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SOME A PRIORI ESTIMATES FOR THE HOMOGENEOUS LANDAU EQUATION
WITH SOFT POTENTIALS

R. ALEXANDRE, J. LIAO, AND C. LIN

AssTrACT. This paper deals with the derivation of some a priori estimates for the homogeneous Landau
equation with soft potentials. Using the coercivity of the Landau operator for soft potentials, we prove
a global estimate of weak solutions in L? space without any smallness assumption on the initial data
for -2 <y < 0. For the stronger case —3 < y < —2, which covers in particular the Coulomb case, we
get such a global estimate, but in some weighted L? space and under a smallness assumption on initial

data.
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1. INTRODUCTION

The classical homogenous Landau equation (also called Fokker-Planck-Landau equation) is a com-
mon model in kinetic theory, see Chapman-Cowling [8] and Lifschitz-Pitaevskii [17]. This equation
is obtained as a continuous approximation of the Boltzmann equation when grazing collisions prevail,
see for instance [1, 2, 9, 15, 23] for a detailed study of the limiting process, and references therein
on this subject. It describes the evolution of the (homogeneous) density function f(z, v) of particles
having the velocity v € R? at time ¢ > 0:

(L. of =ou{ [ airans - o, 10}
where
(1.2) a:(2) = |22 TL(2), Ti(2) = 6 - % 2 #0.

The properties of the Landau equation depend heavily on y. It is customary to speak of hard
potentials for y > 0, and soft potentials for y € (—3,0). The special cases, y = 0 and y = -3, are
called the Maxwellian and Coulomb potentials, respectively. Note the fact that the more vy is negative,
the more the Landau equation is physically interesting, see Villani [25] for a detailed survey about
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2 R. ALEXANDRE, J. LIAO, AND C. LIN

such considerations. We refer to [11, 12, 23, 25] for more details on this equation and its physical
meanings.
For a given nonnegative initial data fj, we shall use the notations

1
(1.3) my = f fowydv, ey = 3 f fo)vPdv, Hy= f JSo(v)log fo(v)dv,
R3 R3 R3

for the initial mass, energy and entropy. It is classical that if f; > 0 and myg, ey, Hy are finite, then fj
belongs to

Llog L&) = {7 € L/EY) s [ 170l Hog(fwidy < oo},

The solution of the Landau equation satisfies, at least formally, the conservation of mass, momentum
and energy, that is, for any 7 > 0,

fR \ f@v)e)dv = fR \ JoWeWdv, @) =1, v, b*/2.
We also define )
m= f f@vydv =my, e= f f, v)&dv = ep.
R3 R3 2

Another fundamental a priori estimate is the decay of entropy, that is, the solution satisfies, at least
formally, for any ¢ > 0,

jﬁ;} ft,v)log f(t,v)dv < j};} Jo(v) log fo(v)dv.

For s > 0, we introduce classical weighted spaces as follows

1l sy = fR W <v >t dv = M),

2 _ 2 2s
1122 e, = f FO)R < v > av,
where < v >:= (1 + [v*)//2. And we set
b; = 0;a;j(2), c(z) = 0;ja;j(2),

aij :aij*f, B,’ =bjxf, c=cxf.
If y > -3, we have
K
2>’

and if y = -3, the first two formulas remain true while the third one is replaced by

aij = @2, by = =202 =, ¢ = =2(y + )P,

c = —8mdy.

The theory of the homogeneous Landau equation for hard potentials is studied in great details by
Desvillettes-Villani [11, 12], while the particular case of Maxwellian molecules v = 0 can be found
in Villani [24].

However, there are only scattered results concerning the soft potentials. We mention the compact-
ness properties in Lions [18] and the existence of weak solutions in the inhomogeneous context by
means of renormalization tools in Villani [21] for very soft potentials, the existence of H-solution
under some assumptions on initial conditions considered in Villani [23]. By using a probabilistic ap-
proach, Guerin [16] studied the existence of a measure solution for y € (-1, 0). Still by probabilistic
approach, Fournier-Guerin [14] studied the uniqueness and local existence of such weak solutions
for soft potentials. For the Coulomb potential case y = —3, Arsen’ev-Peskov [3] studied the local
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existence of weak solutions and Fournier [13] considered the local well-posedness result for such so-
lutions. All these results give a priori estimates of solutions in some L” spaces, globally if -2 <y <0
and locally if -3 <y < -2.

This paper is devoted to some further a priori energy estimates by using the coercivity of the Landau
operator for soft potentials, given in Desvillettes-Villani [11], which is stated and proved therein for
v > —2 but remains true for y > —3 (at least). Our main result is the following, where here and below
we use C or C; to denote a generic constant.

Theorem 1.1. Consider the Cauchy problem for the classical homogenous Landau equation (1.1)-
(1.2) with initial data fy € Lé(R3) N Llog L(R3). Let the initial mass mo, energy ey and entropy Hy
defined in (1.3) be finite. Then we have

1. Assume that =2 <y < 0 and fy € L*(R?). Then we have the following global in time a priori
estimate on a weak solution in L>(R%)

2 2
DIz ) < € (ol 72 + Cat),

where the constants C| and C, depend on 'y, mgy, ey and Hy.

2. Assume that =3 <y < =2 and that f € Lg(R3) for some a > —1 — 3y/2. Assume moreover that
|/ foll ;2 r3) is suitably small. Then there exists a constant C depending only the entropy estimates of f;
and on || fol| 12(R3) such that one has a global in time a priori estimate on a weak solution

[ € L2([0,00); Ly(RY) and |If(t, )l 23 < C.
3. Under assumptions stated in 1. or 2. above, one has
fe LZ(O, T;H(L(Rs))for any fixed T > 0,
where H, denotes the corresponding weighted Sobolev space.

We note that from these a priori energy estimates in weighted L? spaces and similar ones for
higher derivatives, eventually with different weight functions which can be obtained following the
general scheme displayed below, one could get the complete existence result by using the arguments
of Desvillettes-Villani [11] and Arsen’ev-Peskov [3]. In particular, one could eventually have an
immediate regularization property of solutions.

Moreover, we remark that uniqueness and convergence to equilibrium results of these weak solu-
tions can be derived based on the works of Fournier [13] and Fournier-Guerin [14]. Note also that we
decided to work in L? type spaces, but our proofs can also be adapted to more general weighted L”
spaces with 1 < p < +o0, at the expense of changing one crucial argument used in the proofs, namely
Pitt’s inequality, see Beckner [4, 5, 6] for example. Finally, a comparison with the recent result of
Fournier-Guerin [14] shows that we slightly improve their results even in the case y > —2 but close
to y = =2, and of course in the case —3 < y < -2, though we need a smallness assumption.

The proof of our main result above rests mainly on Pitt’s inequality [4, 5, 6]. However, it is possible
to avoid this inequality at least in the case of not too soft potentials y € (-2,0), by using standard
Nash Gagliardo Nirenberg inequalities [19] for example, and assuming enough control of moments
in L', as follows from Villani [23]. For example, one can show that

Proposition 1.2. Under the same hypothesis as in Theorem 1.1, assume moreover that y € (-2,0),

that M(t) is bounded by c,(1 + t), where yu = _gé(i;)y ) Then it follows that

IOz, < CA+ 07

Comparing with Theorem 1.1, we improve on the temporal growth of this L? norm. But we do ask
for many more moments: in particular, note that for y very close to —2, then we ask for almost all
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moments to be controlled. This point might be linked with working with L? type estimations, see last
Section for further comments.

The organization of the paper is as follows. Firstly, a proposition of coercivity for soft potentials is
proved in Section 2, following the arguments of Desvillettes-Villani [11], for y > —3. This section is
merely for the convenience of the reader since the proof follows by carefully looking to the proof in
[11].

Then in Section 3, the a priori energy estimates are carried out for the case y € (-2, 0) to get the
global estimate of weak solutions, giving the first part of Theorem 1.1.

In Section 4, we carry out the weighted energy estimates for the case —3 < y < —2 to get the global
estimates of weak solutions in weighted L? spaces, upon a smallness assumption on the initial data.
This gives the second part of Theorem 1.1, completed by Section 5. for the special case y = —3.

In Section 6, again the same process is shown to yield local in time estimate for the case y €
(=3, —2), unless we can get better moment estimates in L' (that is, if the moment is uniformly bounded
w.r.t time). But up to now, we have only a upper bound with a linear time growth according to Villani
[22].

Finally, Section 7 is devoted to the proof of Proposition 1.2.

2. COERCIVITY

This section is devoted to the proof of coercivity for soft potentials, which is an extension of hard
potential case in Desvillettes-Villani [11]. In fact as mentioned to us by Desvillettes, the proof stated
therein works for y > —2 but we show that it still holds true for y > -3.

Proposition 2.1. (Coercivity) Let y € [-3,0). Let f € L) N Llog L(R?) with m(f) = my, e(f) < ey,
H(f) < Hy. Then there exist a constant C. .., explicitly computable and depending on vy, my, ey and
Hy, such that

2.1) VEER?, @& 2 Cooer < v >7 1%

To prove the coercivity proposition, we use the same notations as in [11], and recall the following
lemma from [11]:

Lemma 2.2. Let f > 0 be a function ole(R3) such that m(f) = mg, e(f) < eg, H(f) < Hy. Then,
for all € > 0, there exists n(€) > 0, depending only on my, eg, Hy, such that for any measurable set
A C R3,

Al < (&) = ffSe,
A
where |A| denotes the Lebesgue measure of A.

Proof of Lemma 2.2: the arguments are taken from the nonhomogeneous case dealt with by Desvil-

lettes [10]. But we slightly modify some of his steps, since we display an explicit expression of n(g)

which could be required elsewhere (and which of course is not unique as regards of the proof below).
We note firstly that

fﬂlogﬂ - fflogf =2 ~fioes

:Zfllvz —flogf+2f R —flog f
T <f<d fee 72

< 2m + 2e + 321)% exp(1).

Using the decrease of entropy, and the conservation of mass and energy, it follows that
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fﬂ log f| < Ho + 2mg + 2eq + 3(27)° exp(1) = Hy.

Now let a fix an arbitrary set A. One has, forall 6 > 1

j,;f ) L,f35f+ A,fzéf

< 6A| + (log 6)"' Hy.
Assume that |A| < 5=2=. Then it follows that

1
<2H
ff “logs’

We want this to be less than a fixed € > 0. It is enough to take the value of § as § = e
conclusion, we have shown that setting

o2
ne) = oo

then it follows that

f f < & for any measurable set A such that |A| < 7(e),
A

ending the proof.
Proof of Proposition 2.1: Let { € R, ]¢/ = 1,0 < 6 < Z. And set

Dygg(v) = {v* eR?: ||—
which is the cone centered at v, of axis directed by by ¢ and of angle 6 (see the figure in [11]).
For all v, € R? \Dy£(v), we have

&| > cos 9}

v =v)i(v =),
|V - V*|2 ] )é‘:lé:j

v—v i
= —v."1 - ||—*| CEPT = v = v sin? 6.
— Vx

Then for all v € R3, 8 € (0, %), R, > 0, we get

aij(v =)&) = v = i35, -

ai(VEE; > f Ave filp, <R, aij(v = V)&
R3\Dg(v)

2H0871

. In

(2.2) > f dvilyy,i<r.|v = v.["*2 f. sin? 6.
R3}\Dg(v)
We first take care of large |v.|. Let R, = 2(eg /mo)'’? and B, be the ball with center 0 and radius R,.

Then

2eg mo
2.3 fdv**Zm 1- > —,
(2.3) N g of - RE) >
and we also note that
(2.4) |B. N Dy s(v)| < 27R.(IV] + R.)* tan” 6.

We consider two cases:

Case 1: |v| > 2R.. Note that
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1 3
VV, Vi € R3, |V| > ZR*, |V*| < R* : §|V| < |V - v*l < Elvl’
from (2.2), we have

1 2 in2
(L v)7*2 sin? 0 fB*\Dw) dv, f, for y € [-2,0),

2.5) ay(VEE) 2
3 2 il
G2 sin6 [ |, ) dv.f fory € [-3,-2).

Now we choose 0 > 0 such that
2

tan® 6 = min{—z,
IR, ||

1},
so according to (2.4), we have
3 2 2 mo
|B. N Dge(v)| < 27rR*(§|v|) tan” 6 < 77(7)
thus

f dv.f. < 22,
B*ﬁDg’g(V) 4
and then from (2.3) and (2.5) we have

20y 2(=2)

(A2 cos? 6 min{abci) 1) — Moy > 011y} min 4R2} for y € [-2,0),

_ R.[v[? R, °
a;j(véi&; = S
D7 cos? 0 min{ 25 1y - m0) > 90 3yl min( 2202 4R2) for y € -3, -2),
which is also
(2.6) aijéi€j = chl’ 2c<v>"  for ye[-3,0), [v]>2R..

where c is a constant depending on y, mg, eg and Hy.

Case 2: |v| < 2R.. Note that when |v.| < R,, we have [v — v,| < 3R, thus

f av. filv — v P/+2 = f dv, filv - V*|y+3/(3R*)
B.\Dgg(v) B.\Dg£(v)

3 mg N1 22
>Mf dofl s
= 3R, B\Das(v) =yl Zn(5)1-
Note that

dV*f* 1/3 :f dV*ﬂ —f dv*f*l B 3 mo\1/3
j;*\Dg’f(V) v, [>[ 2 77( ) BADs(v) BADpev) v=vul<[z2n(=2)]

m
Zfdv*f*—f dv*f*——o,
B. B.\Dys(v) 8

and we know the first term is greater than mg/2 from (2.3) . For the second term to be less than mg/8,
we expect

|B. N Dy e(v)| < 27rR*(3R*)2 tan2 @ < U(%),
which requires
n(g
187R;,

1}

tan” @ = min{
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thus from (2.2) we have

2.7 a;i(V)&E; = [%n(’%’)]y;—s al sin® 6 > [%U(%’)]y%}mo min{ ;7(’%0) 1}, for [v| < 2R

. a;i(W)éi; 2 ———— , 1}, v| < 2R,.
VR = 3R, 4 B 24R, 187R3

Estimates (2.6) and (2.7) together ensure the validity of (2.1). m]

Remark 2.3. From the proof, we can see that actually the coercivity proposition holds for all y < 0.

3. THE CASE y > —2: ENERGY ESTIMATES

We multiply the equation (1.1) by f and integrate to get

G.1) G+ [ [ao-varausos =3 [ [a-voa.,ra.p
The second term on the 1.h.s. can be bounded below by using the coercivity property (2.1) thus
(32) [ [ =voransons= oy [ <vs? wostav
For the nonlinear term arising on the on the r.h.s., we have
(3.3) . f f G110 = vy, fubuf? = (y +3) f f =l fof? = Ay + Ay,
where

A1=<y+3>ff vl ff?
Vi Jv=v,|>R

AZ:('y+3)ff v = vl fo f?
Vi JIv=vi|<R

For the first term in (3.3), since y < 0, we have

(3.4) m=oedr [ f| PSR,
Vi V|v—vi|=2R

and

The second term can be estimated as follows

Ar=(y+3) f f = ff
Vi Jv=vi|<R

=(y+ 3)f f W=’ <v. > ful<v>"? P <y, ST<v >
Vi Jv=v.|<R

Since <v>77 / <v, >7< ¢ (1 + R>)7Y/2 we get

Ar < cy(y+3)(1 +RH 2 f

Vi

<v. > f flv —n (< v>?? P2
v
We use Pitt’s inequality [4, 5, 6] to get that
[=rrcvsr? 12 < [lerm< S o
v ¢

In order to use Pitt’s inequality, we need that y € (-3, 0).
Recalling that

Mo = [ <7 g
Vi
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we get

As < 3ey(y + 31+ R V2M_y ()¢ i f < VST @R
13
For any R,, write

f 7 < v > f@P < f 7 |< v >772 f(f)l2+f
3 |€1<R.

[E1=R.

€17 1< v ST £,

and using the fact that f is in L', we get

f €17 1< v > F(E)P < m? f 7 + f €17 < v ST f(€)P
& IEI<R, >R,

Now we need to assume —y < 2:
_ —— _ 3 1 _ ——
7 < v >2 fEPF <RV m? + — IEYIEP < v > f(6)P
£ R Jig=r.

—y+3 2 2 2
< R*y m” + CparsevalW IVi[< v >/ f]”Lz
*
2 —y+3 1 2 2
< max(m ’Cparseval)[R*y + Ry+2 IVy[<v >/ f]”Lz]
Optimizing w.r.t. R,, we find

— —y+3
f €17 1< v >172 FEF < 2max(m?, Cparseva) IVu[< v 72 FI 5
3

All in all, we have obtained, for y > -2,

ﬂ
Ay <3¢, (y +3)(1 + R 72 cpiu2 max(m?, ¢ parseva) M—y DIV, [< v >72 £
Fix a small € > 0. Then

rs 2\-y/2 2 46 R
AZ g’ 3Cy(7 + 3)(1 +R ) 4 Cpitt2 max(m > Cparseval)M—y(t)g > ”Vv[< v>7 f]||L25
And apply Young’s inequality for product with p = _;26, q= %, we obtain

76 ~ q
A < ;{s 3¢, (y + 3)(1 + R ¢y 2 max(m?, cparsevaz)M_y(t)}

1 —y+ —yt6\ P
SR L RN I
p
which is also

4+
(3.5) Ay <7

sy

-6
" {s’T 3¢,y + 3)(1 + R2)72¢ 2 max(m?, cparsevaz)M_y(t)} "

-y+6

+—g & IVul< v > fII.

Note that there are two terms in A, above: M_, and ||V, [< v >?/2 f]||i2. First, for y € [-2,0),

(3.6) M_yzf<v>_7f§f(1+v2)f:m+e.

Second, we consider ||V, [< v >?/2 f]lliz. Note that

Vo[<v>"? f] = % <y fyur <y Y2V,
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Now, since y < 0, we have

IV, [<v>"2 £, < 2(||% <A, < v > va||22)

2
3.7) < TG +20 < v > VA,

Recall the constant C,,., Which appears in the coercive inequality (3.2). Then we can choose &
such that

-y+6 1

YTSZ = ECcoera
and then combining all the above results, we get

d
(3.8) Enfuiz + Ceoerll <v>"2 V, fI2, < C1 + Gl I,
or, we just simply have
d

(3.9) AL < €1+ Callfll,
and therefore, by directly using Gronwall’s inequality, we get
(3.10) IF@OIZ, < e (I1A17, + Cre),

then we have the first part of Theorem 1.1.

Remark 3.1. I. By repeating the same process for higher derivatives, one can get the global existence
of weak solutions. However, the bound depends on time, but the result does not require any assumption
of smallness on the initial data. This is compatible with the works of Fournier-Guerin [14] where they
have global existence in that case too, though in different LP spaces.

2. We work with the usual L* space but one can easily adapt our arguments for weighted L* spaces.
This is done for example in the next section when =3 < y < —2. The same remark also applies for
estimation of higher derivatives as well.

4. THE CASE —3 <y < —2: WEIGHTED ENERGY ESTIMATES

We carry out the weighted energy estimates in this section for -3 < y < —2. Of course one can
consider the general case of y € (—3,0) but recall that we have already good estimates from the
previous section.

We want to estimate g =< v >% fin L?, and we assume that & > —1 —3/2y, see below for the final
arguments, explaining this value of the weight.

Multiplying the Landau equation by < v >% and setting g =< v > f, we have

dvg =0, f ai(fe < v >" 0, f = 00, )
-{ f @il f = fon, ), < v >

Vs

= avl.{ ﬁ a;ij(f:0v;8 - gﬁv*jf*)}

—(’)V,.{f aijf*favj <y > }

_{j‘: aij(f*avjf—fav*jf*)}avi <>
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Multiplying by g and integrating, we get

d
Ellé’ll@:—f‘f aijf*av.,’gaVig+ff aijav*jf*gav,-g
v Jv, v I,

(4.1) + ff aijf*fav,.g avj <v>7

—ff aijf*gc?v,-fav,- <y > +ff aijfgav*jf*)avi <y >°

==-I+1T+1T-1V+V.

We then estimate each of these terms. Here / can be controlled through the coercivity estimation
(2.1). More precisely, we have

4.2) I> Ccoerf< v>7 |va|2dv-
v

By a similar argument as for (3.7) with f replaced by g, we have

| 2
f< v>Y |V,gldv > = f'VV[< V> gltdv — L ngdv,
v 2 v 4 v

and thus (4.2) can be rewritten as

(4.3) Izg%{fwd<vw“gW—camnfé.
Now, as in the previous section, the tverm 11 is '
(4.4) H=(7+$Jifw—vw1£2EW+3HA+BL
where

(4.5) A==jiflw%pdV—WVﬁgzﬁmC§%%;
and

4.6) B=ffmwgwmmé

We further decompose B over the sets {f < f.} and {f > f.} to get

B < ff 1|v—v*|§a|v -]’ <v >2a f3 + ff 1|v—v*|§8|V -l <v >2e f:a

and then after direct computation we obtain
4.7) B<Ce*(1 + &2 f <y >3 3,

We need to control < v >2%/3 fin L3 by using a control of < v > f and of V[< v >Y/>*® f]in L?,
and we will do it by applying Holder’s inequality [7].
We write p; = p» = p3 =9 and

€1 2 6
<v >2&/3 f — f”‘ [< p>@ f] 7 [< v >y/2+a f] P <y >2(1/3—2/9(1—2/3(y/2+a) ]

The last exponent is —2/9a — y/3. Raised to the power 9 this is —2a — 3y. We ask this number to be
less than 2: @ > —1 - 3/2y.
In conclusion we write, with @ > —1 — 3/2y,
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1 2 =
<V>2a/3fs [f<v>2]pl [<V>a f]P2[<V>7/2+a/ f]bS.

Finally we obtain the interpolation inequality
2
(4.8) f< y>2 3 < C[f <v> fPll<v>® 1%, f|V(< y >aY2 2
In conclusion, we combine (4.4)-(4.8) to get
) 34y 2@ 2l a o3 aty2 2
4.9) I <mCe|gllp, + Ce7 (L + N[ | <v>" fIBll<v>"flI, | V(<v> NI

We now analyze the term 7/ which is given by

111 = ff a,'jf*f 8V,.g 8Vj <v>%.
14 Vi
We have immediately that

II[:ffaijf*fzav,-<V>aav1-<V>a+ffaijf*favif<v>aa"j<v>a
v Jv, v

1
:ffa,-jf*f2(9vi<v>“6vj<v>"+—ffa,-jf*avif2<v>"(9v,.<v>"
v I, 2Jy Vi )
1 1
:—ffaijf*fzav,-<v>“8vj<v>“——ffavia,-jf*f2<v>“8vj<v>“
2 4 Vi 2 v Vi
1
—Eff aijf*f2<v>" avlﬂvj<v>",
v Vi

111 < C ff V= fof? <v>272,
v Vi

(see the next section for similar arguments).
Since f < v >*= g, this term can be controlled like B in (4.6), thus controlled by /1, and we can
absorb /11 and /1 together to get that

then

2
11+ 11T < mCe|lg|l7, + C&>7(1 + 32)“[f <v>2 flill <v>® 1%, f|V(< v >aT2 f)2,

Next for IV, we have

1
IV:ff aijf*gavjfavi <v>= _ff aijf*a\/jf2av,- <V>2a
VIV 4 vV J,
1 1
:——ff (9v.a,'jf*f2av.<v>2“ __ff aijf*f2av-av-<v>za
4 v Jv, / ! 4 v v, Vi
5Cff|v—v*|7+1f*f2<v>2“_l +Cff|"—v*lyf*f2<v>2"‘2,

and so again we can absorb it with earlier terms. One can see that V is also similar so all in all
I+ ] + |[IV] + V] < mC&"|[g]I2,
1 2
+CeY(1 + 82)“[f <v>? [l <v > £, f|V(< v > p)2,

By combining the above estimations, the final conclusion is that

d
(4.10) — 8172 + Ceoer f Vi< v > gl <
v
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1 2
CCoanlglEs +mCelR, + 71+ 20 [ <v 52 f1Fel)s [ 19 v =72 o,

Set E = f < v >? fdv = m + e (the summation of mass and energy) which is bounded uniformly
in time. Setting

X =gl N<v>"2gl} = f V(< v > g)P,
the above inequality (4.10) reads as

d
X+ Cooerll < v >7"2 gl <

CCrporX + mMC'X + C¥V(1 + )VES X3 < v >72 gl .
which can be also written under the form

d
4.11) X <-ll<v >72 glly, {C —CcaT( + gZ)GE%X%} + [CCper + mCe1X.

We want to proceed as in Toscani [20]. However, we have a major trouble in that the moment of
order s of f in L' are not known to be uniformly bounded w.r.t. time, see Villani [22]. This means
that using Nash’s inequality as in Toscani [20] at that point involves a lower bound which decays in
time, and so can be very small for large time. Since we want to get global solutions, we are going to
use Pitt’s inequality instead of Nash’s inequality.

Assume that at time ¢, we have for some 6 > 0

Cover — CEY(1 + ED)UESXT > 6,
that is
(4.12) Ce (1 + e)YETX3 < Coper — 6,

which is to be used for 6 < Ceper-
Then from (4.11) we obtain

d
(4.13) X <-ll<v Y12 gl 5+ [CCooer + mCeIX.

Pitt’s inequality tells us that
<v>Yg?
(4.14) < v>"2 gl = Cpin f —

We are going to show a lower bound for the r.h.s. of this inequality.
We start from

1
ff(v)dv < ek fdv + ﬁe,

which is also

—a L
ff(v)dv < fl;l<R <v>"%gw)dv + RZe

1
= f <v>TU<y >V <y Y2 W le(v)dv + =e,
V<R R

by using Cauchy-Schwartz inequality, we obtain

1
(4.15) f fO)dv <[ <v >y s PRI f <v > P22 W)dv]E + =3¢
VISR

VISR
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Recall that we have @ > —1 — 3/2y, so the exponent
@:=-2a-y+2<2y+4€(-2,4) when e (-3,0).
Thus we can estimate the upper bound inside the first integral in (4.15) to get
1
f fdv < CR?[ f <v>? P 2PW)dv]E + =3¢

Omitting the constant C, this is of the form

1
f fdv < R7PA + =€ with A = [ f <v>? P22 W)dv]?

and we choose R such that
RPA = Lo
R2

that is

R = o2/ 4-2/11
It follows that

m= f fWdv <2R7?A =271 AY,

and furthermore we get

A> Cm“/4e_7/4,

which is also
(4.16) f <v > W 2gWdv > Cm!2e7 72,

We can now go back to our differential inequality (4.13): by Pitt’s inequality (4.14) and (4.16), we
have

d
4.17) X< ~CpinCm" 27126 + [CCoper + mC'1X = F(X).

Recall that we have assumed (4.12), that is
6 < Ceoer
and that we want
Ce3Y(1 + )ETX3 < Crper — 6,
that is
X < [Ceper — 0P C333M Q1 + 23 E = X
Now, let X, be the zero of the function F defined in (4.17). Assume that
(4.18) X(0) < X = min{X, X.,}.

Then, in view of the form of the differential inequality (4.17) and the behavior of the function F, it
follows that for all # > 0
X <X.

Thus we have obtain a global bound for the weighted L norm of £, uniformly in time, that is, we get
the second part of Theorem 1.1.
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Remark 4.1. Note that X can be as large as we want, since this quantity depends on negative powers
of & which is a free parameter that we can take small. However, taking such a small &, wee that X,
which is given by

Cmem“/Ze_WZ(S

[CCoer + mCeY]
is going to be small. Therefore by choosing ¢ sufficiently small, we can therefore assume that

Xeg =

X=X,
and it follows that we will have X(1) < X,
At this point, it is important to recall that for any function f, again using the same notation as
above, one has the following interpolation inequality

X >Cm'?e3?

Thus we should have

Cm12e312 < CpinCm'! 277125
= [CCrper + mCeY]

that is

CpinCm*e™26 ~
pirt > ¢
[CCrper + mCeY]
Now we note, in view of previous results on coercivity that an upper bound for C. e, is given by
(Cm)r+3)/3
— R }

We choose the value of R. such that these two terms are equal, getting an upper bound like
9-29)/9
m .

Then it is enough to ask for

max{Clme, Cy

Cmem2e_26 -
[CmO-21/9 + mCe7] z
Then we choose a smaller € so that the second term on the denominator is bigger than the first one,
so we are led to ask for

CpinCm?e™5
[2mCe]
and replacing & by 5’ with &' sufficiently small, we should require that me™* should be large
enough.

Remark 4.2. Nash’s inequality which was used in by Toscani [20] says that for all h:

[ f B2 < CI P IVAIE,.

In our case, h =< v >"2< y >@ f, so we see that we need a moment estimate on f. That estimate,
see Villani [22], grows up linearly in time, and so we get a bad estimate.

We can also use the result of Desvillettes-Villani [11] Lemma 7 on Page 43: it says that for any h
smooth, for all B > 0, for all 5§ > 0, we have

th <v>¥< (sfwm2 + Q;[fh <y >BR2P,
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Again the choice h =< v >Y/? g leads to ask for a value of y close to zero

f}ﬁ <v>¥< C(fth|2)3/5[fh <y >PRY,
using it, we can show that, setting
y=-1-9/4y,
one has

10/3 -
f IV < v 72 g > Cllgll Myt .

The corresponding additive inequality

f w<v>¥< s f VAP + C5™2 f h< v >%P2P
gives
” <V >)//2 g”i]l > C6_5/3X _ C6_25/3 [M)N/(Z)]z,

and going back to our differential inequality (4.11), we get

d
ZX<-l<v > glff, {c —CcaT( + gZ)GE%X%} + [CCper + mCe]X.

Assume that at time t, we have
Cover — CE3(1 + EH)ESX3 > 0,
that is
(4.19) Ce¥*(1 + €)E3 X3 < Coper-
Then using the above inequality, we have

d
X< —{05‘5/3)( - 05‘25/3[M7(t)]2}{cm — CeM(1 + ) ES x%} +[CCoper + mCe1X.

Now we note that this is also:

d
TX< —05‘5/3X{cm —CaT( + sZ)GE%X%} + c5—25/3[M7(z)]2{2cm, —CaT( + 32)“E%X%}

+[CCrper + mCe”1X,

then

d _ 11 _ 1.1
X <-Co 5/3X{Cm —CE(1 + sZ)O‘ESXS} — C5PBIMy(01*Ce (1 + ) E3 X3

+C5_25/3 [Mi(t)]zccoer + [CCooer + ng”]X.

We see that we still have trouble with the growth rate of My(t).
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5. THE CASE Y= —3: WEIGHTED ENERGY ESTIMATES

We adapt the proof given in the previous Section 4, by taking below y = —3.
Again setting g =< v >® f, we have

d
E”gniz:_[\fv aijf*av.fgavig"'\fvﬁ aijav*jf*gav,-g
(5.1) +ff aijff0y,8 0y, <v >

—ff aij f.80y, [0y, < v > +ff aijfg0y,, [0y, < v >*

=-I+II+1I]I-1V+V.
We still have

C.
(5.2) 1e 2 f V< v 572 g1 = CCrver f 2.
v v

For the term 11, we have

1
II:ff aijav*jf*gavigz Eff aijav*jf*avig2 :47Tf<v>20‘ f3dv
v I, » b, !

and therefore, similarly as in Section 4, we get, with @ > —1 — 3/2y

(5.3) 11 < [f <v>2 Pl <v>® f||§2 f|V(< v >aY2 2,

Next, recalling the term 7/ which is given by

111 = ff a,»jf*f (9vl.g avj <V >a,
v I,

we have immediately that
Illszaijf*fzavi<v>"8vj<v>“+ffa,-jf*favif<v>"8vj<v>“
v Vi 14 Vi
1
:ffaijf*f26v,.<v>davj<v>“+—ffaijf*av,.f2<v>"6vj<v>"
v Vi 2 v Vi
1 1
:—ffa,»jf*f26v,.<v>“6vj<v>“——ff(9viaijf*f2<v>"6vj<v>"
20,0 20,0,

1
- ff a,'jf*fz <y>? (9vl.6vj <V >a,
2 14 Vi
Since

a
By, <v>T= 3, (1+H¥? = S+ W)@ 222y, and |8,, < v >% | < C(1 + )@ V2 <€ < v >t

we obtain

1T < Cff = P2 ff? < v >207? 4 ff = 2 < v >l 4 ff =2 f f? < v >2072
v Vi v Vi v Vi

Then, we have for any £ > 0 fixed

1< I, + 111,
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where

m& = ff 1|V v*|>8|v—v* y+2ff <vy > ff 1Iv v*|>a|V—V* y+1ff <V >
+ff llv—v*lz‘elV_V*PH-zf*fz <V >20 2
v I,

ff 1|v v*|<slv_v* )I+2ff <V >2 ff 1|v v*|<s|V_V* yﬂf*f <V >3

) 2a-2
+ff 1|v—v*|58lv_v*|)/+ f*f <>
v Vi
For 111, one has

I, < Cj-msyﬂf2 <y>2l g j‘ms”“f2 <y>2ly fm87+2f2 <y >2?

v v v

and

11,

and thus

I, < Cm[e”** + & 1|lgII2,.

For I11,, splitting over the sets f. < f and f < f., we obtain that

I, <A+B

where

A< Cff 1|V V*|<8|v - V*P/Jrzf3 <V > ff 1|V V*|<8|v - V*P/Hf3 <v >
+ ff 1|V—V*|§8|v - V*P/+2f3 <V >20 2
v Vi

B < Cff 1|v v*|<£|V_V*|Y+2f* <V > ff 1|v v*|<£|V_V*|ny <V >2

+2 3 2a-2
+ff 1|v—v*|S£|V_V*|y f* <v >
v Jv,
We have

Asc83+2+y ff3 <V>2ct—2 +83+y+1 ff’i <v>2af—1 +83+y+2 ff’i <v>2ct—2
v v v

and we see immediately that

and

A< C[83+2+y +83+y+1 +83+y+2]ll

and therefore

A<Ck““7+§”“+s“”ﬁﬁf<v>‘HW<v> ﬂ|bfw@v>mw2ﬂﬁ

For B, the same arguments leads to
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2
B < C(1 + ) + &£ 4 g3+7+2][f <v>2 f3ll <v>° 1%, f|V(< v > p)2

and thus

2
I, < C(1 + &)Y + S 4 g3+7+2][f <v> <y >® I, f|V(< v >0 2

In conclusion, we get

2
11 < C(1 + ) + &1 4 s3+7+2][f <v>2 f3[ < v > fll, f|V(< y >aY2 p)2

2 1 2
+Cm[e”™ + & |igll7,.

The same arguments can be applied to all other terms, and thus we get

2
IV < c{l+(1+82)“[g3+2+7+s3+7”+s3+7+2]}[ f <v>2 f3|<v>? 1%, f V(< v >*72 )12

2 1 2
+Cm[e"™ + & |igll7,.

Note the difference when y > —3: in that case, the constant is small in the first term, while here for
v = -3, we have a constant which is close to 1, for small ¢.
We let O(e) for the first function and O(1/¢) for the second one to get

2
I+ | + [TV + V]| < C{l + 0(8)}[f <v > f3|<v>7 A%, f|V(< y >V 2

~ 1
+Cm0<;)||g||§2.

By combining the above estimations, the final conclusion is that

d
(5.4) — 812 + Ceoer f Vi< v > g]f* <
v

2
ccmr||g||§2+6{1 +0(s)}[ f <v>2 Il <v>? 117, f V(< v >*72 f)P

~ 1
+Cm0<;>||g||22.

Again setting E = f < v >? fdv = m + e, which is bounded uniformly in time, let

X =gl N<v>"?glf = f V(< v > g)P,
then we have obtained
d 1
(5.5) X<l <v>" gl {C ~Cc(1+ 0(5))E%X%} + [CCoper + mCO()]X.
E

At this point, we can use the arguments of Section 4. Assume that at time ¢, we have for some
6>0
Ceoer —C(1 + 0(8))E%X% >0,
that is
(5.6) C(1 + OE)EXT < Coper = 6,

which is to be used for 6 < Ceper.
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Then we obtain, using again Pitt’s inequality (4.14) and (4.16),

d _ 1
(5.7) TX< ~CpitCm'"?e712§ + [CCoper + mO()IX = F(X).

Recall that we have assumed
6 < Ccoer

and that we want O
C(1+ O0€)E3X3 < Ceper — 0,
that is
X < [Ceper = 61°C3(1 + O(e) P JE = X.
Now, let X,, be the zero of the function F defined in (5.7). Then assume that
(5.8) X(0) < X = min{X, X},

then in view of the form of the differential inequality and the behaviour of function F, it follows that
for all # > O:
X <X.

Thus we have obtain a global bound for the weighted L norm of £, uniformly in time, that is, we get
the second part of Theorem 1.1, for the specific case y = —3.

6. THE CASE —3 < ¥ < —2: LOCAL ESTIMATES

The energy estimate in Section 3 holds for y > —2. For the case y € (-3, -2), we recall (3.1)

d1 1
Gl s [ [ayw-vorauso,r=3 [ [aw-voo. ra.r
and from (3.2) and (3.7) we have

[ [anv-vorausa,r =g [Wicvs? phav-c [ fav

Next, we estimate
1
- f f a0 = vy, L0 f? = (y +3) f f v fof

The problem is that it looks like a L norm, but at that point we need a L' weighted estimation. Up to
now these bounds grow linearly in time [22] and so are not enough.
Let us fix a positive function of time ¢ (7). We split A into two terms (forgetting the positive constant
v + 3 in front of A)
A=A +A;,

Ay = f fllv—v*|2¢(t)|v .l ff?
Vi 1%

Ay = f fllv—v*lsqﬁ(t)lv -l fif?
Vi 1%

For Ay, since y < 0, we have

(6.1) A < f f ¢@) fof > < mp@) |1 117,

For A,, we split again according to whether or not f < f; to get

(6.2) Ay <2 f f Lyv <oV = val? 2 < 2Co(ey NI £11s.
Vi v

where

and
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Next, we are going to work on ||f]|;3: if f = f1f>f3, then, with % =14 p% + 1}3, we have

p1
£, < WAl AL, I,

Now write
1 2 6

1= —+ = 4+ =

P py
1 2 6
f:fm -fl’z -fl’z
€ Sy 2 y &
=frn<v>rn frn.(<yv>2 f)n
Dy 1 2 y 6
= (< V> P3 f)m .fpz -(< Vv >2 f)ﬂz
=h S
with evident notations. We make the choice p; = p, = p3 = 9 for reasons linked to Sobolev
inequality. Then we get

3 3 3 3
IAE, < IAI, 1A, 115,

stf <vs b [ A st oo
Sobolev inequality tells us that
[f<< vt ot s f|V<< vsi PP,
Finally, we have obtained
A3, < Cl f <v > R, f V(<v>? fP,

and thus (6.2) becomes

2
Ay < CH(ty f <v>" FRIAL, f V(< v>? P
From Villani [22] (Appendix B), in our case y > -3, i.e., =3y < 9, we have

(6.3) M_3, = f <v> f<C(+0),
then finally
A < Co0 A+ 0HIA, [ WG<v > P
Now we choose ¢(¢) such that (for some & fixed)
b1+ <o,

that is 1 .

B(1) < %7 (1 + )T,
or, for simplicity, we just choose
(6.4) o) = £ (1 + 1)
With this choice, we get that

As < CEIfIL, f Vi<v>E PP
Recall (6.1) to get also
A < mp@V |12, = me™ (1 + ||,
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In conclusion, we get:

2
(6.5) A < me™ (1+ DT £, + CellfIl}, f V(<v>? PP

Fix ¢, and optimize w.r.t. €. The above term is of the form
£77 B+ &D
with
B=m(l+0T5|fI2,, D= C||f||§2 f V(<v>? PP

We have equality in (6.5) if

Y
3B =¢gD,
that is
3ty 3y
e=B3 D 3.

With this value, we get from (6.5) that

Y

3+y 3+y 3+y
A<2eD=2B3 D 3 D=2B73 D73,

that is

-y

A < 2Am(1 + DT fILTF [C||f||§2 f V(< v>2 HPIS

18+4y

Y Y _Y —
<CA+n7 [fIV(< v>2 P sIAN,,
We choose another € and write

18+4y

ascaen?L [ wevst s

- 18+4y
< Cei(l+ t)?’s‘%[fw« v>2 HPIEIALY

use Young’s inequality for product of the first two factors (ie without the L> norm) with p = —=3/y

and p’ = 3/(3 +v):

18+4y

£ a0 X o :
A<= [ V(cv>2 PHIF+Ce™ (A +0) D |Ifl,
p

Combine the above estimates, we get a differential inequality

18+4y

©6) SR < ~{ccoer - “in,.) f V(< v >t OR+Cllflle + €+ 1)

y 18+4y
9
Al -

We see that we have trouble with the growth rate of coefficient, due to lack of uniform in time
bound of the moment in (6.3). The differential inequality (6.6) yields a local estimate of a weak
solution in this case and thus we have the following weaker conclusion

Proposition 6.1. Let y € (=3,-2). Let the initial data fy € L*(R>), then we have a local in time a
priori estimate (6.6) on a weak solution in L?.

Remark 6.2. We emphasize here that when y € (=3, -2), the a priori estimate in L is only local,
unless we can get a better moment estimates in L' that is, uniformly bounded w.r:t. time.
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7. ProOF oF ProprosiTiON 1.2

Multiplying the Landau equation by f and integrating, we have

d 1 1
GoWtes [ [ayw-vorauso,r=3 [ [aw-voo. ra.r

Moreover, as usual now, we have also (note here that we keep the weight on the second term on the
r.h.s.)

[ [aiv=varausa,r === (1w plav-c [ <v>r? fan

1
: f f 450 = v, f-00 f* = (y +3) f f vl fof2,

All in all, we have

and

d1 C
AR + S f Vu(< v >72 PPdv < (3 +3) f f vl fif? +C f <v>r2 .
Vi v

Define the first term on the r.h.s. as NLT (non linear term), that is

NLT:(y+3)ff|v—v*|7f*f2.

From now on, we will omit or abbreviate any non important constant. For any & > 0, we can write

NLT < Cffz(v){f v = vl Iy < fi + f v — V*lyllv—v*lz‘ef*}-
v Vi Vi

Then, we can use classical estimations on the truncated Riez potentials, see [26] for example,
involving the usual maximal function M f(v) to get

NLT < C f fz(v){s3+7M W) + sym}.

Fixing v, we optimize w.r.t. € to find that

NLT < Cm'*"" f LFOMf0)7P <cem'™ f Mfw)* 7" < Cm'*P f 5,
v

by using our assumption on the values of y.

Let g be defined by g = 2 —y/3 = 6_77 > 1. Note that we have also q; = % = 6% > 1. The

conjugate exponent is given by ¢} = 6__—;. We can then use Holder inequality together with the fact

that y —2 < -3 to get
6y 55
Cf<v>7_2f2dvgc{ff7y} S

Using the conservation of mass, again skipping all constants, we have obtained

d1 C. .
Ezllflliz - f|VV(< v>"? f)Pdv < Cy + G ff63ydv.

Now the idea is this: we want to control the L.h.s. term by the r.h.s, and so we will use some Nash
Gagliardo Nirenberg type inequalities, [19] for example.

(7.1)
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We have a slight issue connected to moments (because on the Lh.s., we have only some control of
a negative power weight in Sobolev space), but let’s forget this point for the moment. Firstly recall

that (we are using homogeneous Sobolev spaces) Hy C. L" for 0 < s < 3/2 and m = %-. We want

3-2s
to choose m = ¢ = 631. This gives the value of s as s = 2y3—_y Note that we have 0 < s < 1.

12
If this is the case, it follows that ||f||[£,, < C||f||‘[1_.1v.

On the other hand, by using classical ideas forsproving Nash inequality (Fourier transform, opti-
mizing for small and big frequencies), one can show that (for s < 1 which is the case here)

1034 5 175 (3+25)
e

and thus

L(3+25)q
_1 10
1718, < Cmbi=40-200 f V1R .

A little computation shows that y = %(3 +28)q = %[3 —v] which gives u < 1 iff y > —2. Then
(up to the control of weights), we can absorb the r.h.s by the Lh.s in inequality (7.1).

Now to get everything rigorous, and in particular to take care of the loss of weights appearing on
the Lh.s, we need to interpolate with a weighted L' space the r.h.s. of (7.1) (as well we can also use
some improved type Nash inequalities).

Starting with a fixed & > 0, we look for @ € (0, 1) such that g = @.1 + (1 — @)(g + &). We find that

It follows that

f = f pai-a)gre) _ f o pi-aare) f [< v > 10w flapc, S/2 pji-agso

and using Holder inequality, we get

ffq < {M;—Zm_a)(qw)}a'{ f[< v f]q+s}l_a’

which upon using another small & > 0, yields

ffq < C(é)M;—g(l—a)(q+s)(t) + éf[< v >Y/2 f1e+e.

2y,
2y.—12°

Setg. =q+¢,y.=y—3cand s, =
Then, we still have

L (34+255)qs
-1 10
”quz‘9 < ( Im[l 5(3+2Sg)]qa{ f |Vg”2}

Then note that g, = %(3 +25:)qe = é[B — Vel = é[B — vy + 3¢g]. Since we have assumed y > -2,

one obtains that ¢, < 1 when choosing any & such that 0 < & < 2% Therefore we choose exactly
— 2y
= =%
2+

Wiih this value of ¢, we find that a = Ty l-a= 3%7 g+e= % and thus all in all, we find that

f 9 < C(B)YM -sy5- (£) + C(&,m) + EC(m) f Vi< v>"2 FP,
3(2+y)

and therefore choosing & small enough, we find that, going back to our estimation inequality
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If1I7.(0) < C(1 +1)?
which ends the proof of Proposition 1.2.

Remark 7.1. (1) Of course, we get also a Sobolev estimation as well. Moreover; it might be also
possible to have direct estimation of the nonlinear term by using Holder inequality, together
with the standard Nash’s inequality.

(2) Note that the growth of this L* estimate is linked with the moment estimate. One can also get
weighted L* estimate and more generally LP estimates. For example, one can show that the
nonlinear term is estimated by f FP~13. But it does not seem to be possible to improve the
range of values of y. However, working with large p seem to require less moments on f.

(3) By interpolating also with L?, as in previous sections, one can get also local estimates for all
vy > =3.
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