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Abstract

It is well-known from the work of Schénbucher (2005) that the marginal laws of a
loss process can be matched by a unit increasing time inhomogeneous Markov process,
whose deterministic jump intensity is called local intensity. The Stochastic Local Intensity
(SLI) models such as the one proposed by [Aumimfjnd_ﬂalpﬁmﬂ (IZDDS) allow to get a
stochastic jump intensity while keeping the same marginal laws. These models involve a
non-linear SDE with jumps. The first contribution of this paper is to prove the existence
and uniqueness of such processes. This is made by means of an interacting particle system,
whose convergence rate towards the non-linear SDE is analyzed. Second, this approach
provides a powerful way to compute pathwise expectations with the SLI model: we show
that the computational cost is roughly the same as a crude Monte-Carlo algorithm for
standard SDEs.
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1 Introduction

In equity modeling, a major concern is to get a model that fits option data. It is well-known
from the work of (@) that basically European options can be exactly calibrated
by using local volatility models o (¢, ). However, local volatility models are known to have
some inadequacy to describe real markets. To get richer dynamics, Stochastic Local Volatility

(SLV) models have been introduced (see |Alexander and Nogueiral (2004) or Piterbarg (2006))

and consider the following dynamics for the stock under a risk-neutral probability:

dS; = rSydt + f(Yi)n(t, S;)SidWy,

where Y; is an adapted stochastic process. Typically, (Y;, ¢ > 0) is assumed to solve an
autonomous one dimensional SDE whose Brownian motion may be correlated with W. From
the work of m (@), we know that under mild assumptions, the following choice

o(t,x)
VE[f(Y2)?[S; = 2]

ensures that S; has the same marginal laws as the local volatility model with o (¢, z), which
automatically gives the calibration to European option prices. This leads to the following
non-linear SDE

f(Y)

E[f(Y)?] 5]

Here, we stress that the law of (Y3, .S;) steps into the diffusion term. Unless for trivial choices
of Y; and despite some attempts Mgﬂlmd_l“adlfﬂ (IZD_l_d)), getting the existence and
uniqueness of solutions for this kind of SDE remains an open problem. Also, from a numerical
perspective, the simulation of SLV models is not easy, precisely because of the computation
of the conditional expectation.

In this paper, we propose to tackle a very analogous problem arising in credit risk modeling. In
all the paper, we will work under a risk-neutral probabilistic filtered space (€, (F¢)¢>0, F,P).
As usual, F; is the o-field describing all the events that can occur before time ¢ and F
describes all the events. We consider M € N* defaultable entities (for example, M = 125 for
the iTraxx). We assume that all the recovery rates are deterministic and equal to 1 — Lgp
for all the firms within the basket. The loss process (L, t > 0) is given by

77(t79”) =

dSt == T‘Stdt + O'(t, St)Stth.

Lap
= ——X;, Vt>0
A o vtz

Ly
where X; is the number of defaults up to time ¢. Clearly, X takes values in Ly := {0,..., M}.
Thanks to the assumption of deterministic recovery rates, and under the assumption of de-
terministic short interest rates, it is well known that CDO tranche prices only depend on the
marginal laws of the loss process (see for example Remark 3.2.1 in Alfonsi )). Let us
assume then for a while that we have found marginal laws (P(X; = k),k € Lys).ejo,r] which
perfectly fit CDO tranche prices up to maturity 7' > 0. Then, under some mild assumptions,
we know from Schénbucher (2005) that there exists a non-homogeneous Markov chain with
only unit increments which exactly matches these marginal laws. Somehow, this result plays
the same role for the loss as Dupire’s result for the stock.
The loss model obtained with a non-homogeneous unit-increasing Markov chain is known
in the literature as local intensity model. It is fully described by the local intensity A :




R4 x Ly — Ry, which gives the instantaneous rate of having one more default in the basket.
In the sequel, we will assume that the local intensity A : Ry x L3 — R4 has been calibrated
to market data and perfectly matches Index and CDO tranche prices. We make the following
assumptions:

o Vz € Ly, t € R— A(t,z) is a cadlag function,
o WVt >0, \(t,M) = 0.

In particular, we have A = max,cr,, SUPse(o,7] A(t,x) < oo. In this setting, the instantaneous
jump rate at time ¢ from x to x + 1 is given by A(t—,z). Thus, the local intensity model
corresponds to a time-inhomogeneous Markov chain making unit jumps with this rate.

One may like however get richer dynamics than the ones given by the local intensity model.
Then, we can proceed in the same way as for the stochastic volatility models. Let us consider
(Y2)t>0 a general (F;)-adapted cadlag real process, a function f : R — Ry and a function
n : Ry x Ly — Ry satisfying the same assumptions as A. We assume that the default
counting process (X¢,¢ > 0) has jumps of size 1 with the rate

n(t—, Xe—) f(Yee).

By analogy with the equity, we name this kind of model a Stochastic Local Intensity (SLI)

model. Then, it is known (see [Cont and Mincal (2013)) that the local intensity model with
the Local Intensity (LI) n(t—,z)E[f(Y;-)|X;— = 2] has the same marginal laws as X;. Thus,
the SLI model will be automatically calibrated to CDO tranche prices if one takes:

At—, x)
E[f (Vi) Xew =2

This approach has been used in the literature by [Arnsdorf and Halperin (IZD_Oﬁ and in a
slightly different way by [Lopatin and Misirpashaev (2008). However, up to our knowledge

there is no proof in the literature of the existence nor uniqueness of such a dynamics.
The first scope of this paper is to solve this problem. At this stage, we need to make our
framework precise. We assume through the paper that:

Vit > 0,2 € Ly, n(t—,z) =

f: R+ R is continuous, s.t. Vz € R, 0 < f < f(z) < f < o0. (1.1)

We assume that the probability space (€2, F,P) contains a standard Brownian motion (W, t >
0), a sequence of independent uniform random variables (U k)keN, and a sequence (E™)nen
X

of independent exponential random variables with parameter T We set TF = Zﬁzl E"

for k € N*. The random variables (T*, U*)cn+ will enable us to define a non homogeneous
Poisson point process with jump intensity n(t—, Xy ) f(Y;—). We are interested in studying
the following two problems in which we assume that Y; is a process with values either in N
(discrete case) or in R (continuous case). In the discrete case, we are interested in finding a
predictable process (X3, Y;)i>0 such that

s
UPSSF —EF (s %]
>0

Xt =20+ D) rrcy 1{ X f(YTkV\(Tk’XTk)}

f
Yo = yo, and for each k >0, (Y, ¢ € [Tk, Ti4+1)) is a continuous time Markov chain
X
with transition rate ,uz iy ka.
(1.2)



For the sake of simplicity, we consider in the discrete setting that X and Y do not jump
together almost surely.

In the continuous case, the corresponding problem is to solve the following stochastic differ-
ential equation:

=Af BV X ]

Yi = yo+ Jo bls, X, Yo)ds + [g o, X, Yo)dWs + [5y(s—, X, Yo )dX,,

Xi =m0+ Y p ey 1{ . f(YTk_))\(TkvXTk_)}

for xg € Lar,yo € R and given real functions b, o and ~. This framework embeds in particu-
lar the dynamics suggested by |Amsdo_tf_am_HapoUﬂ (|2_0_ij and [Lopatin and Misirpashaeyl
(@) Under some rather mild hypotheses on p;;, b, o and 7, which will be specified in
the corresponding sections, we will show that the above two equations admit a unique solu-
tion. In the discrete case, we are able to show that the corresponding Fokker-Planck equation
has a unique solution. This can be achieved by writing the Fokker-Planck equation as an
ODE which can be studied directly. In the continuous case, this approach can hardly been
extended: the Fokker-Planck equation leads to a non trivial PDE. Instead, we solve this prob-
lem by introducing an interacting particle system. This technique is known to be powerful
for this type of non linear problems (see Sznitman (1991) or Méléard (1996))

The second scope of this paper is to provide a way to compute prices under SLI models.
Indeed, interacting particle systems are not only theoretical tools to prove existence and
uniqueness results for such equations. They give a very smart way to simulate these
processes, therefore enabling us to run Monte-Carlo algorithms. This approach has been
recently used by (Guyon and Henry-Laborderd (|2QLI.|) for Stochastic Local Volatility models.
For the Stochastic Local Intensity models considered in this work, the conditional
expectation is much simpler to handle. This enables us to get theoretical results on the
convergence and also simplifies the implementation. In fact, we show in our case under some
assumptions that the rate of convergence to estimate expectations is in O(1/N®) for any
a < 1/2; where N is the number of particles. On our numerical experiments, we even
observe on several examples a convergence which is similar to the one of the Central Limit
Theorem, which is rather usual for Interacting Particle Systems. Besides, we show that we
can simulate the interacting particle system with a computational cost in O(DN), where D
is the number of time steps for the discretization of the SDE on Y. Thus, the computational
cost is roughly the same as a crude Monte-Carlo algorithm for standard SDEs with N
samples.

The paper is organized as follows. First, we study the case where Y has discrete values; this
framework enables us to settle the problem and solve it by rather elementary tools. This part
is independent from the rest of the paper. Second, by means of a particle system approach,
we investigate the case where Y is real valued jump diffusion. Finally, we carry out numerical
simulations highlighting the relevance of the particle system technique to compute pathwise
expectation of the Process (LL3)).

2 The SLI model when Y takes discrete values

The goal of this section is to prove the existence of a process (X¢, Y;)¢>0 satisfying (IL2)). Unlike
the continuous case ([[L3]), we can get this result by elementary means, without resorting to



an interacting particle system. To do so, we write the Fokker-Planck equation associated to
the process (Xi,Y:)i>0, which should be satisfied by P(X; = 4,Y; = j) for (i,5) € Ly x N.
We have

Op(t,i,5) = Dkz /ﬁcg (i, k) + 1>y (ftzl ll))f(j)p(t,i —1,7)
(€) ((p)\p(ttzl)f( lii<m-1y — ,u]J> p(t,i,7)

p(0,4,5) = 0V(i,j) # (x0, o),

p(Oax()ayO) = 1.

where p is a function from Ry x L3y x N to R and

Z]O'.;O f(j)p(ta Z’])
Zj‘io p(t, i, J) .

If we manage to prove that the Fokker-Planck equation admits a unique solution p such that

Yp (t7 Z) =

Vi,j € Ly x NVt >0, p(t,i,5) >0, (2.1)
M oo

VE>0 ) > p(tig) =1, (2.2)
i=0 j=0

then we will get that the law of a process (X, Y;)i>0 satisfying (L2]) is unique. Besides, we
will also get the existence of such a process. It is easy to check that a continuous Markov
chain (X, Y;)s>0 starting from (xg, yp) with transition rate matrix

SO )
Qop(tvil)

where p is the solution of (£) satisfies (I.2]). In fact, the Fokker-Planck equation of this process

Fi(in ) Gi,g2) () = Lji=jo (Liz=in+1 = Lip=is) + Lii=io i}, 1,92 € Lo, 1,2 €N,

Oua(tinj) = Ly pigaltis ) + Lon G f(alti = 1,7)
(‘P)\P(ttll)f( )1{Z<M 1y = Iu’_zyj> Q(tal’])

q(0,4,5) = 0Y(,5) # (0, ),

q(07x07y0) =1

is linear and clearly solved by p, which gives ¢ = p.

2.1 Assumptions and notations

In this part, we assume that the transition rates satisfy the following hypothesis.
Hypothesis 1 The intensity matrices (M%)LJ’ZO for k € Ly satisfy the following conditions:
o Vk e Ly, Vi,jENstuchthati#juijO,
e Vk e Ly, VieNpuk <0,

o Vke Ly, VieN Z;’-’;O,ufj =0 (then z;’;07j#i/¢% = —uk).



Moreover, we assume Yk € Ly, sup;ey || < oo.

We also introduce specific notations used in the discrete case.
e We define the set E as the set of real sequences indexed by i € L3y and j € N:
E:={u= (U;)OSiSM,OSJ : ué € R},
Ei ={u= (Uﬁ-)ogigM,Ogj : u; €eR }and B :={u= (Ué)ogiSM,ogj : ué e R 1.

e For u € E, we set |u|] = Zi]\io Z]O‘io |“3|

2.2 Solving the Fokker-Planck equation
To be more concise, we rewrite the Fokker-Planck Equation (£) and Conditions (Z1]) — (Z2))

by using a sequence of functions. Let P := (P]i)ogz‘g M,j>0 denote a sequence such that each
P]? is a function from Ry to R. Solving (€) under Constraints (2ZI) — (Z2]) boils down to
solving

P'(t) = U(t, P(t)),

PO) =PhH
under the constraints V¢ > 0, P(t) > 0 and |P(t)| = 1. The sequence P, is such that (Po)é» =0

for (i,7) # (wo,v0) and (F)yS = 1. V¥ is an application from Ry x B, — E given by

, o Ati—1) . A 2) o i
U(t. z)): = VN IR e A =l ’ i
( ( 7$))] kzmuk]xk + {i>1} go(:v,i — 1) f(])x] {i<M-1} gp(ﬂ:,i) f(]) 1']
- Yoo f(Dx]
h = ==
where ¢(z, 1) %ol
Remark 1. ¥ is defined without ambiguity on EY. When x € E, difficulties may arise
4 2L
when for some fixed 1, xs = 0 Vj. In this case, we still have  lim = 0 since

zGEi,z%m (p(Z, Z)
f < o(z,) < f forz € EY. Thus, we can extend ¥ by continuity on E .

We aim at solving (£) in the set of summable sequences (compatible with Condition ([2.2))
and get the following result.

Theorem 2. Equation (') admits a unique solution on Ry satisfying ¥Vt > 0, P(t) > 0 and
[P(t)] = 1.

To do so, we first focus on the following differential equations:

" {P/(t) = U(t, (P(1)+),
P(0) = P,.

Proposition 3. Equation (£") admits a unique solution on R.. Moreover, the solution
satisfies Yt > 0, P(t) > 0 and |P(t)| = 1.

The proof of this proposition consists in first showing the Lipschitz property which gives the
existence and uniqueness of P and then proving that V¢t > 0, P(t) > 0 and |P(¢)| = 1. This
proof is postponed to Appendix [Al

Then, the proof of Theorem 2] becomes obvious. The unique solution P of (£”) clearly solves
(&), and any solution @ of (£’) such that ¥Vt > 0, Q(¢t) > 0 and |Q(¢)| = 1 also solves (£”)
and thus coincides with P.



3 The SLI model when Y is real valued.

3.1 Setting and main results

We are interested in proving the existence of a process (Xi,Y;); solving the stochastic dif-
ferential equation (IL3]). More precisely, we will consider the following stochastic differential
equation,

Xe=Xo+ X preey 1{

k
UrS3F BT % ]

Y, = Yo + [y b(s, X5, Ys)ds + [7 (s, Xs, Yo)dWs + [3 y(s—, Xs—, Yoo )d X,

I f(YTk_)A(Tk—,XTk_)
pi (3.1)

with (possibly) random initial condition (X, Yp) such that E[|Yp|™] < oo for any m € N. We
will denote in the sequel L;,;; the probability law of (Xo,Yp) under P. To get existence and
uniqueness results for ([3.1), we will make the following assumption on the coefficients.

Hypothesis 2 1. The functions b, o, v: Ry x Lyr x R — R are measurable, with sub-
linear growth with respect to y:

VT'>0,3Cr >0, Vt € [0,T],x € Lar,y € R, [b(t, 2, y) [ +|o(t, 2, y)[+y(E 2, 9)] < Cr(1+y]).

2. The functions b(t,x,y) and o(t,xz,y) are such that for any x € Ly, yo € R, there exists
a unique strong solution for the SDE

¢ t
Y =10 +/ b(s,x,Ys)ds +/ o(s,x,Ys)dWs, t >0
0 0
This property holds if we assume for example that:

b(t, z,y) = b(t,z,y')| < Crly — /|

| <
lo(t,z,y) —o(t,z,y" )| < Crv/ly =]

3. For any x € Ly, (t,y) — ~(t,z,y) is cadlag with respect to t and continuous with
respect to y, i.e. Y(t,x,y) = liMgsy st 25y V(8,,2) and imgcy st 2y Y(S, 2, 2) exists
ans is denoted by y(t—, z,y).

VT > 0,3Cr >0, Vt € [0,T),z eEM,{

To prove the strong existence and uniqueness of a process (X,Y") solving [B]), we will first
need to prove a weak existence and uniqueness result. To do so, we introduce the Martin-
gale Problem associated with ([B1]). We denote by D([0,7],R) the set of cadlag real valued
functions and consider:

E = {(z(t),y(t))icio,m,st-y € D([0,T],R) and = is a nondecr. cadlag function with values in Ly}

This path space is endowed with the usual Skorokhod topology for cadlag processes, and with
the associated Borelian o-algebra. We denote by P(FE) the set of probability measures on E.
We are looking for a probability measure Q € P(F) such that L;,; is the probability law of
(X0, Yp) under Q and, for any ¢ € C%2(R? R),
A, Xu)f (V)
Eglf (Yu)| Xa]

b, X, Ya)Byo( X, Vo) + ;0 (u,Xu,Yu)a§¢(Xu,Yu)}du (3.2)

05, ¥) = (%0 0)- [ | (B(X + 1.5+ 9. X, ¥,) — 6(X,.Y,)]

7



is a martingale with respect to the filtration F; = o((Xy,Yy,),u < t) satisfying the usual
conditions. Here, X; and Y; stand for the coordinate applications:

X,: E— Ly andY;: E >R
(z,y) = x(t) (z,y) = y(t),

and E@ denotes the expectation under the probability measure Q € P(E). Similarly, for any
Q € P(E), we denote by Eqg the expectation under the probability measure Q while E
simply denotes the expectation under the original probability measure P.

The following Theorem is the main result of the paper.

Theorem 4. We assume that Hypothesis [4 holds and consider a Fy-measurable initial con-
dition (Xo,Yp) such that Ym € N,E[|Yp|™] < oo. Then, there exists a unique probability
measure Q € P(E) solving the Martingale Problem (B.2). Besides, there exists a unique
strong solution (X,Y:)i>0 to Equation (B1)).

To prove Theorem [, we need the following basic result on standard SDEs with jumps. This
is an easy consequence of Hypothesis 2l For the sake of completeness, we give its proof in
Appendix

Proposition 5. For Q € P(E), we set fort € [0,T],x € Ly

Qs g — Bl (D)1 (x, =]
orltr) = Q(X¢ =)

Let Hypothesis[Q hold. Then, for any (xo,yo) € Lar X R, there exists a unique strong solution
(Xt, Yt)iejo,m to the following SDE with jumps:

, when Q(X; = x) >0 and ¢ (t,x) = | otherwise.

Xe =20+ D g rreey 1{

b f(YTk_)MT’f—,XTk_)}

PQUTk— X )

Z-

(3.3)
Yy = yo + [y b(s, X5, Ys)ds + [y o(s, X, Ys)dWs + [ v(s—, Xs_, Vo )d X

Proof of Theorem[§] The proof of Theorem HElis split in three main steps.

e First, we show the existence of a probability measure Q € P(E) solving the Martingale
Problem (B.2]). This result is obtained by considering the associated interacting particle
system: we show that each particle converges in law, and that any probability measure
in the support of the limiting law solves the Martingale Problem. This is done in
Section

e Second, we show the uniqueness of the probability measure Q € P(E) solving (B.2).
To do so, we introduce a function ¥ : P(E) — P(E) defined as follows. Let (X, Yp)
be a random variable distributed according to L;,;; under P. Then, we know from
Proposition [l that there exists a unique process (Xi@, YtQ)te[o,T] solving

Q k_ xQ
f(YT NT ’XTk,)

Uk<

Zfp

5 )

XP=Xo+ dokrh<t 1
{ vQ(TkﬂX;Q;
Y= Yo+ [y b(s, X2, Y D)ds + [§ (s, X2, VAW, + [jv(s—, X2, V,2)dX,
(3.4)



and we define

U(Q) = law((X2,Y,%)cpo1) € P(E).

As we will see in Section B4l ¥ (or more precisely W iterated k-times) is a contraction
mapping for the variation norm. Combining this result with the following Lemma gives
the uniqueness of the probability measure solving (B.2]).

Lemma 6. Let Q € P(E). We have U(Q) = Q if and only if Q solves the Martingale
Problem [B2). In this case, (X;@,Y;@)te[oﬂ solves Equation (B1).

e Then, the existence and uniqueness of Q satisfying ¥(Q) = Q and Lemma [ au-
tomatically give the strong existence and uniqueness of (X,Y") satisfying ([B.J]) since
we necessarily have E[f(Ypx_)|Xpe_| = Eg[f(Yre_)|Xpr_] and thus (X, Yy)iep ) =

(X2 Y c01)-
[ |

Proof of Lemmal8 The direct implication is clear since U(Q) = Q gives that E[f (Y;E@HX;@] =
©2(t, X2). Thus, (X;@7Y;5Q)t€[O,T] solves (@) and in particular @ solves the Martingale
Problem (B2]).

Conversely, let us assume that Q solves the Martingale Problem B2). We know from Proposi-
tion Bl that strong uniqueness holds for the SDE (X;@7 Y;tQ)te[O,T}- From [Lepeltier and Marchal

, Theorem II;3), we know that strong uniqueness implies weak uniqueness, which pre-
cisely gives ¥(Q) = Q since Q solves the Martingale Problem (B.2]) and therefore the Mar-

tingale problem associated with ([B.4). In particular, we have E[f (Y;@)\Xp] = (¢, XF)7 and
(XP,YtQ)te[o,T} solves (B.I). u

3.2 The interacting particle system

We assume that the probability space (£2, F,P) carries all the random variables used below.
Now, we set up the particle system related to the Martingale Problem ([B3.2). In the following,
N will denote the number of particles, (Xé,YOi),i € N are independent random variables
following the law L;;; under P, and (Wf,t > 0),1 € N are independent standard Brownian
motions. We build an interacting particle system ((X; N Y;Z’N), t > 0)1<i<n with the following
features. For i =1,..., N, (Xti’N, t > 0) is a Poisson process with intensity:

M= X)) S50 L i,

i
N N
Zj:l f(Yt{ )1{Xg;N:X;’;N

, (3.5)

and Yti’N solves the following equation:

- . t . . t . . . t N : .
Ytz,N:YOz_}_/ b(s,Xg’N,YSZ’N)dS—{—/ U(SaX;’N,KgZ’N)dW§+/ ’y(S—,X;fV,YsZ;N)dX;’N.
0 0 0
(3.6)

In fact, we can give an explicit construction of this particle system, which will be useful
later and we explain now. Let us consider (U Z’k)hkeN* a sequence of independent uniform



variables on [0, 1] and (Ei’k)i,keN* a sequence of independent exponential random variables

with parameter fo These variables are independent, and independent of the previously

defined Brownian motions. We define the times

k
ik il
T =3B,
=1

and we can order (T%* i =1,..., N,k > 1), such that 0 < T"F < ... < Tk < almost
surely. '
Up to the first jump of X%V, Yf’N is defined as the unique strong solution of

. . t - N t l ) L

At time 7 = T the process X" makes a jump of size 1 if

i1, N i1, IN N
(r= XP2)F (V) 25 L oy

N N
25t PV g,

)

A
Uik < é
=Y;

and does not jump otherwise. If a jump occurs, we set yielN = Yfl_’N + (- XN Yil’N)

s Ar— 9 Lr—

and, up to the next jump of X*V, we define Yti”N as the unique strong solution of

Y;“’N :YTZl’N+/ b(s,X?’N,YS”’N)dS—l—/ U(S,X;I’N,Y'S”’N)dW;, t> 7

T T

3.3 Existence of a solution to (3.2)

We follow the analysis carried out by (M), pages 69 and 70. We denote by

N = % Zf\; 1 5( XN YN, o the empirical measure given by the particle system. It is a

random variable taking values in P(E). We denote by 7V € P(P(E)) the probability law of
pN. For m € P(P(E)), we denote by

o) = [ ) € PLE)

the mean of m. Let F': E — R be a bounded function which is continuous with respect to
the Skorokhod topology. It induces an application P(E) — R — still denoted by F' with an
abuse of notation — such that

Fw = [ o).

Since 7V is by definition the probability law of u~, we have by using Fubini’s Theo-
rem E(F(u)) = fP(E) F(p)aN(dp) = [, F(2)I(x")(dz). On the other hand, we have

i\N i,N i,N vi,N
F(p) = 5 2, FUXET Y )ieor)- By symmetry, (X7, Y, )ieo7) has the same law
as (XE’N,Y;LN)te[QT} and we get that:

ELF((XN, YY) o)) = /E F(2)I(x™)(d2). (3.7)

10



Lemma 7. The sequence (7™¥)y is tight.

The proof of Lemma [T is postponed to Appendix [Dl Now, wWe can consider a subsequence
7k which converges weakly to 7° € P(P(E)). Let ¢ € N*, 0 < sy < --- < sq < s <t
¢ € C2’2(R2,R) and g1,...,94 € Co(R%R) be bounded functions with bounded derivatives
for ¢. We set for Q € P(E),

Alu, Xu) f(Ya)
Eq[f (V)| Xu]

+ b(u, Xy, Yy) y(ﬁ(Xu,Y)—i-%gz(u,Xu,Y) é(Xu, Vo) }du)Hgl oY, } (3.8)

F(Q) =Eqg|(#(X:, 1) - 6(X,. Ys) - / R (X + 1,Ya +7(u, X, V) — 6(X,.. Vi)

We have to check that Q — F(Q) is continuous with respect to Q for the weak convergence.
Since f is continuous by Assumption (L), we first notice that when Q,, converges weakly

to Q, Eq, [f(Y:)|X: = x] converges to Eq[f(Y:)| X = x] when Q(X; = x) > 0, unless for an
at most countable set of times ¢ depending on Q. Then, follovvlng (E@ it comes
out that if s,¢,s1,...,5, are taken outside a countable set depending on 7°°, F' is m*°-a.s.

continuous. In this case, we have:

E[F (™)), = F(Q)*7>(dQ).
e JpE)

By definition of ', we have:
1 X A A g
PNy = =0 [N = i) H (XEN, Vi), where
i=1 =1
t
MY = oY) — /O {blu, XU V)0, 0 (XN YN + S0 XN Y900, YY)

i\N i, Ny S~V
A, X ™) f(Ya™) 22050 Loxin_xiny
N N
2 A iy

(G + 1,V 4y, XN, V) = o(XEN, Vi) bdu.

We observe now that [M*N, M7N], = 0 for i # j since, by construction these martingales do
not jump together and (W? W7); = 0. Therefore, we get that:

q
BIF(uV ) = B[ — V2 TLa(xhN vivy?] < ow,
=1
thanks to the boundedness assumption made on functions g; and ¢. It comes out that F/(Q) =
*(dQ) almost surely. This holds in fact for any function F' given by ([B.8]), provided that
s,t,s1,...,54 are taken outside a countable set depending on 7*°. Since the process (X3, Y;) is
cadlag, this is sufficient to show that any measure in the support of 7% solves the Martingale
Problem (B:2)). In particular, we get the following result.

Proposition 8. There erists a measure Q € P(E) solving the Martingale Problem [B.2).

11



3.4 Uniqueness of a solution to (3.2)

Let Q € P(E) denote a probability measure solving the Martingale Problem (32). We know
that such a probability exists thanks to Proposition Bl We want to show that it is indeed
unique. To do so, we consider another probability Q € P(FE) and study the total variation
distance V(¥ (Q) — ¥(Q)) between Q and Q over E. For t € [0,7], Q,Q € P(E), we denote
by @‘ 0.4 and Q{[o . their restriction to the paths on the time interval [0,¢]. We also set

V;(Q — Q) the total variation distance between Q{ 0.4 and Q{[O g

Lemma 9. Let 7 := inf{t > O,X? + X2} denote the first time when XQ and XQ do not
Jjump together. We have B
Vr(W(@) - B(Q)) < 2P(r < T).

Proof. Let us recall that for any signed measure n on F, the total variation of 7 is given by
V(n) =n"(E)+n (),

where 7 = nt — 5~ is the Hahn-Jordan decomposition of 7. Besides, we clearly have

V) < V) < V),

where V(1) = sup{|n(A)|, A C E measurable}.
We have for any measurable set A of F,

PI(X2 YD) eor) # (XL Y ci0m)

> P((X P @)te[O,T] e A (X2, Y2 Jeco,) € A)

= P((X2, Y ) ciom) € A) — P(XE Y Dserom € A (X2, Y )eom) € A)
> P((XP, @»Em € A) —P(X2, Y iepo.m € A).

By taking the supremum over A, we get

P((X7, Y ey # (XY reppary) = Ve(B(Q) - ¥(Q)),
which gives the claim. |
Up to time 7, we have (ng, Y;@) = (X2,Y,%), and we get that

t o 1 1
l{TSt} - A 1{T>S})‘(87X;;Q)f(Y;‘Q)

— — — — | ds
WQ>s, X2 s, XD)

is a martingale. In particular, we have

oy 1 1
E (1ot X2)F(YD)

W, X2 ot X2)

zf (1620, x8) - 2, X

dP(r < t)
dt

IN

12



Now, let us observe that ¢Q(t,z) — ©Qt,z) = FU O (xp =y Fol/ 0 (=] +

O(X¢=z)
%[Q(Xt = 1) — Q(X; = ). Thus, we get that [pQ(t,z) — ¢t z)| <

s (Bl 001 (x=y] = Balf ()1 xmap]l + TIQ(X; = 2) ~ Q(X; = )|}, and there-

fore (we use here that Q is invariant, and is the law of (ng , Yt@)tzo)

Elle?t X9 - 2L X)) < S [Eglf (Y0Liximey) — EQLf (Y01 ximay]| + FIQX; = 7) — QX = @)

zeLlpg

< 2fV(3(Q) - ¥(Q)).

To check the last inequality, one has to observe that for a simple nonnegative function f(y) =
S fil_{Ai}, where A; C R are Borel sets, we have |E@[f(y_t)1{xt:x}] — EQ[f(Yt)l{Xt:x}H <
i filQ(Xe = 2,V € Aj) — QX = 2,Y; € A)] < fVi(Q — Q). By passing to the limit,
this property holds for any bounded measurable (hence continuous) function f.

To sum up, we have for ¢ € [0, 7],

2

_ o T _
Vr(U(@) - W(Q)) < 2P(r < T) < 421 /O Vi@ Qs < 42TV (T~ 0),

since Vp(¥(Q) — ¥(Q)) = 0 and s + V4(Q — Q) is nondecreasing. Let us recall that the set
of bounded countably additive measures on E endowed with the total variation norm is a

)
Banach space. If 4%T < 1, we get by the Banach fixed point theorem that ¥ has a unique
fixed point that is n_ecessarily Q. Otherwise, we get by iterating that:

., 1k
AP T 7]
Vr(E(@ - v(@) < 475 | @ - vV (@)ds < V(@ - Q).
_ 0 )
4§Tr
When £k is large enough, iT <1 and ¥®) ig a contraction mapping. Thus, Uk has a

unique fixed point that is necessarily Q.

This concludes the proof of Theorem dl Besides, using the notations of Section B3] we get
that any convergent subsequence of 7%V should converge to 5@(d(@). This gives the weak
convergence of 7 towards 5@(d(@). By ), we get that any particle converges in law
towards Q.

3.5 Convergence speed towards Q

Now that we have proved that each particle converges to the invariant probability measure,
we are interested in characterizing the speed of convergence of the interacting particle system
towards this measure. This question is of practical importance, since one would like to use
the following approximation

1 N

EglF(Xe, Yoreor)] & 7 D F(G Y eior), (3.9)
1=1

13



and have an estimate of the error involved.

First, we need to introduce some additional notations. We consider the same particle sys-
tem (XZ’N, Y;Z’N)tzo as in Section B2 constructed with the random variables T%* U®** and
(Wi,t > 0). With these variables, we construct now the processes (X7, Y}!);>0 as the unique
solution of

Xi=X5+ Dok Tik<t 1{
Uzk

;f(?i g ONTOR= XD )
—=Xf oQ(Tik Xl

) (3.10)

Yti — }7& + f(f b(s,Xﬁé, Ysi)ds + fo O'(S,X;,YZ)dWSZ + fgw(s—,Xg_,Y;_)ng.

By construction, the law of (X7, Y}");c(o,7] is the invariant probability law @, since ¥(Q) = Q.
By using the same argument as in Lemma [, we have:

7N 7N N ,N v Vi
vr(L((x; N,y )efo,r]) — Q) < oP((X, ", Y, Jicior) 7 (X5 Y )iepr) = 2P(r < T),
where 7! = inf{t > 0, X} # th’N}. We also set for i = 2,..., N, 7' =inf{t > 0, X} # XZ’N}.

Proposition 10. Let us assume that Lin; is such that P(Xo = x) > 0 for any x € L.
Then, there is a constant K > 0 such that

K
P(r! <T) < —.

TR
Proof. By construction, the processes X! and X" may become different at the times 7% if
s AMTH*E = Xy )V ) s AT - XllNk )f(Y;lAITC )

Ulk < and UMF > or conversely.
— Q(1,k_ 1 N s 9
A PUTH =X ) Af SRl so T! k*)l{XTl k_ X;1Nk ¥
Betogl —xil
, _ FAXDIOE) A X)) is -
Thus, 11714 fo lisa= | o2(eX1) =, f(Yj’N)l{Xj o ds is a martingale and we
Zjvl {XJN X;,N}
have
T > = 1,N 1,N
I o N IS N I O B U eV G N
(T — ) - )\_ {T1>t} @ 1 Z f(YJ N)
f 0 eQ(t, Xy) =1 {XJN =x; Ny
PORINE! (xIN_x Ny

Let us observe that on {7! > ¢}, we have (X},Y;!) = (th’N, v, Ny, Therefore,

N
1 L4205 g _xy
1y 1,N N N
6LXY) FYT) + X fYY v _x1y

T
P(r'!<T) < fE / — dt| .(3.11
( ) JE\ | sy 2 (3.11)

N
) B 1+Zj:2 l{Xg’N:z}
WRte)  FOTAEL FO7 v
t

Now, we study for x € Ly, and set

=z}

q(z) = Q(Xy = z).



When ¢ (x) > 0, we have
1 1+ ZjV:Q I{Xg’N:l«} - (jt(x) - % <1 + Z;VZQ 1{X§"N=m})
Rtx)  FO) + D FO | Eglf (Yo1l{x,=)]

1
fE@[f(YZ)l{Xt:x}] E@[f(n)l{)(t:x}] - N

_|_

1 1
<—|gx)——= |1 1,
) ey +j22 (=)
N

Bglf (V) Lpx—a)] = 5 | SO + D F 071 vy

2

[ @(x) j=2

We analyze these two terms in a similar manner. We introduce (X NFL Y;N'H)te[oﬂ another
copy of (X;,Y, )te[o 7], which is independent from all other existing processes. We have

N+1
_ 1 1 1
Qt(x)_ﬁ 1+221{X5,Nx} S t NZ]—{x] N ZQl{Xg:m}—l{Xg,Nx} +N
J= I=
N+1 N
1 1
< @@ -y Z Lgimn |+ st (8.12)
.]:

since X7 and X7V may be different only on {77 < t}. Similarly, we have

N
1 .

E@[f(n)l{Xt:x}] - N f(Yth,N) + ZQ f(Y;fLN)]-{Xg,N:m}

.]:

N+1 ? N ?
< |Em [f(th)l{Xt x} N Z f {Xg:x} N Z_; 1{T]<t} + -~ (313)
We introduce
1 1 N+1 N+1

This is a random function which is independent from (th,f/tl)tzo. From @BII), BI2)
and (3I3)), we obtain by observing that 7/ and 7! have the same law under P:

P(r! <T) < /OTE[A(X,})] + (1 + %) (%E [cjt(;})} +E [fmlﬂﬁb dt.  (3.14)

() < M 41, Thanks to the independence

First, we observe that E[qt <) 1 =20 st q@)>0 @ S
E[A(z)]. On the one hand, we have:

of A(x) and Xj, E[A(X})|X} =] =

15



e [l & (S35 5pen) ] = 2 [(00 - 457 10510) ] - T

On the other hand, we have similarly that:

2

—2
1 _ 1
<O E | Bl (Y0l xe=a)] = > FO1 %) < \/NE@(l{thm}fQ(Yt)) < fﬁ@t(ﬁﬂ)-
2

Finally, we obtain that:

E[A(x)] < <1+7> \/Qt—\/_

By using the tower property of the conditional expectation, we get:

A\ VM +1

1)

since we have ) . V@ (z) < VM +1 by the Cauchy-Schwarz inequality. From (314

P(r! <T) < <1 + i> <\/F + M;l +/OTE [qt&l)l 24 dt> (3.15)

So far, we have not used the assumption go(z) = P(Xo = z) > 0 for any = € L)s. Since the

E[A(X})] < <1 +

<7 _Af
jump intensity is bounded by %, we necessarily have q;(z) > e £ g go(z ) for t € [0,T]. Thus,

there exists a constant C' > 0 (depending on 7" and L;,;) such that m < C for t e 0,T],

x € L. Since 72 and 7! have the same law under P, this gives

P(TlgT)§<1+f><\/F+M+l C/ T<tdt> (3.16)

and we easily conclude by Gronwall’s lemma. [ |

Now, we can have an estimate of the accuracy given by the approximation ([B3]). We assume
that F' : E — R is a bounded measurable function. Then, we know by the central limit
theorem that

N
VN <% > F((X7 Y ) — EglF (X, mtd&ﬂ”) = N0, o*),
=1

where o2 is the variance of F/((Xy,Y;)sepo,r1) under Q.
Since F' is bounded by a constant K > 0, we have by Proposition

NZF (X!, Y ep.m) ZF v Jeelo,r])| < N azl{TKT},

which converges for the L'-norm to 0 when N — +oo for @ < 1/2. Combining both results,
we finally get a lower estimate of the convergence rate.
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Corollary 11. Under the assumptions of Proposition[Ill, we have for any bounded measurable
function F: E — R and any 0 < a < 1/2,

N
o 1 1 % . .
N\~ > F((XN, Y )eor) - E@[F((th)te[O,T])]‘ — 0 @n probability.

i=1

Remark 12. To prove Proposition[I0, we have assumed that P(Xog = x) > 0 for any x € Ly;.
In fact, the same proof would work if we assumed that there existed xo € Ly such that
P(Xo > 29) =1 and P(Xy = z) > 0 for any x > x.

However, in practice, it would have been nice to treat the case P(Xy = xz9) = 1 for some
xg € Ly, since we know at the beginning how many firms have already defaulted. Heuristically

from BIB), we may hope to have for large N that E {ﬁlﬂq} < COP(1! < t) since X!
Ty tr2<

and 12 are asymptotically independent, E {ﬁ} < M +1, and 7% and 7" have the same
t

law. This would be enough to conclude. Unfortunately, despite our investigations, we have

not been able to prove this formally. However, we still observe a convergence speed of 1/v/ N

when Xo = 0 on our numerical experiments (Section[4).

4 Numerical results

In this section, we illustrate the theoretical results obtained in the previous sections. Let us
recall that the local intensity (LI) model is a Markov chain with unit jumps occurring with
the rate A\(t—, z) and that the SLI model is given by equation (L3]). First, we highlight that
the LI and SLI models have the same marginal distributions but different laws as processes.
Second, we study the convergence of the interacting particle system and obtain numerical
simulations showing a central limit theorem.

For our numerical experiments we consider two different models for the process Y described
below and we assume that the local intensity A and the function f are given by

< x
At,z) = A (1 - M)
f@)= (VNS
where the number of defaultable entities M will be taken equal to M = 125 from now on.

This choice of A(t,z) corresponds to M independent default times with intensity ﬁ We also
assume that there is no default at the beginning, i.e. Xg = 0.

1. In the framework proposed by [Lopatin and Misirpashaey (2008), the process Y is a

continuous process satisfying a CIR type SDE

dY; = k(\t, Xi) = Y3) 4 o/ Y dW, (4.1)

where k,0 > 0. To sample such a process, we use the second-order discretization scheme
for the CIR diffusion given in @E (M)

2. In the framework of [Arnsdorf and Halperinl (|20_0ﬁ), the process Y is no more continuous

and may jump when a new default occurs. The process Y solves the following SDE

dY; = —aYlog(Yy)dt + oY dW, + Y- d X, (4.2)
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where a,0 > 0 and v > 0. Remember that X only has positive jumps. For discretization
purposes, note that between two jump times of X, log(Y) solves the following Ornstein

Uhlenbeck SDE 1
dZt = (—CLZt + 50'2)dt + O'th.

Even though we could have sampled exactly in this particular case the Gaussian incre-
ments of Z, we discretize Y using the Euler scheme on Z in our simulation since we
would make this choice for more general SDEs on Y.

The LI model can be simulated very easily using a standard Monte—Carlo approach as it is
sufficient to know how to sample a Poisson process with intensity A; we do not need any
interacting particle system.

4.1 Practical implementation

In this part, we describe our implementation of the particle system to sample from the dis-
tribution of (X, Y;)o<i<r. We recall that the process X has no continuous part and makes
jumps of size 1. The process Y has a continuous part and may jump at the same times as X.
We consider a regular time grid of [0,T] with step size h = %: s = kh, 0 <k <D. Assume
we have already discretized Y up to time s, the discretization of Y at time s is built in

the following way:

e If the process X does not jump between time s; and time sx11 we use the increment of
a standard discretization scheme.

e If the process X jumps at time s with s < s < sp.1, we proceed in three steps: apply
the previous case between times s; and s, integrate the jump at time s and finally apply
the previous case again between time s and sp41.

This scheme ensures all the Y are at least discretized on the regular grid {so,s1,...,5p}-

Computational complexity. Studying the complexity is of prime importance when
proposing a numerical algorithm.

On the one hand, there are D discretization times at which we recalculate the values of
each Y, which requires O(DN) operations. On the other hand, the average total number
of proposed jump dates (ie. the number of steps in loop [B)) is given by the expectation of
the underlying Poisson process at time 7" : N T)‘—ff. The computation cost of the ratio (43

is O(N) and the complexity is O(ND + N2T %) Hence, for fixed model parameters, the
overall complexity of our approach is bounded by O(DN + N?). In practice, N is much larger
than D, and the most computationally demanding part of the algorithm is the numerical
approximation of the condition expectation involved in the jump intensity.

The complexity of the interacting particle approach can be well improved if during the algo-
rithm we keep track of the following two quantities involved in Equation (4.3])

N N

D] =Y f(V{ )y _jy and N = 1 _y j=0,..., M (4.4)
=1 =1
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Algorithm 1 (The naive particle system algorithm with complexity O(DN + N?).)

1. t=0 //Current date.

2: tp=0foralli=1...N //Last discretization date for the particle i.

3: Sample (X%, Y?) independently according to the initial law.

4: s =0  // Last date on the reqular grid: s <t < Sgi1.

5. whilet <T do

6: t'=t+¢& <¥N> //t' is the potential next jump in the whole particle system.
7. whilet > sz +h do

8: Sk=Sr+h

9: for=1to N do

10: Update the discretization of Y from time t; to time sj.

11: t; = S,

12: end for

13: t = s

14: end while

15: I = uniform r.v. with valuesin {1,...,N}.  //Index of the particle which may jump.
16: Compute the conditional expectation

_ YL, 1ixioxny
S FOYDxi_xny

(4.3)

17: R = %f)\(t’,XI)f(YI)E //Compute the acceptance ratio.

18: U = uniform r.v. in [0, 1].

19: if U < R then //We accept the jump.
20: Discretize Y up to time ¢

21: Y=yl 4@, X1, YT

22: X =xT4+1

23: tr = t

24: end if

25: t=1t

26: end while

Since the processes X! are unit-jump increasing these quantities clearly vanish for j >
max; X! .

Let t be the last proposed jump time of the particle system. These two vectors can be easily
updated at time ¢’ which denotes the next possible jump time. If some ticks of the regular
grid lie in [t, '), we set t as the last discretization date in this interval and recompute vectors
(D]); and (N}); using Equation (Z4). This happens D times in the algorithm and can be
done with O(M + N) operations as explained in Algorithm

Case 1: If the proposed jump at time ¢’ is not accepted, there is nothing to compute:

D), =D] and Nj=Nj.
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Case 2: Otherwise, let I denote the index of the particle jumping at time ¢/, we use

A , L o
Dy =D} - f(¥); D" =D/ +f(Y)) ifj=X]
Np=Nl -1 NP =N if j = X/, (4.5)
Nj,=N}; D] =D] otherwise.

Algorithm 2 (The improved particle system algorithm with complexity O(DN).)

10:

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

24:

25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:

t=20
ti=0foralli=1...N //Last discretization date for the particle i.
Sample (X%, Y?) independently according to the initial law.
Set D' = N'=0 for 0 <1< M.
fori=1to N do //Calculate D and N. We can directly set N = N, DY = N f(Yp),
D' = N'=0 for 1 <1< M when the initial law is a Dirac mass at (0,Yj).
NX' =NX' 41, DX = DX + f(Y")
end for
sy =0 //Last date on the regular grid.
while t <T do

t'=t+¢& <5‘TfN> //t' is the potential next jump in the whole particle system.

while ¢’ > s, + h do
S =58+ h
for=1to N do
Update the discretization of Y from time t; to time sj.
tz‘ = Sk
end for
t= Sk
Reinitialize D! = N' =0 for 0 <1 < M.
fori=1to N do //Recalculate D and N.
N*' =NX'"+1, DY = D¥ 4 f(Y?)
end for
end while
I = uniform r.v. with values in {1,..., N}  //Index of the particle which may jump.
R = %};)\(t’,XI)f(YI)gij //Compute the acceptance ratio.
U = uniform r.v. in [0, 1]
if U < R then //We accept the jump.
NX' = NX' 1, DX = DX — f(vT)
Discretize Y up to time #'.
YI — YI + ’y(t/,XI,YI)
X'=xT+1
NX' = NX' 1, DX = DX 4 f(Y])
ty =1t
end if
t=t
end while
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One should notice that in cases 2 and 3, the updating cost does not depend on the size of
the vectors (Dj); and (N});. Using these updating formulas, we can improve Algorithm [ to
obtain Algorithm 2l With this new algorithm we only have to compute D full approximations
of the conditional expectation which has a unit a cost of O(M + N) and the rest of the time

we use the updating formulas ([£.3]), which happens on average less than N T¥ times. Then,

the overall cost of this new algorithm is O(D(M + N)+ N TS‘TJZ) For fixed model parameters,

this complexity reduces to O(DN). This new algorithm has a linear cost with respect to the
number of particles. Thus, we managed to propose an interacting particle algorithm with
the same cost as a crude Monte-Carlo method for SDEs since M is in practice fixed and
much smaller than N. The CPU times of the two algorithms are compared in the following
examples.

4.2 Marginal distributions

1 L L 1 L . L . L
1 3 5 7 9 1 13 1 3 5 7 9 11 13

(a) Default distribution of the SLI model for Y given (b) Default distribution of the SLI model for Y given
by Equation @2) with ' = 1,Yy = l,a = 1,0 = by Equation @I) with T'= 1,Yy = 1,k = 1,0 =
0.3,7=1,\=2.5. 0.3, = 2.5.
024 |~ 0.24 |—
020 — 020 —
016 | 016 |
012 — 042 |-
0.08 — 0.08 —
0.04 |- 004 |-
| 1 ! | 1 ! I

1 3 5 7 9 " 13 1 3 5 7 9 11 13 15
(c) Default distribution of the LI model for T = (d) Binomial distribution function with parameters
1, =2.5. M,p=1-— o= AT/M

Figure 1: Comparison of the marginal distributions of the LI and SLI models. The simulations
use N = 50,000 samples, D =100 and f =1/3, f = 3.
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In Figures [ we draw the probability distribution of X for the LI and SLI models for both
processes Y considered in this part. The comparison of these graphs highlights how the LI
and SLI models effectively mimic their marginal distributions; their probability distributions
look almost the same. Since the LI model corresponds to independent default times with
intensity %, the default distribution at time 7' is actually the Binomial law with parameters

M and p=1—exp <—%T> as we can see on Figure

Algorithm [I] | Algorithm

Model of Fig. |1(a 239 1.51
Model of Fig. [1(b) 229 1.49

Table 1: Comparison of the CPU times (in seconds) of the two algorithms with the same
parameters as in Figure [

We compare in Table [[] the computational times of the two algorithms and the gain obtained
by the second approach is definitely outstanding. Algorithm 2] massively outperforms Algo-
rithm [l by a factor of 150. Of course, this gain will be all the more important as the number
of particles increases.

Given the impressive match of the marginal distributions, we would like to numerically inves-
tigate the difference between their distributions as processes. To do so, we have computed in
each model the length of the longest interval during which X does not jump defined by

T=sup{t € [0,T]: Fue|0,T —1t], X1 =Xy} (4.6)

Note that with this definition, 7 = 7" when X does not jump on the interval [0,7]. The
histograms of 7 in the LI and SLI models are shown in Figure Bl we can see that, in the SLI,
the length of the longest interval without jumps for X can be very small with a probability
much higher than in the LI model (the Lh.s. of the histogram in the SLI model is fatter than
in the LI model). This impression is reinforced by more quantitative observations. From
the data used to plot these histograms, we have computed in Table [2] several values of the
cumulative distribution function of the length of the longest interval without defaults both in
the LI and SLI models. These quantities differ sufficiently to be numerically convinced that
these two distributions do not match.

P(r < T/4) P(r < T/8)
SLI model | 0.1911 (+ 0.0033) | 0.0200 (£ 0.0012)
LI model 0.1645 (£ 0.0033) | 0.0113 (£ 0.0009)

Table 2: Some values of the distribution function of the length of the longest interval without
jumps for 7= 2 and A = 2.5. The SLI model is defined as in Figure The simulations
use 50,000 samples. The values between braces correspond to twice the standard deviation
of the estimator.

4.3 Convergence of the interacting particle system

When introducing the interacting particle system, we emphasized that it was not only a
theoretical tool but that it was also of practical interest as it satisfies a strong law of large
numbers. From a numerical point of view, the efficiency of the particle system depends on the
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(a) SLImodel for Y given by Equation ([£2]) with Yy = (b) LI model
La=1,0=03+=3.

Figure 2: Histogram of the length of the longest interval without X jumping for 7' = 2 and

A = 2.5. These histograms uses 50,000 samples.

rate at which every particle converges to the invariant probability (see Section B3]). In that
section, we proved that this convergence rate was faster than N¢ for 0 < a < 1/2 where N
is the number of particles. Now, we want to study this convergence rate in several examples:
the first example only involves the marginal distribution of the particle system at maturity
time, whereas the other two examples require the knowledge of the whole distribution and
not only the marginal ones.

Number of defaults distribution. First, we start with a simple example. We want to
study the convergence of the estimator of P(X7 = 3) computed on the particle system. We
ran 5000 independent copies of the interacting particle systems and we computed the value
of the estimator for each system. In Figure B we can see the centered and renormalised
histogram of the values obtained for the empirical estimators. The histogram can be
compared to the density of the standard normal distribution plotted as a solid line on
Figure Bl and they match pretty well. This result suggests that a kind of central limit
theorem should hold in practice even though we did not manage to prove such a result.

Asian option on the number of defaults. For our second example, we consider an Asian
option on the default counting process whose price is given by

1 /T
P:E(—/ Xudu—K>
T Jo n

This price P will be approximated using the corresponding particle system estimate Py,
where NV is the number of particles. We are interested in the limiting distribution of Py.
Because the process X has no continuous part and only makes jumps of size 1 and Xy = 0,
the pathwise integral can be rewritten

1/TXal =X ! E t
T), TeTATT T
tST s.t. Xt_;ﬁXt
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Figure 3: Centered and renormalised distribution of the estimation of P(X7 = 3) using
the particle system when Y is given by Equation [@2]) with 7' = 1,Yy = 1l,a = 1,0 =
0.3,y =1,A=25 f=1/3,f =3 and N = 10000. The histogram was obtained using 5000
independent particle systems.

Hence, there is no need to approximate the integral, it can be computed exactly (up to the
simulation of X). The example requires to sample the joint distribution of Xp and the sum
of the default times.

On Figure @ we have plotted the distribution of Py after renormalizing and centering. As
before, the solid line is the standard normal density. We can see that the limiting distribution
looks very much like the Gaussian distribution, but such an histogram does not enable to de-
termine the rate of convergence to the limiting distribution. Actually, the rate of convergence

is given by the decrease rate of \/Var(Py) = (E(|Py — P|2))1/2. From a practical point of
view we do not have access to P, so we have approximated it by the empirical mean P of the
data set used to build the histogram of Figure [l

We can see on Figure [{ that the rate of decrease of /E(|Py — P|?) recalls the shape of
a negative power function. Then, we have decided to compute the linear regression of
—21og E(|Py — PJ?) with respect to log(N) on our simulations of Py for N varying from
100 to 10,000 with a step size of 100, which gives a set of 100 data. The idea of the regression
is to write 1

—5logE(|Py — P?) = alog(N) + f + v

and to minimize the series "\ €. The minimum is achieved for o = 0.5014, 8 = —0.1361
and the empirical variance of the sequence (g,) is equal to 10~*. This computation yields
that the rate of convergence to the limiting distribution is v/N. It ensues from this result
combined with the analysis of the histogram Hl that a Central Limit Theorem with rate v/ N
should hold.
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Figure 4: Centered and renormalised distribution of the estimator Py of the Asian option
price using the particle system when Y is given by Equation (1) with "= 2,Yy = 1,a =
l,0 =03,k=1, f=1/3,f =3 and N = 10000. The histogram was obtained using 10, 000
independent particle systems.
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Figure 5: Convergence rate of \/E|Py — ]’3|2 w.r.t the number of particles N.
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Longest interval without jump. In this paragraph, we are interested in the convergence
rate of the estimator of the length of the longest time interval with no jump. We recall the
quantity of interest already defined in Equation (4.6])

T=sup{t € [0,T]: Fue[0,T —1t], X1 =Xy}

and we consider its particle system estimator 7). To numerically sample from the distribution
of 7, we need to know the joint distribution of the jumping times of X, which is a prime case
of a pathwise estimator.

On Figure 6 we can see the centered and renormalized distribution of 75 together with the
standard normal density function plotted as a solid line. Again, the limiting distribution looks
very much like a Gaussian distribution. Using these 5,000 independent particle systems, each
with 10,000 particles, we can compute an approximation of 7, denote 7 in the following.
Now, we can run independent simulations of particle systems with a number of particles N
varying from 100 to 10,000. We study the rate of decrease of \/E|rx — 7|2, which according
to Figure [1 shows a negative power function shape. If we linearly regress log\/E|rny — 7|2
against log(N) we find that we can write

1
—5 logE(jry — 7[*) = alog(N) + B+

The linear regression yields o« = 0.4865, § = 1.016 and the empirical variance of the sequence
(en) is equal to 0.0004. This regression yields that the rate of convergence to the limiting
distribution is v/ /N, which focuses the existence of a Central Limit Theorem with rate v/ V.

-4 -3 -2 -1 0 1 2 3 4

Figure 6: Centered and renormalised distribution of the estimator 7 of 7 using the particle
system when Y is given by Equation () with 7" = 2,Yy = 1,a = 1,0 = 0.3,k = 1,
f=1/3f =3 and N = 10,000. The histogram was obtained using 10,000 independent
particle systems.
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Figure 7: Convergence rate of \/E|rny — 7|2 w.r.t the number of particles N.

5 Conclusion

Local intensity models are wide spread for modelling the default counting process in credit
risk. Recently, more sophisticated models with a stochastic factor involved in the inten-
sity have been introduced in the literature. These stochastic local intensity models can be
automatically calibrated to CDO tranche prices by properly choosing the local part of the
intensity. This particular choice of the local intensity gives rise to a very specific family of
SLI dynamics for which we have investigated the existence and uniqueness of solutions. This
theoretical study has been carried out using particle systems, which turned out to be a clever
tool for the numerical simulation of such dynamics. We have proved that particle Monte-Carlo
algorithms based on this particle system approach almost surely converge. The theoretical
study of the convergence rate enabled us to prove that the almost sure convergence took place
at a rate faster that N for any 0 < o < 1/2. Obtaining a Central Limit Theorem type result
for such particle systems remains an open question, even though we could highlight such a
behaviour in all our simulations. Last, we have shown that the interacting particle system
can be sampled with a computational cost in O(N D), which is the same asymptotic cost as
a Monte-Carlo algorithm for standard SDEs.
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A Proof of Proposition

The scheme of the proof is the following:

e First, we prove that W, : ¢, — U(¢, 2, ) is globally Lipschitz in z. Then, (£”) admits
a unique solution on R;.

e Second, we prove that the solution satisfies V¢ > 0, P(t) > 0 and |P(t)| =

Step 1: U, is globally Lipschitz. Let us prove that for all (x,y) € E x E there exists a
constant K such that |V (¢t,x) — Vi (t,y)| < K|z —y|. We have

W (t2) = Ua(ty) = S0 SO a4) — (U(t ).

ZEL:]M _]>0

Bounding this quantity boils down to bound Z Z ((Al); +2f(5)A(¢, z)(Ag);) where

€Ly j=>0
(A0 = |3 sy ((ah)s — o)l
k>0
i >oo(])+ i o YD)+ i
()i = |52 T ns TR, S

Bound for A;. We easily get from Hypothesis [
Z ZAl Z ZZ’M@H% )+ — yk )+] = Z ZQIMkkak—l—_(yk) ‘
€Ly 720 €L k>0 5>0 €Ly k>0

<2 sup |pglle -yl
Z'EL:]M,]CEN

Bound for A;. To bound it, we introduce :I:M(x;ﬁr and :I:Z”’i(yl)%(azi)Jr in

A 2o FD)(=))+ 2220 F(D(y;
order to split (Ag)} in three terms. Each of them is bounded in the following way
oo+ iy > o)+ i (x;)Jr . i
S F D O TSR fEs O S T, roE, e~
> o)+ A > o)+ i f () + - N
S Ty TS fOwDs ] S TR s 2@~
> o)+ iy > o)+ i 1 20— (o
S WD T S s | = F I )

Then, > icr,, ijof(j)A(t,i)(AQ);' <A1+ 2£)|x — y|. Combining bounds on A; and As,

we get W, (t,z) — W, (t,y)| < K|z —y|, where K =2 sup |ub,| + 2\ (1 + 2i>
1€Lyr,keEN i

Step 2: the solution is positive with norm 1. Let P(¢) denote the unique solution of
(€").
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First, we prove that V¢ € R, ,V(i,7) € Ly x N, Pf(t) > 0.
Pi(t) satisfies

7 7’i— j 17— A tvi f 1)1 i — i 7
{ (PiY(t) = zk# g (PEO)+ + Loy 3y (P 0)+ — (P2 — ) (PHO)+
Z(O) = Jyo

We assume that there exists 7 > 0 such that P}(f) < 0. We also introduce u := sup{s <7 :
P;(s) = 0}. Then, we integrate the above equation between u and ¢. We get

i (pi A(s,i—1)f(j) .
/u ;Mkj(Pk(S))+ + 1> AP 1)(P] 1(s)) 4 ds.

The Lh.s. is strictly negative whereas the r.h.s. is non negative. Then, Pf(t) > 0 for all
teR,.

Second, we prove V¢t € R, |P(t)] = 1. Since P is non negative, (|P(t)])) =
ZieLM ZjZO(P})’(t). Moreover, ZieLM Z o(P ) (t) = 0. Then, |P(t)| = |P(0)| = 1.

B Proof of Proposition

In fact, we can explicitly describe the solution of (8.3)) as follows. We have (Xo, Yo) = (20, yo)-
Then, up to the first jump of X, Y; is necessarily defined as the unique strong solution of the
following SDE

t t
Y, =yo +/ b(s,xo, Ys)ds + / o(s,x0,Ys)dWs, t <T
0 0

The process (X¢,t > 0) only increases by jumps of size 1, and has at most M jumps since
A(t, M) = 0. These jumps may only occur at the times 7" and a jump do occur at time 7"
if the following condition is satisfied

o L AT X ) f(Yn )

"< =
T T, X

Observe here that for any = € Ly, t — ¢2(t,2) is cadlag since the process (X,Y) is cadlag
under Q, and @Q(T"—, Xpn_) is well defined. If the jump occurs, we have

Yrn =Y + ’Y(Tn—,XTn,,YTn,),

and Y; is defined up to the next jump of X as the unique strong solution of the SDE

t t
Y, = Yyn +/ b(s, X1, Ys)ds +/ o(s, X1, Ya)dW,, T, <t <T.

n
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C  Proof of Elsup, 1 VPN P] < o0

We assume that Y1V satisfies ([36]) and X is a Poisson process with intensity (335]). Then

p
+

t p
Y, < apt (yé’ + ' /0 b(s, XN, Y )ds

t p
[ x|

t
<t (st [ bl KBV VI ds s
0 u<t

t
/ o(s, X5V vy Y aw,
0

_l’_

p

u
/ o(s, X5V vy Y aw,
0

t
L O R

since X1V jumps at most M times. The r.h.s being increasing w.r.t ¢, we can replace in the
Lh.s. ]Y;I’N]p by sup,<; V.M |P. Burkholder-Davis-Gundy inequality yields to

?|

On the other hand, E {fg |’)/(S_,X1’N Yl_’N)|de;’N} < fong [|W(S_,X1’_N,Y1_’N)|p} ds
.

p t
] < C,TP*7'E [/ |a(s,X§’N,Y;1’N)‘pds].
0

u
sup/ o(s, X5V Yy Y aw,
0

u<t

s™ 77s s s
since the jump intensity of XV is upper bounded by 7 Now since b, o, and + have a

sub linear growth with respect to y (see Hypothesis ([2])), we get

T
Efsup|v;"V[P] < C (/ 1+ Efsup \Y;’N\p]d8> ’
0

t<T u<s

which gives the result by Gronwall’s lemma.

D Proof of Lemma [7|

The proof of this lemma is done in two steps. First, we claim that (7™V)y is tight if and only
if the sequence ((th’N, Ytl’N)te[O,T])N is tight. To check this, we first notice that P(F) is a
Polish space. By Proposition 4.6 in (@), (V) is tight if and only if (I(7™))y
is tight. Then Prohorov’s Theorem (tightness is equivalent to sequential compactness) gives
with equation ([B7)) the claim.

Now, we must show that ((th’N, Ytl’N)te[O,T])N is tight. We use Aldous’ criterion.

First, we have to check that, for any ¢ > 0, there exists a constant K such that
P(supyepo, 7y |Xt1’N| + |Y;1’N| > K) < e. This is trivial since th’N is bounded and
E[supsejo,r] |Ytl’N|] < oo (see Appendix [C). Second, we have to check that for any ¢ > 0,
1 > 0, there exist § > 0 and ng such that

sup sup  B((XEYYEN) - BV YN s ) < e,

n=>no 11,7267, 7,71 <T2<T1+0

where 7jg 7 denotes the set of stopping times taking values in [0,7]. We take |(z,y)| =
max(|z], |y|) and we assume without loss of generality that 0 < n < 1. For convenience, we
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introduce V;’N =1 (Tik<t}: this is a Poisson process with intensity AL We distinguish

T
the two cases: V;Q’N > u;{N + 1 (XYY jumps in (11,7] ) and V;Q’N = u;{N (XN does not

jump in (71, 72] ). We have:
P(|(XEN, VAN — (XEN, V2N > ) <P (i > vhN +1)
+P (YN =YY > g N = 0N = P+ P
Since P(vY > k™M) <E[phY — iV = ?E[TQ — 1], we get P} < 5?.
P, is bounded by P(f;f b(s, Xs,Ys)ds + f;f o(s, Xs, Ys)dWs > n). Using Markov’s inequality,
we get
2]

T2

T2
/ b(s, XN, YN )ds + / o(s, X2N, YN dw,

1 T1
2]

T2
/a@ﬁ%wﬁmg

1

1
P < SE
n

T2

T2
/b@ﬁ%@@%+/a@ﬁ%ﬁ%mﬁ

Moreover
1 T1

E [
2
2
On the one hand, we have ‘f:f b(s,Xg’N,Y;LN)ds‘ <édfC+ 1YY [2)ds for some con-
stant C' > 0 by Hypothesis2l On the other hand, Burkholder-Davis-Gundy’s inequality gives
E [\ I a(s,Xg’N,Y;LN)dWSﬂ < CE [f;f 1+ ]Y}LN\?dS}. Since E[sup,<r 1,V 2] < oo, we
get Py < £§. Thus, combining the upper bounds on P; and P, Aldous’ criterion is satisfied

2
+E

T2
[ s X2 ¥ as

1

Ui
for § ;= =——.
Af C
T
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