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The possibility of control and tuning of the band structures of phononic crystals offered by the
introduction of an active magnetoelastic material and the application of an external magnetic field is
studied. Two means to obtain large elastic properties variations in magnetoelastic material are
considered: Giant magnetostriction and spin reorientation transition effects. A plane wave expansion
method is used to calculate the band structures. The magnetoelastic coupling is taken into account
through the consideration of an equivalent piezomagnetic material model with -elastic,
piezomagnetic, and magnetic permeability tensors varying as a function of the amplitude and
orientation of the applied magnetic field. Results of contactless tunability of the absolute bandgap
are presented for a two-dimensional phononic crystal constituted of Terfenol-D square rod embedded

in an epoxy matrix. © 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.3687928]

. INTRODUCTION

The concept of phononic crystals emerged in the early
1990s as an extension of work done on photonic crystal, i.e.,
artificial structures whose dielectric permittivity and mag-
netic permeability are both periodic functions of the posi-
tion. Phononic crystals are the elastic counterparts to
photonic crystals and consist of periodic arrangements of
inclusions in a physically dissimilar matrix."” Due to their
periodic structure and under certain conditions of geometry
and composition, phononic crystals may exhibit absolute
band gaps where the propagation of elastic wave is forbid-
den independently of the direction of propagation. The exis-
tence of forbidden bands confers to phononic crystals
numerous potential applications. For instance, in the fre-
quency range of the forbidden band, a phononic crystal
behaves as a perfect mirror and an incident wave is perfectly
reflected outside of the artificial structure. Phononic crystals
may be used as efficient sonic insulators. Some authors
have also shown that the removal of inclusions along some
pathway in the phononic crystal, produces acoustic
waveguides.>® Acoustic waves that would not propagate
otherwise in a phononic crystal can be guided with minimal
loss along such waveguides. Low loss transmission can be
achieved in linear wave guides as well as guides with sharp
bends. That opens possibilities for the design of devices
allowing the filtering or the demultiplexing of acoustic
waves at the scale of the wavelength.”* More specifically it
has been shown numerically and experimentally that such
structures manufactured at the micrometer scale behave as
high Q micromechanical resonators with high resonance
frequencies and can be integrated in devices for wireless
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communications and sensing applications.”'?> Moreover
some dispersion curves in the band structure of a phononic
crystal may present a negative curvature, i.e., the Poynting
vector and the wave vector, associated to energy flux and
phase velocity are opposite in sign. This property may lead
to the negative refraction of acoustic waves for frequencies
falling in the frequency domain of the band with negative
curvature.'*"'* Negative refraction allows for the focusing of
acoustic waves with a resolution lower than the diffraction
limit">'® as well as for the autocollimation of an acoustic
beam.'”'®

Phononic crystal may have applications to numerous
technological fields. Nevertheless, for enhanced functionality
it appears necessary to introduce a certain degree of fre-
quency tunability of phononic crystals properties. Different
answers to this problem have been proposed by several
authors. Tunability could be achieved by changing the geom-
etry of the inclusions'? or by varying the elastic characteris-
tics of the constitutive materials through application of
external stimuli.?’ For instance, some authors have proposed
the use of electrorheological materials in conjunction with
application of external electric field.?! Other authors have
considered the effect of temperature on the elastic mod-
uli.**? In all cases, significant effect on the band structure
of the phononic crystal can only be achieved by applying
stimuli with very large magnitude. Other authors** exploit
the change of the structure of the phononic crystal due to an
external stress to alter the band structure. However this
approach requires physical contact with the phononic crystal.
A last proposed solution requires using active materials as
constituents of the composite material. Following this way,
some authors® have studied how the piezoelectric effect can
influence the elastic properties of the system and therefore
can change the dispersion curves and in particular the gaps.

© 2012 American Institute of Physics
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For an arrangement of piezoelectric cylinders embedded in a
polymer matrix, they show that the effect is significant for
large filling fractions but negligibly small for small ones.*®
Several studies have reported noticeable changes in the band
structures of magnetoelectroelastic phononic crystals when
the coupling between magnetic, electric, and elastic phenom-
ena are taken into account.”’?® These studies however do
not consider the effect of an external magnetic field on the
properties of the phononic crystal. In a recent paper, we dem-
onstrated that the band structure of a two-dimensional pho-
nonic crystal constituted of a square array of Terfenol-D
square rods embedded in an epoxy resin matrix>® can be con-
trolled by application of an external magnetic field. Indeed,
the elastic properties of magnetoelastic material are very sen-
sitive to its magnetic state and on the applied magnetic field.
For instance, in giant magnetostrictive material, such as
Terfenol-D, this dependence can lead to more than 50% vari-
ation of some of the elastic constants, even at ultrasonic fre-
quencies.’® So, if one of the components of a phononic
crystal is a magneto-elastic medium, then one can expect
that the elastic contrast, and subsequently the crystal proper-
ties, e.g., the bang gaps frequencies and widths, the negative
refraction behaviors, could be controlled without any contact
by a magnetic field.

In the present paper, we give a complete derivation of
the model presented succinctly in our previous letter,?® and
use it to study in details the tuning of the properties of a
bulk magnetoelastic phononic crystal, with both square and
triangular lattices, when an external magnetic field is
applied. Moreover, we introduce here a new way to obtain
huge tuning of the band structures of a magneto-elastic pho-
nonic crystal. Indeed, contrary to previous works,?”! we
consider two-dimensional magneto-elastic phononic crys-
tals in which the tuning can be induced not only by giant
magnetostriction, but also by spin-reorientation phase
transitions.*>3?

To be able to consider arbitrary direction and amplitude
of the applied magnetic field, we will first derive an equiva-
lent piezomagnetic material of a polarized ferromagnet, with
field dependent elastic C;j, piezomagnetic g;; and magnetic
permeability p;; constants. This is an extension of the effec-
tive elastic moduli method classically used to describe elastic
dynamics of a homogeneous magneto-elastic medium.>*>*
But this latter method leads to a dependence of the obtained
effective elastic moduli on the propagation direction when
the magnetic dipole interaction is taken into account.*>*
This dependence makes these effective elastic moduli unsuit-
able for standard numerical tools developed for the calcula-
tion of phononic crystal characteristics (band structures,
equifrequency curves, transmission, and reflection coeffi-
cients ...), such as plane wave expansion (PWE) or finite ele-
ment method (FEM), in the case of a magneto-elastic
phononic crystal. On the contrary, as will be shown in Sec.
II, the equivalent piezomagnetic material formulation, lead-
ing to equations similar to the ones classically used for pie-
zoelectric materials, enables the direct use of PWE and FEM
methods developed for the calculation of phononic crystal
characteristics in piezoelectric media.*>*’* In Sec. III, cal-
culation of the effective piezomagnetic material properties
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for a varying external magnetic field amplitude and direc-
tion, and its implication in the tuning of the band structure of
a phononic crystal constituted of a square array of Terfenol-
D square rods embedded in an epoxy matrix will be pre-
sented and discussed.

Il. PIEZOMAGNETIC EQUIVALENT MATERIAL
FORMULATION

A. Formulation of the problem: Basic equations

We consider here a magneto-elastic wave in a ferromag-
net magnetized to saturation. In this case, the amplitude of
the magnetization per unit mass pu is a constant pg. The
coupled equations for the mechanical and magnetic systems,
i.e., the equation of motion and the Landau-Lifshitz equa-
tion, have in the Lagrangian coordinates a; the form>¢-%4!

32ui _ aP[_] + 8Hn% (1)
Po atz 80, Poln aal axiv
0
L = —mon x Her, @)

ot

where 7 is the gyromagnetic ratio, p, is the mass density
before deformation, (i is the permeability of vacuum, u; is
the ith component of the particle displacement, and x;
denotes the Eulerian coordinates. The magnetization per unit
volume is given by M = pu, where p is the mass density after
deformation. The magnetic-body force term, i.e., the second
term in the right hand side of Eq. (1), is due to the interaction
of the magnetization with non uniform magnetic fields. The
effective internal magnetic field H,4 and the Piola-Kirchoff
stress tensor P;; are given by

1 oU 1 0 ou

Hyyi = H; — —+ a 3)
4 HoPo O Hopo Das 8(0p;/das)
and
ou (9)(,’
ij = ij@a,, ) (€]

where H is the Maxwellian magnetic field, and #;; is the
strain tensor

_ L (O, O, Ow O
My =3 (Baj + Oa; + Oa; (r“)aj>' )

Here, U is the local internal energy per unit volume that can
be written in the following form:

U=Uup+ Upe + U, (6)

where the magnetocrystalline anisotropy, magneto-elastic
coupling, and elastic energies, are respectively, given by

Uan = Kijoyo + Kijroion0u.0, @)
Une = bijua®tiott, ®)

1
U, = Ecijklr’ijrlkl' (9)
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o; = w;/u, are the direction cosines of u (or M) with respect
to the symmetry axes, K;; and Kjj; are the magnetic anisot-
ropy constants, b, are the magneto-elastic constants, and
Ciju are the second-order elastic constants. Here, in the con-
sidered acoustic frequency range (up to a few GHz), the elas-
tic wavelengths are much greater than the atomic spacing so
that exchange effects may be neglected. In the case of a
cubic ferromagnet, such as the Terfenol-D considered in the
numerical example, the local internal energy density can be,
in the crystallographic axis, written as

U =K, (0705 + o705 +0503) + By (111107 + 1295 + 113303
+ Ba (112010 + 17430103 + 11230003)

Cit
+T (13, + 135 +133) + Cra(ny g + 101133 + Naalas)

+2Cu (i, + 113 +1133), (10)

where K; =K/, is the magnetic anisotropy constant, and
B =bi11; and B, =4b,, are the magneto-elastic constants.

As we are interested in acoustic wave propagation, we
consider only small dynamic perturbations around an equi-
librium state

H=H,+h M=M,+m, and u = uy + u, (11

H, is the internal field, i.e., the sum of the external applied
field and a demagnetizing field, u, is a spontaneous displace-
ment caused by magnetostriction, and h, m, and u are the
magnetostatic field, magnetization, and displacement gener-
ated by the magneto-elastic waves, respectively. Here, as the
wavelengths of the magneto-elastic waves are much smaller
than the free-space electromagnetic wavelengths, & verifies
the magnetostatic equations

V><h=0andv-b:v-uo(h+pﬁm> -0, (12
0

where b is the dynamic magnetic induction and p =~ pq (1 — 71y),
where i=1, 2, or 3. Moreover, while this quasi-static
approximation is not strictly true for conducting materials,
one can expect it to hold when their dimensions are
much smaller than the skin depth. In the considered fre-
quency range, up to a few MHz, this will always be true
for all the studied phononic crystal structures.

As we are only interested by field dependent variations
of the elastic and piezomagnetic properties of the ferromag-
net, arising from the first order magnetoelastic coupling, i.e.,
the “Simon effect”,*> we neglect all the field independent
morphic contributions coming from the magnetoelastic sec-
ond order coupling and anharmonic terms arising from the
second and third order elastic energies.*"** Here, the contri-
butions introduced by the rotationally invariant theory of
magnetoelastic media®** are also neglected. Indeed, they
are negligible in the considered materials, as it will be shown
in Sec. IV. In the present paper, as it is always the case in the
literature, explicit expressions for the Simon effect are
derived assuming that a magnetic field sufficient for elimi-
nating the domain walls has been applied.

J. Appl. Phys. 111, 054901 (2012)

B. Equilibrium state

First, the equilibrium values M, and u, are found by
minimizing the total energy of the magneto-elastic system
Ur=U— uoM.H. We assume that the acoustic wave propa-
gation only induces small dynamic perturbations

m<< My, h << Hy and u < uy. (13)

Introducing Eq. (11) into Eq. (2), and allowing for conditions
(13), the successive approximations method can be used. In
the zero approximation, retaining only static terms, we obtain

M() XHeﬂ() =0. (14)

This expression indicates that the equilibrium direction of
magnetization M, is given by the static effective internal
magnetic field H .

To consider an external static magnetic field H,,, in any
directions, we use the method of spherical coordinates
proposed by Smit and Beljers*> and Suhl*® for the study of
ferromagnetic resonance in anisotropic media. As the consid-
ered ferromagnet is magnetized to saturation, two variables,
0 and ¢ as shown on Fig. 1 are sufficient in place of the three
M; components. In the spherical coordinates the components
of the total energy of the magneto-elastic system
Ur=U+Uz+ Up, where U is given by Eq. (6), are

Uz = _,u()M‘HexI
= —uoyM(H, sin 0 cos ¢ + H sin 0sin ¢ + H. cos 0),

(15)
My _ Ho
Up =~ M.Hp =2 M.(N.M), (16)
_ ﬁ .4 .2 )
Uy = 1 (sin” 0'sin” 2¢ + sin” 20)), (17)

Une = B1 (11, sin® 0 cos® @ + 1, sin® 0sin® ¢ + 1735 cos” 0)
+ By(n2 sin” 0 cos @sing+1n,3 sin 0 cos 0 cos @
+ 1153 sin O cos Osing). (18)

Here, My = pous, Uz and Up are the Zeeman and demag-
netizing energies, respectively, and H, = —N.M, where N is

X ® ; w

FIG. 1. (Color online) Schematic illustration showing the spherical coordi-
nates used in the calculation. oriented along the Z axis, the demagnetizing
tensor is given by Ref. 40.
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the demagnetizing tensor. In the case of a rod of infinite length,
oriented along the Z axis, the demagnetizing tensor is given by

1/2 0 0
N=|0 1/2 0], (19)
0 0 0

leading to Up = pto M? sin®0/4.

The first step, to find the equilibrium state, is to minimize
the energy Ur with respect to the strains: OUr/dny
= O(Une + U,)/0n;;. The solutions of these six equations, in
the case of a crystal with cubic symmetry are given in Appen-
dix A. It can be seen that the existence of a magnetoelastic
coupling induces in the sample a uniform static strain. Intro-
ducing, now, these expressions of the equilibrium strains in
the elastic and magneto-elastic parts of the internal energy,
one can write the energy U in the same form as a magneto-
crystalline anisotropy energy”’

K*
U= Tl (sin* 0'sin® 2¢ + sin” 20), (20)

where
2 2
By B3

Cii—Cn, 8Cy’

Ki =K, + 21)

K, * is an effective magnetic anisotropy constant taking into
account static elastic and magnetoelastic effects. Hence, as
the total energy of the magneto-elastic system depends only
on the orientation of the magnetization, minimizing the
energy with respect to this orientation gives the equilibrium
direction (8, ¢g) of M, for a given applied field. Knowing
this equilibrium position, one can now study the dynamic
response of the system to an acoustic perturbation.

C. Piezomagnetic equivalent material

Here, we choose to derive the equivalent piezomagnetic
material of the polarized ferromagnet around the equilibrium
position. This will allow us to directly use the theoretical and
numerical tools, e.g., PWE and FEM methods, developed for
the study of piezoelectric or piezomagnetic phononic crystals.
A similar approach has been adopted by Ganguly er al.***°
for the study of the influence of an external magnetic field on
the propagation of Rayleigh and Lamb waves in a thin magne-
toelastic film deposed on a substrate. But, in this work an
equivalent piezomagnetic material has been obtained only in
specific configurations.

First, the Landau-Lifshitz equations are rewritten in the
used spherical coordinates

a0 y oU

- - H? = HU’

5t = Msin0og M = Theley o
9 v OU v Y

= — _ =—— u,H,.
ot M,sinf 00  sinf Ho sinf Foter
where H” = —H sing + H,cos¢, and H’ = H cosbcosp + H,
cosfsing — H, sinf. The acoustic perturbation rotates the
magnetization to a new 0 and ¢ orientation, where
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0=00+ 00 and ¢ = @o+ d¢, with 60, 6@ > 1. Then, the
energy is expended around the equilibrium position:

U=Uy+ Uysd + U(pé(/) + U()()/2(302 + UW/Z(S@Z
+ Unyp600¢p + Up,,;000u;/ Oa; + Uy, 6Ou; / Oaj, (23)

where U, and U,, denote the first and second order x or x-y
derivative of U, respectively.

In the frequency range of elastic wave, w < wg where
g is the natural frequency of spin mode, the magnetic sub-
system has time to adjust itself to the elastic subsystem, lead-
ing to the following conditions OUr/0(d0) =0 and
OUr/0(d¢p) = 0. These conditions enable us to write 0 and
d¢, as functions of u and h:

Ho 0_Hops o
00 = BMSUﬁmh — BMSstoh‘/’U;(p

1 ol;

+ B ( lg(p Uq);:ij - U:p(/,UOJ,'ij) %7
Ho 0, Mo j 24

! . !
5@ = _BMSUH(ph +BMS81n90h“’U99

1 o,

+ = (U/H( U@é:i' - UIGQU( e:i') a
D P 7 pel] aaj

where D = Up,U!

o — Uny'2 and

qu) =Uyy — poM cosOoHy

UZW =Uyg+ poM,sindy (H,cosp, +H,sing,) ,

Upo=Usgo+ oM (H,sinOgcosqqy -+ Hysinlpsing, + H-cos0y ).
(25)

Introducing these last expressions in the dynamic magnetiza-
tion, we obtain

o ou
my =TT, (26)
to Oay

with the dynamic susceptibility tensor given by

yi = HoM; (sinzf)osinchoU;)U + 6052900052900U;(p
+ % sin29()sin2<p0Uf;¢) )

Yo = ,u;lgf (—sinZ()Osin2<ponm + COSZOOSinzq)oU:W
+sin20y (sinzq)o - 0052@0) U;)q))’

Y13 = _'qusz (% sin20pcospy U, + Sil’leOSin(POUé)(p>7

M2
Yoy = ’UOD s (sinzﬁocoszq.')OUfw + 0052905in2<;50U;)qS

1
-5 sinZHOSianbon;d)) ;
M? 1
Yoz = .UoD s (—EsinZOOSimpoU:M + sin290COS(P0Ué7q;>7
uoM?
Y33 = OD J smzﬁonw, @7
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and
! b ljkl
qmij M2 (MOkylm + MOI/(km) (28)

At this point, a second constitutive equation of the effective
piezomagnetic material needs to be found. Starting from the
definition of the Piola-Kirchoff stress tensor, i.e., Eq. (4),
and of the magnetic-body force, i.e., the second term of the
right hand side of Eq. (1), and, as before, using the method
of the successive approximations, retaining only the first
order dynamic terms, a dynamic stress component can be
defined as

Ouk bz]kl

0 = Cl/kl a M2

(Mogmy + Momy) + poMoioihy. (29)

Introducing in Eq. (29) the expressions (26) of the dynamic
magnetization, the dynamic stress tensor becomes

8uk

bi;
ajj :<Cz/k1+ L (MonqinkﬁMquLkz)) Par

0]‘/[2

bA
+ (;4”;1 (MOnXmI +M0anl) + #()M015’j> hi. 30)

Noting that the factor in front of /4, is nothing else than the
opposite of the piezomagnetic coefficients —¢,; given by

Qi = Gz — HoModij, (1)

we arrive at the piezomagnetic equations

8214,‘ 80’,‘j 8[9,
Po Btz 8aj ’ 8a,- ’ ( )
with
8uk
o = (Ciju + ACy1) 9 qiijhi, (33)
Ouy,
bi = qin—=— da; L Wihy. (34)

Here, the effective magnetic permeability and elastic con-
stants are given by

tir = Bo (it + %ip)s (35)
Ciiy = Cija + ACyu = Ciju + (;]132 (MonGygs + Mondyy)-

(36)

For completeness, all the constants of the effective piezo-
magnetic material, in the considered case of a crystal with
cubic symmetry, are explicitly written as a function of 0,
and @, in Appendix B.

lll. PIEZOMAGNETIC PHONONIC CRYSTAL

In the quasi-static approximation, a magnetic potential
@, from which the magnetic field derives, can be introduced

J. Appl. Phys. 111, 054901 (2012)

= —8¢,,/0a,. (37)

Inserting this magnetic potential in Eqs. (33)—(34), the equiv-
alent piezomagnetic constitutive equations become

Ouy, 0
o = (Cijw + ACijut) —— da, Ly qiij 8<Pm (38)
Buk aqom
b[- = ({ik
Gt 5 ) g ) (39)

This formulation, similar to the one classically used for pie-
zoelectric materials, enables the direct used of the PWE
(Refs. 37 and 38) or FEM (Ref. 39) methods developed for
the calculation of phononic crystal characteristics in piezo-
electric media.

Let us first recall the basic principles of the PWE
method in this case. According to the Bloch-Floquet theo-
rem, the displacement vector and the magnetic potential can
be expanded in infinite Fourier series

t) _ Z u2+68<(')t7k'r76'r>,
Z Ors jot—k.r— Gr)7

where r=(x, y, z) is the vector position, w is the circular fre-
quency, G are the reciprocal lattice vectors, and k is the
wave vector. Moreover, due to the periodicity the material
constants p(r), Cyx/(r), q;(r), and p;(r) are also expanded as
Fourier series

(40)

= age O, (41)
G

Inserting these expansions, Eqgs. (40)—(41), in Egs. (32) and
(38)—(39), using orthogonality property of Fourier series
components and collecting terms, yields the following gener-
alized eigenvalue equation®’

o’RU = T;A; T U, (42)

where U is a vector gathering the Fourier amplitudes of the
generalized displacement u = (uy, U, Uz, ¢,), R, All are
4N x 4N matrix involving only material constants, and I'; are
diagonal matrices involving the wave vector and the Bloch
wave vector. The detailed expressions of all these matrices
are given in Appendix C. By solving Eq. (42) for w as a
function of the wave vector k in the first Brillouin zone of
the considered lattice, the band structures can be calculated.
This system of Eq. (42) can also be rewritten as a function of
o and the wave vector direction, leading to a generalized
eigenvalue problem for the wave vector k. In this case, this
formulation can be used to build the complex band structure

of the phononic crystal.**"

IV. RESULTS AND DISCUSSION
A. Piezomagnetic equivalent material

In order to compare our results to the ones previously
obtained in the literature, we consider piezoelectrically
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stiffened elastic constants, as frequently used in piezoelectric
materials:>?

~ pijlpNqYqki
Cij = le](k[ AL kL L (43)
’ HopnMimMn

where n; are the components of the unit vector in the direc-
tion of wave propagation. These stiffened elastic constants,
as expressed, depend on the propagation direction, and so
cannot be directly used in numerical scheme.

First of all, to validate the obtained results, we consider
the case of the influence of an external magnetic field on the
propagation of a longitudinal wave along the length of a cubic
magnetoelastic rod studied by Eastman.*' The rod is oriented
along the Z axis, and K1 =0 and B,E(; ~ 0 (see Appendix A).
The corresponding stiffened elastic constant Cs3, calculated
from Eq. (43) with n; =n, =0 and n3 = 1, is given by

2 2
Cp=Clh + 18 = 0y + ACy + 132 (44)

33 H33

where from Egs. (31), (35), and (36) the piezomagnetic, per-
meability, and elastic constants are

2B
g3 = — H—lcost%sinzﬁo — UpM;cosOy, (45)
0
fys = Z—Z (Ho + M,sin0,), (46)
4B?
AC33 = — oM IH cos?6ysin0,. 47)
o s 10

Hy=H,+ Hp is the internal magnetic field. Introducing
Egs. (45)—(47) in Eq. (44) we obtain

(2By — ,uOMf)zcosz(%sinz%
1o (M Ho + Mszsinzt%)

Cy3 =Cx — (48)

It corresponds to the classical observation that the sound ve-
locity is always reduced when magnetoelastic effects are pres-
ent, leading to an apparent softening of the relevant elastic
coefficient. The velocity of the corresponding longitudinal
wave is then calculated by ¢; = v/ Cx3 /po- This expression
corresponds to the magnetic field dependent part given in
Table II of Ref. 41. As already pointed out by Eastman,*' the
magnetic body force affects only longitudinal modes and
results in B; appearing in the form (Bi - uOMf,)z for longitu-
dinal wave velocities in place of 31‘2 for shear wave velocities.
Now, we consider the case of a cubic magnetoelastic rod,
as the one that will be used in the phononic crystal (Fig. 1),
with an applied external magnetic field along one of the crys-
tallographic axis. When the magnetic field is applied along Z,
parallel to the rod length, the only non zero permeabilities,
piezomagnetic constants, and elastic constant variations are

M;
)7 Hzz = Hos (49)

Hip = Hao #0( Ho+H,, +H,,

J. Appl. Phys. 111, 054901 (2012)

B,/2
q24 = q15 Ho tHy TH. (50)
B? /4
ACy = ACss = — 2 . (51
“ = A = M Ho + Hoy + H)? O
where H,, = 2K is the anisotropic field, and H,,, = _B
an = LM, p ’ me = 3CoaueM,

is the magnetoelastic field. If the magnetic field is applied
along X or Y, the non zero constants of the effective piezo-
magnetic material are given by Eqgs. (49)—(51), simply apply-
ing an index permutation. Moreover, when the external
magnetic field is applied along the rod axis, i.e., the Z axis,
the static demagnetizing field is equal to zero. In the two
other directions, the static demagnetizing field is in the same
direction as the applied field with an amplitude given by
Hp=—-MJ/2.

The evolutions of the effective elastic coefficients, piezo-
magnetic constants, and magnetic permeabilities for a
Terfenol-D rod as a function of the amplitude of an external
magnetic field applied along the rod axis are displayed on
Fig. 2. The Terfenol-D parameters used in all the calculations
presented in this paper, correspond to the ones of commer-
cially available data: p,=9210 kg/m3, M,=800 kA/m,
K, =4 10° J/m>, By =b;1;1=-2 10" J/m® and B,=4b51»
=—3.456 10® J/m®, and C,; =82 GPa, C;, =40 GPa, and
C44 =48 GPa. As the external magnetic field is applied in the
Z direction, only two elastic coefficients C44 and Css, and two
piezomagnetic constants ¢,4 and g5 display strong variations
as a function of the magnetic field. The order of magnitude of
the predicted transverse elastic coefficient variations are in
good agreement with the ones measured in Terfenol-D.*°
These variations can be quantified as follows. The influence of
magnetoelastic interaction on spectrum of quasiphonon (i.e.,

0 5 10 15 20
H (kOe)

FIG. 2. Evolution of the effective elastic moduli, piezomagnetic constants,
and magnetic permeabilities of a Terfenol-D rod as a function of the static
external magnetic field applied along the rod axis (Z). The effective elastic
and piezomagnetic constants are expressed in Voigt notation.
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hybrid magneto-elastic waves), generally small, is character-
ized by the following dimensionless coupling parameter:>>

{=me (52)

o ’

where wo = y(Ho + Hay + Hpe) is the magnon frequency and
Wme = YH, 1s the magnetoelastic coupling contribution to
the magnon frequency. In a giant magnetostrictive material,
for example, in the Terfenol-D rod sample considered here,
H,.=7.5 kOe, H,,=2.5 kOe, and for Hy=10 kOe, we
obtain { = 0.375 indicating a high magnetoelastic coupling.

The variations of the diagonal terms of the effective
magnetic permeability tensor are also displayed in Fig. 2.

In the considered case of an external magnetic field
applied along the Z axis, the only field dependent stiffened
elastic constants are

= H ‘154”%

Ca =Cyy + ; (53)
U unn? + ppnl + pons

B 2 2

Css = C + Dl (54)

2 2 27
Mgy + ool + Hohy

2
= 47112

C45 = } (55)
[ 1+ Hoahts + pon3

where n=(ny, ny, n3) is a unit vector in the propagation
direction. To calculate the velocities of the three propagating
waves, in a given direction, the following characteristic
equation needs to be solved:>>

det(Ty — poV?) = 0, (56)

where I'yy = Cyynjni is the Christoffel tensor. Considering
elastic waves propagating in the XY plane, i.e., n; =cos @,
n, =sin @ and n; =0 where O is the angle between the prop-
agation direction and the X axis, the characteristics equation
becomes

(T33 = poV?) ((Ti1 = poV?) (To2 = pV?) = T,) =0,
(57)

where

' = Cyicos’® + C44sin2<l)7

Iy = Caucos’® + C“sinzcl)7

I35 = Cs5c08°® + Cysin’® + 2C4s5cosDsind (58)
BY/4

poMs(Ms + Ho + Han + Hye)

=Cy —

Here only the component I'33 of the Christoffel tensor is field
dependent. So, only the decoupled out of plane transverse
mode, with velocity +/I'33/pg, depends on the external
magnetic field. The slowness polar diagrams calculated for
elastic waves propagating in the XY plane, using the effective
piezomagnetic material properties are shown in Fig. 3 for
three increasing values of the amplitude of the external mag-
netic field: 1 kOe (dashed line), 10 kOe (dotted line), and
20 kOe (solid line). In this configuration, only the out of

J. Appl. Phys. 111, 054901 (2012)

T
=
—— ~——
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k,/o (10-4s/m)

FIG. 3. Slowness polar diagram for propagation in a Terfenol-D rod with a
static external magnetic field, applied along the rod axis (Z), of 1 kOe
(dashed line), 10 kOe (dotted line), and 20 kOe (solid line).

plane transverse wave, propagating with the velocity and
with displacement directed along the applied static magnetic
field, is coupled to this magnetic field.

Considering now a magnetic field applied in a direction
perpendicular to the Terfenol-D rod, the evolution of the
parameters of the effective piezomagnetic material as a
function of the amplitude of the external magnetic field are
presented in Fig. 4. In this configuration, elastic waves

1 (10
3
X

FIG. 4. Evolution of the effective elastic moduli, piezomagnetic constants,
and magnetic permeabilities of a Terfenol-D rod as a function of the static
external magnetic field applied along the X axis. The effective elastic and
piezomagnetic constants are expressed in Voigt notation.
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propagating in the XY plane are described by the same char-
acteristics equation, i.e., Eq. (57), with now

Iy = C1|COSZ(D + Cﬁﬁsinz(b,
F22 = CG6COSZ(I) + CHSiHZCD,

_ 59)
I's; = C55COSZCD + C44sin2¢),
[';2 = (C12 + Ces) cos®sin®,
and
- 32/4
Css = Css — 2 , 60
» b :u(JMs(HO + Hun + Hme) ( )
_ BZ/4
Ces = Css — 2/ (61)

ptoMs(Ho + Han + Hpe + M,sin*®) -

Contrary to the previous case, all the Christoffel tensor
components are now field dependent. As shown on Fig. 5,
displaying the slowness polar diagrams for an external field
of 4 kOe (dashed line), 10 kOe (dotted line), and 20 kOe
(solid line), this leads to the fact that all the modes are now
affected by the magnetic field, even if the influence on the
quasi-longitudinal mode is still low.

Moreover, the induced velocities variations of the trans-
verse waves, both in plane and out of plane, become very
large for propagation in the X direction, due to the presence
of a magnetic spin reorientation transition (SRT). It is well
known that the magnetoelastic coupling can become signifi-
cant near a SRT if the magnetic mode of frequency w, that
interacts with the sound is a soft mode, i.e., a mode with
W= Wpe at the SRT, leading to { =1 at the transition. Start-
ing from a high amplitude, around 20 kOe, external magnetic
field oriented along the X axis, and then decreasing its ampli-
tude, the ground state My//H,.//X is stable under the
condition:*?

10t

ky/o (10-4s/m)

-10¢t

k,/o (10-4s/m)

FIG. 5. Slowness polar diagram for propagation in a Terfenol-D rod with a
static external magnetic field, applied along the X axis, of 4 kOe (dashed
line), 10 kOe (dotted line), and 20 kOe (solid line).
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2K
HoM;s

+Hy=H,, + Hy 207 (62)

where K7 is given by Eq. (21). At the SRT, i.e.,, when
H,, +Hy=0 or H,, = —H,, — Hp, the equilibrium state
suddenly changes, as shown on Fig. 6. Note that ¢y =0 for
all values of the external applied field. For the considered
Terfenol-D sample, the SRT corresponds to H,,, =2.56 kOe.
Close to the SRT, e.g.. for H,,=4 kOe, for a propagation
along the external magnetic field direction (® = 0), the
phase velocity of the transverse waves, ¢; = \/Css/p,, tends
to zero. In the other hand, when the propagation is perpen-
dicular to the external field direction, only the in plane trans-
verse wave velocity shows a slight variation as a function of
the magnetic field amplitude. The difference between these
two cases arises from the existence of a dynamic dipole field
h = Msin*® created by the magnetoelastic waves propaga-
tion. As shown in Eq. (61), when k // M, // X the dynamic
dipole field h becomes zero. But with increasing angle
between k and M, the dipole field increases up to M, when
k becomes perpendicular to M. This field is added to the
static demagnetizing field leading to

Hme
(HO + Ms + Han + Hme) ’

(= (63)

and the magnetoelastic coupling parameter decreases even at
SRT where {srt ~ 0.43 for Terfenol-D. So the long-range
dipole interaction can considerably weaken the magnetoelas-
tic coupling at the SRT for waves propagating in an arbitrary
direction.

To conclude this part, we consider the results obtained
in the rotationally invariant theory,32 when the external mag-
netic field is applied along the Z axis. The term B, in the field
dependent variations of the stiffened elastic constant Cu is
replaced by B, + K1,,,, where

BB,
Kipe =K ——F—.
: : 4(Cy1 — Cr2)
35
3 SRT
~ 25} /
-3
S o
S’
& 15} I
£ 1 |
| 2.56 kOe
0.5}
|
0 1
0 2 ! 1 6 8 10
H (kOe)

FIG. 6. (Color online) Evolution of the equilibrium state (6o, ¢o) for an
external static magnetic field of decreasing amplitude applied along the X
axis: 0y solid line and ¢, dashed line. A spin reorientation transition (SRT)
appears at H,,, =2.56 kOe.
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The = sign depends on the wave propagation direction
k:+if k 1My and - if k // M. In the considered case of
Terfenol-D rod, K1, ~ 3.59 x 107 J/m® is negligible in com-
parison with B, ~ 3.456 x 10® J/m>. This last point justifies
our choice to neglect the effects introduced by the considera-
tion of the complete rotationally invariant theory.

B. Piezomagnetic phononic crystal

We study now the influence of the introduction of a mag-
netoelastic medium on the properties of phononic crystals.
The calculations have been made for square and triangular lat-
tices of Terfenol-D square rods of section d =1 mm embed-
ded in an epoxy matrix. The matrix is constituted of epoxy
resin, considered as isotropic and with the following parame-
ters: po= 1142 kg/m’, C;; =7.54 GPa, and Cy, = 1.48 GPa.
441 plane waves have been used in the PWE calculation of
the band structure. Comparison with FEM results has con-
firmed the convergence of the Fourier series.

The demagnetizing field depends only on the magnetiza-
tion and the geometrical shape of the sample. Up to now, the
demagnetizing contribution, as described by Egs. (16) and
(19), has been calculated for an isolated rod of infinite
length. At this point, it becomes important to estimate the
influence of the magnetostatic fields of the surrounding mag-
netoelastic rods on the demagnetizing field, when the pho-
nonic crystal is constructed. In fact, it has been demonstrated
by Ignatchenko er al.>? that the average magnetostatic field
inside a rod in a periodic arrangement of infinitely long
square rods is

~~
g/
e
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=
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—~ 0.2f RARTROC 2 oes k1 o R
a "o, | e
0 ( .) . 0g[ge A L M
M Y T X M e
1
g 0-8 / "““. ."“.' o
—
e
Q
=
2
jon
&)
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&

FIG. 7. (Color online) Band structure of a square lattice of Terfenol-D
square rods with a filling factor f= (d/a)* = 0.35, embedded in an epoxy ma-
trix for two applied static magnetic fields along the rod axis Z: (a) H,,, =3
kOe and (b) H,,, = 10 kOe.
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—M,

(Hp) = 3

(1—=1), (64)

where f'is the filling factor. This equation is also valid for a
periodic array of magnetoelastic rods embedded in a non
magnetic matrix. So the demagnetizing field is decreased by
a factor (1 —f) in the phononic crystal configuration in com-
parison to an isolated rod. This shifts the value of the exter-
nal magnetic field corresponding to the SRT by a factor of
—f M,/2. Moreover, it can be shown that even in the real case
where the rods have a finite length %, Eq. (64) remains a very
good approximation as soon as //a ~ 1.5, where a is the lat-
tice period.>* When My, // Z, where Z is along the rod length,
the neighboring square rods have no influence, and the
demagnetizing field remains equal to zero.

1. Square lattice phononic crystals

We study the evolution of the band structure of square
lattice phononic crystals, as a function of the amplitude and
the orientation of the external magnetic field, induced by the
variations of the effective parameters of the Terfenol-D rods
shown in Figs. 2-5. The band structures displayed in Fig. 7
give a typical example of the magnetic field influence when
applied along the rod axis. With a filling factor f= (d/a)*
=0.35 and an applied field H,,, = 3 kOe, the phononic crystal
possesses an absolute bandgap in the 0—1 MHz frequency

0.8 ol
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027 i
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0.8}
0‘6>‘

0.4r 1
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0.2r 1
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00 _;) llO 1|5 20

H (kOe)

Frequency (MHz)

FIG. 8. Evolution of the absolute elastic band gaps of a square lattice of
Terfenol D square rods embedded in an epoxy matrix as a function of the
amplitude of the applied static external magnetic field along the rod axis Z,
for a filling factor (a) f=0.35 and (b) f=0.5.



054901-10 Bou Matar et al.

[T
2| -
=
< o6t ]
5 ] ’

(&)
5
0.4} ]
2.
(0]
i
= 02} ]
0 L 1 1
5 10 15 20
H (kOe)

FIG. 9. Evolution of the absolute elastic band gaps of a square lattice of
Terfenol-D square rods with a filling factor f=0.5, embedded in an epoxy
matrix, as a function of the amplitude of the applied static external magnetic
field along the X axis perpendicular to the rod axis.

range, as shown in Fig. 7(a). When the external field is
increased to 10 kOe, a second absolute bandgap, ranging from
approximately 0.76 to 0.8 MHz, appears (Fig. 7(b)). More-
over, the frequency range of the first absolute band gap is
slightly increased. More precisely, the application of a mag-
netic field with an amplitude higher than 6 kOe increases the
bandwidth of the bandgap, and opens a second one in the 0-1
MHz frequency range, as shown in Fig. 8(a). So, elastic waves
are evanescent waves in this phononic crystal at 0.8 MHz
when the field becomes higher than 6 kOe. When the filling
factor is increased to 0.5, as shown in Fig. 8(b), the process is
inverted: The second absolute band gap disappears when the
amplitude of the external magnetic field is increased. In both
cases, the phononic crystal behaves as a switch controlled
without any contact by an external applied magnetic field.
Nevertheless, in this case, where the magnetic field is applied
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FIG. 11. Band structure of a triangular lattice of Terfenol-D square rods
with a filling factor f= (d/a)* =0.35, embedded in an epoxy matrix for two
applied static magnetic fields along the rod axis Z: (a) H,,, =3 kOe and (b)
H,,=10kOe.

along the rod axis, the band gap width variation remains lower
than 25%. Moreover, a careful look at the band structures of
Fig. 7 has shown that only modes polarized along Z are
coupled to the external field.”’
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FIG. 10. (Color online) Band structure of a square lattice of Terfenol-D square rods with a filling factor f= (d/a)> = 0.35, embedded in an epoxy matrix for an
applied static magnetic field H,,, = 10 kOe (a) along the rod axis Z and (b) along the X axis, perpendicular to the rod axis. The inset shows the irreducible Bril-
louin zone of the square array. The dashed ellipses highlight the strong anisotropy induced by the external static magnetic field.
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When the magnetic field is applied perpendicularly to
the Terfenol-D rod axis, the absolute band gap evolution dis-
played in Fig. 9 shows more important variations than in the
previous considered case where the magnetic field was along
the rod axis. This can be directly linked to the SRT described
in the preceding section. The calculations have been made
for decreasing external magnetic field amplitude down to
4 kOe, not too close to the SRT. Indeed, below and close to
the SRT, the used assumption of uniformerly oriented mag-
netization becomes doubtful.

In the previous examples, the band structure modifica-
tions were obtained by varying the amplitude of the applied
magnetic field. Another way to induce such modifications is
by changing the field direction, keeping the amplitude con-
stant. As shown in Fig. 10, the band structure of a square
lattice of Terfenol-D square rods embedded in an epoxy
matrix with a filling factor f=0.35 can become strongly
anisotropic only by switching the direction of the applied
field from the Z axis to the X axis, as highlighted by the
dashed ellipses. Indeed, it has been demonstrated in Sec. IV
A that close to the SRT the elastic behavior of the magne-
toelastic medium becomes highly anisotropic, due to the
dynamic dipole field.
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FIG. 12. Evolution of the absolute elastic band gaps of a triangular lattice of
Terfenol D square rods embedded in an epoxy matrix as a function of the
amplitude of the applied static external magnetic field along the rod axis Z,
for a filling factor (a) f=0.35 and (b) f=0.5.
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2. Triangular lattice phononic crystals

We study now the evolution of the band structure of tri-
angular lattice phononic crystals, along the contours of the
first irreducible Brillouin zone, as a function of the amplitude
of an external magnetic field applied along the rod axis. As
for square lattice case, the band structure of a triangular lat-
tice of Terfenol-D square rods, with a filling factor of 0.35,
embedded in an epoxy matrix is considerably modified when
the amplitude H,,, is changed from 3 kOe to 10 kOe, as
shown in Fig. 11. Here, in the 0 to 1 MHz frequency range,
only one absolute bandgap appears, and its width increases
with the external magnetic field amplitude. Comparatively to
the square lattice case, this band gap width increase is larger,
here, for a triangular lattice.

Figure 12 displays the evolution of the absolute band
gaps, for the same triangular lattice magnetoelastic phononic
crystal, as a function of the amplitude of the applied external
field along the rod axis for two filling factor 0.35 (a) and 0.5
(b). Here, for both filling factors the second absolute band
gap disappears when the amplitude of the external magnetic
field is increased, even if the closing amplitude is consider-
ably higher, 16 kOe in place of 3 kOe, when f=0.5. More-
over, the increase of the width of the first absolute band gap
with the external magnetic field amplitude is largely higher
for triangular lattices than for square ones. For example,
when f= 0.5 the width of the first gap, ranging from approxi-
mately 0.52 to 0.59 MHz when H,,,=1 kOe, is multiplied
by a factor of 5 when the magnetic field is increased up to 20
kOe (where the gap ranges from 0.52 to 0.89 MHz). These
variations are in the same order of magnitude as the ones
obtained in the case of the square lattice magnetoelastic pho-
nonic crystal, considered in the previous paragraph, when we
are close to a SRT.

V. CONCLUSION

We have demonstrated the feasibility of tuning the band
structure of a magnetoelastic phononic crystal constituted of
rods of magnetoelastic material embedded in an epoxy matrix
by applying an external magnetic field. Indeed, the elastic
properties of magneto-elastic material are very sensitive to its
magnetic state and on the applied magnetic field. For instance,
in giant magnetostrictive material, such as Terfenol-D, we
have shown that this dependence can lead to more than 50%
variation of some of the elastic constants. Moreover, the use
of giant magnetostriction is not the only means to obtain large
elastic properties variations in magnetic materials, and we
have also considered spin-reorientation phase transitions
effects. In both cases, band structures have been calculated
with a plane wave expansion method that accounts for cou-
pling between the elastic behavior and the magnetic field
through the development of an equivalent piezomagnetic ma-
terial of a polarized ferromagnet, with elastic, piezomagnetic,
and magnetic permeability effective tensors. The introduction
of a magnetoelastic constituent opens the possibility of easy
controllability of the properties of a phononic crystal without
any contact. More specifically one can achieve additional
functionalities such as the switching of transmission in a
defined frequency range.
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APPENDIX A: EQUILIBRIUM STRAINS

The equilibrium strains Eg, obtained by minimization of

the energy Uy, can be shown to be*’

E?l = —hloz?z + C = —hysin®Oycos’ @, + C,
ES, = —hoy* + C = —hysin*Ogsin* @, + C,

EY}y = —ho* + C = —hjcos*0 + C,

h
ESy = —hyodo = — Ezsin20()sin(po,
0 0.0 hy .
Ely = —hyojoy = —7sm200005(p0,
0 0.0 hy . 5
E}, = —hyojo5 = —?sm Oosin2¢,),
where
B
hl = ! )
Cii—Cpp
B
h2 = 2 )
4Cy4
and
BiCp»

(C11 —Ci2) (C11 +2C1a)

APPENDIX B: EFFECTIVE CONSTANTS

(A)

(A2)

(A3)

(A4)

(A5)

(A6)

(A7)

(A8)

(A9)

The effective magnetic permeability p,;, piezomagnetic
coupling coefficient ¢;;, and elastic constant correction ACy ;
for a cubic system are given in Voigt notation (where i,

j=1,2,3and/l,J=1,2,... 6) by:
ty = po(1+ 211)
Hi2 = HoZ12
Mz = HoZ13
Hoo = Ho(1+ 222)
Haz = HoZ23

H33 = to(1 + 133)

2B . .
G =~ sinfpcos@gy i, — HoMssinOpcos
s
2By ., . .
G2 =, sinfysingg 1, — UM sindycosep,
s
2B,

a1 =, cosloy 1z — UeMsindpcosg,

N
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By . .
qia = —ZMS(smGosm(pOxB + cosboyis)
B2 Gino + costoyy,)
=— sinfycos ) cos
q15 M, 0COSPo 713 0X11
By . o
q16 = —57—(sinfocospyy 1, + sinfosinggy;; ),
2M
2B, . . .
Q1 =, sinfycos@gyia — HoMssindypsing,
N
2B, . . . .
9 =4, sinfpsingg ).y — LoMssinlgsing,
N
2B, . .
93 =~ cosloyaz — UoMssinOpsing,

s

B
Gos = _2A/21 (sinfpsingg a3 + c0slpya,),

s

By .
G5 = —2Ms(s1n0()cosgooxz3 +costoyya),
B, . . .
Gr6 = — (sinfpcos@q 2y + sinbosinggy;,),
2M;
2B, .
a31="—77 sinflcos g3 — HoM;cosby,
N
2B, . .
Gz = ————sinfpsingg 3 — toMscosly,
M
2B
g3 = —M100890133 — poM;cosby,

N

2 (sinfpsinggy33 + cosloyas),

q34 = —

2M
By .
q3s5 = —ZMS(SIHOOCOS%X% +cosloyy3)s
G36 = —=— (sinfgcos@g a3 + sinbosingq 3 ),

2M

4B?
AC = ——Lsin*0ycos’ 11,
M3
4B?
AC1, = ———Isin®Ogcosggsingg 12,
MS
4B?
ACy; = —M—zlcoseosineocosqooxlsa
s

BB,
ACyy = —

2

BB, . .
ACys = —%sm@ocosq)o(smﬁocosgooxm + cosloyyy)s
N

BB,
ACig = —

sinfycos @ (sinfpsinggy 3 + cosboyiz),

sinfycos @y (sinfocos@yy i, + sindpsinggy;,),
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)
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—>=sinfpsingg (sinfocos@g oz + cosoyis),
N
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ACye = —A}—;sinﬁosinq)o(sin@ocosq)o;(zz + sinfpsinggy;2),

s

2

4B
ACs33 = —ﬁcos@%xg,

N

B, L
l—zcosﬁo(sm@osm%xB + cosfoya3),
N

AC3y = —

BB, .
AC3s5 = —WCOSGO(SIHGOCOS(/D()X:{; + cosboyi3),

S

182 . S
Wcosﬁo(sm%coypoxm + sinfpsinggy;3),
N

AC36 = —

2

4M2(sm20051n ®o33 + 08”0012

ACyy =

+ 2cosbysinbosingg a3 ),

2
Cam?

+ cosbpsinbycos @y y,s + costysinbpsingy,3),

ACys = ——2(sin*0gcos@ysingg 33 + cos2 0o 1,

2
Cam? pyvel

+ cosbsinbycos @y, + cosbysindpsingy,),

ACy = sin 90005(p0s1n(p0 A2z + sin 20ysin’ PoX13

B .
_—A;Z(SIHZHOCOSZ(PoXﬁ + cos?0oyy
s

ACss =

+ 2cosbysinfocospg 3 ),
BZ
Rz
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2

B3
ACgs = 4M2(sm200005 P02 + sin*0pcos> oy,

+ 2sin? Bosinpycospyy i),

where the components of the susceptibility tensor y; are
given by Egs. (27) with
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Upy= oM (Hxsinﬁocosq)o +H,sin0ysing, +HZC0S9())
+K, (2005490 + 3sin22(p00052 0psin®0y — sin22(posin4 60)
+2B (EY,cos20ycos’ ¢, +E3,cos20,sin’ @,
—E(3)3cos200) +B; (E?zcos20()sin2(po - 2Eg3 sin20psing,

—2EY, sin290005(p0) , (B1)

U, =HtoM; (H,sinfycosqq + H,sinfysingy)
+ 2K, (sin49000s4q)0)
+ 2By (—E,sin*Opcos2¢, + E9,sin*0ycos2¢;)
— B> (2EY,sin*Oysin2¢, + E55sinfycosbosing,

+EY, sinfpcostycosgy), (B2)

Uy, =toM, (HycosOosingy — HycosOocosp,)

+ 2K, (sin3 Oocoslysindgp,)

+ By (—EY,sin20psin2¢, + E9,sin20,sin2¢y)
+ Bz( 251n2000052(p0 +E° 3€0820pc0s @

—FE] 300520051n(p0) . (B3)

APPENDIX C: MATRICES ELEMENTS

The elements of matrices used in the generalized eigen-
value equation, Eq. (42), are

1_m I_~N
Ay AT A
2l 2N
AT A A
i=1 o @
N _ 1 N_ 2
AGOAGT A
Polp PG -clp pei—cvlp
3 pc-glpy  Polp PG2-cvlp
R = ;o (€Y
pev-clp  Pov-clp Polp
(ki +G}) 14 0
0 (ki-l-Gl-z) Iy
Fi: )
0 0 (ki +GY) 14

(C3)

where  AF(j, k) Cch;kl’ AG 3, 4) = ‘111,’ AG(4, k) = g5,
AG(4, 4) = — G with (j, k) e [1,3].
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