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A two-dimensional, solid/solid phononic crystal (PC) comprised a square array of steel cylinders in

epoxy is shown to perform a variety of spectral, wave vector, and phase-space functions. Over a

range of operating frequencies, the PC’s elastic band structure shows uniquely shaped

equifrequency contours that are only accessible to excitations of longitudinal polarization. Under

this condition, the PC is shown to behave as (1) an acoustic wave collimator, (2) a defect-less wave

guide, (3) a directional source for elastic waves, (4) an acoustic beam splitter, (5) a phase-control

device, and (6) a k-space multiplexer. Wave vector diagrams and finite-difference time-domain

simulations are employed to authenticate the above mentioned capabilities. VC 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4739264]

I. INTRODUCTION

Composite structures comprised periodic arrangements of

scatterers embedded in a host matrix material can strongly

affect the propagation of classical waves such as electromag-

netic waves, acoustic waves, and elastic waves. Composite

materials that modulate the propagation characteristics of elec-

tromagnetic waves are classified as photonic crystals, whereas

the term phononic crystal (PC) describes composites affecting

acoustic wave propagation or elastic wave propagation. Since

the first demonstration of a photonic crystal in 1987 (Ref. 1)

(and subsequent demonstrations of PCs years later), the study

of periodic media has exploded with popularity.

PCs come in one-dimensional (1D), two-dimensional

(2D), and three-dimensional (3D) forms. 1D PCs consist of

alternating layers or stacks of different elastic materials. 2D

PCs are comprised periodic arrays of rod-like inclusions of

one elastic material dispersed throughout a host matrix me-

dium of a different elastic material. 3D PCs utilize lattice

arrangements (simple cubic, body-centered cubic, face-

centered cubic) of elastic scatterers of various geometries

(spheres, cubes, etc.) dispersed throughout a dissimmilar

host matrix material. The periodic nature of PCs allows for

the modification of phonon dispersion via Bragg scattering,

multiple scattering processes, and/or local resonances and

offers a variety of properties such as spectral properties (x-

space), wave vector properties (k-space), and phase proper-

ties (u-space).

Spectral properties result from gaps in the transmission

spectra for stopping phonons. Sigalas and Economou first

proved the existence of frequency gaps in the density of state

and band structure for acoustic and elastic waves in the early

1990s.2,3 Shortly after, the first full band structure calcula-

tion for vibrations of transverse polarization in a 2D, peri-

odic elastic composite was reported.4 In 2001, experimental

and theoretical efforts demonstrated an absolute band gap for

a 2D, solid/solid PC.5 These findings led to the design of

PCs with specific x-space functions. For example, a PC with

a channel of missing inclusions was shown to act as a wave-

guide to acoustic signals with frequency in the acoustic band

gap.6 Additionally, it was shown that a row of missing inclu-

sions in a 2D PC can couple to an acoustic wave source to

yield a resonant cavity capable of directing and amplifying

acoustic energy.7–11 Moreover, by exploiting narrow passing

bands, PCs were designed to filter broadband acoustic

signals.12,13

Wave vector properties result from passing bands with

unique refractive characteristics, such as negative refraction

or zero-angle refraction. Negative refraction is achieved

when the wave group velocity (the direction of propagation

of energy) is antiparallel to the wave vector. Bragg scattering

in PCs results in band-folding whereby several bands with

negative slope are produced, a prerequisite for negative

refraction. A combined theoretical and experimental study of

a 3D PC composed of tungsten carbide beads in water has

shown the existence of a strongly anisotropic band with neg-

ative refraction.13,14 A 2D PC constituted of a triangular lat-

tice of steel rods immersed in a liquid exhibited negative

refraction and was used to focus ultrasound.15,16 High fidel-

ity imaging is obtained when all-angle negative refraction

conditions are met, that is, the equifrequency contour (EFC)

of the PC is circular and matches the EFC of the medium in

which it is embedded. A flat lens of this design achieved fo-

cusing and subwavelength imaging of acoustic waves.17 A

broader range of unusual refractive properties was also

reported in a study of a PC consisting of a square array of cy-

lindrical polyvinylchloride inclusions in air.18 This crystal

exhibits positive, negative, or zero refraction depending on

the angle of the incident acoustic beam. Zero-angle refrac-

tion can lead to wave guiding/localization without defects.

The unusual refraction in this crystal is highly anisotropic

due to the square-like shape of its EFCs.

The extension of PC properties beyond x-space and

k-space and into the realm of acoustic wave phase-space
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(u-space) has recently been reported.19–21 The concept of

phase-control between propagating acoustic waves in a PC

can be realized through analysis of its band structure and

EFCs.19,20 The dominant mechanisms behind the control of

phase between propagating acoustic waves in 2D PCs arises

from the anisotropy of the EFC, giving rise to non-collinear

wave and group velocity vectors.

In this paper, we present a multifunctional 2D, solid/

solid PC comprised a square array of steel cylinders in ep-

oxy. In utilizing the spectral, wave vector, and phase proper-

ties, this PC exemplifies, we demonstrate the epoxy/steel PC

behaving as (1) an acoustic wave collimator, (2) a defect-less

wave guide, (3) a directional source for elastic waves, (4) an

acoustic beam splitter, (5) a phase-control device, and (6) a

k-space multiplexer. These capabilities highlight the unique

ability of the PC to operate in x-space, k-space, and u-space.

In Sec. II of this report, the epoxy/steel PC is described along

with the models and numerical methods used to characterize

its properties. In Sec. III, with wave vector diagrams and

finite-difference time-domain (FDTD) simulations, we

explain and demonstrate the above mentioned x-space, k-

space, and u-space capabilities of the PC. Finally in Sec. IV,

conclusions are drawn from the study.

II. MODEL AND NUMERICAL METHODS

The PC is a 2D composite structure consisting of a

square array of steel inclusions (cylinders) embedded in a

host matrix of epoxy. The spacing between the cylinders (of

radius r¼ 1.00 mm) is a¼ 3.23 mm, owing to an inclusion

filling fraction of 30%. The density, longitudinal speed of

sound, and transverse speed of sound for epoxy are 1180 kg/

m3, 2535 m/s, and 1157 m/s, respectively. For steel, the pa-

rameters are 7780 kg/m3, 5825 m/s, and 3227 m/s.

Spectral and wave vector properties for the infinite, peri-

odic PC are evaluated using the plane wave expansion

(PWE) method.3 Spectral, wave vector, and phase properties

for a finite slab of the PC are evaluated using the FDTD

method.22 For FDTD analysis, the PC slab is sandwiched

between two homogeneous regions of material.

The elastic band structure and EFCs for the infinite, per-

iodic PC are constructed using the PWE method. This nu-

merical scheme replaces the elastic wave equation with an

eigenvalue problem by taking the Fourier expansion of the

elastic displacement field (and of the physical parameters of

the constituent materials) along reciprocal lattice vectors.

441 reciprocal space vectors were utilized to ensure conver-

gence of the method. The PWE rendering of the elastic band

structure (band gap frequency range) is consistent with the

transmission spectra found by the FDTD method to within a

few kHz. Figure 1(a) shows the band structure of the infinite,

periodic PC along the edges of the irreducible Brillouin zone

(BZ). Only XY modes (vibrational modes with wave vector

and displacement field belonging to the plane perpendicular

to the inclusions) are reported. An absolute band gap is

observed between 238 and 410 kHz. From 540 to 620 kHz,

we observe a passing band with negative slope. Figure 1(b)

shows the EFCs corresponding to this frequency range. The

EFCs are centered on the C-point and have symmetry

consistent with the ordering of the steel inclusions (square-

like). In this frequency range, the near-perfect flatness of the

sides of these square-like contours makes this PC unique

because multiple Bloch waves exist with identical group

velocity vectors. This feature is strongly exploited in later

x-space, k-space, and u-space demonstrations involving

acoustic wave collimation and phase manipulation of acous-

tic waves. In addition to their favorable shape, the EFCs are

strictly accessible to excitations of longitudinal polarization

(the 7th band in Figure 1(a) corresponds to a longitudinal,

elastic mode). This is a unique and fortunate consequence

because analyzing wave propagation in solids is typically

difficult due to the fact that propagative modes of longitudi-

nal polarization are superposed over propagative modes of

transverse polarization. Discovering the conditions that

determine the relative phase between propagating elastic

waves in the epoxy/steel PC is straightforward when the

modes of vibration are decoupled. In slightly more complex

scenarios (circumstances where longitudinal and transverse

modes simultaneously exist), the conditions for phase manip-

ulation of acoustic/elastic waves can be revealed as well.

FIG. 1. (a) Band structure of the infinite, periodic epoxy/steel PC along high

symmetry directions in the first BZ. (b) EFCs for epoxy/steel PC correspond-

ing to the 7th band in (a). Collimating properties and zero-angle refraction

are associated with the flatness of the sides of these square-like contours.
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FDTD simulations shed light on several capabilities of

the PC. In the FDTD method, a simulation space is con-

structed of a grid of mesh points. Each mesh point represents

a material and is associated with a density and certain set of

material specific elastic parameters. Large FDTD simulation

meshes can be designed to model intricate, bulk systems by

appropriately defining each mesh point with the correct ma-

terial parameters. Specifically for this study, the FDTD grid

will be designed to model a 2D slab of the epoxy/steel PC

sandwiched between two regions of homogeneous material.

The homogeneous regions may be solid or fluid. To use the

FDTD method to simulate fluids, one approximates the fluid

as a solid with transverse speed of sound (ct) set equal to

zero (C44¼qct
2¼ 0). Over the entire FDTD grid, the elastic

wave equation is discretized in time and space. Equation (1)

shows a balance of linear momentum for a material without

the addition of a body force term. um is the mth component

of the displacement vector u(r), rmk are the elements of the

stress tensor and q(r) is density. The stress-strain relationship

for an isotropic, linear elastic material is shown by Eq. (2).

k(r) and l(r) are the so-called Lam�e coefficients, e represents

the strain tensor, and dmk is Kronecker’s delta. The compo-

nents of the strain tensor in Eq. (2) are related to the compo-

nents of the displacement field by Eq. (3)

@2um

@t2
¼ 1

q
@rmk

@xk
; (1)

rmk ¼ kdmkejj þ 2lemk; (2)

emk ¼
1

2

@um

@xk
þ @uk

@xm

� �
: (3)

FDTD simulations are run for times between 0.1 and 0.5 ms

with temporal discretization Dt¼ 1.96� 10�9 s and spatial

discretization Dx¼Dy¼ a/50. At each time step, from spa-

tial derivatives, the divergence of the stress tensor is calcu-

lated which allows for the iterative update of the

displacement field. To perturb the FDTD mesh at each time

step, a wave emitting source is placed somewhere on the

FDTD grid. The source consists of a line of grid points that

are displaced orthogonally with respect to the source line

sinusoidally in time. To close the simulation space along the

mesh edge, first order Mur absorbing boundary conditions

are employed to avoid wave reflections.23 To characterize

wave propagation in solid regions, we report FDTD displace-

ment fields to differentiate between longitudinal and trans-

verse waves. To characterize wave propagation in fluid

regions, we introduce two scalar metrics, subsequently

referred to as pressure (P) and average pressure (P0). From

Eq. (2), P is defined as minus the trace of the stress tensor.

An instantaneous pressure field for a given FDTD simulation

is found by calculating P over all grid points in the FDTD

mesh at one time step. We define P0 as the time average of

the absolute value of P over some time interval

P ¼ �
�
ðkþ 2lÞe11 þ ke22 þ ke11 þ ðkþ 2lÞe22

�
;

P0 ¼ 1

T

ðtoþT

to

jPðt0Þj dt0:

For this study the time interval is the period (T) of one wave

cycle from the oscillating line source in the FDTD simula-

tion mesh. P0 is useful because it assigns a scalar value to the

temporal evolution of pressure at a given point in the FDTD

mesh. P0 is used to characterize phase relationships between

propagating acoustic waves.

III. RESULTS

A. Zero-angle refraction, defect-less waveguiding, and
a directional source for elastic waves

Due to the square-like shape of its EFCs, the epoxy/steel

PC exhibits exceptional k-space features between 540 and

620 kHz. Collimating properties and zero-angle refraction

are associated with the flatness of the sides of these square-

like contours. To demonstrate these properties, we utilize a

series of wave vector diagrams and FDTD simulations. To

begin with, we direct the reader to Figure 2 to outline the

configuration used in our first FDTD demonstration. Figures

such as this are particularly helpful for understanding wave

FIG. 2. (Center) An extended zone scheme representa-

tion of the first BZ for the epoxy/steel PC at 590 kHz.

(Left) A circular EFC representing acoustic waves in

ether. (Right) Two circular EFCs representing longitu-

dinal, elastic and transverse, elastic waves in epoxy. Im-

pinging wave vector CA excites periodic Bloch modes

(CF, CG, and CH) in the PC k-space. These modes

coincide with four excitations in homogeneous epoxy:

one longitudinal (CB) and three transverse (CC, CD,

and CE).
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propagation through PCs. The scheme described in Section

II applies to this figure—a slab of the epoxy/steel PC is sand-

wiched between two regions of homogeneous material, an

entrance region and an exit region. Generally, the figure

describes a wave launched from some entrance medium at

the PC surface. The wave propagates through the PC and

exits into some exit medium. Pictured in the center of

Figure 2 is an extended zone scheme representation of the

PC’s first BZ with square-like EFCs corresponding to

590 kHz waves. The irreducible BZ (CXM) matches that

shown in Figure 1(a). On the left, we see an EFC represent-

ing acoustic waves in ether. On the right, we see two EFCs

describing longitudinal, elastic waves, and transverse, elastic

waves in epoxy. Figure 2 specifically shows (1) how travel-

ing waves refract at different interfaces (e.g., the ether-PC

interface and the PC-epoxy interface) and (2) how propaga-

tive longitudinal modes convert into propagative transverse

modes. Consider an acoustic wave in ether impinging upon

the PC surface with wave vector CA (Figure 2). Ether is cho-

sen as the entrance medium due to its much lower longitudi-

nal speed of sound compared to epoxy (cL,ether¼ 985 m/s).

At the interface between ether k-space and the PC k-space, the

ky component of CA is conserved. Several Bloch waves with

this wave vector component (plus/minus multiple translations

of a reciprocal lattice vector) are excited in the PC k-space.

These modes are longitudinal, elastic modes, and are detailed

in Figure 2 with wave vectors CF, CG, and CH. The arrows

orthogonal to the square-like EFCs represent group velocity

vectors (blue arrows in Figure 2). The incident wave propa-

gates from the left to the right in the PC with energy following

a path consistent with the group velocity vector. At the bound-

ary between the PC and the exit medium (epoxy), the ky com-

ponent of each excited Bloch wave vector in the PC is

conserved again. This excites specific modes in the epoxy me-

dium: one longitudinal (CB) and three transverse (CC, CD,

and CE). The longitudinal mode and transverse mode (CD)

leave the PC with phase and group velocity vectors perpendic-

ular to the PC-epoxy interface (zero-angle refraction). The CC

and CE transverse modes represent negative and positive

refraction, respectively, at the PC-epoxy interface. From here,

we desire to characterize the waves leaving the backside of

the PC with FDTD displacement field calculations. Figures

3(a) and 3(b) show the ux and uy displacement fields, respec-

tively, for a 590 kHz acoustic wave in ether impinging upon

the epoxy/steel PC surface. The ether-PC interface (ether on

left, PC on right) occurs at the 45 mm mark along the horizon-

tal axis of Figures 3(a) and 3(b). The PC-epoxy interface

occurs at the 105 mm mark. The acoustic wave enters the mid-

dle of the PC at an incidence angle corresponding to �32�.
We observe zero-angle refraction of the wave at the ether-PC

interface, which is consistent with the direction of the group

velocity vectors in Figure 2. Inside the PC, wave energy is

spatially restricted to a well-defined volume. At the interface

between the PC and epoxy, we observe three exiting modes

consistent with the wave vectors CB, CC, and CE of Figure 2.

The ux displacement field in Figure 3(a) indicates two trans-

verse waves leaving the back side of the PC at �38� and

þ38� (wave vectors CC and CE, respectively). The uy dis-

placement field in Figure 3(b) shows an additional exiting

wave, longitudinal mode CB leaving at 0�. The longitudinal

mode is more intense than the two transverse waves; this is

strictly due to mode conversion at the PC-epoxy interface. In

the case of the third transverse mode (CD of Figure 2), longi-

tudinal-to-transverse mode conversion at the PC-epoxy inter-

face is weak, therefore, we observe zero transmission for CD

in Figure 3(a). To remark on the abilities of the epoxy/steel

PC, we call attention to fact that zero-angle refraction is

observed at two distinct interfaces (the ether-PC interface and

the PC-epoxy interface) for propagating waves of longitudinal

polarization. This unusual happening allows input acoustic

signals in ether to be maintained throughout the PC and exit

epoxy medium. Behavior similar to this occurs for several im-

pinging acoustic waves within a wide solid angle. For

590 kHz impinging acoustic waves in ether, the epoxy/steel

PC collimates waves with the following incidence angles:

�38� to �25�, �5.5� to þ5.5�, þ25� to þ38�. These acoustic

waves undergo zero-angle refraction at the ether-PC interface

and convert into longitudinal, elastic modes in the exit epoxy

medium. Impinging waves with angles outside, these limits

will either be positively/negatively refracted due to curvature

of the EFC or will undergo total-reflection at the ether-PC

interface.

We elaborate on the capacity of the epoxy/steel PC to

spatially restrict wave energy by comparing the previous

scheme to a PC waveguide structure. PC waveguides are fun-

damentally perfect structures for controlling wave travel

because propagating waves can only couple to accessible

waveguide modes. This spatially restricts wave energy to the

channel of defects in the PC waveguide. The waveguide we

consider is a slab of the epoxy/steel PC with a straight

FIG. 3. (a) and (b) FDTD displacement field calculation of an acoustic wave

in ether impinging upon the PC surface at 590 kHz. Zero-angle refraction

occurs at the interface between ether and the PC (45 mm mark along hori-

zontal axis). Wave energy is spatially restricted to a well-defined volume

inside the PC. At the interface between the PC and exit epoxy medium

(105 mm mark along horizontal axis), two transverse modes exit at 638� (a)

and one longitudinal mode exits at 0� (b).
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channel of missing steel inclusions. The waveguide has the

same thickness as the PC used in Figures 3(a) and 3(b) and is

sandwiched between two homogeneous regions of mate-

rial—ether on the left and epoxy on the right. The width of

the channel in the waveguide is comparable to the width of

the beam propagating through the PC in Figures 3(a) and

3(b)—specifically; the width of the beam propagating

through the PC in Figures 3(a) and 3(b) is 15 k, where k is

the wavelength of the acoustic energy emanating from the

source in ether. For comparison purposes, the wave launched

at the waveguide will be an acoustic wave in ether with inci-

dence angle �32�. The wave enters the waveguide at the

center of the channel. A FDTD displacement field calcula-

tion is reported to disclose information on the quality of the

guide and the ability of the waveguide structure to restrict

beam divergence after elastic wave energy exits the PC

waveguide. Figures 4(a) and 4(b) show displacement field

calculations (ux and uy, respectively) for a 320 kHz acoustic

wave in ether impinging upon the waveguide structure.

320 kHz is selected as the operating frequency because it

corresponds to the middle of the PC band gap (see Figure

1(a)). At the interface between ether and the opening of the

waveguide (45 mm mark along the horizontal axis), we

observe a conversion of modes; the impinging acoustic wave

in ether couples to accessible waveguide modes. These

waveguide excitations undergo multiple reflections with the

walls of the waveguide and subsequently exit the PC wave-

guide structure. Figures 4(a) and 4(b) show highly diffuse

displacement fields on the backside of the PC waveguide.

Where the waveguide structure is present, elastic wave

energy is contained within the bounds of the waveguide.

Where the waveguide structure is missing, elastic wave

energy spreads. For PC waveguides, the guiding of wave

energy ceases once the waveguide is removed. In instances

where spatial restriction of elastic wave energy in needed, it

appears that the structure from Figures 3(a) and 3(b) is more

desirable than the structure from Figures 4(a) and 4(b). As

such, the epoxy/steel PC operates as a defect-less waveguide.

With certainty, the refractive properties of the epoxy/steel

PC prove to be more useful than the channeling properties of

the PC waveguide in maintaining spatially restricted elastic

wave energy. We add to the PC functions seen above. Here,

instead of exciting Bloch modes in the PC k-space with an

external wave stimulus (as was the case with impinging

acoustic waves in ether), we place an elastic wave emitting

source directly inside the PC between two columns of inclu-

sions. Adjacent to the PC structure is a homogeneous region

of epoxy where FDTD displacement field calculations are

made. In the PC, the source oscillates in a manner that

directs longitudinal, elastic waves parallel to the rows of

steel inclusions. The source is constrained to oscillate at two

frequencies of interest, the lower and upper limits of the fol-

low frequency range: 540–620 kHz (see Figure 1(b)). The

objective of this setup is to show (1) that exiting transverse

excitations leave the backside of the PC at angles dependent

upon the frequency of the oscillating line source inside the

PC and (2) that exiting longitudinal excitations always

undergo zero-angle refraction at the PC-epoxy interface no

matter what the operating frequency. Ultimately, by exploit-

ing the notion that this configuration offers decoupled longi-

tudinal and transverse excitations in epoxy, one can view

this set-up as a source for longitudinal/transverse elastic

waves. We direct the reader to Figure 5 to elaborate upon

this assertion. In the center of Figure 5, we see an extended

zone scheme representation of the PC’s first BZ with EFCs

corresponding to 540 kHz waves (large, blue contour) and

620 kHz waves (small, red contour). On the left hand side,

we see two circular contours for longitudinal, elastic waves

in epoxy. The inner circle represents 540 kHz and the outer

circle represents 620 kHz. On the right hand side, we see two

sets of circular contours. One set represents longitudinal,

elastic waves in epoxy (inner circle is 540 kHz, outer circle

is 620 kHz). The other represents transverse, elastic waves in

epoxy (inner circle is 540 kHz, outer circle is 620 kHz).

Wave vectors CA and CA0 describe waves emanating from

the 540 and 620 kHz embedded line sources, respectively.

These stimuli coincide with multiple Bloch excitations inside

the PC k-space. CA is linked to the 540 kHz Bloch excita-

tions (CE, CF, and CG). CA0 is linked to the 620 kHz Bloch

excitations (CE0, CF0, and CG0). For both frequencies, all

Bloch modes associate with zero-angle refraction—group

velocity vectors point in a direction perpendicular to the

EFC (group velocity vectors not pictured in Figure 5). Wave

energy from the embedded, oscillating line source travels

through the PC and reaches the PC-epoxy interface. The ky

component of each Bloch wave excitation is conserved at the

interface and this excites longitudinal and transverse modes

in the exit epoxy medium. For 540 kHz, there is a longitudi-

nal wave (CB) exiting at 0� (zero-angle refraction) and two

FIG. 4. (a) and (b) FDTD displacement field calculation. An impinging

acoustic wave in ether strikes the surface of a PC waveguide structure at

�32�. The waveguide structure is composed of an epoxy/steel PC slab with

several rows of missing steel inclusions. Impinging acoustic energy couples

to accessible waveguide modes. Waveguide excitations undergo several

reflections with the bounds of the waveguide. Upon exiting the waveguide, a

highly diffuse displacement field is apparent on the backside of the

structure.
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transverse waves (CC and CD) exiting at �42� and þ42�,
respectively. For 620 kHz, there is a longitudinal wave (CB0)
exiting at 0� (zero-angle refraction) and two transverse

waves (CC0 and CD0) exiting at �34� and þ34�, respec-

tively. With knowledge of the results of Figures 3(a) and

3(b), we do not anticipate any transverse excitations leaving

the backside of the PC at 0�. We now use FDTD ux displace-

ment field calculations to verify that changing the operating

frequency of the embedded, oscillating line source modifies

the exit angle for transverse excitations. Figures 6(a) and

6(b) show the 540 and 620 kHz line sources oscillating inside

the epoxy/steel PC, respectively. In both figures, the PC-

epoxy interface occurs at the 45 mm mark along the horizon-

tal axis. In Figure 6(a), we see two transverse excitations

leaving the backside of the PC at angles consistent with those

predicted by Figure 5 (642�). Similarly, in Figure 6(b), we

see transverse excitations exiting at 634�. By modulating

the frequency of the embedded, oscillating line source inside

the PC, the angle at which transverse excitations leave the

backside of the PC is varied. Opposite to this result, as Fig-

ure 5 proves, exiting longitudinal modes always undergo

zero-angle refraction at the PC-epoxy interface regardless of

operating frequency. Propagating longitudinal modes are

decoupled from transverse excitations due to weak longitudi-

nal-to-transverse mode conversion at the PC-epoxy interface

for transverse excitations exiting at 0�. Ultimately, this con-

figuration offers a scheme for isolated longitudinal, elastic

and transverse, elastic waves in epoxy.

B. Acoustic beam splitter and phase-control device

This sub-section remarks on (1) the splitting of an input

acoustic signal into multiple signals through the use of the

epoxy/steel PC and on (2) utilizing the epoxy/steel PC as a

phase-control device for manipulating acoustic wave propa-

gation. Here, the PC slab is sandwiched between two regions

of water. We first demonstrate that an acoustic wave in water

impinging upon the PC surface is split into several beams

upon exiting the crystal. This notion can be understood by

referring to Figure 7. An extended zone scheme representa-

tion of the PC’s first BZ with square-like EFCs correspond-

ing to 590 kHz waves is pictured in the center. The circles on

the left and right hand sides represent the EFCs of 590 kHz

acoustic waves in water. The wave vector of an acoustic

wave in water impinging upon the PC surface is shown in

the left hand circle (CA). The ky component of CA is con-

served at the interface between water k-space and the PC k-

space, which excites several propagative modes in the PC

(longitudinal elastic modes CE, CF, and CG). Each excited

Bloch mode coincides with a group velocity vector that is

perpendicular to the EFC (zero-angle refraction). The energy

of the input acoustic signal travels from the left to the right

inside the PC. At the PC-water interface, the ky component

of each Bloch excitation is conserved. These wave vector

components coincide with the circular EFC of water on the

FIG. 5. (Center) An extended zone scheme representation of the first BZ for

the epoxy/steel PC. PC EFCs are shown at 540 kHz (large, blue contour) and

620 kHz (small, red contour). To the left are two circular EFCs representing

longitudinal, elastic waves in epoxy. The small, blue contour represents

540 kHz and the large, red contour represents 620 kHz. On the right are two

sets of circular EFCs. One set represents longitudinal, elastic waves in epoxy

(inner circle¼ 540 kHz, outer circle¼ 620 kHz). The other represents trans-

verse, elastic waves in epoxy (inner circle¼ 540 kHz, outer

circle¼ 620 kHz). For 540 kHz and 620 kHz (respectively), incident wave

vectors CA and CA0 associate with distinct Bloch wave excitations in the PC

k-space; CA excites CE, CF, and CG and CA0 excites CE0, CF0, and CG0.
The 540 kHz and 620 kHz Bloch modes translate into two sets of wave exci-

tations in epoxy. The 540 kHz set consists of a longitudinal wave (CB) exit-

ing at 0� (zero-angle refraction) and two transverse waves (CC and CD)

exiting at �42� and þ42�, respectively. The 620 kHz set consists of a longi-

tudinal wave (CB0) exiting at 0� (zero-angle refraction) and two transverse

waves (CC0 and CD0) exiting at �34� and þ34�, respectively. Exiting trans-

verse excitations leave the backside of the PC at angles dependent on fre-

quency. Exiting longitudinal excitations always undergo zero-angle

refraction at the PC-epoxy interface no matter what the operating frequency.

FIG. 6. FDTD ux displacement field calculations for 540 kHz (a) and

620 kHz (b). In (a) and (b), an oscillating line source is embedded inside the

epoxy/steel PC. The line source directs longitudinal, elastic waves in the y-

direction. In (a), exiting transverse waves leave the backside of the PC at

�42� and þ42�. In (b), exiting transverse waves leave the backside of the

PC at �34� and þ34�.
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exit side of the PC and three acoustic wave modes result

(CB, CC, and CD). The PC therefore splits an incident

acoustic wave into three acoustic waves. We note, due to the

symmetry of k-space, that an impinging acoustic wave with

wave vector CA0 will excite the same Bloch modes as input

wave vector CA. Because the two waves share identical

Bloch modes inside the PC, they will excite identical exit

modes in the water medium (CB¼CB0, CC¼CC0,
CD¼CD0). These acoustic inputs (CA and CA0) are subse-

quently referred to as complementary angle inputs. Figure

8(a)), an FDTD simulation mapping instantaneous pressure

(P), shows two complementary angle inputs. The acoustic

sources (located on the left hand side of the simulation) are

in water and are angled at þ52.3� and �52.3�. The sources

oscillate in-phase with each other and enter the PC at pre-

cisely the same location. In Figure 8(a), we observe a region

of intense pressure inside the PC. This is indicative of con-

structive interference between superposed Bloch modes.

Upon exiting the crystal, we see three intense, well-defined

acoustic beams—one exiting at þ52.3�, one exiting at

�52.3� and one exiting normal to the PC surface (0�). This

image well-represents wave propagation detailed Figure 7. If

the relative phase between the complementary angle inputs

is adjusted such that the sources oscillate p-radians out-of-

phase (Figure 8(b)), then destructive interference occurs

between propagating Bloch excitations inside the PC and

opposing wave amplitudes annihilate each other to yield a

near-zero pressure field on the backside of the PC. Cancella-

tion is not total because at the ends of each acoustic source

there is slight divergence of acoustic energy leading to the

excitation of additional Bloch modes in the PC k-space,

which contributes to the non-zero pressure field on the exit

side of the PC. Similar to the air/solid PCs used in Refs. 19

and 20, this u-space function is wholly enabled by k-space

symmetry. On the contrary to that shown in the aforemen-

tioned publications, this is the first ever demonstration of

phase-control between propagating acoustic waves with a

completely solid PC.

C. k-space multiplexing

Multiplexing is a method by which a superposition of

signals (waves) is transported across the same supporting

medium. The signals or waves differ in some characteristic

feature. Typically, the characteristic feature is wave length,

such as that seen in frequency-division multiplexing. In this

section, we demonstrate a less familiar form of multiplexing

by utilizing a signal’s wave vector. This demonstration is

subsequently called k-space multiplexing.

We slightly modify Figure 7 of Sec. III B to introduce

the epoxy/steel PC behaving as a wave vector (k-space) mul-

tiplexer (see Figure 9). Two acoustic waves in water at two

distinct angles of incidence impinge upon the epoxy/steel

PC. The unique wave vector components of these excitations

associate with distinct Bloch wave excitations in the PC k-

space. In Figure 9, we observe that a specific set of Bloch

wave vectors associate with the CA excitation (red arrows in

PC k-space) and a different set of wave vectors correlate

with the CA0 excitation (dark green arrows in PC k-space).

Common to all excited Bloch modes is group velocity; for

all excitations in the PC k-space, the direction in which

energy propagates is orthogonal to the EFC (blue arrows

denote zero-angle refraction). The input wave vectors (CA

and CA0) have been multiplexed. Wave energy propagates

FIG. 7. (Center) Extended zone scheme representation of first BZ along

with PC EFCs corresponding to 590 kHz. (Left and right) EFCs correspond-

ing to 590 kHz acoustic waves in water. Wave vectors CA and CA0 impinge

upon the surface of the PC at þ52.3� and �52.3�, respectively. Identical

Bloch modes are excited in the PC k-space. The ky component of these exci-

tations is conserved at the interface between the PC and exit water medium,

resulting in six acoustic excitations in water: CB, CB0, CC, CC0, CD, and

CD0. Because CA and CA0 share identical Bloch modes in the PC,

CB¼CB0, CC¼CC0, and CD¼CD0. CA and CA0 are called complemen-

tary angle inputs.

FIG. 8. (a) and (b) FDTD simulation (instantaneous pressure field (P)). Two

acoustic waves (complementary angle inputs) in water impinge upon the PC

surface at þ52.3� and �52.3�. In (a), the acoustic sources oscillate in-phase

and excite identical Bloch modes in the PC k-space. Bloch waves construc-

tively interfere, contributing to intense acoustic pressure fields inside and

outside the PC. On the backside of the PC, beam splitting is observed. In (b),

the acoustic sources oscillate p radians out-of-phase. Bloch excitations

destructively interfere inside the PC resulting in a near-zero pressure field on

the backside of the crystal.
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from the left side of the PC to the right in the same support-

ing medium (a well-defined volume in the PC). At the inter-

face between the PC and the exit medium, each unique set of

Bloch modes in the PC k-space translates into a unique set of

acoustic wave excitations in the exit medium. In Figure 9,

the output acoustic wave vectors CB, CC, and CD directly

correlate with the input acoustic wave vector CA. Likewise,

CB0, CC0, and CD0 are connected to CA0. The angles at

which the exiting beams leave the back side of the PC are in-

formation that provides a fingerprint telling of the angle of

the incident acoustic beam that created them. Specifically,

output wave vector components directly correlate with input

wave vector components. In Figure 9, CA enters at þ45� and

its exit signals, CB, CC, and CD, exit at þ45�, �6�, and

�62�, respectively. CA0 enters at �45� and its exit signals,

CB0, CC0, and CD0, exit at þ62�, þ6�, and �45�, respec-

tively. The splitting of the multiplexed signal into two

unique sets of waves (with unique exiting angles) indicates

that demultiplexing has occurred at the PC-water interface.

In Figures 10(a) and 10(c), we show with the FDTD

method (instantaneous pressure (P) calculations) two acous-

tic sources in water angled at þ45� and �45�. The sources,

located on the left side of the simulations, launch 590 kHz

waves at the epoxy/steel PC surface. The incident beams

enter the PC at precisely the same location. In Figures 10(a)

and 10(c), the 65 mm mark along the vertical axis marks an

axis of symmetry. In Figure 10(a), the sources are set to

oscillate p-radians out of phase with each other. In Figure

10(c), the sources oscillate in-phase with each other. In both

figures, we observe zero-angle refraction of the input acous-

tic radiation at the water-PC interface (18 mm mark along

horizontal axis in Figures 10(a) and 10(c)). The energy of

the two input acoustic waves travels orthogonal to the PC

surface as a multiplexed signal. At the interface between the

PC and the exit water medium, as Figure 9 suggests, we

observe demultiplexing. The superposed waves inside the

PC separate into two distinct sets of exiting acoustic beams

on the back side of the PC. The input acoustic wave that

FIG. 9. (Center) extended zone scheme representation of first BZ along with

PC EFCs corresponding to 590 kHz. (Left and right) circular EFCs corre-

sponding to 590 kHz acoustic waves in water. Wave vectors CA and CA0

impinge upon the surface of the PC at þ45� and �45�, respectively. In the

PC k-space, a unique set of Bloch modes are excited due to CA (red arrows

in PC k-space) and a different, unique set of Bloch modes are excited due to

CA0 (dark green arrows in PC k-space). The ky component of each Bloch

wave excitation is conserved at the interface between the PC and exit water

medium, leading to several output excitations. Output wave vectors CB, CC,

and CD directly relate to input wave vector CA. Similarly, output wave vec-

tors CB0, CC0, and CD0 relate to CA0. The angles at which the exiting beams

leave the back side of the PC are information that provides a fingerprint tell-

ing of the angle of the incident acoustic beam that created them.

FIG. 10. (a) and (c) FDTD simulation (instantaneous pressure field (P)).

Two acoustic waves in water impinge upon the epoxy/steel PC at incidence

angles þ45� and �45�. The acoustic sources oscillate p radians out-of-phase

in (a) and in-phase in (c). Acoustic energy is channeled through the PC. On

the backside of the PC, six exiting acoustic waves in water result. The input

acoustic wave that enters the PC at þ45� separates into a set of three exit

beams: {þ45�, �6�, and �62�}. The input acoustic wave that enters the PC

at �45� separates into a different set of three exit beams: {�45�, þ6�, and

þ62�}. In (b) and (d), surveys of average pressure (P0) are presented for the

FDTD simulations in (a) and (c), respectively. Average pressure measure-

ments are taken along a line of nodes in the FDTD simulation (black vertical

lines in (a) and (c)). Information about the relative phase between the input

acoustic sources in (a) and (c) is contained in the magnitude of P0 at the

65 mm mark along the vertical axis in plots (b) and (d), respectively.
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enters the PC at þ45� separates into a set of three exit

beams: {þ45�, �6�, and �62�}. The input acoustic wave

that enters the PC at �45� separates into a different set of

three exit beams: {�45�, þ6�, and þ62�}. The angles of the

exiting beams connect output acoustic waves to input acous-

tic waves. For further FDTD analysis, we look at the exiting

beams at þ6� and �6�. In Figures 10(b) and 10(d), we show

plots indicating average pressure (P0) cuts taken along a ver-

tical line of nodes in the FDTD grid. These cuts (Figures

10(b) and 10(d)), respectively, correspond to the vertical

black lines drawn in Figures 10(a) and 10(c). These plots can

be used as acoustic wave detectors. Along the vertical axis in

Figures 10(b) and 10(d), average pressure detected at the

45 mm mark and 85 mm mark correspond to the �6� and

þ6� exiting beams, respectively. For Figure 10(b), we

observe two distinct, symmetrical regions of high acoustic

pressure. The signal recorded at the 85 mm mark (þ6� exit-

ing beam) represents information sent by the �45� input

acoustic source. The signal recorded at the 45 mm mark

(�6� exiting beam) represents information sent by the þ45�

input acoustic source. To detail an acoustic wave k-space

multiplexer, information can be encoded in the amplitude of

the þ45� and �45� input acoustic waves—wave amplitude

is broadcast from each acoustic wave source on the entrance

side of the PC to the point of P0 detection on the exit side of

the PC. We direct the reader to Figure 10(d) to comment on

an additional means of encoding information in a set of

acoustic signals. Figure 10(d) shows three distinct peaks. As

before, the peaks at 45 mm and 85 mm correspond to the

�6� and þ6� exiting beams, respectively. The central peak,

occurring at the axis of symmetry (the 65 mm mark), is tell-

ing of constructive interference between the in-phase signals.

Wave amplitudes superpose in the region of signal overlap

to yield an intense region of acoustic pressure. This central

beam can prove to be useful as it details information about

the relative phase between the two input acoustic waves.

When the input acoustic sources oscillate out-of-phase, as in

Figure 10(a), we observe a zero-value reading at the 65 mm

mark in Figure 10(b). Oppositely, when input sources oscil-

late perfectly in-phase, we observe a maximum value read-

ing at the 65 mm mark (Figure 10(d)). The relative phase

between the input acoustic beams can be calibrated to the

height of the average pressure peak at 65 mm. Thus, with

one measurement, the relative phase between the input sour-

ces can be identified. The u-space capabilities of the epoxy/

steel PC enable k-space multiplexing.

IV. CONCLUSIONS

We have shown that the epoxy/steel PC is multifunc-

tional by operating in x-space, k-space, and u-space. In

comparison to other air/solid or fluid/solid PCs with similar

band structure features, the epoxy/steel PC is more practical

in terms of device application because it is completely solid.

The PC was first shown to behave as a collimator of acoustic

wave energy and a device to direct elastic waves in epoxy.

u-space PC capabilities were highlighted with the first ever

demonstration of phase-control between propagating acous-

tic waves via complementary angle inputs in a solid/solid

PC. Last, a novel scheme was presented for a k-space multi-

plexer. The work presented here represents a significant

effort toward broadening the range of functions associated

with PCs. By looking beyond conventional PC capabilities

and crossing-over between different PC spaces (x-space, k-

space, and u-space), several new PC functions have been

realized.
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