition 3 For s € R and 1 < p,r < oo, we set

1
HuHB;T = <Z27‘ls||Alqup> ’Lf r<oo and ||uHB;s7c>o = SllpoISHAluHLP-
l

We then define the space B;,, as the subset of distributions u € Sj, such that ||ul| 5. is
’ D,
finite.
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Once more, we refer to [2] (chapter 2) for properties of the inhomogeneous and homoge-
neous Besov spaces.

In this paper, we mainly work with functions or distributions depending on both the
time variable ¢ and the space variable x. We denote by C(I; X) the set of continuous
functions on I with values in X. For p € [1, oc], the notation LP(I; X) stands for the set
of measurable functions on I with values in X such that t — || f(¢)||x belongs to LP(I).

In the case where I = [0, 7], the space LP([0,T]; X) (resp. C([0,T]; X)) will also be
denoted by LY. X (resp. CrX). Finally, if I = R™ we alternately use the notation LPX.

The Littlewood-Paley decomposition enables us to work with spectrally localized
(hence smooth) functions rather than with rough objects. We naturally obtain bounds for
each dyadic block in spaces of type LZ.LP. Going from those type of bounds to estimates
in quB;r requires to perform a summation in ¢"(Z). When doing so however, we do
not bound the L{}B;T norm for the time integration has been performed before the ¢"
summation. This leads to the following notation (after J.-Y. Chemin and N. Lerner in

[10)):

Definition 4 ForT >0, s € R and 1 <r,p < 00, we set

lullzy = 121 Agul g 2ol oy

It is then possible to define the space I@B;,T as the set of tempered distributions u over
(0,T) x R? such that limg, o Squ = 0 in L°([0,T]; L>(RY)) and [jul|7, 5, < 0o. The
T=p,r

letter 7" is omitted for functions defined over RT. The spaces EgB;m may be compared

with the spaces L{}B;r through the Minkowski inequality: we have
lullzy s, < Nullpgy i r>p and fullgy s > lullpys i r<p.

All the properties of continuity for the product and composition which are true in Besov
spaces remain true in the above spaces. The time exponent just behaves according to
Hoélder’s inequality.

Let us now recall a few nonlinear estimates in Besov spaces. Formally, any product
of two distributions u and v may be decomposed into
wv = Tyv + Tyu + R(u,v), where (4.86)
T := Z Si_ulApw, Tyu:= Z S_1vAju and R(u,v) := Z Z A Apo.
1 1 1 |r—1)<1

The above operator T is called a “paraproduct” whereas R is called a “remainder”.
The decomposition (4.86) has been introduced by J.-M. Bony in [3]. We refer to [2] for
properties, and also to [7] or [9] for paraproduct and remainder estimates for external
force terms.

4.1.2 Complements for hybrid Besov spaces

As explained, in the study of the compressible Navier-Stokes system with data in critical
spaces, the density fluctuation has two distinct behaviours in low and high frequencies,
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separated by a frequency threshold. This leads to the notion of hybrid Besov spaces and
we refer to R. Danchin in [12] or [2] for general hybrid spaces . In this paper we only will
use the following hybrid norms:

def s A
I £ll gs+2s =D min(a?, 22)27°|| A £ 2

JEZ

= > YUVAflle + Y P20 A e (487)

J<logy a j>log,

In this formulation, we obviously remark the threshold frequency log, o which separates
low (parabolically regularized) and high (damped with coefficient a?) frequencies. But
as we prove in (2.30), the frequency transition is in fact continuous and the following
equivalent formulations show that these norms are completely tailored to our capillary

term:
1SNl gs+2s ~ Z

_]GZ a?

72N AG e ~ Nl (e f = fll g,

Exactly as in [9], the non-local capillary term a?(¢, * Vgo — Vo) has the same regularlty
as the capillary term from the local model VAgq: both of them belong to L} (32 1 ﬂB )

4.2 Estimates for the flow of a smooth vector-field

In this section, we recall classical estimates for the flow of a smooth vector-field with
bounded spatial derivatives. We refer to [15] or [6] for more details. We also refer to [22]
for the incompressible Navier-Stokes case.

Proposition 8 Let v be a smooth globally Lipschitz time dependent vector-field. Let
W(t) == fot |Vo(t")|| e dt’. Let 9y satisfy

t
’l/)t(l') =+ / U(t,7¢t’(x)) dt/
0
Then for all t € R, the flow v is a smooth diffeomorphism over R% and one has if t > 0,
1Dy | < €V,

| Dy — Iy||pee < eV —1

D2 e < / | D20 (#)|| e e O

t t 2
| D3¢ | oo < €W / HD%(t')HLoerW(tl)dt'+3<ev(t) / ny%(t/)HLooeW<t’>dt/> .
0 0

As in [6] we also introduce the two-parameter flow (¢,¢', x) — X (¢,¢',2) which is (uniquely)
defined by

t
Xt z)=x +/ o(t", X", x)) dt". (4.88)
t/
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Uniqueness for Ordinary Differential Equations entails that
X(t,t", X"t 1)) = X(t,t', ).
Hence 1y = X (t,0,-) and ¢; ' = X(0,t,-).
Proposition 9 Under the previous notations, the jacobian determinant of X satisfies:
det(DX (t,t,z)) = elo @V Xt @)dr (4.89)

and .
det(Dwt(I')) = efO (diV U)(vaT(x))dT’
det(Dq,z)t‘l(x)) — o~ o divo) (X (rt,2))dr _ o= [o(dive)(rprov; ! (x))dr

Proof: differentiating (4.88) with respect to x, one gets by virtue of the chain rule,

¢
DX (t,t',x) =13+ | Dv(r,X(r,t,z)) - DX(r,t',z)dr. (4.90)
t/
This immediately implies that:
H(DX)(t,t',x) = Du(t, X(t,t',z)) - DX (t,t',x),

and
Odet(DX (t,t',x)) = tr (Dv(t, X (t,1',2))) - det(DX (¢, 1, x)),

so that we obtain the result. H.

4.3 Bessel functions

In (2.7) we obtained that the interaction potential can be written the following way:

b(e) = —L Ky (z]),

B |$|g71 2

where K is the modified Bessel function of the second kind. In this section we will give
specific properties for this Bessel function.

Remark 18 We refer the reader to [1],[4], [27] or [36] (among a very rich litterature)
for a profusion of results and refinements for the Bessel functions. In this paper we will

restrict to a very limited number of properties of function K, that will be used in section
2.4.4.

Let us begin with general facts on Bessel functions. If n is an integer, the Bessel function
J,, represents the n-th Fourier coefficient of the function 6 — ¢@sn?;
T o ™

1 2 ) o 1 ™
Ve e R, Jy(z) / el gizsing g9 —/ cos(nf — zsin0)do.
0 0

Alternatively, J,(z) can be seen as the coefficient of ¢ in the development of the function
z s e3t1) into powers of t.
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Remark 19 This function can be extended into J,(z) with z € C and for Re(v) > —
but in this paper we will restrict to real variable and an index v € Z or % + 7.

N[

For a general index v, J, solves the following differential equation:
2%y (z) + ay' () + (2 = v°)y(x) = 0.

If v ¢ 7Z, a basis of the space of solutions of this differential equation is given by (J,,, J_,).
If v = n is an integer, we have J_,(z) = (—=1)"(z), so that one introduced, as a second
element of a basis of solutions, the following function (also called the Bessel function of
the second kind) :
J —(=1)"J-
Y, (z) = lim v@) = (=1) ,,(x)

v—n vV—n

In physics, many functions arise which are similarly constructed from the general Bessel
function. Let us now consider the case of the modified Bessel functions of the first and
second kind: for a general real index v > —% and a complex variable z we define

mly(2) — I,,(z)'

2 sin(vm)

I,(z) = eféyi”(],,(iz), and K, (z) =

We can prove that (I, K,) is a basis of the space of solutions of the following differential
equation:
2%y (x) + ay' () — (2% +1°)y(x) = 0.

We will now focus on K, and recall some important properties (we refer to the cited
books):

Proposition 10 ([1],[4] or [36]) The function K, satisfies the following properties:

Te *
1. Ki;(x):\/;x%

2. For all x > 0, K, (z) > 0.

—Inz ifv =20,
3. K@) ~ T <2>V ifr>0
2 \z ’

5. For all x € R,

D Kyr@) = Kyoal) - 2D

Ky (@) = Kypale) - =2 .

Ky_l(.%').
6. K, is decreasing from R to R : for all x € RY , Ky(xz) = —Ki(z) and

K () = — 5 (Kua () + Ko (2) = ~ Ky a(a) = 2K () = Ko (2) = Koo (@),
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7. For all x > 0 and v > 0,
o0
K, (z)= / e~ "hteh(vt)dt,
0
which implies that K, (x) is increasing with respect to v > 0 (see [28]).

We are now able to state the following estimates that will be needed in section 2.4.4.
Proposition 11 Assume that d > 2.

1. There exists a constant Cy > 0 such that for all x > 0 we have:

—T

Cosr—  ifd>2
Ki—l(x) = 1’6271
2
c if d = 2.
1+ !

2. For all n €]0,1][, there exists a constant Cg, > 0 such that for all x > 0 we have:

e_(l_n)$ 6—(1—7])1:

Kg y(2) < Cap—gx— and |Ky_(7)| < Cay

d+1
T 2 2

x

Proof: For the first point, in the case v = %l —1>0 (d > 3) let us study the following
positive function f : x € R} — f(z) = e*2”K,(z). Thanks to point 3 from proposition
10, we have

flx) = T(v)2" >0,

z—0

and for the limit at infinity,

25
T o1 ™ . 1

X ~ —T 2 — — = =
( )m%oo 2 z—00 \/; if v 2
0 itv < %

Using points 1,5,6 and 7 from proposition 10, we compute the derivative of f: which is

positive :
>0 ifv> 3,
V>0, fl(z)=e"2"(K,(z) - K, 1(2)){ =0 ifv= %7
<0 ifrv< %

Thus if v > 1, for all z > 0, f(z) > ['(v)2"~1, that is when d > 3,

(z) > r(g —1)2

(MW
|
)

@

571
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Obviously when v = 0 (that is d = 2) the previous study is useless and we need to
consider g : x € R} — g(z) = €”(1 + /x)Ko(x). For all z > 0, g(x) > 0 and from the
previous results, we have:

g(x) = +0o0,
™

So that either the lower bound m of g satisfies m > \/g, either we have m < \/g and
then m is reached in some segment so that as g(x) > 0, we have m > 0. In any case we
are sure that m > 0, which ends the proof of point 1.

The proof of point 2 is also very elementary: for a fixed n €]0, 1[, we introduce the
function h: x € R — f(z) = e(l’”)xazy‘F%Kl,(:ﬂ). For any v > 0, we have:

and A is then a bounded function, which implies the first estimate for v = %l — 1. For the
last point, writing:
v
Ki(x) = 2Ky () ~ Ko (2),
and using what precedes, immediately implies that for all x > 0,
, 67(1777)1'
K, (2)] < Cay

3 Y
vt

and the proof is complete.

The author wishes to thank Raphaél Danchin, Nicolas Fournier, and Francois Vi-
gneron for useful discussions.
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