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Abstract

We consider random samples in R? drawn from an unknown den-
sity. This paper is devoted to presenting a new estimator of the sup-
port of the density, which is based on a local convexity criteria. We
prove that the estimator is consistent and that it also provides a con-
sistent estimator for the boundary. Some convergence rates are given
depending on different asumptions and one can also prove that when
the boundary is smooth enough and when the density go to 0 as a
power of the distance to the boundary the estimator is (eventually
almost surely) homeomorph to the support.

Key Words: Convex-Hull polyhedron, support estima-
tion, topological data analysis, geometric inference.

1 Introduction and further notations

Let Xy,...,X, be a sample drawn from f an unknown density function
defined on R?. We are concerned in the problem of estimating

S={zreRd f(z) >0} and 95 =S\ S

the support, 95 its boundary (with A denoting the closure of the set A
and A its interior). We also expect that the estimated support is, eventually
almost surely homeomorph to the support in a way to be able estimate some
topological invariants (a sequence of event A,, occurs eventually almost surely
when 1,4, =5 1).

All this points has been, one by one, studied for a long time let us cite,
[CheT76], [DW80], [CFI7], [Kle04], [Mei06] (a review of different method can
be found in [CF09]) for the problem of the support estimation, [CRCO04]
[HPT95], for the problem of the problem of the boundary estimation and
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[CCSM11], [CCSL09], [CGOS11], [Car05], [ZC05], [CZCGO5] for the problem
of the topological recognition but they are rarely mixed together (However
one can cite).

To understand a little the kind of problem that occurs let us focus on
two specific methods. First, if we now that the support is convex (but that
is a strong assumption), one can naturally estimate it with the convex hull
of the observations: H = H(X,) (here H(A) denotes the convex hull of the
set A and &, = {Xj,...,X,,} denotes the set associated to the sample).
This estimator clearly fulfill our three goals. The support estimator is H is
obviously homeomorph to the support its convergence rate has been exten-
sively studied (see for instance [Efr65], [BS2], [Rei03], [Sch88] or [DW96]), ,
its natural boundary estimator is OH also converges.

Second, if no hypothesis on the support can be made (and that is a more
challenging case), the most used (because the simplest) support estimator is
the Devroye-Wise estimator ([Che76], [?]) defined as follows:

S, = |J Bx,r)
XeX,

Here B(X,r) denotes the closed ball centered in x and of radius r.

The properties of S, as a support estimator has been extensively studied
(see [BCPOS] or [BCMP09]). Properties of 95, as an estimator of 9S has
also been studied in ([CRCO04]). Such an estimator can also be related to
the topology recognition via a—shape method ([ES97], [EKS83]). The main
problem is that we empirically observed that the “best” parameter » when
using the Devroye-Wise estimator to estimate the support can gives not con-
verging estimator for its boundary (and the topological recognition problem).
To understand this phenomena is quite easy. To evaluate the estimator it is
usually proposed to evaluate the measure of the symmetric difference |S,AS]
or dy (S, S,) the Hausdorff distance defined as follows:

|AAB| = |(AN B°) U (A°N B)| where A° denotes the complementary of
the set A and |A| the Lebesgue measure of the set A.

dy (A, B) = max(max,e 4 (mingep ||a—b||), maxpe p(minge 4 ||a—b||)) where
||la — b|| denotes the euclidean distance between the two points.

For both criteria it is easy to see that we can have very small “distances”
between sets but the existence of very small “holes” in the estimator (i.e.
with the existence of # € S such that B(z,e) C S,). If there exists such
“holes” located far from the boundary (and that empirically happen, it can
be observed in section 5) 99, is not a good estimator of of 8S. To avoid
such a problem, it is common ([CRCO04]) to impose S C S, when estimating
the boundary. Obviously imposing such a condition will decrease the perfor-



mance of the support estimator. More precisely here the support estimator
will “overfill” too much the support.
We propose, in this paper to study the following support estimator:

H = | HBX,r)NnA,)

XeX,

The first idea was to decrease the “overfilling problem” (see Figure 1),
as, even if B(X,r) overfill S the fact that we now use H(B(X,r) N X,,) may
decrease this problem when the boundary of the support is smooth enough.
We so expect to improve the boundary estimation and the support estimation
in the case of support close to a d’—dimensional manifold (with d' < d the
dimension of the observation).

Figure 1: Even if the two balls “overfill” a lot the support, the local convex
hulls does not overfill that much the support.

Let us notice that the first idea of using a local-convex hull estimator
has been introduced in 7?7, with nearest-neighbors instead of fixed radius,
and apply it to estimate not only the support but also the level line of the
density and use it in home-range estimation. As the method gives very good
results it has been applied in various paper in ecologic problem, home-range
estimation and so on. However, it has never been mathematically studied.

The paper is dedicated to a first study of such an estimator, focusing
on the estimation of the support, its boundary and the recognition of the
topological properties.

In Section 2 we settle a general theorem that only requires that the sup-
port is compact. Then, in section 3 we study some convergence rates accord-
ing to two sets of shape conditions. The first one is the standarness that
has been originally introduced in [CF97] and that is an usual assumption in
support estimation. The second one concern the smoothness of the boundary
(with a condition close to C?) and the density that we assume to decrease to



0 as a power « of the distance to the boundary (this set of assumption is a
case of this used in 77).

To conclude the theoretical study of FIT, in section 4 we focus on the
recognition of the topology. We prove that, when the boundary of the support
is smooth enough and when the density decreases to 0 as a power a of
the distance to the boundary the choice of a 7, sequence proportional to
(Inn/n)'/ (@204 provides estimators eventually almost surely homeomorph
to S.

In section 5 we present some simulations and comparisons between H,
and S, for the estimation of the support and its boundary..

Additional notations.

Here we give some additional notations used in the paper.
for a set A, the Minkowsi sum (resp. difference) of A and balls of radius
e are respectively denotes A® and A™¢ with the following definitions.

A® = U B(a,e) and A™° ={a € A, B(a,e) C A}

acA

The Hausdorff distance between two sets A and B can be written dy (A, B)
inf{e, A C B™,B C AT}

Let A be a d’ dimensional set in R%. If we denote by N(A,e) the inner
covering number (i.e. the minimal number of small balls, of radius € and cen-

tered in A that cover A), we clearly may guarantee the existence of positive
values A(A) and r4 such that: N(A,g) < A(A)e™® when € < ry.

2 Universal consistency

Here we are interrelated in a very general result on ﬁrn the main assumptions
are that the support is compact, d—dimensional (with d the dimension of the
observation space), with a d’ dimensional boundary (when the boundary is
smooth enough d’ = d — 1 but here we also allow all the cases where d' €
[d—1,d] such as C' x [0, 1] where C'is the cantor set and d’ = 1+ 1n(2)/In(3)
or the inside of the Koch snowflake where d' = 4/3). We also requires the
existence of sequences r, that satisfies some condition very similar to those
required in [CRCO04].

Theorem 1. Let S C R? be a compact d—dimensional set such that its
boundary 0S is d'—dimensional. Let X, = {X1,...,X,} be the set of inde-
pendent random observations drawn from a distribution Px with support S.
Assume that:



a) S C Srn/4 eventually almost surely
b) 1, — 0 almost surely
Then:
i) |H,, AS| < MN0S)wa2%rd=?" eventually almost surely.
i) dy(8H,,,08) — 0 almost surely.
The rest of the section is dedicated to the proof of this theorem.
Lemma 1. If S C S, then (H,NS°) U (HSNS) C 9S*.

Proof. First let us focus on H, N S¢. Tt is obvious that H, C S, C S*.
So H, NS¢ c St NS c dSt. To prove the last inclusion let us choose
r € ST NS x € S°and there exists a y € S with ||z — y|| < r so [z,y]
intersects 0S5 at a point z with ||z — z|| < 7.

Second we study H¢N S and divide this set as follows: HeNS = (HeN
ST/2YU (HEN (S\ S77/2)). Then we prove that H¢N (S\ S™/2)0S*/? and

A

that HS N S™/2 = ().
1) HeN(S\S"/2) c S\ S"/2c 85t/ To prove the last inclusion let us

pick z € S\ S7/% as B(z,7/2) NS¢ # (). there exists y € B(x,r/2) NS,
Once again the [z, y] (of length inferior to r/2) intersects the boundary.

2) To achieve the proof we now prove that ﬁf NS—"/2=.
If there exists a point z € HS N S~/ Let us first remark that z ¢
H(B(x,r/2) N X,). This is because if x € H(B(x,r/2) N X,), then
there exists at least an observation (let us denote it X;) in B(z,7/2)
and as B(x,r/2) C B(X;,r) we have z € H(B(X;,r) N X,) so z € H,.

Now, as © ¢ H(B(x,r/2) N A,) there exists a unit vector u such that:
VX, € X, N B(z,r/2) then < X; —z,u >< 0. Let us define the point
y = x+ (r/4)u (see Figure 1) it satisfies the three following properties:
i) [lz—yll=r/4

ii) B(y,r/4) C B(z,7/2) C S (because x € S™/2) and so y € S.

iii) B(y,r/4)NX, =0 andsoy e S .

Finally y € SN 35/4 = 0.



cyes | \Blw,r/2) C S

/ /
\w /)
| no observation;

e

/

-

e HENS T2 |

(=

Figure 2:

Corollary 1. If S C grn/4 eventually almost surely then (H,, 0 S°)U (lfffn N
S) C 9S™ eventually almost surely

Lemma 2. If0S id d'—dimensional. If r, is a sequence that converges to 0.
|08+ | < A0S )wg2¢rd—.

Proof. Let us cover 9S with the minimum number (N(9S,7,)) of balls of
radius r, centered in x; € 0S. We have

N(aS,T‘n)

osc |J Blair)

i=1
So, using the triangle inequality
N(0S,rn)
oSt C U B(x;, 2ry,)
i=1

So [0ST| < N(9S, rp,)wa29rd.

And, as r, — 0, then, for n large enough [9S+™| < \(9S)wa2%rd~4 —
0. O

Corollary 2. If 0S id d'dimensional with d" < d. If r, is a sequence that
converges to 0 almost surely. 0S| < AN0S)wa2%r¢=? eventually almost
surely.

The point i) of Theorem 1 is now a direct corollary of Corollary 1 and 2
Let us now look at the last part of the theorem, i.e. the convergence of
the boundary. A direct corollary of Lemma 1 is the following.
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Corollary 3. Let S C R? be a compact set such that its boundary OS is
d'" dimensional (d" < d). Let X, = {Xy,...,X,} be the set of independent
random observations drawn from a distribution Px with support S. Assume
that:

S C Srn/4 eventually almost surely

rn — 0 almost surely
Then 8f]rn C 95T eventually almost surely

To finish the proof of theorem 1 we now only need to prove the following
Lemma.

Lemma 3. if r,, — 0 almost surely then:

max d(x,0H,, ) — 0 almost surely.
z€ds

Proof. The proof is similar to the proof of the case 2 for Theorem 1 in
[CRCO4].

Let us proceed by contradiction and suppose that there exists a ¢ > 0
and a subsequence y,, in 0S5 such that d(y,, 8ﬁrn) > 2¢. The compactness of
0S ensures the existence of a subsequence that converges toward y € 0S. As
in [CRC04], for n large enough B(y,e) N OH,, = § eventually with positive
probability. As B(y,e) N X, # 0 for n large enough (with probability 1 )
(as in “On boundary estimation” Thl case 2). we have B(y,e) N H,, #0

A

and so B(z,e) C int(H,,) The natural inclusion H,, C S, implies that

~

B(z,e) C int(S,,) and that lead to a contradiction exactly as in (as in
[CRCO04] Th1 case 2). O

3 Convergences rates

3.1 Shape conditions

A common hypothesis in the topic of support estimation is that the support
is standard with respect to the Lebesgue measure.

Definition 1. A Borrel S C R? is said to be standard with respect to a
Borel measure p is there exists a A > 0 and a § > 0 such that: u(B(z,e))
> §|B(z,¢e)| forallz € S and 0 <e < A

When we are also interested in the boundary estimation and convergence
rates one can also need that the support is partly expendable.
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Definition 2. A bounded Borel set S C R? is said to be partly expandable if
there exist constants r > 0 and C(S) > 1 such that dy(0S,057) < C(S)e
forall0<e<r.

In, [HPT95] one can also find the following hypotheses : 95 is of regularity
~ and the density is a—quickly decreasing (see Definition 4). Here, we replace
the v regularity of 9S by the fact that balls roll freely inside and outside S
(see Definition 3) that is closely related to v = 2 (see [Wal99]).

Definition 3. We will say that a ball of radius Ry > 0 (resp. Ry > 0)
rolls freely outside (resp. inside) S if, for all x € OS there exists a O € R4
(resp. O, € RY) such that: x € (O, Rou) C S¢ (resp. x € (O, Rin) C S).

Definition 4. A density f supported by S is said to be a—quickly decreasing
if there exists a o« > 0 and a fo > 0 such that: f(x) > fod(z,0S)* for all
reS.

If balls rolls freely inside and outside S then S let us denote has a lot of
“good” properties that are proved in [Wal99] (for Properties 1 and 2) and
[CRCO04] (Property 3) detailed here

Property 1. If balls of radius Rg rolls freely inside and outside S then 0S
is a (d — 1)—dimensional manifold

Property 2. If balls of radius Rg rolls freely inside and outside S then for
all x € 0S there exists a unique inward pointing unit normal vector u, and
we also have: for all (z,y) € 9S? ||u, — u.|| < ||z —y||/Rs

Property 3. If balls of radius Rg rolls freely inside and outside S then S is
partly expendable and C(S) =1

Remark: In all of the following we will use the notation O,, O, and
u, as they are defined in Definitions 3 and Property 2.

3.2 Convergence rate under standardness assumption

Theorem 2. Let X1, X5, ... be a sequence of i.i.d. observations drawn from
a distribution Px on R®. Let denote X, = {X1,..., X,,} the set of the n first
observations. Assume that the support S of Px is compact partly expandable
(with a constant C'(S)), standard with respect to Px and its boundary 0S5 is
d'—dimensional. Let us consider the Local-Convex-Hull estimator:

n

Hrn(Xn) - UH(B(XHTTL) N Xn)

i=1



where

21 1/d
rn =C ( n(n)) for some ¢ > 4.
dwgn

then,

ISAH, (X,)] < MN0S)wa2r®? e.a.s.

dy(8S,0H,, (X,)| < ¢(S)r, e.a.s.

Proof. Theorem 3 in ‘{CRC04] ensures that S C S, /4 eventually almost
surely. So we can apply Theorem 1 and have that :

ISAH, (X,)] < M0S)ws2%ri? e.as.
Remarks:

1) When only focusing on the support estimation we do not need the partly
expendable hypothesis.

2) In the most regular case when d’ = d — 1 we obtain the usual convergence
rate r,.

Within the application of Theorem 1 we have dH,, C 05" and using the
partly expendable property assumption we have max,c,q (mingess(|lz —

yll)) < e(S)rn.

Let us now consider x € 9S. If z € 9S N ﬁfn, Theorem 3 in [CRC04]
ensures that there exists (eventually almost surely) an observation X; in X,
such that || X; — z|| < r,/4 and so d(x,0H,,) < r,/4. If € S N H,, then
x € ﬁrn C S™ and so d(z,0H,,) < 1.

We so have dg(9S,0H,, (X,)] < max0.25,1,¢(S)r, e.a.s. and the fact
that ¢(S) > 1 achieve the proof. O

3.3 Convergence rate under stronger shape condition

In this part we will assume that balls rolls freely inside and outside S and
denote Rg = min( Ry, Rin) we will also assume that the density is a—quickly
decreasing.

In a certain way this set of assumption is stronger on the support shape
but less restrictive for the density.



Under such assumptions we have asymptotic results given Theorem 3 that
1
shows that the specific choice of sequences 7, proportional to (th") A1t

provides a support estimator ﬁrn that converges (for the symmetric differ-
ence measure) with a rate close to the optimal one with similar assumptions

([HPT95]).

Theorem 3. Let X1, X5, ... be a sequence of i.i.d. observations drawn from
a distribution Px associated to a a—quickly decreasing density. Assume that
balls of radius Rg roll freely inside and outside the support S of Px. If
T = AInn/n)/(@F1420) thep:

|H,, AS|(n/Inn)? @129 4s ¢ g5, bounded

dy(9H,, ,08)(n/Inn)? 1429 4s ¢ q.s. bounded

The following of the section is dedicated to the proof of Theorem 3. As
usual it is divided into two parts: the study of the asymptotic behavior of
H, NS¢ and the one of H°N S. The section 3.4 is devoted to prove the
following Lemma about the asymptotic behavior of lﬁlrn NS¢ it is an easy
and deterministic result with no assumption on f.

Lemma 4. Let X1, Xo, ... be a sequence of i.i.d. observations drawn from a
distribution Px. Assume that balls of radius Rg roll freely inside and outside
the support S of Px.

1
When r, = ()\an) it2e [orn large enough to have r,, < Rg/4

H, NS cosms )

The section 3.5 is devoted to prove the following Lemma about the asymp-
totic behavior of HZ NS, here we have an asymptotically and probabilistic
result.

Lemma 5. Let X1, Xy, ... be a sequence of i.i.d. observations drawn from
a distribution Px associated to a a— quickly decreasing density. Assume that
balls of radius Rg roll freely inside and outside the support S of Px.

1
When r,, = (AR2) 1525 there exists an explicit constant b(\):

b(\)

_ 19 1 /(3d—1+42a)(a+ 1)4d+1+2a 1/(a+1)
_32RS+§< (d+ 1+ 20) fown )

such that:

ﬁfn NS c s eventually almost surely

And Section 3.6 is devoted to prove Theorem 3 using Lemmas 4 and 5.
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3.4 Asymptotic behavior H, NS¢

Lemma 4 is a direct corollary of the following result.

Lemma 6. Let X1, Xo,... be a sequence of i.i.d. observations drawn from a
distribution Px. Assume that balls of radius Rg roll freely inside and outside
the support S of Px. For all r < Rs/4 we have:

if v € H, NS then d(x,05) < Rg — \/R% — 4r2.

Proof. If = € FIT then there exists a X; € X, and d + 1 observations
Xy, Xy, in B(X;,r) such that x € H({X;,,...,X;,,,}). The distance
between two X is less than 2r (because they are in B(Xj, 7)) and so the
distance between x and any X;, is also bounded by 2r (because z is in the
convex hull of the points). So x € H(B(z,2r)N.S) that is impossible when

d(z,05) > Rg — \/R% — 4r? (see Figure 3 to be convinced).

2r

z
* 4 argmin(d(x, 95)) | o7

Figure 3:

3.5 Asymptotic Behavior of SN Flﬁ

In the standard case or usual proofs for the Devroye-Wise estimator, results
are obtained saying that a “large” distance imply existence of a ball of “large”
radius that does not contain any observation. Here we will consider empty
balls when points are “far” from the boundary but replace balls by tangent
cylinders when considering points close to the boundary.
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3.5.1 Some results about empty balls

Theorem 4. Let X1, Xs,... be a sequence of i.i.d. observations drawn from
a distribution Px associated to a a—quickly decreasing density. Assume that
balls rolls freely inside and outside the support S of Px then:

I nAYE Ly gy < 2 v Imost surel
1 sup <lnn) (A, 8) < FfowarBla + 1,d) amost surety.

Where B(x,y) = fol t*=1(1 — t)¥~1dt is the Beta function.

Proof is given in appendix.

3.5.2 Some results about empty cylinders

Definition 5. Let u be a unit vector we can define the cylinder: C*(x,r,h) =
{y, | <y—zu>|<hlly—2r—<y—z,u>ull <r}

— 1%
(_4119,:{ .
I\\ 7./7,.';:/’ P )
a—

Figure 4:

Property 4. Let v and 2’ be two points and u and v’ and two unit vectors.
Let us denote ||x — 2'|| = €4, ||lu — u'|| = €,. Let us define:

e1 =, +2(Vr2+ h*+¢e,)e,
ey = €5 + V1?2 + h2g,

When e, and €, are small enough to have e; < r and ey < h, we have:
C¥ (2,7 — ey, h —ey) C C*(z, 7, h)

proof is let to the reader.
Definition 6. Tangent cylinders: For all x € S we can define C(x,r, h) =
Ch (x,r, h)
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Lemma 7. if Xy,...,X,, are drawn from a distribution Px associated to
a a—quickly decreasing density. Assume that balls of radius Rg rolls freely
inside and outside the support S of Px.

Mowg—1 (u—1)>t1 —
For any A > 0, u > 1 such that fO(;Jrig;ng)l - dﬁﬁza

us denote r, and h,, the sequences: r, = (A1) TirE (1+o0(1)) and h,, =
(14 o(1)).

We have:

“for all x € 9S, C(x,rn, hy) N X, # 07 eventually almost surely.

=c > 1 let

Proof is given in appendix.

3.5.3 Proof of Lemma 5
We now have all the tools to prove the Lemma 5.

Proof. Let us suppose that ﬁﬁn NS ¢ as bri. There exists a point x € Flfn ns
such that d(x,dS) = d,, > br?. Let us denote y* the point of dS that realizes
d(xz,08) =d,. Asx € ]:Iﬁn there exists a unit vector u such that for all X;
in B(z,r,/2) N A&, <u,X; —x>>00 (see the proof of Theorem 1).

Let us denote p,, = (W%) " (notice that p, << r,)). We are
going to prove that, if d,, > 3p,, then there exists a “too large” ball that does
not contains any observation, and, if d,, < 3p,, then there exists a “too large”

tangent cylinder that does not contains any observation.

First case: if d,, > 3p,. First notice that : d(z,0S) = d,, = B(z,d,) C
S = B(x,3p,) C S. Let us define 2* = = — (3p,/2)u: as ||x — 2*|| = 3p,/2
we have z* € S. For n large enough to have 3p, < r,/2 we also have
B(z*,3pn/2) N X, = . That is impossible (eventually almost surely) accord-
ing to Lemma 4 to Lemma 4.

Second case: if d, < 3p,

We are going to distinguish two cases: u = wu,~ (see figure 5) or not
(see figure 6). Each time we exhibit cylinders that does not contain any
observation.

First sub-case: u = u,~. See Figure 5 to be convinced that:

Cly*,\/r2/4—4d2,d,) N X, =0

The upper bound d,, < 3p,, allows us to write:

Cly", Va4 = Ad3, dn) = C(y", (r/2)(1 + o(1)), dn)

13



- e ViZiarod,
u

Figure 5: empty cylinder construction when u = u,-

The Lower bound d,, > br? allows us to write:

Cly*, (ra/2)(1 4+ 0(1)),br2) N X, = (

Second sub-case: u # uy-.

Figure 6: empty cylinder construction when u # -

Let us define w = u— < w,u/ > o/, v = w/||w|| and z* = y* +
(/12/4 —4d?/2)v. See Figure 6 (projection in the plan (x,w,wu,~)) to be

convinced that we have:

Cu (2%, /124 — A2 /2,d,) N X, = 0

14



The upper bound d,, < 3p,, allows us to write
C'v (2%, (rn/4)(1 4+ 0(1)),d,) N X, =0
The upper bound d,, > br? allows us to write
Ch (2, (1, /4)(1 4+ 0(1)), br2) N X, = ()

We have not yet finish the proof because the exhibited cylinder is not
tangent cylinder. The rolling balls properties implies (see Figure 7) that
d(z*,08) < a, = —Rg 4+ \/R% +12/16 ~ 12 /(32Rs)

Let us chose z € 05 such that d(z, z*) < «, we have d(z,y*) < o, + 1,/4

T /B2, am) N5 # 0
/ and B(z*, a,) N S°#0
~ sod(z*,08) < an

// \ _!"I‘:On =\rE/A—4@[2 < f4

L *

Rs ‘y

s/ s

Figure 7: distance to the boundary

so ||uy — uy<|| < (rp/4 + a,)/Rs (according to Property 2). so, applying

Property 4

c (=2 o). (b= gy ) 201+ o(1)) N =0

In both cases (u = v’ or u # u'), if d,, € [br?,5p,] there exists a z € 9S
such that:

¢ (= 200+ o), (b= o ) AL+ o()) N 2 =0

Lemma 9 ensures that d,, € [br?,5p,] is not possible (eventually almost
surely) when:

b

> 19 1 (3d — 14+ 2@) (O[ + 1)4d+1+2a 1/(a+1)
32Rg | 2 (d+ 1+ 20)) fowa
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3.6 proof of Theorem 3

A direct consequence of Lemmas 4 and 5 is that H,AS c 95%»1+eM) with
a = max(2/Rg,b(\)). Property 1 ensures that 0S is a (d — 1)—manifold
so, exactly as in the proof of Theorem 1 we have that [9S@=(+eM)| <
AOS)wa2%ar?(1 + o(1)) that proves the first pomt of Theorem 3.

H,AS c 98on0+o) = gH, < 9Sv=0+eM) and so Property 3 allows
us to have maXeeor,, (d(z,09)) < ar?(1+ o(1)). The rolling balls property
and H,AS c 85%»(1+o(M) also imply that,

1) forallz € 0SNHE , x4 ari(14+o(1))u €

) -, (eventually almost surely),
so for alle@SﬂH,‘f d(x,0H,,)

)

)

<a (1 +o(1)).

Tn

2) forallz € 0SNH,,, x—ari(1+o(1))u € HE (eventually almost surely),
so forall z € 0S N H,, , d(x,0H,,) < ar (1 +o(1)).

So we also have: max,csps(d(z,0H,,)) < ar?(1+ o(1)). And dy(H,,,S) <
ar?(1+ o(1)).

4 Preservation of the topology

In this section we are interest in the recognition of the topological properties
of the support. In other words we are going to prove that, when balls roll
freely inside and outside S, and when the density is a—quickly decreasing
then the choice of a radius sequence r, = A (h‘T")Q/ (d1+2) gives support
estimator that is (eventually almost surely) homeomorph to the unknown

support.

Theorem 5. Let X1, X5, ... be a sequence of i.i.d. observations drawn from
a distribution Px associated to a a—quickly decreasing density. Assume that
balls of radius Rg roll freely inside and outside the support S of Px. When
r, = )\(ln n/n)l/(d+1+2a) .

“8&” 1s homeomorph to dS” eventually almost surely.

“FIrn 15 homeomorph to S eventually almost surely.

Proof. We first prove the announced result for the boundary, then for the
support.

When, focusing on the boundary we are going to prove that we can (even-
tually almost surely) define uniquely the function ¢,, : 9H, — S such that
||o(x)—x|| = mingeps ||z—y||. And this function is (eventually almost surely)
a continuous bijection.

Definition:
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First let us notice that balls rolls freely inside and outside S implies for
any x such that d(x,0S) < Rg there exists a unique y € 9S that realizes
min ||z —y|| and as Theorem 5 ensures that for n large enough 8ﬁrn C 051ts/?
(eventually almost surely) then the function ¢, is uniquely defined (eventu-
ally almost surely).

Continuity:

Let us define ¢ : 9STs/2 — 9 such that ||p(z) — z|| = mingeas ||z — y||
and let us prove that ¢ is continuous.

For all x with d(z,0S) < Rs. For all e < Rg — d(x,0S) for 2’/ € B(z,¢) ,

we have :
1) p(a') € B(', |lp(x) — 2'|]) (because min d(z',05) = [[2" — ¢ (x)][)
2) and ¢(2') ¢ [;’(Og,(m), Rs) (because B(Ov(m), Rs) C S)

That implies that: ||¢(z) — ¢(2) 451;5 (see Figure 4). So ¢ is con-
e bo

— Rs d
tinuous and so does ¢, its restrlctlon on t undary of the estimator.

- Rl
\ J | P S |

‘ L=z — o[ <a=
"‘.‘.‘ Oty o T i w(x)

Figure 8:

Surjectivity:
Theorem 3 implies that there exists a a such that H,,AS C 95 +ari (even-
tually almost surely). For any x € 9S N Hf, let us define y = = + arju, we

have y € ﬁrn eventually almost surely and so [z, y] crosses 8[:Irn at a point x*
that satisfies ¢,, (z*) = = For any x € SN H,, let us define y = . —arZu, we
have y € H ¢ eventually almost surely and so [z,y] crosses 8H at a point

x* that satlsﬁes o, (%) = T

Injectivity:
The injectivity is the most difficult point.
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_1

Here we denote: p, = 2 (W%) T and e, = ar? (with a the

suitable value such that OH, c 95e={+e),

Let us first notice that dH, is a random polytope with a finite number
of faces. Let us suppose that ¢, is not injective and exhibit x and y such
that p(z) = ¢(y) = z and < & — y,u, >> 0.

The first case is the following: [x,y] N H, # [z,y], as OH,, is a random
polytope with a finite number of faces one can suppose that [z, y] N 8ﬁm =
{z,y}. Let us define z* as follows: if ]z,y[C H, let us choose z* = =z, If
|z, y[C ﬁﬁ let us choose * = y. x* € OH,, so there exists an observation
X; such that z* € OH(B(X;,r,) N &,) and, the way we define 2* implies
that there exists a vector u, such that < w,u, >> 0 and such that for all
observation X in (B(X;, ) NA,) <z* — X,u ><0.

The second case is [z, y) NOH, = [z, y] and there exists a vector u orthogo-
nal to y—x such that for all observation X in (B(X;, r,)NA,) < 2—X,u >< 0.

(a) (b) (c)
e H:, Hr?./
Uz %z y u, d\ x
e\ \

Figure 9:

For both cases there exists z* € 815%, X, € X, and v with < u,u, >>0
such that z* € OH(B(X;,r,) N A,) and for all observation X in (B(X;,,) N
X)) <z'—=Xu>>0. Asz" € 8[:Irn we also have that for all X € X,
" ¢ H(X,ry).

Let X; be an observation such that z* € OH(B(X;,r,) N&,). If < z* —
Xi,u >< 1, — 2pp, let us define y* = X; + (r, — pn)u, we have B(y, p,) C
{z € B(X;,1), < x* — z,u >> 0} and so B(y, p,) N X, =0

According to Theorem 3 ||z* — z|| < g, (e.a.s.), so || X; — z|| < 7, + .
We also have:

1) X; € B°(O,, Rg) (because X; € S)

2) [[Xi =yl =70 —2pp <7

18



Figure 10:

3) For n large enough < y* — X;,u, >> 0 (because y* — X; = (r, — pn)u,
for n large enough r,, — p, > 0 and < u,u, >>0).

This three points together imply that ||y* — O,|| < e, ~ 5’;3; (e.a.s.) (see
Figure 12) so d(y*, S) <~ 25;’21 (e.a.s.) and finally we can (e.a.s.) find a point

g € S such that B(g, p, — e,) N X, = 0 that is (e.a.s.) impossible according
to Lemma 4 for the given values of r,, and p,.

As a first conclusion we now have: For every observation X; such that
r* € OH(B(X;,rn) NAX,), <2 — Xj,u >> 1, —2p (e.as.) (¥).

Let us choose a X; such that z* € OH(B(X;,r,) N A,). As z* is in
OH(B(X;,r,) N X,) there exists k observations (1 < k < d) Xqy,..., X
in B(X;,r) such that * € H({Xq),...,Xw}). As we also have, for all
observation X in B(X;,r,), < X —a*, 4 >< 0 we have that Xq,..., Xu)
also belong to the plan {z, < 2* — z,u >= 0} so ||z — X»)|| < 2/prn — P2
and for all ¢, j || X — X[l < 2v/purn — p2. For n large enough such that
2/ pry — p2 <1y —2p, we have x° € H(B(Xq), r,) NA,) with || — X 4[] <
rn — 2p, that is impossible according to (*).

We now have proved the announced result for the boundary.

We can now construct a function ¢ : S — H,, as follows:
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We have : o + (Rs —b)? = R%,
a’ + b = (rn +5n)2
and (Rg + 5)2 + (a+ frn)?‘ = (Rs +¢)

Figure 11:

1) if # € S7F/2 then ¢(x) = x
2) if v € S\ S~Fs/2 let us define:

a) g(x) = argmin(d(z, 05))

b) 2’ = g(z) — ESuy (let us remark that the rolling ball property
implies that 2/ € 9(S~#s/2))

c) z = (9(x))

Nz — 2.l —
b(x) =2’ — [z Z){\SHI“ xHUg(x)

\ xr=Ar'+(1—A)g(z)
\ () =Az' + (1 - A)z

Figure 12: Construction for ¢
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The function v is continuous on S\ S~#s/2 (eventually almost surely)
because ¢, ! is continuous (eventually almost surely), g(x) is continuous and
u, is continuous (Property 2). The continuity on S is easily obtained (basi-
cally if z,, € S\ S~%s/2 is such that z, — = € (S~1/2) then 2/, — x and
so Y(x,) — )

It is also easy to see that its is bijective because its reverse function is the
following;:

1) if z € S~Fs/2 then ¢~ (x) =z
2) if z € H,, \ S~7s/? let us define:
a) h(z) = argmin(d(x,0H,,))

b) 2" = ¢, (h(z))
Rs

C) .ZL'/ = [L'// — TUZ.//

—2'||IR
@/)(ZL‘) — l‘/ - ‘I‘le‘//il‘:‘/“;um//

And so we build an homeomorphism from S to H,,,.

5 some simulations

4 simulated simulations on “toy” examples drawn as follows.

Figure 13: 500 realizations in B(0,1) of X = (rcosf,rsinf) with 0 ~
U([0,27]) and r ~ U([0, 1]).

Figure 14: 500 realizations in B(0, 1)\ B(0,0.5) of X = (rcos, rsin §) with
0~ U([0,27]) and r ~ U([0.5, 1]).

Figure 15: 500 realizations in B(0, 1)\ B(0,0.9) of X = (rcosf, rsin §) with
0 ~~ U([0,27]) and 7 ~ U([0.9, 1]).

Figure 16: 500 realizations of an uniform distribution on the star shape
S = [_17 1]2\(U16<Cl7 1))7 Cl = <_17 _1)7 CQ = <_17 1)77 C3 = (17 _1)7
Cy=(1,1).

Figure 18: 500 realizations of distribution on a asterisk shape with the

following distribution & € {0,1,2,3} P(0 = kn/4) = 1/4, (x,y) ~
U([—1,1] x [-0.05,0.05], X = (cos(#)x + sin(0)y, cos(A)y — sin(0)z).
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For each simulation it is first presented the estimated (Monte Carlo) mea-
sure of the symmetric difference for various values of the radius r (the as-
terisked point on this plot locates the best radius for the result for r* =
max,es d(x, X,)). Then we plot the Devroye Wise (DW) estimator for the
best radius according to the measure of the symmetric difference (Monte-
Carlo) and for the best radius according to the boundary estimation i.e. r*
(?[CRCO04]). Finally we plot the Local convex hull estimator, once again for
the best radius value.

It can be notice that, has announced in the introduction, the Devroye
Wises estimator with the best radius according to the support estimation is
not accurate to estimate the boundary and the topological properties, and the
the Devroye Wises estimator with the best radius according to the boundary
estimation overfills a lot the support. The Local Convex Hull estimator,
with the best radius according to the support estimation over performs the
support estimation and the boundary estimation. Even when the support
does not fullfills the rolling balls property we always obtain estimated support
homeomorph to the support.

estimated measure of the symetric difference

DW radius for support r=0.10642 DW radius for boundary r=0.17737

Figure 13: Results for a disc

Finally we applied the method to a set of 5323 locations of epicenters of
earthquakes of magnitudes superior to 6. We changed a little the way to fix
the neighborhood in a matter to take into account the spherical coordinates
and obtain the following map for the earthquakes.
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estimated measure of the symetric difference

25 T T
Local Convex Hull | 7|
]
O0 0.05 0.1 0.15 0.2 0.25
DW radius for support r=0.069025 DW radius for boundary r=0.12942
1 1 e
0.8 0.8 g
06 0.6
0.4 0.4
0.2 0.2
0 0
-0.2 -0.2
-0.4 -0.4
-0.6 -0.6
-0.8 -0.8
-1 -1
-1 -05 0 05 1 -1 -05 0 05 1 -1 -05 0 05 1
Figure 14: Result for a C'D shape
estimated measure of the symetric difference
e T T Local Convex Hull
- Devroye-Wise
WL |
0.14
DW radius for support r=0.031124 DW radius for boundary r=0.066695
1 1
08 0.8
06 0.6
0.4 04
0.2 0.2
0 0
-0.2 -0.2
-0.4 -0.4
-06 -0.6
-08 -08
-1 1
-1 -05 0 05 1 -1 -05 0 05 1 -1 -0.5 0 05 1

Figure 15: Result for a C'D shape

6 conclusion and further works

The local convex hull method allows us to estimates the support, its bound-
ary (with a rate close to the optimal one), and to recover its topology with
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estimated measure of the symetric difference

Local Convex Hull
Devroye-Wise

DWhest radius for support r=0.039869 DWhest radius for boundary r=0.14951 LCH radius for support r=0.16944

0.15 0.2 0.25 03

Figure 16: Result for a star shape

estimated measure of the symetric difference

Local Convex Hull

Devroye-Wise

DW best radius for boundary r=0.081056 LCH best radius for support r=0.12158

Figure 17: Result for an asterisk shape

only one parameter r and a method less sensitive to the choice of the param-
eter than the Devroye-Wise estimation. That are encouraging results but we
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Figure 18: Result for epicenters

need to find a practical way to choose suitable value for the radius for a given
problem. In addition to this practical problem some theoretical issues can
also be pointed out: We would like to study the properties of this estimator
when the support is less than d—dimensional (with d the dimension of the
observation space). We strongly believe that it behaves very well but need
to prove it. What happen when the density go to infinity when points gets
close to the boundary 7 Is our estimator linked with the a—convexity 7

Moreover, in [GWO04] the authors used the local-convex hull idea not only
to estimate the support but also to estimate the level line of the density.
We strongly believe that their idea is very well adapt to the case where
the support is compact because it helps to decrease the bias of the density
estimation when considering points near to the boundary.
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A Appendix (or supplementary material : proofs
of Lemmas 7 and ?

A.1 proof of Lemma 4

Proof. Let X be drawn from a distribution Py associated to a a—quickly
decreasing density. Assume that balls rolls freely inside and outside the
support S of Px.

We are first going to bound the probability P(X € B(x,r,)) for any
sequence 1, — 0 and any x € S.

For x € S with d(z,0S) = 2y <.

for any z € [0, zp + 7] let us denote A(z) = S(O,, Rs) N B(x,r) and
A(z) its d — 1dimensional measure.

Figure 19: Probability that an observation belong to a given ball

P(X € B(z,r)) > /Z0+r 2% foA(z)dz

z=0

zo+r
P(X € B(z,r)) > / 2% foA(z)dz
z=z0
When r = r, = o(1), we have z = O(r,), z0 = O(r,) and A(z) >
wa_1h(2)T with h(z) = 22 + 2229 — 2% + 12 + o(r?) and so h(z) =
r2 — (2 — 29)? + 222 + o(r?) and so
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zo+T

P(X € B(z,r,)) > / 2% fowg_1(r2 — (2 — zo)z)%dz

z=20

Let us substitute z by u = (2 — 20)?/r2 we have:

1
P(X € Bz, 1)) > %wd@ +o(r)) / WO=D/2(1 ) d-D/2 gy,
z=0

_B(aft 4l
P(X € Ba.r)) = PP S ) iy 4 o)

For z € S d(z,05) = 2z < r.

P(X € B(z,r)) 2/ 2 fowa 17"z
z=0

So

P(X € B(z,r)) 2/ 2% fowg_ 12 dz
z=0

fowg_qrdte
P(X P
(X & Bla,) > F”

And we have: For all r, — 0, for all z € S

fowa_1B(9$L, 441

P(X € B(x,r,)) > 5 2 )rffrd(l +o(r,))z

So, we obtain (as in “On boundary estimation”)

1/(d+a)
lim sup <L> dp(X,, S) < (
n—-+o00 nn

1/(d4a)
wdflfOB<aT+17 %))
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A.2 proof of lemma 9

Lemma 8. if X is drawn from a distribution Px associated to a a—quickly
decreasing density. Assume that balls of radius Rs rolls freely inside and
outside the support S of Px then: for all x € 05, for all r > 0, for all

h > Rs — \/R% — r? we have:

ro d—1
P(X € C(x,r h)) > fowdl/ 2¢ <1 - i) dz
0 Rg

with

S h—R5+\/R§—T2
0 S \/@

Cherlh)

Figure 20:

Corollary 4. if X is drawn from a distribution Px associated to a a— quickly
decreasing density. Assume that balls of radius Rg rolls freely inside and

outside the support S of Px then: for all x € 0S, for r, = ()\IHT") T (14
o(1)) and h, = u%(l +o(1)) with u > 1 we have

fowa—1(p —1)* M XNnn

P(X € C(x,r h)) >

Lemma 9. if Xq,..., X, are drawn from a distribution Px associated to

a a—quickly decreasing density. Assume that balls of radius Rg rolls freely
1

inside and outside the support S of Px. 1, = (A1) #1524 (1 4 o(1)) and

7.2 i Aowg _1\)a+1 -
hy = psp=(1+0(1)) with p > 1 and fO(Cj+i§/;gi)l — 242 = ¢ > 1 Then:

“for all z € 9S C(x, 71, hy) N X, £ 07 eventually almost surely.
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Proof. We are going to prove that:

+oo
ZP(EI:U € 9S,C(x,rp, hy) N X, =0) < 00

n=1

Let us denote ¢, = (Inn)~2 Let us cover dS with N(9S,e,r?) small
deterministic balls, centered in points z; € S and that have a radius ,72.

If 3x € 95,C(x, rn, hyy)NX,, = () then exists a z; such that x € B(x;,e,r2).
and ||u, — u,,|| < Rg'e,r? (according to Walther 99 Th1). So, according to
Property ?? we can find explicit values for r/, and h/, such that: C(x;,r., hl) C
C(x,rn, hy), 1, =1n(1+0(1)) and A, = h,(1 + o(1)).

So:

pn = P(3x € 3S,C(x, 1, hp) N X, = 0) < P(3x;, C(xy, 7, b)) N X, = 0)

n’''n

According to corollary 4

o S N(@S, En’r‘i) (1 B fowd_l(,u — 1)a+1)\lnn(1 . 0(1)))11

(a+1)(2Rg)** n

1
oq_o  _J0wd—1(m=1F A

_ _ g d-1 fovd 12 L o(1)
P < MOS)es ™ (Inn) 22\ 2a T patinsay @rerge

With the chosen value for ¢,
Pn < A(@S)A‘ﬂ—lganwmu)

As ¢ > 1 we have > p, < oo and we can apply the Borrel-Cantelli Lemma

ton conclude. O
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