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Contemporary Mathematics

Multiple zeta value cycles in low weight
Ismaél Soudeéres

ABSsTRACT. In a recent work, the author has constructed two families of al-
gebraic cycles in Bloch’s cycle algebra over P! \ {0, 1,00} that are expected
to correspond to multiple polylogarithms in one variable and have a good
specialization at 1 related to multiple zeta values.

This is a short presentation, by the way of toy examples in low weight
(< 5), of this construction and could serve as an introduction to the general
setting. Working in low weight also makes it possible to push (“by hand”) the
construction further. In particular, we will not only detail the construction of
the cycles but we will also associate to these cycles explicit elements in the
bar construction over the cycle algebra and make as explicit as possible the
“bottom-left” coefficient of the Hodge realization period matrix. That is, in a
few relevant cases we will associated to each cycle an integral showing how the
specialization at 1 is related to multiple zeta values. We will be particularly
interested in a new weight 3 example corresponding to —((2,1).
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1. Introduction

The multiple polylogarithm functions were defined in [Gon95| by the power
series

21t 252 Znm
Lik,, k(215 zm) = Y, F=2— 2 (5 €C, |al < 1)
n1>e>n, >0 V1 T2 Tom

They admit an analytic continuation to a Zariski open subset of C™. The case
m = 1 is nothing but the classical polylogarithm functions. The case z; = z and

Z9 =-+- =z, = 1 gives a one variable version of multiple polylogarithm functions
C 2"
Lig, . 5 (2) = Ligy ok (2,1, 1) = E IO Ca—
ni>->ny, >0 01 2 m

When k; is greater or equal to 2, the series converge as z goes to 1 and one recovers
the multiple zeta value

. . 1
C(kl,...,km) :L'L%h“.)km(l) :leh_”km(l,...,l): Z m
N> >, >0 01 20 im

To the tuple of integers (ki,...,kn) of weight n = > k;, we can associate a
tuple of 0’s and 1’s

(eny..ver)==(0,...,0,1,..., 0,...,0 ,1)
S—— S——
k1—1 times kp,—1 times

which allows to write multiple polylogarithms as iterated integrals (z; # 0 for all

i):

dtq dty,
LiY ) = ([ A S
Ty (21 zm) = (=1) /A7 t1 —e1x1 tp — Enn
where 7 is a path from 0 to 1 in C\ {z1,...,2,}, the integration domain A, is
the associated real simplex consisting of all n-tuples of points (y(t1),...,v(tn))

with t; < t; for i < j and where we have set x, = zl_l, 1 = (21 2m) "' and

where, for all 7 such that k1 +---+ k1 4+ 1 < i < k1 + --- + k;, we have set
Tn—; = (21 21)" L. Classically, v is the straight path from 0 to 1 : y(t) = ¢ and
in this case the superscript will be omitted..

Bloch and Kriz in [BK94| have constructed an algebraic cycle avatar of the
classical polylogarithm function. More recently in [GGLO09|, Gangl, Goncharov
and Levin, using a combinatorial approach, have built algebraic cycles correspond-
ing to the multiple polylogarithm values Liy, ... k, (#1,-..,2m) With parameters z;
satisfying in particular that all the z; but z; have to be different from 1 and their
methods do not give algebraic cycles corresponding to multiple zeta values.

The goal of the article [Soul2] was to develop a geometric construction for
multiple polylogarithm cycles removing the previous obstruction which will allow
to have multiple zeta cycles.

A general idea underlying this project consists of looking for cycles fibered over
a larger base and not just point-wise cycles for some fixed parameter (z1, ..., zm ).
Levine in [Lev11] shows that there exists a short exact sequence relating the Bloch-
Kriz Hopf algebra over Spec(Q), its relative version over P! \ {0,1,00} and the
Hopf algebra associated to Goncharov and Deligne’s motivic fundamental group
over P!\ {0, 1,00} which contains motivic avatars of iterated integrals associated
to the multiple polylogarithms in one variable.
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As this one variable version of multiple polylogarithms gives multiple zeta values
for z = 1, it is natural to investigate first the case of the Bloch-Kriz construction
over P\ {0,1,00} in order to obtain algebraic cycles corresponding to multiple
polylogarithms in one variable with a “good specialization” at 1.

This paper presents the main geometric tools in order to construct such alge-
braic cycles and applies the general construction described in [Soul2| to concrete
examples up to weight 5. In these particular cases, one can easily go further in the
description, lifting the obtained cycles to the bar constructions over the Bloch’s cy-
cle algebra, describing the corresponding Bloch-Kriz motive and computing some
associated integrals related to the Hodge realization. Those integrals give back
multiple polylogarithms in one variable and their specialization at 1 give multiple
zeta values.

The structure of the paper is organized as follows. In section 2 we review
shortly the combinatorial context as it provides interesting relations for the bar
elements associated to the cycles and an interesting relation with Goncharov’s mo-
tivic coproduct for motivic iterated integrals. Section 3 is devoted to the geometric
situation and to the construction of the cycles after a presentation of the Bloch’s
cycle algebra. Section 4, presents a combinatorial representation of the constructed
cycles as parametrized cycles.

Section 5 recalls the definition of the bar construction over a commutative dif-
ferential graded algebra and associates elements in the bar constructions (and a
corresponding motive in the Bloch-Kriz construction) to the low weight examples
of cycles. Finally in section 6, I follow Gangl, Goncharov and Levin’s algorithm
associating an integral to some of the low weight algebraic cycles previously de-
scribed.

2. Combinatorial situation

In this paper a tree is a planar finite tree whose internal vertices have valency
> 3 and where at each vertex a cyclic ordering of the incident edges is given. A
rooted tree has a distinguished external vertex called the root and a forest is a
disjoint union of trees.

Trees will be drawn with the convention that the cyclic ordering of the edges
around an internal vertex is displayed in counterclockwise direction. The root
vertex in the case of a rooted tree is displayed at the top.

2.1. Trees, Lie algebras and Lyndon words. Let 7" be the Q-vector
space generated by rooted trivalent trees with leaves decorated by 0 and 1 modulo
the relation

T T
T Ts T3 Ts

where the T;’s are subtrees (and T} contains the root of the global tree). Note that
in the above definition, the root is not decorated.
Define on 7" the internal law A by

DS

T T2 T3 Ty Ty ToT5 Ty
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and extend it by bilinearity. One remarks that by definition )\ is antisymmetric.
Identifying {0, 1} with { X, X1} by the obvious morphism and using the correspon-
dence g <+ [,], this internal law allows us to identify the free Lie algebra Lie(Xo, X1)
with 7" modulo the Jacobi identity. Thus one can identify the (graded) dual of
Lie(Xo, X1) as a subspace of 7"

Lie(Xo, X1)* C T

A Lyndon word in 0 and 1 is a word in 0 and 1 strictly smaller than any of
its nonempty proper right factors for the lexicographic order with 0 < 1 (for more
details, see [Reu93]). The standard factorization [WW] of a Lyndon word W is
defined inductively by [0] = X, [1] = X; and otherwise by [W] = [[U], [V]] with
W = UV, U and V nontrivial and such that V is minimal. The sets of Lyndon
brackets {[W]}, that is Lyndon words in standard factorization, form a basis of
Lie(Xo, X1) which can then be used to write the Lie bracket

WLVI= > alvivl
WLyI(li(ion

with U < V Lyndon words.

EXAMPLE 2.1. Lyndon words in letters 0 < 1 in lexicographic order are up to
weight 5:

0 < 00001 < 0001 < 00011 < 001 < 00101 < 0011 < 00111 <
01 < 01011 <011 < 0111 < 01111 < 1
The above identification of Lie(Xg, X1) as a quotient of 7' and the basis of

Lyndon brackets allows us to define a family of trees dual to the Lyndon bracket
basis beginning with Ty« = C? and Ty« = C? and then setting
0 1

(1) TW* = Z OZETVTU* )\ TV*-
Uu<v

EXAMPLE 2.2. We give below the corresponding dual trees in weight 1, 2 and

T =%, Ti-=9, To-= 27 T001*=2\, TOH*:/?\'
0 1 $ y

01 011
In weight 4 appears the first linear combination

TOOOI*_}% TOOH*_% g\ e K\

0001 0011 0111

due to the fact that both | [011] and [001] A [1] are mapped onto [0011]
[Xo, [[Xo, X1], X1]] under the bracket map.
In weight 5, we will concentrate our attention to the two following examples

e g\ _ ;X\

00101 00011
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ot

and

Tor011+ = + +

01011 00111 00111

2.2. Another differential on trees. In [GGL09|, Gangl, Goncharov and
Levin introduced a differential d., on trees which reflects the differential in the
Bloch’s cycle algebra Nspec(q) (see Section [B). In their work they have shown that
some particular linear combinations of trivalent trees attached to decompositions
of polygons have decomposable differential. More precisely, the differential of these
particular linear combinations of trees is a linear combination of products of the
same type of linear combinations of trees. The elements Ty« have a similar behavior
under dy.

One begins by endowing trees with an extra structure.

DEFINITION 2.3. e An orientation w of a tree T (or a forest) is a num-
bering of the edges. That is if T has n edges and if E(T') denotes its set
of edges , wis amap F(T) — {1,...,n}.

e Let e(T') denote the cardinality of F(T'), that is the number of edges of T,
and let we(T), the weight of T, be the number of leaves of T. The degree
of T is defined by deg(T') = 2we(T') — e(T). We extend these definitions
to forests by linearity.

DEFINITION 2.4.

e Let V! be the Q-vector space generated by a unit 1 and oriented forests
of rooted trees T with root vertex decorated by: ¢, 0 or 1 and leaves
decorated by 0 or 1.

e Let - denote the product induced by the disjoint union of the trees and
shift of the numbering for the orientation of the second factor. That is the
product of (Fi,w;i) and (Fa,ws) is the forest F = Fy U Fy together with
the numbering w satisfying w|g(r,) = w1 and w|g(p,) = w2 + n1 where
ny = e(Fy) is the number of edges in Fy. Note that here, by convention,
the empty tree is 0 and the unit for - is the extra generator 1.

e Define J to be the algebra V't modulo the relations:

1

(T, o(w)) = e(0)(T, w), ;P =0 and ? =0

T1T2

for any permutation o and where (o) denotes the usual signature of the
permutation o.

The algebra F¢§ endowed with the product - is graded commutative because the
orientation introduces signs into the usual disjoint union. Note that for any forest
F one has (—1)de(F) = (—1)e(F),

REMARK 2.5. (1) There is an obvious direction on the edges of a rooted
tree: away from the root.
(2) A rooted tree comes with a canonical numbering, starting from the root
edge and induced by the cyclic ordering at each vertex.



6 ISMAEL SOUDERES

ExaMPLE 2.6. With our convention, an example of this canonical ordering is
shown at Figure [T} we recall that by convention we draw trees with the root at the
top and the cyclic order at internal vertices counterclockwise.

€3 €eq
. .
0 1

FIGURE 1. A tree with its canonical orientation, that is the canon-
ical numbering of its edges.

Now, we define on F3 a differential satisfying d? = 0 and the Leibniz rule

d(Fr,w1) - (Faywa)) = d((Fr,w1)) - (Fo,wa) + (1) (Fy wr) - d((F,ws)).

The set of rooted planar trees decorated as above endowed with their canonical
orientation forms a set of representatives for the permutation relation and it gen-
erates F() as an algebra. Hence, we will define this differential first on these trees
and then extend the definition by the Leibniz rule.

The differential of an oriented tree (T,w) is a linear combination of oriented
forests where the trees appearing arise by contracting an edge of T and fall into two
types depending on whether the edge is internal or not. We will need the notion of
splitting.

DEFINITION 2.7. A splitting of a tree T at an internal vertex v is the disjoint
union of the trees which arise as T; Uv where the T; are the connected components
of T'\ v. Moreover

e the planar structure of 7" and its decorations of leaves induce on each T;Uv
a planar structure and decorations of leaves ;

e an ordering of the edges of T' induces an orientation of the forest L;(T; Uv);

e if T has a root r then v becomes the root for all 7; U v which do not
contain r, and if v has a decoration then it keeps its decoration in all the
Ti Uw.

DEFINITION 2.8. Let e be an edge of a tree T. The contraction of T along e
denoted T'/e is given as follows:

(1) If the tree consists of a single edge, its contraction is the empty tree.

(2) If e is an internal edge, then T'/e is the tree obtained from T by contracting
e and identifying the incident vertices to a single vertex.

(3) If e is the edge containing the root vertex then T'/e is the forest obtained
by first contracting e to the internal incident vertex w (which inherits the
decoration of the root) and then by splitting at w; w becoming the new
root of all trees in the forest 7'/e.

(4) If e is an external edge not containing the root vertex then 7'/e is the forest
obtained as follows: first one contracts e to the internal incident vertex
w (which inherits the decoration of the leaf) and then one performs a
splitting at w.
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(5) If T is endowed with its canonical orientation w there is a natural orien-
tation ¢.w on T'/e given as follows :

iew(f) =w(f) if w(f) <w(e)
VP EBT/e) (P =w(f) =1 ifw(f) > wle).

EXAMPLE 2.9. Two examples are given below. In Figure 2| one contracts the
root vertex and in Figure 3] a leaf is contracted.

e contracting t splitting at + t "
.
L4
P

along e D q ;  internal vertex

t

Q
e

F1GURE 2. Contracting the root

t t t
contracting splitting at T
N T o
r
. T
/N along e /\ internal vertex T
p

P q T p q

r

FI1GURE 3. Contracting a leaf

DEFINITION 2.10. Let (T, w) be a tree endowed with its canonical orientation,
one defines de, (T, w) as

dey(Tyw) = Y (=1)¥OH(T/e,icw).
e€E(T)
One extends d., to all oriented trees by the relation d., (T, 0 o w) = e(0)dey (T, w)
and to Fg by linearity and the Leibniz rule.

In particular d., maps a tree with at most one edge to 0 (which corresponds
by convention to the empty tree).

As proved in [GGLO09], d.,, extended with the Leibniz rule, induces a differ-
ential on Fg.

PROPOSITION 2.11. The map dcy : F§ — F§ makes Fg into a commutative
differential graded algebra. In particular dgy =

By an abuse of notation, for any Lyndon word U the image of Ty~ in F§ with
root vertex decorated by ¢ and canonical orientation is also denoted by Ty+. The
image of Ty~ in F§ with root vertex decorated by 1 and canonical orientation is
denoted by Ty-(1).

The main result of the combinatorial aspects is the following.

THEOREM 2.12. Let W be a Lyndon word. Then the following equality holds
mn F:
Q

(ED-T) dey(Tw+) = > affy T - Tye + > By Ty - Ty (1)
Uu<v UV
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where the oz‘{}fv are the ones from Equation ([{). In the above equation, coefficients
a’s and B’s are in Z.

For a detailed proof, we refer to [Soul2|. The theorem mainly follows by
induction from the combinatorics of the free Lie algebra Lie(Xy, X1):

e The terms in the first sum in the R.H.S of (ED-T)) come from the con-
traction of the root edge which is nothing but the differential dy;. dual to
the bracket of Lie(Xy, X1).

e Using the inductive definition of Ty« (cf. Equation (), one shows by
induction that, as d%,, = 0, internal edges do not contribute.

e Terms in Ty« (1) arise from leaves decorated by 1. The fact that terms
arising from leaves decorated by 1 can be regrouped as a product Ty~ -
Ty« (1) is due to a particular decomposition of some specific brackets in
terms of the Lyndon basis.

ExXAMPLE 2.13. As mentioned before, the trees are endowed with their canon-
ical numbering. First on remarks that trees with only one edge are mapped to 0
SO

dey(Tox) = dey( ! ?) =0 and dey(T1+) = dey( t?
0 1

We recall that a tree with root decorated by 0 is 0 in Fg. As applying an odd
permutation to the numbering changes the sign of the tree, the trivalency of the
tree Ty~ shows that some trees coming from the computation of d., are 0 in Fg
because they contain a symmetric subtree; that is they contain a subtree of the

form )\

T T
where T is a trivalent tree.

1
Using the fact that the tree (f is 0 in Fg, one computes in weight 2
0

dCy(TOP‘) :dcy( /cf\ ) = tT : tT = To=T1~.

0 1 0 1

In weight 3, one has

t ¢ t
dcy(Tom*) = dcy( g\ )= T . j\ = To To1+
0

001 0 1

dey(Tor1+) = dey j\ T T j\

—_— Tol* Tl* + Tl* Tol*
In weight 4, one can easily check that

dey(Too01+) = To+ Too1+ and dey(To111+) = To11+ Th+ + Th+To11+(1).

and
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The example of Tpg11+ is more interesting.

Mi

(3) dey(Too11+) = To= Tor1+ + Too1+ Th+ + Ti= Toor+ (1) + To1+To1+(1)

In the above equations, the term in Ty~ Tp1+ (1) is coming form the last edge of the

tree
t

0011
appearing in Tpp11+-

Computing d2,(Tpo11+) (which is 0), the differential de,(To1- To1+(1)) cancels
with the term in Ty« T1+Tp1- (1) arising from de, (To+ To11+)- It can be thought of as
the propagation of the weight 3 correction term T3-To1+ (1) appearing in dey(To11+)-

We give below an example in weight 5, dey (To1011+) :

L0 A A
A A A

1 1 ¢ s
t
1
o0 1 1 0 0 1 1 $oy oy 01
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where the last term arises from the part of the differential associated to edges e and
f. The above equation can be written as

4)  Tor011+ = Tor~ - Tor1+ + Toor1+ - Th+ + T+ - Toor1+ (1) + 2T011+ - To1+(1)

3. Algebraic cycles

This section begins with the construction of the cycle complex (or cycle algebra)
as presented in [Blo86, Blo97, BK94, [Lev94]. Then, we give some properties of
equidimensional cycles groups over A' and build some algebraic cycles correspond-
ing to multiple polylogarithms in one variable.

Here the base field is Q and the various structures have QQ coefficients.

3.1. Construction of the cycle algebra. Let (1" be the algebraic n-cube
0" = (P \ {1})™.
Insertion morphisms s : (0"~1 — O are given by the identification
Ot~ O x {e} xO°

for e = 0,00. A face F of codimension p of (0" is given by the equation x;, = ¢, for

kin {1,...,p} and €, in {0,00} where z1,...,2, are the usual affine coordinates
on P'. In particular, codimension 1 faces are given by the images of insertion
morphisms.

Now, let X be a smooth irreducible quasi-projective variety over Q.

DEFINITION 3.1. Let p and n be non-negative integers. Let ZP(X,n) be the
free group generated by closed irreducible sub-varieties of X x O" of codimension
p which intersect all faces X x F properly (where F is a face of O"). That is:

Z is closed and irreducible
Z<ZCX><D" such that ¢ codimxxp(ZN(X x F))=p >
or ZN(X xF)=10

A sub-variety Z of X x 0" as above is admissible. The insertion morphisms s;
induce a well defined pull-back s5* : ZP(X,n) — ZP(X,n — 1) and a differential:

0= (—1)71(s)* —5°%) 1 Z27(X,n) — ZP(X,n—1).
=1

The permutation group &,, acts on 0" by permutation of the factors. This action
extends to an action of the semi-direct product G,, = (Z/2Z)" x &,, where each
Z/2Z acts on (! by sending the usual affine coordinates x to 1/z. The sign repre-
sentation of &,, extends to a sign representation G, — {£1}. Let Alt,, € Q[G)]
be the corresponding projector; when the context is clear enough, we may drop the
subscript n.

DEFINITION 3.2. Let p and k be integers as above. One defines
Nx(p) = Altoy5(27(X, 20 — k) © Q).
We will refer to k as the cohomological degree and to p as the weight.

For our purpose, we will not only need admissible cycles but cycles in X x (O™
whose fibers over X are also admissible.

DEFINITION 3.3 (Equidimensionality). Let X be an irreducible smooth variety.
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e Let ZF (X, n) denote the free abelian group generated by irreducible closed
subvarieties Z C X x [O" such that for any face F' of (0", the intersection
Z N (X x F) is empty or the restriction of p; : X x 0" — X to

ZN(X xF)— X

is equidimensional of relative dimension dim(F') — p.

o We say that elements of qu(X, n) are equidimensional over X with respect
to any face or simply equidimensional.

e Following the definition of A% (p), let N5 *(p) denote

N (p) = Altop (22,(X,2p — k) 2 Q) .

e If Z is an irreducible closed subvariety of X x 0" satisfying the above
condition, Z|;—, will denote the fiber over the point 2 € X of p; restricted
to Z that is Z N ({z} x O").

Let C = Alt(>" ¢;Z;) be an element in N3 * with the Z; as above
and ¢;’s in Q. For a point x € X, we will denote by C|;—, the element of
Nx

Cli=z = Alt(z @i Zi|t=x)
which is well defined in both Ny and N, (s} Dy definition of the Z;.

t—t

EXAMPLE 3.4. Consider the graph of the identity A’ == A' restricted to
Al x A\ {1}. Let I'y be its embedding in A! x (0'. Then I'y is of codimension
1in A! x ' and is admissible as the intersection with the face x; = oo is empty
and the intersection with the face 1 = 0 is {0} x {0} which is of codimension 1 in
Al x {0}.

However, I'y is not equidimensional as

Lo N (A" x {0}) = {0} x {0}

is neither equidimensional over A! nor empty as the condition would require.
Applying the projector Alt gives an element £y in N}, (1). Using the definition
of 'y as a graph, one obtains a parametric representation (where the projector Alt
is omitted):
Lo = [t;1] C A x O
In the above notation the semicolon separates the base space coordinates from the
cubical coordinates.

The morphisms s5* induce morphisms 95 : N%(p) — NE(p) and the above

differential 0 = ,(—1)""1(9Y — 95°) gives a complex
. 0
Nx): = Nxp) — N (p) — -
DEFINITION 3.5. One defines the cycle complex as
Ny =P Nip) =Qa PNz (p)
p=0 p=>1

and as the differential restricts to equidimensional cycles, one also defines

N = NG )

p=0
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The author refers sometimes to Ny as the cycle algebra because of another
natural structure coming with this cubical cycle complex: the product structure.

Levine has shown in [Lev94][§5] or [Lev11|[Example 4.3.2] the following propo-
sition.

ProproOSITION 3.6. Concatenation of the cube factors and pull-back by the di-
agonal

XxO'x X xO" 3 X x X xO"x O™ 3 X x X x O™ &% x x gntm
induce, after applying the Alt projector, a well-defined product:
N (p) © Ny (q) — N5 (p+q)

denoted by -
The complex N * is stable under this product law.

REMARK 3.7. The smoothness hypothesis on X allows us to consider the pull-
back by the diagonal Ax : X — X x X which is, in this case, of local complete
intersection.

One has the following theorem (stated in [BK94), Blo97] for X = Spec(Q)).

THEOREM 3.8 (|[Lev94]|). The cycle complex Ny is an Adams graded, commu-
tative differential graded algebra (Adams graded, c.d.g.a.). In weight p, its coho-
mology groups are the higher Chow groups of X :

H*(Nx (p) = CHP (X, 2p — k)q,
where CHP (X, 2p — k)qg stands for CHP(X,2p — k) ® Q.

Moreover Ny ® turns into a sub-Adams graded, c.d.g.a. Note that, in the
graded algebra context, commutative always means graded commutative.

One has natural flat pull-backs and proper push-forwards on N§ (and on
NE*®). Comparison with higher Chow groups also gives on the cohomology groups
both A'-homotopy invariance and the long exact sequence associated to an open
and its closed complement. Writing P!\ {0,1,00} as Al \ {0, 1}, one obtains the
following description of H* (Mg 1.1 o} (P)) :

HE (N2 (0,100 () = HY (VS (p))
H M AVG(p — 1)) © QLo & H (WS (p — 1)) ® QL

where £y and £; are in cohomological degree 1 and weight 1 (that is of codimension
1). Their explicit description will be given later on.

Comparing the situation over P!\ {0, 1,00} and over A! comes as an important
idea in our project as the desired cycles over P*\ {0, 1,00} need to admit a natural
specialization at 1. In particular, we will need to work with equidimensional cycle
and some of their properties are given in the next subsection.

3.2. Equidimensional cycles. The following result given in [Soul2] essen-
tially follows from the definition and makes it easy to compare both situations.

PROPOSITION 3.9. Let X be an open dense subset of X an irreducible smooth
variety and let j : Xo —> X be the inclusion. Then the restriction of cycles from
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X to Xy induces a morphism of c.d.g.a. preserving the weight (that is the Adams
grading)

cx eq, ® eq, ®

J NX — Xo

Moreover, let C' be in ./\/')}U and write C' in terms of the generators of the group
BZ*(Xo, o) as
C= Z 4iZi, 7 €Q
i€l

where I is a finite set. Assume that, for any i, the Zariski closure Z; of Z; in
X x O™ intersected with any face X X F' of X x O™ is equidimensional over X of
relative dimension dim(F) — p;. Define C' as

O/ = Zqz7m
el
then
CENE®  and  C=jC)eNE®.

Below, we describe the main geometric fact that allows the construction of our
cycles: pulling back by the multiplication induces a homotopy between identity and
the zero section on the cycle algebra over Al

Let m : A' x A’ — A! be the multiplication map sending (z,y) to xy and let
7:0! =P\ {1} — A! be the isomorphism sending the affine coordinate u to
ﬁ. The map 7 sends oo to 0, 0 to 1 and extends as a map from P! to P! sending
1 to oo.

The maps m and 7 are in particular flat and equidimensional of relative dimen-
sion 1 and 0, respectively.

Consider the following commutative diagram for a positive integer n

(mo(id 41 x7))xidOn

Al xO' xO" Al x O
Pal Ol J JPM
Al % O mo(id 41 XT) Al
Pay1 J

Al

PROPOSITION 3.10 (multiplication and equidimensionality). In the following
statement, p, k and n will denote positive integers subject to the relation n = 2p—k

e the composition m = (mo (id y1 X7)) X id gn induces a group morphism
2P (Alyn) &5 22 (AY x O, n)
which extends to a morphism of complexes for any p
w0 0) T N ).
e Moreover, one has a natural group morphism
oy, Z0 (A x O n) — ZP (A, n+1)

given by regrouping the O factors (as O™ = (OH)").
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o The composition p* = hY, om* gives a linear map

k ke
@ NEE R (p) — NEEE T (p)

sending equidimensional cycles with empty fiber at 0 to equidimensional
cycles with empty fiber at 0.

o Letf: Al — Al be the involution sending the natural affine coordinate t
to 1 —t. Twisting the map m by 0 gives a map m via

Alx O xOm -7 Al x O»

9><ian+lJ ]exidmn

m

Al xO' xO" —— Al x O

and induces a linear map
v NG (p) — NP R ()
sending equidimensional cycles with empty fiber at 1 to equidimensional

cycles with empty fiber at 1.

PROOF. It is enough to work with generators of ZZ (A',n). Let Z be an
irreducible subvariety of A! x (1" such that for any face F of (0", the first projection
par: ZN(A' x F) — Al
is equidimensional of relative dimension dim(F) — p or empty. Let F be a face of
O". We want first to show that under the projection A' x O' x 0" — Al x O,
mNZ)N(A' xO'x F) — A" xO'

is equidimensional of relative dimension dim(F) —p or empty. This follows from the
fact that ZN(A! x F') is equidimensional over A! and m is flat and equidimensional
of relative dimension 1 (hence are m x 7 and m). The map m is the identity on
the 0" factor, thus for Z c A' x O" as above and a codimension 1 face F of O,
m~Y(Z) satisfies

m Y Z)N(A' x O x F) =m 1 (Zn (A' x F))

which makes m* into a morphism of complexes.
Moreover, assuming that the fiber of Z at 0 is empty, as m restricted to

{0} xO' x O™
factors through the inclusion {0} x 0" — A! x (0", the intersection
m~ N (Z)n ({0} x O" x O")

is empty. Hence the fiber of m~=1(Z) over {0} x 0! by pa1xm is empty and the
same holds for the fiber over {0} by pa1 0 pa1yx.

Now, let Z be an irreducible subvariety of A! x [O' x 00" such that for any face
Fof O

ZN(A'xO'x F) — Al x O
is equidimensional of relative dimension dim(F') — p. Let F’ be a face of

ortl =0 x On.
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The face F’ is either of the form 0! x F or of the form {e} x F with F a face of
0" and € € {0,00}. If F” is of the first type, as
ZN(A'xO'x F) — Al xO*
is equidimensional and, as A! x 0! — A! is equidimensional of relative dimension
1, the projection
ZN(A' xO' x F) — Al
is equidimensional of relative dimension
dim(F) —p+ 1 = dim(F’) — p.
If F’ is of the second type, by symmetry of the role of 0 and oo, we can assume
that e = 0. Then the intersection
ZN(A' x {0} x F)
is nothing but the fiber of Z N (A! x O x F) over A! x {0}. Hence, it has pure
dimension dim(F) — p + 1.
Moreover, denoting with a subscript the fiber, the composition

Zﬂ(Alx{O}xF):(Zﬂ(AlxDlxF))AlX{O}—>A1x{O}—>A1

is equidimensional of relative dimension

dim(F) — p = dim(F’) — p.
This shows that hil,n gives a well defined morphism and that it preserves the fiber
at a point x in A'; in particular, if Z has an empty fiber at 0, so does k%, (Z).

Finally, the last part of the proposition is deduced from the fact that 6 ex-
changes the role of 0 and 1. ([l

REMARK 3.11. We have remarked that m sends cycles with empty fiber at 0
to cycles with empty fiber at any point in {0} x (. Similarly m sends cycles with
empty fiber at 0 to cycles that also have an empty fiber at any point in A* x {oo}.

From the proof of Levine’s Proposition 4.2 in [Lev94|, we deduce that u* gives
a homotopy between p o if; and id where ig is the zero section {0} — Al and po
the projection onto the point {0}.

PRrROPOSITION 3.12. Notations are the ones from Proposition above. Let
io (resp. i1) be the inclusion of O (resp. 1) in Al:
ig: {0} — Al ip s {1} — AL
Let po and p1 be the corresponding projections p. : A* — {e} for e =0, 1.
Then p* provides a homotopy between
Do o iy and id : g‘f"' —)./\/g(f"
and similarly v* provides a homotopy between
pioi] and id : ;g’. — g?’..
In other words, one has

Oprop™ +p o0y =id —pjoiy and Oprov™ +v" 00y =id —pj 04].

The proposition follows from computing the different compositions involved
and the relation between the differential on N1, and the one on Ni{"*® via the

map hﬁ&l,n‘
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Proor. We denote by i9 g and i, 0 the zero section and the infinity section
Al — A x 0!, The action of 6 only exchanges the role of 0 and 1 in A', hence
it is enough to prove the statement for u*. As previously, in order to obtain the
proposition for Ni{ ¥(p), it is enough to work on the generators of ZP (A',n) with
n=2p—k.

By the previous proposition .10, the morphism m* commutes with the differ-
ential on ZZ (A',e) and on Z2 (A' x [0',e). As the morphism * is defined by
wr = h’KI,n om*, the proof relies on computing d41 o hgl)n. Let Z be a generator of

Zp (A" x O', n). In particular,
ZcA'xO' xO”

and Ay, | (Z) is also given by Z but viewed in

Al x Ot
The differentials denoted by 97" on Zp (A',n+1) and 8}, on ZE, (A x O, n)
are both given by intersections with the codimension 1 faces but the first (! factor
in 0" gives two more faces and introduces a change of sign. Namely, using an
extra subscript to indicate in which cycle groups the intersections take place, one

has:
n+1

O (W ,(2)) = Y (=171 (004 (2) = 85.(2))

i=1

—_

n+
=00 11(2) = 0750 (2) = Y _ (=) (8] (2) — 075.(2))

=2

(_1)i_1 (a?+1,A1 (Z) - 6ﬁ1,A1(Z)) :

<.

=ip0(Z) =i, n(Z) -

Ir

i=1

Hence one gets

o (0, (2)) = ig0(Z) — it n(2)

i—1 0
=S (R (00001 () = D5k (2)))
i=1
which can be written has
1 . )
O (W (2)) = i50(Z) =it p(Z) = By © Oy (2).
Thus one can compute da1 o p* + p* 0 Jyr on ZE (A, n) as
8A1 o ‘u* —+ ‘u* o 8A1 :8A1 o hAlyn om™ + hAlyn_l om*o 8A1
:iS,D om” — izo,D om” — hat 1 00p1 © m*
=+ hAl,nfl o 6A1 o ﬁ’L*
:iS’D om* — izo,[] om™.

The morphism i%_ 5 om* is induced by

AUEE AT O T AL AL AL

T —— (z,00) | (2,0) 0
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which factors through

AL 00 AL Ol T AL AL ™, Al

lpo lid "

{0} = Al

Thus,

-k ~ 3k

( I T
ie0Om = (ig o po)* = p o if-

Similarly if 5 o m* is induced by

ALEE AT O T AL AL AL

x| (2,0) t (z, 1)t x

which factors through id 41 : A' — A! and one has
ippom’ =id
which concludes the proof of the proposition. (I

3.3. Weight 1, weight 2 and polylogarithm cycles. For now on, we set
X =P\ {0,1,00}.

3.3.1. Two weight 1 cycles generating the H*. As mentioned before, there is a
decomposition of H' (N3 (p)) as

H' (N (p)) =~ H' (VG (p)) @ HONG(p — 1)) ® QLo & HO NS (p — 1)) ® QL

and Lo and £1 (which are in weight 1 and degree 1) generates the H* (A% ) relatively
to H*(Ng). Explicit expression for £y and £, are given below.

In Example 3.4, a cycle £y was constructed using the graph of ¢ — t from
Al — A'. Taking its restriction to X x O', and using the same convention, one
gets a cycle

(5) Lo=[tt]Cc X xO'  LoyeNx(1).
Similarly, using the graph of t — 1 — ¢, one gets
(6) Li=[t1—t]c X xOY £ € Nyg(1).

One notices that the cycles Lo and £; are both equidimensional over X = P!\
{0,1, 00} but not equidimensional over A'.
Moreover, as

LoN (X x {e}) = Lo (B {0,1,00} x {e}) = 0

for ¢ = 0,00, the above intersection tells us that 9(Ly) = 0. Similarly, one shows
that 9(£1) = 0. Thus £y and £; give two well defined classes in H' (N'$(1)).

In order to show that they are non-trivial and that they give the above decom-
position of the Hl(./\/ %), one shows that, in the localization sequence, their images
under the boundary map

H' (W3 (1)) = HO(W 0, (0) & HO (N (0))
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are non-zero. It is enough to treat the case of Ly. Recall that Ly is the closure of
Lo in A! x ! and is given by the parametrized cycle

Lo = [t;t] ¢ At x O

Its intersection with the face u; = 0 is of codimension 1 in A x {0} and the
intersection with u; = oo is empty. Hence L is admissible.

Thus, considering the definition of §, 6(Lo) is given by the intersection of the
differential of £y with {0} and {1} on the first and second factor, respectively. The
above discussion on the admissibility of £y tells us that §(Lo) is non-zero on the
factor HY( {01(0)) and 0 on the other factor as the admissibility condition is trivial
for N {0} (0) and the restriction of £y to 1 is empty. The situation is reverse for £;
using its closure £; in A' x O

Hence, even if the differentials of £y and £; are 0 in N§, the differentials
of their closure in A! are non-zero in N 41 and have a particular behavior when
multiplied by an equidimensional cycle (see Lemma [B.I3] below and Equation (1))
for an example). We consider here only equidimensional cycles as it is needed to
work with such cycles in order to pull-back by the multiplication. We use below
notations of propositions B.10l and

LEMMA 3.13. Let C be an element in N{**, then

8A1 (E_Q) C = Clt:o and 8A1 (E_l) C = C|t:1
where the notation Cli=o (resp. Cli=1) denotes, as in Definition[3.3 the (image un-

der the projector Alt of the) fiber at 0 (resp. 1) of the irreducible closed subvarieties
composing the formal sum that defines C.

PROOF. It is enough to assume that C is given by C = Alt(Z) where Z is
an irreducible closed subvariety of A! x (0" such that for any face F' of (0", the
intersection Z N (X x F) is empty or the restriction of p; : Al x 0" — Al to

ZN(A' x F) — Al

is equidimensional of relative dimension dim(F') — p.
Remark that for ¢ = 0,1 the cycle 9,1 (L.) is given by the point

{e} € A!

which is of codimension 1 in A'. In order to compute the product d41(L.) C, one
considers first the product in A x At x (O™:

{e} x Z C A x A* x O™

Let A denote the image of the diagonal A! — A! x Al. The equidimensionality
of Z insures that for any face F' of O™

({e} x 2)( V(A x F) ~(ZN({e} xO")[ | (A" x F)

is of codimension p+ 1. Thus the product d4:1(L:) C is simply the image under Alt
of

ZN({e} xO") = Z|=. C A xO".
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3.3.2. A weight 2 example: the Totaro cycle. One considers the linear combi-
nation

b=Lo-L1 € N%(2).
It is given as a parametrized cycle by
b=[t;t,1 —t] C X x[?
or in terms of defining equations by
Wi —UiTa =0 and UV +UVi =ViVa

where T} and T3 denote the homogeneous coordinates on X = P!\ {0,1, 00} and
U;, Vi the homogeneous coordinates on each factor 0! = P!\ {1} of 02. One sees
that the intersection of b with faces U; or V; = 0 for ¢ = 1,2 is empty because T}
and T are different from 0 in X and because U; is different from V; in 0. Thus it
tells us that
a(b) = 0.

Now, let b denote the algebraic closure of b in A! x (2. As previously, its

expression as parametrized cycle is

b=1Lo L1 = [t;t,1 —t] C A x O?

and the intersection with A' x F for any codimension 1 face F' of 0?2 is empty.
Writing, as before, 941 for the differential in A1, one has 941 (b) = 0.

As Loy (resp. L) is equidimensional over A'\ {0} (resp. over A\ {1}), the
cycle b is equidimensional over A"\ {0, 1}. Moreover, as Lo (vesp. L) has an empty
fiber at 1 (resp. at 0), b has empty fiber at both 0 and 1. So b is equidimensional
over A! with empty fibers at 0 and 1. Following notations of Proposition B.12 one
defines two elements in N, &1 (2) by pull back by the multiplication ( resp. twisted
multiplication):

(7) Lo1 = p*(b) and E—(ln =v*(b).
One also defines their restrictions to X
(8) Lot =j"(Lor)  and L = j*(L}).
Now, direct application of Proposition shows that
Ous (Tor) = — 1" (04 (B)) + 5 — piy 0 () = ~0+ Lo Ty — 0

because b has empty fiber at 0 and is 0 under dy1. More generally, as j* is a
morphism of c.d.g.a., Proposition B.12] gives the following.

LEMMA 3.14. Cycles Lo1, Lo1, Ly, and E—(ln satisfy the following properties

(1) Loy and L}, (resp. Lo1 and L},) are equidimensional over X, that is
elements in N (2) (resp. equidimensional over A').
(2) They satisfy the following differential equations

O(Lo1) = A(LY) =b=Lo L,
and 81 (Lor) = O (L) =b=Lo L1.

(3) By the definition given in Equation (), the cycle Loy (resp. E—(l)l) extends
Lo1 (resp. L) over A and has an empty fiber at O (resp. at 1).
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Moreover, one can explicitly compute the two pull-backs and obtain parametric
representations

t T —
(9) Eolz[t,l—g,(ﬂ,l—(ﬂ], Eélz[t,m,fl],l—w]
The multiplication map inducing p* is given by
Al x O x[2 — Al x O o [Buaugugl — [ﬁ;ug,m]

In order to compute the pull-back, one should remark that if u = 1 — ¢/x then

t
1—u

=X.

Computing the pull-back by u* is then just rescaling the new (' factor which arrives

in first position. The case of v* is similar but using the fact that for u = ;”—:f one
has

t—u

l—u

REMARK 3.15. The cycle Lo; is nothing but Totaro’s cycle [Tot92], already
described in [BK94, Blo91].

Moreover, Lo; corresponds to the function ¢ — LiS(t) as shown in [BK94].

One recovers the value ((2) by specializing at t = 1 using the extension of L
to Al

3.3.3. Polylogarithm cycles. By induction one can build cycles Lif¥ = Lo...01
(n — 1 zeros and one 1). We define Lij¥ to be equal to L;.

LEMMA 3.16. For any integer n > 2 there exists an equidimensional cycle over
X, Li% in N¢& ' (n) € Nk (n) satisfying
(1) There is an equidimensional cycle over A', Li in Aif’l(n), such that
Li% = §*(Li%) (it has in particular o well defined fiber at 1).
(2) The cycle 1iyY has empty fiber at 0.
(3) The cycles LiyY and 1i)Y satisfy the differential equations

I(Li%Y) = Lo - Li%Y and  A(Li%) =Ly - Li” .

(4) LifY is explicitly given as a parametrized cycle by

Tp_1 T2 2n—1
,Tp—1,1 — ,In,Q,...,l——,fbl,l—.Il]CXXD .
Tn—1 Tpn—2 €

[t;1—

PROOF. For n = 2, we have already defined Lis? = Lo, satisfying the expected
properties.
Assume that one has built the cycles Lizy for 2 < k < n. One considers in
NZi(n) the product
Tn—2 Z2

- o T t
b:,ﬁo le,?il = [t,t,l - —,IH,Q,l - —,Infg,...,l— —,Il,l —.Il].
LTn—2 LTn—3 Z1

As L is equidimensional over A\ {0} and as Lif” ; is equidimensional over A!,

b is equidimensional over A\ {0}. Moreover, as Li” ; has empty fiber at 0, b is
equidimensional over A! with empty fiber at 0.
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Computing the differential with the Leibniz rule and Lemma B13] one gets

Op1 (b) = Li” ||4=0 — Lo - Lo - LiY , = 0.
One concludes using Proposition B.121 The same argument used to obtain the
parametrized representation for Lo; at Equation (@) shows that
t Tp— T
Li%Y = [t;1 — —— @p_1,1— 22 2 o 1= 2 2y, 1 — 2] C A x 021

Tn—1 Tpn—2 T

O

REMARK 3.17.

e One retrieves the expression given in [BK94].

e Moreover, Li¢¥ corresponds to the function ¢ — Li$(¢) as shown in [BK94]
(or in [GGLO09]).

e Ly having an empty fiber at 1, one can also pull-back by the twisted
multiplication and obtain similarly cycles £{. o, satisfying (L}, o) =
9(Lo...01). In some sense, they correspond to Ly...o1 — p* 043 (Lo...01) which
in terms of integrals corresponds to Li&(t) — ((n).

3.4. Some higher weight examples for multiple polylogarithm cycles.
3.4.1. Weight 3. The cycle Ly was defined previously, so was the cycle Lyg1 =
.cy Lo
Li5” by considering the product

b= ﬁo . £01.
Now, in weight 3, one could also consider the product
(10) Lo+ L1 S ./\/:)2( (3)

However the above product does not lead by similar arguments to a new cycle.
Before explaining how to follow the strategy used in weight 2 and for the polylog-
arithms in order to obtain another weight 3 cycle, the author would like to spend
a little time on the obstruction occurring with the product in Equation (I0) as it
enlightens in particular the need of the cycle £}, previously built.

Thus let b = Lo - £1 be the above product in N'%(3), given as a parametrized
cycle by

bz[t;l—xi,l'l,l—xl,l—t] Cc X xO.
1

From this expression, one sees that b is admissible and that 9(b) = 0 because t € X
can not be equal to 1.

Let b be the closure of the defining cycle of b in A x (0%, that is the image
under the projector Alt of

t
{(t,l — —, 1,1 —x1,1 —t) such that t € A', z; € ]P’l} NA! x O%
T

Let u; denote the coordinate on the i-th factor O0!. As most of the intersections
of b with face A' x F are empty, in order to prove that b is admissible and gives
an element in N7 (3), it is enough to check the (co)dimension condition on the
three faces : w3 =0, ug = 0 and u; = uy = 0. The intersection of b with the face
u1 = uq = 0 is empty as ug # 1. The intersection b with the face defined by uy =0
or us = 0 is 1 dimensional and so of codimension 3 in A! x F.
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Computing the differential in A,, using Lemma [B.I3 or the fact that the
intersection with u; = 0 is killed by the projector Alt, gives

(11) Op1(b) = Op1 (Lo1L1) = —Lot|t=1 # 0
and the homotopy trick used previously will not work as it relies (partly) on begin-
ning with a cycle b satisfying 951 (b) = 0.

In order to bypass this, one could introduce the constant cycle Ly1(1) = p* o
i%(Lo1) and consider the linear combination

(12) b= (Lo1 — Lo1(1)) - L1 € N2 (3).
and its equivalent in N%(3). Now, the correction by —Lo1(1) - £; insures that
Opr (5) =0.

However, it is still not good enough as the use of the homotopy property for
the pull-back by the multiplication requires to work with equidimensional cycles
which is not the case for b (the problem comes from the fiber at 1).

The fact that £; is not equidimensional over A! but equidimensional on A'\ {1}
requires to multiply it by a cycle with an empty fiber at 1 which insures that the
fiber of the product at 1 is empty. Thus one considers the product in N7 2(3)

b= Ly L1 =-L1Ly

which has an empty fiber at 0 and 1. Moreover the Leibniz rule and Lemma [B.13]
imply that

Op1 (b) = 0p1 (Loy) L1 — Ly 9(C1) = L1 LoLy — Ly |e=1 = 0.

Thus one defines

(13) Lo =p" (L5 L) and Ly = v (Ch L)
and their restrictions to X = P!\ {0, 1,00}
(14) Loun =j5"(Lorr)  and Loy = 5" (Loy)-

As previously, propositions [3.12] and B.10] insure the following.

LEMMA 3.18. The cycles Loi1, Loi1, L£b11 and LY, satisfy the following prop-
erties

(1) Lo and Ly, (resp. Lo and L) are in N '(2) (resp. in NiP1(2)).
(2) They satisfy the following differential equations

O(Lon1) = 0(Lgyy) = Loy L1 =—L1 Loy

and 91 (Cour) = O (L) = L3, L1
(3) The cycle Lo1r (resp. L) has an empty fiber at 0 (resp. at 1).

3.4.2. Weight 4. In weight 4 the first linear combination appears. The situation
in weight 4 is given by the following Lemma

LEMMA 3.19. Let W be one of the Lyndon words 0001, 0011 or 0111. There
exist cycles Ly, Liy in N (4) and cycles Ly, Ly, in NoP 1 (4) which satisfy the
following properties

(1) Lw =j*(Lw) and Ly, = 5*(Lyy)
(2) Lw (resp. LY,) has an empty fiber at O (resp. at 1)
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(3) Cycles Lw and L}, for W = 0001, 0011 and 0111 satisfy the following
differential equations derived from the differential equations satisfied by
Lw and L3,

(15) d(Looo1) = A(Lipe1) = Lo Loot,

(16) A(Loor1) = O(Loo11) = Lo Lor1 + Loy L1 — Lo1 Loy
and

(17) 8(50111) = a(£(1J111) = 5611 L.

PROOF. The proof goes as before as the main difficulty is to “guess” the differ-
ential equations. The case of Loop1 = Lif’ and L}y, has already been treated in
Lemma and the remark afterward. The case of Lo111 and £f,q; is extremely
similar to the case of Ly11. We will only describe the case of Lgg11. Let b be the
element in N7, (4) defined by:

b= E_om—Fﬁ(l)()lﬁ_l—ﬁ_olﬁ(ln.
All the cycles involved are equidimensional over A'\ {0,1}. As the products in the
above equation always involve a cycle with empty fiber at 0 and one with empty
fiber at 1, the product has empty fiber at 0 and 1 and is equidimensional over A!.
This shows that b is equidimensional over A' with empty fiber at 0 and 1. One

computes 9,1 (b) using the Leibniz rule, Lemma .13 and the previously obtained
differential equations:

Op (D) = —Lo LY L1 + LoLor L1 — Lo L1 LY, + Lot Lo L1 =0

One can thus define

Looii = p*(b)  and  Lgyy, =v*(b)

and conclude with propositions [3.12] and 3.10l (I
3.4.3. General statement and a weight 5 example. In weight 5 there are six
Lyndon words and the combinatorics of equation (ED-T)) leads to six cycles with

empty fiber at 0 and six cycles with empty fiber at 1. The general statement proved
in [Soul2] is given below.

THEOREM 3.20. For any Lyndon word W of length p greater or equal to 2,
there exist two cycles Ly and Ly, in Nk (p) such that :
o Ly, Ll are elements in N (p).
e There exist cycles Ly, L, in NiT Y(p) such that

Lyw = 7*(Lw) and Liy zj*(ﬁ).
e The restriction of Ly (resp. LY,) to the fiber t = 0 (resp. t = 1) is
empty.
o The cycle Ly satisfies the equation
(18) ALw) = afvLuLly + Y _blyvLuLy
U<v U,v
and resp. Ly, satisfies

(19) A Lyy) = Z algfvﬁlljﬁ%/ + Z b’ngLUE%, + Z a'o,vLoLy

0<U<V UV v
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and the same holds for their extensions Ly and E to ./\/g(f’l. In the
above equations U and V are Lyndon words of smaller length than W
and the coefficients agfv, b‘{}fv, a”{jyv and b’I{XV are integers derived from
equation (ED-T)).
REMARK 3.21. Without giving a proof which works by induction on the length
of W, the author would like to stress that the construction of the cycles Ly (resp.

g) relies on a geometric argument that has already been described and used
here: the pull-back by the (twisted) multiplication p* (resp. v*) gives a homotopy
between the identity and p* o i (resp. p* o i}). Thus, defining
Aw =Y avLoly +Y_ bl vLuLl
U<v u,v
and . Wo—— W —
=Y dyvLHLL, +> VLol + Y dovLoLy,
0<U<V U,v %
the cycle Ly and g are defined by
(20) Lw =p (Aw) and L, =v*(A}).
The fact that Ay (resp. @) is equidimensional over A with empty fiber at 0
(resp. 1) is essentially a consequence of the induction. The main problem is to show
that 9p1 (Aw ) = 01 (AL,) = 0 which in [Soul2] is deduced after a long preliminary

work from the combinatorial situation given by the trees Tyy«.

In weight 5 appears the need of two distinct differential equations and the first
example with coefficient different from =+1.

ExXaMPLE 3.22. The two cycles associated to the Lyndon word 01011 satisfy
(21) d(Lot011) = — Lot Lot1 — L1 L1 — 2Lo11 Ly
(22) 8(5(1)1011) :‘C(l)l 5(1)11 — Lon 5(1)1 — Lo 5(1)11 — L 5(1)011~
The factor 2 in the last term of 9(Lo1011) is related to the factor 2 appearing in
dey(To1011+) presented in Equation ). The term
2Lo11L0L

which is equal to d(—2Lo11L};) cancels with one term in —LyL1Lo11 coming from
8(—£01 . ,6011) and one term in £1£0£011 COHliIlg from 8(61 . EOOll)- The whole
computation can in fact be done over A' and L1011 is defined as previously as the
pull-back by p* of

b= —Lor Lons — L1 Liory — 2Lot L.
The cycle Lo1011 is then its restriction to X. The above linear combination has an
empty fiber at 0 (which allows the use of u*). However its fiber at 1 is nonempty
and given by L
—Lo1|t=1 Lo11t=1

and its pull-back by the twisted multiplication v* satisfies

O (V' (B)) = b+ p™ 0 85(b) £D.
That is why we have introduced the linear combination

Loy Lo11 — Lot Loy — Lor Loyy — L1 Loony
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whose extension to A! has empty fiber at 1 (but not at 0). This allows us to define
Loor1 = v (L1 Lo — Lot1 Ly — Lo Lopy — L1 Loon) -

4. Parametric and combinatorial representation for the cycles: trees
with colored edges

One can give a combinatorial approach to describe cycles Ly and L}, as
parametrized cycles using trivalent trees with two types of edge.

DEFINITION 4.1. Let Tl be the Q vector space spanned by rooted trivalent
trees such that

e the edges can be of two types: | or |;

e the root vertex is decorated by ¢ ;
e other external vertices are decorated by 0 or 1.

We say that such a tree is a rooted colored tree or simply a colored tree.

We define two bilinear maps 71l @ 71 — Tl as follows on the colored trees:
o Let T} )\TQ be the colored tree given by joining the two roots of 77 and

Ty and adding a new root and a new edge of type | :

t
T *TQ = <I>
T Ty
where the dotted edges denote either type of edges.
o Let T} /”\Tg be the colored tree given by joining the two roots of 77 and

Ty and adding a new root and a new edge of type | :

t
T /'»'\TQ = ﬁ?
T, Ty
where the dotted edges denote either type of edges.
DEFINITION 4.2. Let ¥y and ¥; be the colored trees defined by

Ty = tﬁf and Ty = “f.

0 1

For any Lyndon word W of length greater or equal to 2, let Ty (resp. ‘I%V) be
the linear combination of colored trees given by

Tw =Y agyTu ATv + Y _blvTu ATV,
U<v Uv
and respectively by
Th= D> dUvTE AT+ D VIV Tu AT+ dovTo Ty
0<U<V UV Vv

where the coeflicients appearing are the ones from Theorem [3.20]

To a colored tree T with p external leaves and a root, one associates a function
fr: X x (PHYP™" — X x (P1)2P~1 as follows :



26 ISMAEL SOUDERES

e Endow T with its natural order as trivalent tree.

e This induces a numbering of the edges of T : (e, €2, ..., e2p—1).

e The edges being oriented away from the root, the numbering of the edges
induces a numbering of the vertices (v1,v2,...,v2p) such that the root is
V1.

e Associate variables z1,...,2,-1 to each internal vertices such that the
numbering of the variables is opposite to the order induced by the number-
ing of the vertices (first internal vertex has variable x,_1, second internal
vertex has variable z,_» and so on).

ae

e For each edge e; = & oriented from a to b, define a function
b
a . .
1—5 if e; is of type |,
fi (a7 b) = b—a . .
1 if e; is of type ||.

e Finally fr: X x (P)P~! — X x (P!)?P~! is defined by

frt,zy, . oxpa) = (8 fr, -, fap-1).
Let T'(T) be the intersection of the image of fr with X x %=1, One extends
the definition of T' to 71l by linearity and thus obtains a twisted forest cycling map
similar to the one defined by Gangl, Goncharov and Levin in [GGLO9].
The map I" satisfies:

L4 Alt(l—‘(go)) = ﬁo and Alt(l“(fl)) =
e For any Lyndon word of length p >

Alt(T(Zw)) = Lw  and  AIHT(Ty)) = Ly

The fact that I'(%p) (resp. I'(%1)) is the graph of t — ¢ (resp. ¢t — 1 —t) follows
from the definition. Thus one already has I'(Zo) (resp. I'(%1)) in Z},(X,1) and

Alt(D(To)) = Lo and  AlH(T(Z1)) = Ly

Then the above property is deduced by induction. Recall that the defining
equation (20)) for the cycle Ly is

L.
2,

Lw =p* [ Y afyLolv + ) bvLoLy
U<v U,V
As already remarked in Example @ in order to compute the pull-back by p* one
sets the former parameter ¢ to a new variable x, and parametrizes the new O!
factor arriving in first position by 1 — ﬁ; t is again the parameter over X or A!
depending if one considers cycles over Al or their restriction to X = P!\ {0, 1, 00}.
Thus the expression of Ly, restriction of Ly to X is exactly given by

Ly = Alt(D(Tw)).

The case of v* is similar but parametrizing the new (! factor by e

For the previously built examples, we give below the corresponding colored
trees and expressions as parametrized cycles (omitting the projector Alt). We also
recall the corresponding differential equations as given by Theorem
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EXAMPLE 4.3 (Weight 1).
To="1. m="7 ando(L,) =a()=o.
0 1
We recall below how cycles Ly and £ are expressed in terms of parametrized cycles:
Lo=[t;t] cXxO' and Ly=[1-t] cXxOL
EXAMPLE 4.4 (Weight 2).

t

Tor = //(f\ T = /j?\ and 0(Lo1) = (L) = LoLy
0 1 0o 1

We have seen in Equation (@) that cycles Lo; and £}, are given (in X x [1%) by

t Il—t
Loy =[t;1 — — 1-— d L =t —=—
01 [7 .’I]l,xl, xl] an 01 [7151—1

EXAMPLE 4.5 (Weight 3).

7$171_I1]-

8(5001) = 8(5(1)01) = LoLo1, 8(5011) = 8(5(1)11) = —Elﬁ(ln-

t t

t(f ti?
Too1 = // , 5(1)012 .// , Toir = — /\\ ; 5(1)11:_ /\\
I N )

1
0 1

The corresponding expression as parametrized cycles are given below (following our

“twisted forest cycling map”):

t
Loop =[t1— — 29,1 = 2 2, 1—2y] C X xO,
To I
.Ig—t i)
Ll =t —"— 20,1 - = 21,1 -z CXxOP
001 [@_1 2 il 1]
and
t T —T
LOll:—[t;l——,l—.fg,g,xl,l—xl] C X x P,
T2 ,Tl—l
To — 1 T —
5(1)11:_[t§ - 1—$27¥$171—ZE1] cXxO

$2—17 I1—17

EXAMPLE 4.6 (Weight 4). The differential equations satisfied by the weight 4
cycles are:
8(Looo1) = 0(Lgo1) =LoLoor
d(Loo1) = I(Loo11) =LoLotr — L1L501 — Lo1 Ly
d(Lo111) = 8(5(1)111) == 515(1)11
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The corresponding colored trees are given by:
N N
Tooo1 = 5/ . Tooor = 5/ v Foin = 1/\\ . Tom = /

0/ 6/ 1 .//\. i /\.

[
1 0 1 0 1

“? T “?

and
t t t

3%)011: 5
1/\ \ AN /\

0o 1

The expressions as parametrized cycles of Lggo1, £0001, Lo111 and L}, are
given below (in X x (O7):

t I3 T2
EOOOI = [t71 - _71:371 - —71'2,1 - —,Jil,l _xl]u
I3 Xro X1
xr3 —t T T
1 g 43 3 2
£0001_[t7 71'3,1——,1'2,1——,.%'1,1—.%'1],
Ig—l Xro X1

t
L =tl—-—,1—-2x ;1 —xo, ,xy, 1 — a1,
0111 [ T3 3 ,—1 2 1 1 1]
xg—t T2 — I3 r1 — T2
£1 :t;—al_xaia —(E,i,l',l—(ﬂ 9
0111 [ T3 — 1 3 1 2 r — 1 1 1]

while the expressions for Loo11 and L}y, involved linear combinations:

t T T —x
50011Z—[t;l——,$371——3,1—$2, ! 2,30171—&61]
X3 T2 z;—1
t To — X T
—[t;l--,l-l’g;,u,(ﬂg,l——2,$1,1—$1]
&3 I2—1 T
t T T —x
[tl——l——3$2,1—$2, ! 3,,@1,1—1‘1]
I3 X9 Il—l
and
x3—t 3 Ty — X2
Lo = —[t; , T3, 1 ;1 —xo, ,r1,1 —x
0011 [ —1 s 2 1]
£L'3—t To — I3
— |t 1—=z To, 1 1,1 —x
[7$3—1, 3 _1; 25 sy L1, 1]
T t T T —x
—[t; 3 1 3 1'2,1 o, ! 3 J,'l,l ,Tl]
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ExXAMPLE 4.7 (Weight 5). The differential equations satisfied by Lo1011 and
L1011 are:

3(501011) =—Lo1- Lo — 515(1)011 - 250115(1)1
8(501011) 501 5011 Lo - 501 — Lot - 5011 L4 '5(1)011-

The corresponding colored trees are given by:

To1011 = + 1}1> + j/\ 1 +2/
VANA \ \ \
1 /\

611//\ 1/'\ 6// /\

0 1

B Bl ti? T

thun=-

+1/
AN A \\/\ >\
011.//\ 011//\ 1//

0o 1

_|_

t ti?
\

A
VAN
NOA N

0 1

The corresponding expression as parametrized cycles are given below (in X x [1%):

t Ty Ty r1 — X2
Lotonn = [t;1 — —, 1= —, 23,1 — 23,1 — —, 1 — 29, ———, 21,1 — 2]
T4 T3 To To — 1
t T3 — T4 T3 T1 — To
+[t;1__71_$47 ,(Eg,l——,l—.’l/'g, ,(El,l—.’lfl]
T4 -1 To 1 — 1
T3 Tq o — T3 X9
+[t71 _51 T4, 51_ 3 ,I2,1——,I1,1—$1]
3 — 1 To — 1 T
x3 T4 €3 1 — T3
+[t71 _51 Ty, ,1——,1172,1—.@2, ;Ilal_'rl]
$3—1 xZ9 ,Tl—l
T2 — I3 1 — T4
2[ 1__ 1-— ]‘_I) 7x271_x2777x171_1‘1]5
£L'4 I3 -1 LL‘l—l
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and
Ty —1t T3 — 24 To9 — T4 Tr1 — T2
Ll =—|t;——, ——,r3,1 —x3, ——,1 — x5 1,1 — 11
01011 [’(E4—1,(E3—1, ’ ax2_1a ) _15 ) ]
x4 —t T4 To9 — T4 T1 — To
+[t7 ,1——,I3,1—$3, ,1—$2, ;Ilal xl]
1'4—1 I3 ,Tg—l -1
x4 —t T4 To — X3 T1 — T4
+[t7 ,1——,1—$3, ,1172,1—.%2, ;Ilal xl]
1'4—1 I3 ,Tg—l ,Tl—l
x4 —t T3 — T4 T3 Tr1 — To
+[t7 51_I4; ,1173,1——,1—.%2, ;Ilal xl]
x4 — 1 3 —1 To r1—1
x4 —t T3 — T4 To — XT3 X9
+[t7 51_I45 51_$35 ;I251 _;Ilal_xl]
1'4—1 $3—1 -1
$4—t T3 — T4 I3 r1 — I3
+ [t; A =g, ———, 1= —, 29,1 — 29, 21,1 — 1]
$4—1 1'3—1 i) LL‘l—l

5. Bar construction settings

In the cycle motives setting, a motive over X is a comodule on the H® of the
bar construction over Ny modulo shuffle products. For more details, one can look
at the works of Bloch and Kriz [BK94], Spitzweck [Spil, [Spi01] (i.e. as presented
in [Lev05]) and Levine [Lev11].

In this context, the cycles constructed above, which are expected to correspond
to multiple polylogarithms (as outlined in Section [B), induce elements in this H°
and naturally gives rise to an associated comodule, thus to mixed Tate motives
corresponding to multiple polylogarithms.

Before, giving explicit expressions for the induced elements in the bar con-
struction, the beginning of the section is devoted to a short review of the bar
construction.

5.1. Bar construction. As there does not seem to exist a global sign con-
vention for the various operations on the bar construction, the main definitions in
the cohomological setting are recalled below following the (homological) description
given in [LV12].

Let A be a commutative differential graded algebra (c.d.g.a.) with augmen-
tation € : A — Q, with product gy and let AT be the augmentation ideal
AT = ker(g). Note again that commutative in this context stand for graded com-
mutative.

In order to understand the sign convention below and the “bar grading”, one
should think of the bar construction as built on the tensor coalgebra over the shifted
(suspended) graded vector space AT[1].

DEFINITION 5.1. The bar construction B(A) over A is the tensor coalgebra
over the suspension of AT.
e In particular, as vector space B(A) is given by :
B(A) = T(AY) = P(ah)=.
n=0

e A homogeneous element a of tensor degree n is denoted using the bar
notation, that is

a=la|...|an]
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and its degree is

degp(a Z (degg(as) —1).
=1

e The coalgebra structure comes from the natural deconcatenation coprod-
uct, that is
n
A(fa1] ... lan]) = Z[a1| coad] @ [aiga] - - |an)].
i=0
REMARK 5.2. This construction can be seen as a simplicial total complex as-
sociated to the complex A (Cf. [BK94]). The augmentation makes it possible to
use directly AT without referring to the tensor coalgebra over A and without the
need of killing the degeneracies.
However this simplicial presentation usually masks the need of working with
the shifted complex.

We associate to any bar element [aq]. .. |a,] the function 7(i) giving its “partial”

degree
(i) =) (degy(ar) = 1).
k=1
The original differential d4 induces a differential D; on B(A) given by

n

Dy(Ja] ... Jan]) = = > (=)™ Day] ... |da(ai)| ... |an]

i=1
where the initial minus sign comes from the fact that the differential on the shifted

complex A[1]is —d4. Moreover, the multiplication on A induces another differential
D5 on B(A) given by

n—1

Dy([aa] - Jan]) = = > (=1)"[ar| ... |palas, aig1)] .- |an]
i=1
where the signs are coming from Koszul commutation rules (due to the shifting).
One checks that the two differentials anticommute providing B(A) with a total
differential.

DEFINITION 5.3. The total differential on B(A) is defined by
dpay = D1+ Da.
The last structure arising with the bar construction is the graded shuffle product
lax]. - an) m [anga ] Jangm] = Y (D Dagay, - Gognim)]
o€sh(n,m)

where sh(n, m) denotes the permutation of {1,...,n+m} such that if 1 <4 < j <
orn+1<i<j<n+mthen o(i) < o(j). The sign is the graded signature of the
permutation (for the degree in A*[1]) given by

ggr(0) = Z (deg4(ai) — 1)(deg4(a;) —1).
o()>0()

With these definitions, one can explicitly check the following
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PROPOSITION 5.4. Let A be a (Adams/weight graded) c.d.g.a. The operations
A, dp(a) and m together with the obvious unit and counit give B(A) a structure of
(Adams graded) commutative graded differential Hopf algebra.

In particular, these operations induce on H°(B(A)), and more generally on
H*(B(A)), a (Adams graded) commutative Hopf algebra structure. This (Adams
graded) algebra is cohomologically graded in the case of H*(B(A)) and cohomologi-
cally graded concentrated in degree 0 in the case of H°(B(A)).

We recall that the set of indecomposable elements of an augmented c.d.g.a. is
defined as the augmentation ideal I modulo products, that is I/I%. Applying a
general fact about Hopf algebras, the coproduct structure on H’(B(A)) induces a
coLie algebra structure on its set of indecomposable elements.

5.2. Bar elements. Considering the bar construction over N'§, part of the is-
sue is to associate to any cycle Ly and L}, a corresponding element in H(B(NY)).

As the weight 1 cycles £y and £; have 0 differential in Ny, there are obvious
corresponding bar elements:
(23) L8 =[] and LB =[L4].

Let Mx denote the indecomposable elements of HY(B(N'%)) and let 7 be the
morphism exchanging the two factors of H'(B(N%)) ® H(B(Ny)). We denote by

1
dA = 5 (A - TA)

the differential on the coLie algebra M x induced by the coproduct on H’(B(NY)).
In general, one should have the following.

CLAIM. For any Lyndon word W (of length greater or equal to 2), there exist
elements LB, and EII/I",B in B(NY) of bar degree 0 satisfying:
e Let dp denotes the total bar differential dp = dB(N;()- Then one has:

dp(Lfy,) = dp(Ly) = 0.

e The tensor degree 1 part of E{?V (resp. E‘l,[’,B) is given by [Lw] (resp.
[Liv])-

e The elements L, (resp. LII,{,B) satisfy the differential equation [I8) (resp.
@) in Mx. That is

da(Liy) == | D allvLOLY + > byvLiLy” € Mx A Mx
Uu<v UV
and
da(Ly?) == > dQveyP ey + 3 v LELyE + > doveb L
o<U<V u,v 1%
e Mx ANMx

where the overall minus sign is due to shifting reasons.

The obstruction for proving the general statement lies in the control of the
global combinatorics relating Dy, Do and the two systems of differential equations.
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Below, one finds some elements ﬁﬁ, and L%,{,B corresponding to the previously
described examples together with some relations among those elements. Once the
element Eﬁ, are explicitly described, it is a straightforward computation to check
that it lies in the kernel of dp and this verification will be omitted.

Note that all cycles L and Lj;, are in cohomological degree 1, that is in Ny.
Thus, signs appearing in the operations on the bar construction are much simpler
as all terms in deg 4(a;) — 1 are 0.

EXAMPLE 5.5 (Weight 2). Cycles Lo1 and L}, satisfy 9(Lo1) = (L) = LoL1.
Thus one can define
(24)

L = [Lo1] — 5 ([LolL1] — [L1]Lo]) and  L47 = [£5,] — % ([LolL1] = [£1]Lo]) -

DN | =

Remark that, looking at things modulo products, that is in M x, the tensor
degree 2 involves some choices. Instead of

1
—5 ([Lol£a] = [£4]£0])
we could have used

—[LolLa]  or  [L4]L0]
and obtained the same elements in M x as

5 (ColLs] ~ [£41Lo]) = ~[LolC1] + 38 m £F = [£a1£o] - S mf.
The above choice reflects in some sense that there is no preferred choice for either
O(Lor) = O(Ly,) = LoL1 or O(Lo1) = O(Ly) = —L1Ly.
Recall that we have defined a cycle Lo1(1) in N} by

Lo1(1) = 5*(p* 0 ij(Lo1))
Building the cycle Lg11, we have introduced the cycle £}, instead of using the
difference Lo1 — Lo1(1) in order to keep working with equidimensional cycles. The
“correspondence”
E(l)l <~ £01 — 501(1)
becomes an equality in H*(B(N)).
More precisely, using either the commutation of the above morphisms with

the differential or the expression of Lo1(1) as parametrized cycle, one sees that
9(Lo1(1)) = 0 and one defines

£F (1) = [Lor(1)].

A direct computation shows that
1
£01(1) = [t; 1-— —, 21, 1-— LL‘l].
1

Now, from the expressions of Lo1, L£o1(1) and E(l)l as parametrized cycles, one checks
that in NV}
where Cp; is the element of N defined by
Y — T1—1
T a1 —x] C X xO4

_ ozl
ER

Co1 = —[t;y,
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The bar element C = [Co1] is of bar degree —1 and gives in B(NY)
L — L{ (1) = Loi” — dp(CF)

and thus, the equality £5 — £F (1) = £5;7 in the H.
For these weight 2 examples , computing the deconcatenation coproduct is
trivial and gives the expected relation

da(LH) = da(Ly”) = —LE A LT

Finally the motive corresponding to Lo; is the comodule generated by £, that is
the subvector space of Mx spanned by L&, £F and £5.

EXAMPLE 5.6 (Weight 3). The differentials of Loo1, L3g1, Lo11, L£311 allow us to
easily write down the corresponding tensor degree 1 and 2. The expressions below
try to keep a symmetric presentation for the part in tensor degree 3.

In the equations below, cycles Ly are simply denoted by W and cycles Li;,
simply by W. We will also use this abuse of notation later on in weight 4. One
defines

£ = 1001) — 5 ([0]01] — 0110])+ 7 ([0/0[1] ~ [0]110] + [1]o[o])
£ = [001] ~ 5 ([ojo1] ~ [01]0]) +  (101011] ~ [0]1/0] + [1}o[o]

and

Ly, = [011] ~ % (0T]1) — [1[01]) + - ([o[1[1] — [1[0[1] + [1[1]0]),

RN,

£33 = OT1) - 3 (OT1] ~ [10T)) + 5 (0[1}1] ~ [10[1] + [1]1]0]) .

As the cycles Loo1 and L}y, (resp. Lo11 and £};) differ only by their first (!
factors, the arguments used to compare £ and E(l)’lB apply here and give:
1,B 1,B
Lior — Loor(1) = Loy and Ly — Lo (1) = Loy € Mx.

The “correction” cycles giving the explicit relations between the cycles are

C [t il iR ]
=—uS ——F T2, L = —, 71,1 =&
001 o 12121 2 ke 1
and
S~ Ifg;t T1 — T2
Cou1 = [t; s, WJ — g, le,l — x1].
x2
Now, computing the reduced coproduct A’ = A —1®id —id ®1 of L), gives:
1
A(Lgy) = —5 (0] @ [01] = [01] @ [0])

+ i ([0} @ [o[1] — [0] @ [1]0] + [1] @ [0]0]
+[0/0] ® [1] = [0[1} @ [0] + [1]0] @ [0]) -
As [0[0] = 1/2LF m LEF, one has modulo products

8(egs) =~ (0@ (1011 = 50011 = 1)) = (1o1] = 5011 - o) ) @ 0]
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Similar computations apply to ﬁ(l)b]f, £P, and ﬁ(l)’ljf and give in Mx A Mx:
da(Lfhn) = da(Lopy) = —L5 ALG and  da(L8y) = da(Loiy) = —Loi” ALY,

One should remark that the equality £5;” = £8 — £ (1) in the H® implies
(25) da(Lghy) = - (‘C(JBl - 5(?1(1)) ALY

which is (up to a global minus sign) the equation satisfied by Tp11+ as shown at
Example 213
Finally, the corresponding comodules giving motives associated to the cycle
Loo1 and Ly11 are the subvector spaces of M x generated respectively by
<‘COBOD £0817 ‘COBa 5{3>

and

<‘C(?117 Eg)gla ‘COBl(l)a L(?v ‘C{B> .

The above arguments apply similarly in weight 4. Hence, we will describe below
the case of Lgp11 as it gives a “preview” of the combinatorial difficulties related to
the bar construction context.

EXAMPLE 5.7 (Weight 4: £ ;). We give below an element £Z; in the bar

construction with zero differential and with tensor degree 1 part equal to Lgo11:
1 _ _

L8, =[oo11] — 3 ([O|011] — [0]011] + [00T|1] — [1]001] — [01]01] + [0T|01])

1 _ _
+ 7 (=[0LoT] + [0[1]01] — [01{0[1] + [OT|0[1] — [0T|1j0] + [01]1]0]
—[1]0]01] 4 [1]0[01] + [1[0T|0] + [1]01|0] + [0[0T]1] + [0]01]1])

1
— 5 ([001[1] — [1[1{0[0]).
Identifying the reduced coproduct of L&, with

1

(26) -5 (L8 @ L8 - Lh o L5 + L © L7 — L7 o £5]

—LE oLy + Ly o Lh)
is more difficult than in the previous cases. First of all, one remarks that in the
above expression the terms in (N ) 2 (V%) 92 are coming only from —L& ®£(1)’13
and Eé’lB ® L and cancel each other. Thus the expression (26) has no term in
(/\/}1<)®2 ® (N)lf)(m. On the other hand, the terms in (Njf)@z ® (/\/}1()®2 coming
from A/(LE);,) are given by

1
= 5 (00} @ [1]1] - [1[1] ® [0]0]) =
1
-3 (LmLf @l mey —LP mLl @ £F mLf)
and thus are zero in Mx A Mx.
The terms in Ny ® AL in the above expression (26]) obviously agree with the

corresponding terms of A’(LE);;) as the term of tensor degree 2 of LE),; is written
down that way.
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Computations below are done in B(Ny) @ B(Ny). They will induce the ex-
pected relation in M x A M x after going to the H and taking the quotient modulo
shuffle product. Let m, : BINY) — (V%)™ be the projection to the n-th tensor
factor. From the above discussion it is enough to compute A’(73(£E),;)) and part

of A'(m4(Leh11))-
First the definition of the coproduct gives

AN (m3(L5011)) ([0]®T|1 [0j01] @ [1] — [01] @ [0]1] — [0[1] @ [01])
+ (=[0] @ [101] — [01]0) ® 1] + [01] @ [1]0] + [1]0] © [0T])
+ (= 1)([ 11] @ [0] + [1] @ [0]01] — [0[1] @ [01] — [01] & [0]1])
+(=1) (=[1[o1] @ [0] — [1] @ [01]0] + [1]0] @ [01] + [01] ® [1]0])
+ ([0] @ ([011] + [1]01]) + ([01[1] + [1]01]) ® [0])
+ ([1J @ ([01]0] + [0[01]) + ([01]0] + [0]01]) @ [0]) -

The four first lines of the above equality correspond to 4 times the terms of
Equation @8) in Ny @ N$¥? @ N3 ®* @ N'g. The two last lines can be written as

[0] @ ([01] m [1]) + ([01] m [1]) @ [0] + [0] @ ([0T] mx [0]) + ([0T) 1 [0]) & [1]

which covers many terms of a shuffle between terms in the H° of the bar construc-
tion. As an example,

[0] @ ([01] mr [1])

covers many terms of
B B B 1
6810 (£ w£f) =0 ([0t} [ = 3001 - oD w 1]

Computing the reduced coproduct of 74(LE;) gives

8 (ra@nn)) = () (§) @01 O]+ a0} [11] + 40ioa] o [

2
—4[1] ® [1|0]0] + 4[1]1] ® [0]0] — 4[1]|1]0] ® [0]) .
where the factors 1/4 and 4 make it easier to relate A’/(my(LE);)) with shuffle
products and the corresponding terms in Equation (20)).

We have already remarked that the terms [0|0] ® [1|1] and [1]|1] ® [0]0] in the
equation above can be expressed as shuffles. The four other terms are similar.
Hence we will only discuss the case of [0] ® [0]1]1]. One can write

4[0|1|1] = 2[0|1|1] + 2[1]1|0] 4 2[0]1]1] — 2[1]|1]0]
= [O[1[1] + [L[1]0] = [LO[1] + [O]1[1] + [1]0]1] + [1[1]0] + 2[O[1[1] — 2[1[1]0].

Now, one remarks that

0] m [1)m [1] = 228 m £P m £5

[0]1[1] + [t]0[1] + [1[1]0] = 2

N~

and that the tensor degree 3 part of —%L{i m L is equal to

-1 -1 1
— 5 (O] me [1] = [1]0] me [1]) = 7 (2[0[2[1] — 2[1[1]0]).
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Then one can conclude that
1
1 pB N\ _ B B B B 1,B B B 1,B
A'(Loor1) = — B (Eo ® Lo1n — Lo @ Ly + Logr @ LY — L7 @ Loy

—chi o £y + L3 © £F)

1

+3 (Lg‘lm,cf®£§’+£§;13m£§®£13+£§®£5m£f
+LF @ L5 mLf)

-1

T (~LfmePmLl oLl —LEm Ll mel @l

LR LEmLP m LY + L7 @ L m £ m L)
In Mx AN Mx, one simply gets

(27) da(LEh,) = — (563 ALG, + E(l)bEf ALY = LF A EéiB)

and using the relations between Eﬁ, and E‘l/[’,B, one recovers (up to a global minus
sign) the differential equation associated to Tpo11+

(28) da(Lhinn) = — (L8 A LT+ (L — Loo1 (1) ALY + LG A LG (1)) -
The associated motive is as above the sub-vector space of M x generated by
‘Cég’ ‘C(lJb]fv ‘C(?Ollu ‘C(?lv ‘C(])gllu ['(lJ)le ‘C'IB

5.3. Goncharov’s motivic coproduct. In this subsection, we would like to
illustrate how the differential equation satisfied by the elements £f,, written using
its “tree differential form” (that is using the elements £5(1) instead of the elements
ElljB), gives another expression for Goncharov’s motivic coproduct.

Work of Levine |[Lev11] insures that the above differential coincides with Gon-
charov’s motivic coproduct for motivic iterated integrals (modulo products). We
will not review this theory here but only recall some of the needed properties satis-
fied by Goncharov’s motivic iterated integrals [Gon05|. A short exposition of the
combinatorics involved is also recalled in [GGLO9|[Section §].

For our purpose, it is enough to consider motivic iterated integrals as degree
n generating elements I(ag;ai,...,a,;anr1) of a Hopf algebra with a; in A*(Q).
They are subject to the following relations.

Path composition: for z in A'(Q), one has

n
I(ag;a1,...,an;Qnt1) = ZI(aO; a1,y )T apg1, oy G Qng)-
k=0
Inversion: which relates I(ag; a1, ...,an;an11) and I(ant1;an, - - .,a1;a0)
I(ant1;an, ... a1500) = (=1)"I(ag; a1, . .., an; ang1)-

Unit and neutral identities:
fora#b I(a;b)=1 and I(ag;aq,...,an;a0) = 0.
Rescaling: If a, 11 and at least one of the a; is not zero then

1(0;a1,...,an,an+1) = I(0;a1/an41,- -, Gn/ans1,1).
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Regularization:
I(0;1;1) = 1(0;0;1) = 0.
The product is given by the shuffle relations

Ia;ay,...,an;0)I(a;anq1y -y Grpm; b) = Z I(a; a1y, - - - Qo (ntm); )

c€sh(n,m)

where sh(n,m) denotes the set of permutations preserving the order of the or-
dered subset {1,...,n} and {n+1,...,n + m}. Such a motivic iterated integral
corresponds formally to the iterated integral

/ dt dt
A A
A t—aq t—ap

ag,an41

with Agg.a,,, the image of the standard simplex induced by a path from ag to
an+1. The above relations reflect the relations satisfied by the integrals.
The coproduct is given by the formula

AM(I(aosay ..., an;ant1)) =
T
Z I(ao; aky, - - ak,; ang1) @ Hf(akl;aklﬂ, e Qg 15 Gy )
(akyseoman,.) 1=0

{kl,...,kT}C{l,...,n}

with the convention that r runs from 0 to n and that kg =0 and k.11 =n + 1.

Now, considering the reduced coproduct A’ = AM — (1 ®id +id ®1) on the
space of indecomposable elements (that is modulo products), the above formula
reduces to

A,M(I(ao; a1 ..., aniQpt1)) =
Z I(a0§ aiy...,0k,ar, al+17 o Qpy a’nJrl) ® I(a’k; a’k+17 e, ar—1, al)-
k<l
k#l—1

This formula can be pictured placing the a; on a semicircle in the order dictated
by their indices. Then a term in the above sums corresponds to a non-trivial chord
between to vertices:

ao as

Considering the relation between multiple polylogarithms and iterated inte-
grals, we want to related our expression of the differential of £F; at ¢ to the re-
duced coproduct for the motivic iterated integral I(0;0,z, ;1) for z = ¢~!. From
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the semicircle representation, one sees that there are five terms to consider:

However, the chord ¢; gives a zero term modulo products as I(0;z,z;1) =
%I(O; x;1)I1(0; x; 1) and chord ¢z and c3 give terms equal to 0 using the regularization
relations. There are thus only two terms to consider

I1(0;0,z;1) @ I(x; 23 1) and I(0;2;1) ® I(0; 0, z; ).

Using path composition, inversion and regularization relations, in the set of
indecomposable elements, one has

I(z;2;1) = I(0;2;1) + I(z;2;0) = I(0;2;1) — I(0; 5 2) = I(0;2;1).
Thus the first term equals
1(0;0,2;1) @ I(x; ;1) = 1(0;0,2; 1) ® 1(0;x; 1).
From the rescaling relation, the second term equals
I1(0;2;1) ® 1(0;0,1; 1)
and one can write modulo products
(29)  AM(1(0;0,2,2;1)) = 1(0;0,2;1) ® I(0;2;1) 4+ I(0; ;1) ® 1(0;0,1;1).

Keeping in mind that, for # = ¢t=*, I(0;2;1) corresponds to the fiber at ¢ of £
(t # 1) and that I(0;0,z;1) corresponds to the fiber at t of L (any t), the above
formula (29]) corresponds exactly to Equation (25)):

dA(E(])Bu) = - (5(1)91 - 551(1)) A E? = - (551 A E? + E? A 551(1)) :

The fact that, as in the above example, Goncharov’s motivic iterated integrals
corresponding to multiple polylogarithms in one variable, satisfy the tree differential
equations (ED-T)) is easily checked for Lyndon words with one 1 (that is for the
classical polylogarithms) but can also be checked for some Lyndon words with two
1’s or more. It seems to be a general behavior. However, the above example and
the example of 1(0;0,0,x, ;1) corresponding to E(?ou below show that it involves
using all the relations in order to pass from Goncharov’s formula to the shape of
Equation (ED-TJ).

The case of L&, involves more computations but works essentially as the case
of LF,. The reduced coproduct for I(0;0,0,z, ;1) modulo products gives nine
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terms corresponding to the nine chords below:

The five dashed chords give terms equal to 0 for one of the following reasons:
I(a;...;a) =0, regularization relations or shuffle relations. Hence we are left with
four terms. The chord c; gives, using the rescaling relation,

I1(0;x;1) ® 1(0;0,0,1; 1)
corresponding to LZ A L, (1). The chord ¢ gives a term in

1(0; 0, z, ;1) ® 1(0;0; x)
corresponding to L ALE ;. The chord c3 gives, using the rescaling relation, a term
in

I1(0;0,2;1) ® I(0; 0, ;) = 1(0;0,2;1) ® 1(0;0,1;1)
corresponding to L& A LE (1). Finally the chord c4 gives, using the path composi-
tion and regularization relations
1(0;0,0,2;1) ® I(z;2;1) = 1(0;0,0,2;1) ® I(0;2;1) + 1(0;0,0,2;1) ® I(x;2;0)
=1(0;0,0,2;1) ® I(0; x; 1).

Finally, A/M(I(O; 0,0,x, ;1)) can be written as

(30)
AM(1(0;0,0,z,2;1)) = 1(0;0, 2, 2; 1) ® 1(0;0; z) + 1(0;0,0, ;1) @ I(0;2; 1)+
I1(0;2;1) ® 1(0;0,0,1; 1) + 1(0;0,2; 1) ® 1(0;0,1;1).
This expression corresponds to Equation (28)):

da(Lp) = — (5(1)3 ANLE + (L8 — L) ALY + LF A 551(1)) .

6. Integrals and multiple zeta values

We present here a sketch of how to associate an integral to cycles L1, £, and
Lo11. The author will directly follow the algorithm described in [GGLO09]|[Section
9] and put in detailed practice in [GGLOT|. There will be no general review of the
direct Hodge realization from Bloch-Kriz motives [BK94][Section 8 and 9]. Gang],
Goncharov and Levin’s construction seems to consist in setting particular choices
of representatives in the intermediate Jacobians for their algebraic cycles.

However, the goal of this paper is not to formalize such an idea. That is why
computations below are only outlined. In particular, the lack of precise knowledge
of the “algebraico-topological cycle algebra” described in [GGLO09| makes it difficult
to control how “negligible” cycles are killed looking at the H” of its bar construction.
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6.1. An integral associated to L£o; and £},. We recall the parametrized
cycle expression for Lo;:
t
Lor=[t;1——, 21,1 —x] C X x O
1
One wants to bound Ly; by an algebraic-topological cycle in a larger bar con-
struction (not described here) introducing topological variables s; in real simplices

A ={0<s3 <+~ < sy < 1}
Let d* : A" — A"~! denotes the simplicial differential

n
d*=> (-1}
k=0
where i : A1 — A" is given by the face s = sx41 in A” with the usual
conventions for k = 0, n.

Defining
Szt

Cst = —[t;1— 2= 20,1 —
01 [ ’ T s L1, Il]
for so going from 0 to 1, one sees that d° (Cg’ll) = L1 as s = 0 implies that the
first cubical coordinate is 1. The algebraic boundary 9 of C’g’ll is given by the
intersection with the faces of [(13:
A(C5Y) = —[t; sat, 1 — sot] C X x [
This cycle is part of the boundary of a larger “simplicial” algebraic cycle
Co? = —[t; sat, 1 — s1t].
Computing the simplicial differential of C’Sf gives
ds(Cg’f) = [t; Sot, 1 — Sgt] - [t; t,1— Slt] C X x[?
with 0 < s9 < 1 in the first term and 0 < s1 < 1 in the second term.
Note that the cycle [t;t,1 — s1t] is negligible as it is a product
[t;t,1 — s1t] = Lo [t;1 — s1t]
and thus can be canceled in the bar construction setting as the multiplicative bound-
ary of
—[ﬁo”t, 1— Slt]].
Thus, up to negligible terms,
(d° +0)(Ci' + C*) = Lon-

Now, we fix the situation at the fiber ¢y and following Gangl, Goncharov and
Levin, we associate to the algebraic cycle Lo1]¢=¢, the integral Iy (to) of the stan-

dard volume form
1 d=x @

(2im)2 21 2

over the simplex given by C;”. That is :

1 d82 —to dSl
=g [ i
01( O) (2Z7T)2 0<s1<s2<1 S92 1-— toSl
-1 / dSl d82 —1 .C
(2im)? Jogs,<sa<t fal —Ss1 82 (2im)? (o)
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In particular, this expression is valid for tg = 1, as is the cycle Lo1|i=1, and gives
—1/2r)¢),

Before presenting the weight 3 example of L1171, we describe shortly below the
situation for £};. In the bar construction the element E(l)’lB is equal to the difference
LE — £F (1). Associating an integral to £}; works in the same way as the cycle
Lo but it also reflects the correspondence with £5 — £F (1).

The expression of £}, in terms of parametrized cycle is given by
1 — t
xr1 — 17

and can be bounded using the “simplicial” algebraic cycle

Lo = [t; x1,1 — 1]

Ty — Sgt
CS_’l :—t,i,fli ,1—(E .
01 I1 — 59 1 1]
Now, the algebraic boundary of Cg—il gives two terms
(CE) = —[t; s9t, 1 — sot] + [t; 52,1 — s3]
Then one defines C%Q for simplicial variables 0 < s1 < s2 < 1 as

Cg—f = —[t; sot, 1 — s1t] + [t; 82,1 — 1]

whose simplicial boundary cancels 8(05_’11) up to negligible cycles. Again, fixing a
fiber ¢ the integral associated to L{;|¢=, is the integral of the standard volume
form over the Cg—f:

1 ds —tods ds —ds
Iﬁ(to)——.—2</ —2/\L+/ 2 A 1).
(2Z7T) 0<s1<52<1 S92 1-— toSl 0<s1<s2<1 59 1-— S1

This expression is exactly the difference

Isz(to) =

(2im)2 (

6.2. An integral associated to Ly11. Let’s recall the expression of Ly11 as
parametrized cycle:

LiS(to) - LiS(1)

t T —T

Lon = —[t;1— —,1— a3, =2 21,1 — x1].

€To Tr1 — 1

As previously, one wants to bound Lg11 by an algebraic-topological cycle. Hence

we define .

S3 Tr1 — T2

Cob =1 — 22,1 — gy, 2

oi1 = [ s R —

for s3 going from 0 to 1. Then dS(C’S’lll) = Lo11 as s3 = 0 implies that the first
cubical coordinate is 1.

Now the algebraic boundary 0 of Cg’lll is given by the intersection with the

codimension 1 faces of [0°:

axlvl_xl]

— s3t
O(Cyt) = [t:1 — sat, =2 11— ).
X -1

We can again bound this cycle by introducing a new simplicial variable 0 < s2 < s3
and the cycle
xr1 — Sgt

C32 = [t 1 — sst,
011 [ 1 — 82/83

,.’I]l,l _J;l].
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The intersection with the face of the simplex {0 < s2 < s3 < 1} given by so =0
leads to an empty cycle (as one cubical coordinate equals 1) while the intersection
with face s3 = 1 leads to a “negligible” cycle. Thus, the simplicial boundary of 05’121
satisfies (up to a negligible term)

s s xr1 — S3t
d*(Cyi1) = —0(Copy) = —[t; 1 — st ﬁ,ufl, 1—aq]
1 —
Its algebraic boundary is given by
DCHR) =~ 1= st sot, 1 — sat] + [t51 — sat, =, 1 — =],
S3 S3

Finally, we introduce a last simplicial variable 0 < s; < s2 and a purely topological

cycle
3

—~ s, s s
00115 = —[t; 1 — sst, sat, 1 — s1t] + [t;1—53t,—2,1— 21
S3

83]
whose simplicial differential is (up to negligible terms) given in one hand by the
face s1 = so:
[t; 1-— Sgt, Sgt, 1-— Sgt] — [t; 1-— S3t, 8—2, 1-— 8—2]
83 83
which is equal to —9(C;;%); and in the other hand by the face so = s3:
—[t; 1 — sst, sst, 1 — s1t].

In order to cancel this extra term, we defined C’Sf’l by

)

5,3 S 53
Coi1 =Coin  +[t;1 — sat, s3t, 1 — s1t]

whose algebraic boundary is 0 (up to negligible terms).
Finally one has

(d° +0)(Coin + Ciit + i) = Lon
up to negligible terms.
Now, we fix the situation at the fiber ¢y and following Gangl, Goncharov and

Levin, we associate to the algebraic cycle Lo11]t=t, the integral Inii(to) of the

standard volume form
1 le dZQ A ng

(2i7T)3 2_1 z9 z3
over the simplex given by Cg’li. That is :

1 tod d tod
Ton (to) = —— / _todss  dsy - todsy
(2271’)3 0<51<52<s3<1 1-— t083 S92 1-— toSl

+ 1 / to ng / @ A d51
(2im)3 0<ss<l L — 1053 Jogs <sagl 52 1—s

1 / tong d83 A todSl
(207)3 Jocs,<sass<1 L —tos2 3 L —tosy
Taking care of the change of sign due to the numbering, the first term in the
above sum is (for tg # 0 and up to the factor (2i7)~3) equal to

. dSl d82 d83
Lif(to) = | o1 dsa,ds
0<s1<s2<sa<l bg - — 81 S2 15" — 83

while (up to the same multiplicative factor) the second term is equal to

—Lif (to) Liz (1)
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and the third term is equal to
Ligl(to)-

Globally the integral is well defined for ty = 0 and, which is the interesting
part, also for {5 = 1 as the divergencies as ty goes to 1 cancel each other in the
above sum. A simple computation and the shuffle relation for Li$(t)LiS (to) show
that the integral associated to the fiber of Ly11 at tg =1 is given by

(2im)®To11 (1) = —Li5 1 (1) = —¢(2,1).
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