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NON-PERIODIC RIEMANN EXAMPLES WITH HANDLES

FILIPPO MORABITO AND MARTIN TRAIZET

ABSTRACT. We show the existence of 1-parameter families of non-periodic, complete, embedded
minimal surfaces in Euclidean space with infinitely many parallel planar ends. In particular we
are able to produce finite genus examples and quasi-periodic examples of infinite genus.

1. INTRODUCTION

The goal of this paper is to construct families of complete, embedded minimal surfaces in
Euclidean space, with infinitely many planar ends. The classical examples of such surfaces have
been discovered in 19th century by B. Riemann and are called Riemann minimal examples. They
have genus zero and are periodic. W. Meeks, J. Pérez, A. Ros [5] proved that they are the only
properly embedded minimal surfaces of genus zero with infinitely many ends.

Periodic examples were constructed by the second author in [7] by adding handles, in a periodic
way, to Riemann examples. Our goal in this paper is to follow the same strategy without assuming
any periodicity. The first class of examples that we obtain have finite genus:

Theorem 1.1. For each integer g > 1, there exists a I-parameter family of complete, properly
embedded minimal surfaces which have genus g and infinitely many planar ends. These surfaces
have two limit ends.

W. Meeks, J. Perez and A. Ros [4] have proven that a properly embedded minimal surface of
finite genus and infinitely many ends, must have planar ends and two limit ends. (This later point
means, in the finite genus case, that it is homeomorphic to a compact closed surface M punctured
in a countable set with precisely two limit points.) Such surfaces have been constructed by L.
Hauswirth and F. Pacard [1] using an analytic gluing procedure. Note however that the surfaces
we construct are different: their examples degenerate into Costa-Hoffman-Meeks surfaces whereas
our examples degenerate into catenoids.

We also obtain examples of infinite genus. In particular we can construct quasi-periodic
examples.

Theorem 1.2. There exists complete, properly embedded minimal surfaces in Euclidean space
which are quasi-periodic and non-periodic. These surfaces have infinite genus, infinitely many
planar ends and two limit ends.

Recall that a minimal surface M is periodic if there exists a non-zero translation 71" such that
T(M) = M. We say that a minimal surface M is quasi-periodic if there exists a diverging
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2 FILIPPO MORABITO AND MARTIN TRAIZET

sequence of translations (7},)nen such that the sequence (7, (M))nen converges smoothly to M
on compact subsets of R? [3]. (This notion of quasi-periodicity is weaker than the usual notion
of quasi-periodicity in cristallography.) An example of quasi-periodic minimal surface in the flat
manifold R? x S' was constructed in [2].

To describe the surfaces we construct, we introduce some terminology. Let M be a complete,
properly embedded minimal surface with an infinite number of horizontal planar ends.

Definition 1.3. We say that M is of type (ng)rez if there exists an increasing sequence (hy)kez
such that for each k € 7Z,

o the intersection of M with the horizontal plane x3 = hy is the union of ng smooth Jordan
curves,

o the domain hy < x3 < hx11 of M has one planar end and is homeomorphic to a planar
domain.

For example, Riemann examples are of type (1)xez. If M is of type (ng)kez, then its genus is
equal to Y, ., (ng — 1), possibly infinite. The following theorem is a particular case of our main
result, to be stated in the next section.

Theorem 1.4. Let (ny)rez be a sequence of positive integers. Assume that

o the sequence (ng)kez is bounded,
o forall k € Z, either ng, =1 or npyq = 1.

Then there exists a family of complete properly embedded minimal surfaces with infinitely many
planar ends and of type (ng)kez. Moreover, these surfaces are periodic (resp. quasi-periodic) if
and only if the sequence (ny)rez is periodic (resp. quasi-periodic).

We say that a sequence (ug)gez is periodic if there exists a positive integer T such that
ug+T = up. We say it is quasi-periodic if there exists a diverging sequence of integers (7},)nen
such that for all £ € Z, lim ugip, = ug. (In the case of a sequence of integer numbers, this

n—o0

means that for all k € Z, there exists an integer NV such that for all n > N, w47, = ug. In
other words, any finite portion of the sequence is repeated infinitely many times.) It is clear that
Theorems 1.1 and 1.2 follow from this theorem by choosing appropriate sequences (ng)gez.

Example 1.5. Take ng = 2 if k is even and positive, and ny = 1 otherwise. The minimal
surfaces we obtain by Theorem 1.4 have a bottom limit end of genus zero and a top limit end of
infinite genus. These new examples support a conjecture by W. Meeks on necessary and sufficient
topological conditions for an open orientable surface of infinite topology to properly minimally
embed in R3.

Heuristically, our surfaces are constructed by taking an infinite stack of horizontal planes
(Pg)kez, ordered by their height, and gluing nj catenoidal necks between the planes Py and
Py11 for each k € Z. Tt is clear that in this way, we obtain a surface of type (ng)xez.

The construction follows the lines of the one in the periodic case in [7]. In the periodic case,
we worked in the quotient by the period, so we only had to glue a finite number of catenoids and
we could use the classical theory of compact Riemann surfaces. In the non-periodic case that
we consider in this paper, we have to glue infinitely many catenoids at the same time, and the
underlying Riemann surface is not compact. Technically, the construction relies on the theory
of opening infinitely many nodes developped by the second author in [8].
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2. CONFIGURATIONS AND FORCES, MAIN RESULT

Let (ng)kez be a sequence of positive integers. A configuration of type (ng)rez is a sequence
of complex numbers (pg.;)1<i<n,kez. The points py,, 1 < i < ny, represent the position of the
catenoidal necks that we will create between the planes Py and Py1. These points must satisfy
a balancing condition which we express in term of forces. Let ¢ = i

Definition 2.1. The force Fy; exerted on py; by the other points of the configuration is defined
as

(1) = 22
J#l

A configuration {pyi}rez.ic{1,..ny} 15 said to be balanced if all forces Fy; vanish.

N1 NEg—1

Z CkCk41 . Z CkCr—1
DPk,i pk,] = Pki — Pk+1,5 = Pki — Pk—-1j

For the forces to be defined, we need that for each k£ € Z, the points pg;, 1 < ¢ < ny and
Pk+1,i, 1 <@ < ng4q are distinet, which we assume from now on. We will see later the existing
relationship between the balancing condition and the period problem that we have to solve to
construct our family of minimal surfaces.

Example 2.2. Fix some non-zero complex number a. The configuration given by ng = 1 and
pr1 = ka for all k € Z is balanced. This configuration yields the family of Riemann examples.

Moreover, as our construction is based on the implicit function Theorem, we need the differ-
ential of the force map to be invertible in some sense. In the case of Example 2.2, the differential
of Fy, 1 is given by

1
dFy, = ¥(2dpk,1 — dpr—1,1 — dpi41,1)-

The operator (ux)rez — (2ur — Up—1 — Ug+1)kez is neither injective nor surjective from (*°(Z)
to ¢>°(Z), where ¢*°(Z) is the space of bounded sequences (uy)gez with the sup norm. This
motivates the following change of variables.

Uki=Dki—DPk1, 1<i<ng, k€eZ
(2) 00 — — kel
k= Pk1 — Pk—1,1, € 4.
By definition we have uy; = 0. We denote by U the sequence

(3) s 76167 uk‘,Q? ey uk,nk7€k+17 uk+1,27 s 7uk+1,nk+17€k+27 ce

The parameter U determines the configuration up to a translation, which is irrelevant since the
forces are invariant by translation of the configuration.
The expression of the forces in terms of the new variables is

Nk+1 Ng—1
QZ Z CkChk+1 o Z CrCk—1
Ui — Uk,g o ki~ lrg1 — Uky1,j = uki Op —up—1,j
Jsﬁl
We define
ng Nk—1 ng MNk—1
CLCL—1 CrCk—1

Gr=) ) ———=> > —y :

o1 =1 Pri T Pr-vg o I ST Uk + Ll — Ug—15
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An elementary computation gives

ng

ZFk,i = Gpy1 — Gi.

i=1
Therefore, the configuration is balanced if and only if for all & € Z, we have Fj; = 0 for
2 < i< ny and G = Gy. We denote by F the sequence

(4) s Gy Freoy oo Flong s Gt Frer1,25 -+ 5 Fertngr G2, - - -
The configuration is balanced if and only if F = 0.

Definition 2.3. We say that the configuration is non-degenerate if the differential of F with
respect to U, from £>°(Z) to itself, exists and is an isomorphism.

Let us return to the configuration of Example 2.2 and see that it is non-degenerate. The
configuration is given by ¢, = a. We have U = (¢x)kez and F = (Gg)gez = (%k)kez. The map

U — F is differentiable with differential equal to g—%id, so the configuration is non-degenerate.

We are ready to state the main result of this paper.

Theorem 2.4. Consider a balanced, non-degenerate configuration U of type (ng)kez. Further
assume that

(1) the sequence (ng)kez is bounded,

(2) the sequence U takes a finite number of values,
Nkg—1

1 & 1
3) forallk e 2, — it — _1i-
(3) fi nk;pk, v ;pk 1

Then there exists a 1-parameter family (My)o<i<e of complete, properly embedded minimal sur-
faces with infinitely many planar ends, of type (ng)kez. Furthermore, each surface My is periodic
(resp. quasi-periodic) if and only if the configuration is periodic (resp. quasi-periodic).

We say that the configuration is periodic if there exists a positive integer T' such that for all
k€ Z, ngyrr = ng, bpgpr = Ly and upyr; = up; for all 2 <4 < ng. We say the configuration
is quasi-periodic if there exists a diverging sequence of integers (T},)nen such that for all k € Z,
there exists an integer N such that for n > N, nyy7, = ni, li+1, = i and upq, s = ug,; for
2 < i < ng. (In other words, any finite part of the configuration is repeated infinitely many
times.)

Remark 2.5. Let us discuss the various hypotheses of the theorem.

e We formulated the definition of non-degeneracy by using the £°° norm. It is certainly
the case that for many configurations, this is not the right norm to use: they are non-
degenerate for a suitable choice of the norms on both the domain and the target space
of the differential of the force map. We chose the £*° norm because this is the most
natural one and there are already plenty of configurations which are non-degenerate for
this norm.

e It would certainly be interesting to allow for unbounded sequences (ng)gez, but such
configurations cannot be non-degenerate for the /°° norm. Maybe a result is possible
using a weighted £°° norm, with the weight depending in some way on ny.
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e Hypothesis 2 is not required in any fundamental way, but makes the proof of the theorem
much easier. It ensures the finiteness Hypothesis 4.1, see Section 4.1. For the examples
of configuration that we will consider, hypothesis 2 is a consequence of hypothesis 1, see
Remark 3.3.

e We do not know of any example of balanced configuration for which hypothesis 3 fails. It
ensures that the Gauss map has multiplicity 2 at the ends and makes the proof slightly
simpler at one point (see Section 4.3). Theorem 2.4 definitely holds without this hypoth-
esis.

3. EXAMPLES OF BALANCED NON-DEGENERATE CONFIGURATIONS

In this section, we obtain balanced, non-degenerate configurations by concatenation of finite
configurations.

3.1. Concatenation of finite configurations. Let h be a positive integer and (ng,--- ,np)
be a finite sequence of positive integers, such that ng = ny = 1. A finite configuration of type
(ng,---,np) is a collection C' of complex numbers (pg;)o<k<h,i<i<n,.- We call the points pg 1
and pp, 1 respectively the first and last point of the configuration. We call h the height of the
configuration. We call width of the configuration the quantity max{ng,--- ,np}. As in Section 2
we make the change of variables

Uki = Pki — Pk, 1<i<mng, O0<kE<h
by =pra —pPk—1,1, 1<k<h

The forces Fy,; for 0 < k < h and 1 < i < ny, are defined as in Section 2, with the convention
that n_; = np+1 = 0. The quantities G, for 1 < k < h are defined in the same way.

Definition 3.1. A finite configuration C' of type (no,--- ,np) is said to be

e balanced if F,; =0 for 1 <k < h—1 and 1 <1 <ny. Note that we do not require that
the forces Fy1 and Fy, 1 vanish. We will denote by Fo the value of Fy1 and we will call
it the residual force of the configuration.

e non-degenerate if the differential of the map which associates to the vector

(5) (b1 u1,2, . ULy, O, U2, - o s U2 g, €3, o, Up)
the vector
(6) (G1,F12,...,F10,,Go, Foo,...,F5p,,Gs,...,Gp)
18 an isomorphism.
Proposition 3.2. If C is a finite, balanced configuration of height h, it holds
Fp1=—Fy1 = —Fg,

n

1
(pra—pon)Fo =) —.
k=1

In particular, the residual force never vanishes.
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Proof. The proposition comes from the following two formulae, which hold for any configuration
of height h (not necessarily balanced).

h ng
22 Fri=0

k=0 i=1
"1
ZZpksz —an ng —1)c annkJrlckckJrl = 1—27716
k=0 i=1
We omit the proof of these formulae. O

Remark 3.3. Let us fix the height h and the type of the configuration, namely the sequence
(ng,---,np). We observe that the balancing condition can be written as a finite system of
polynomial equations in the unknowns ¢ for 1 < k£ < h and wuy; for 1 < £ < h —1 and
2 < i < ng. Each polynomial equation defines an algebraic variety in C”, where n is the number
of unknowns. The set of balanced configurations of type (ng, - - ,ny) is the intersection of these
varieties. There might be components of non-zero dimension, but a non-degenerate configuration
cannot belong to such a component. Basic results of algebraic geometry ensure that there is only
a finite number of dimension zero components (which are points), so there is at most a finite
number of balanced, non-degenerate configurations of type (ng,- - ,np).

Definition 3.4. We will say that two configurations C1, Cy of finite height are compatible if their
residual forces are equal, that is Fo, = F¢,.

Given a sequence of finite configurations (Cy, )mez, we define their concatenation C' as follows.
We denote by h,, the height of C,,. We write n( ), p](C l) E(m) (".L) and Fk(f?) for the quantities

,Z

associated to the configuration C,,. Let (gpm)mez be the sequence defined inductively by g = 0
and @11 = ©m + hy for m € Z. We define the sequence (ny)gez by

Mootk :n](cm) formeZ,0<k<hy

which makes sense because ngl m) _ 1= (m+1)

by

We define the configuration C, of type (ng)kez,

Loptk = ﬁl(gm) formeZ,1 <k < hy,
g ki = U™ form € Z, 1<k <hy—1,2<i<ni™.

K
This amounts to translate the configurations so that for each m € Z, the last point of C,,

coincides with the first point of C),41, and identify these two points. The following result is a
generalization of Proposition 2.3 in |7].

Proposition 3.5. Let (Cy,)mez be a sequence of finite configurations. Let C' be the configuration
obtained by concatenation of these configurations, as explained above. Then:

e if all configurations Cy, are balanced and compatible, then the configuration C is balanced,

e if moreover, all configurations Cy, are non-degenerate and have height and width bounded
by some number independant of m, then the configuration C is non-degenerate and the
sequence U defined by equation (3) takes a finite number of values.



NON-PERIODIC RIEMANN EXAMPLES WITH HANDLES 7

Proof. Let us write, for m € Z,

U(m) = (ggm)vugrg)? s 7u§?:1)17€§m)vug,g)v s 7ug,)711)27£:(3m)7 oo 74{”))’

B (G, B P G, L Fm GG
for the parameters and forces corresponding to the configuration C,,. Then we have, for the
configuration C, U = (UM), ., by definition of the concatenation and F = (F(™), _, by
inspection. If all configurations C,,, are balanced and compatible, then all G are equal and the
configuration C' is balanced.

Let us assume that the configurations C), are non-degenerate and have bounded height and
width. Then there is only a finite number of possibilities for the types of the configurations. By
Remark 3.3, there is only a finite number of configurations C, for m € Z (some of them are
repeated infinitely many times in the sequence (Cy,)mez). Hence the sequence U takes only a
finite number of values.

To prove that F is differentiable with respect to U, we observe that for each m € Z, F(m) only
depends on U™, Since there is only a finite number of distinct configurations, the differential
of F(™) with respect to U™ has norm bounded by some number independent of m, and the
same is true for the second order differential. This implies that F is differentiable with respect
to U from £°° to itself, with differential given by

dF(U)(X) = (dﬁm)(U(m))(X(m))) .
mEZ
(In other words, the differential has a block diagonal structure.) Again, since there is only a
finite number of distinct configurations, the norms of the inverses of dF(™ (U()) are bounded
by some number independent of m, so the operator

X s (dF<m>(U<m>)—1(X<m>)) ]
me

is bounded from £ to itself, so dF(U) is invertible and the configuration C' is non-degenerate. [J

3.2. Examples of finite configurations.

Example 3.6. A trivial example: fix some non-zero complex number a¢ and some positive integer
number h. The configuration of height i and type (1,1,--- ,1) defined by py 1 = kafor 0 <k < h
is balanced, non-degenerate and has residual force equal to é

Example 3.7. A nice family of configurations of height 2 and type (1,n,1), where n € N*
which comes from [7]. It is given by

po1 =0, po1 = 2i,

. Jm .
P= t forl1 <j<n.
p1,j =1+ co T or1<j7<n

n—+1
2ni -

Proposition 3.8. This configuration is balanced, non-degenerate and has residual force
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Proof. This configuration is proven to be balanced in [7], Proposition 2.1. Let us prove that it
is non-degenerate. It is enough to prove that the differential is injective. Let X be an element
in its kernel. Consider a path U(t) = (¢1(t),u1,2(t), - ,u1n(t),f2(t)) in the parameter space,
such that U(0) is the given configuration, and U’(0) = X. Then G)(0), G5(0) and Fy (0),
2 < ¢ < n all vanish because X is in the kernel. The points of the configuration at time t are
given by po1(t) = 0, p1,i(t) = i(t) + ui(t) for 1 < i < n and poi(t) = l1(t) + l2(t) (with
u1,1(t) = 0). We extend this configuration into a periodic configuration, denoted py, ;(t) of period
T(t) = £1(t) + €2(t) by writing pax.1(t) = kT'(t) and Pog+1,i(t) = p1,i(t) + kT(t) for k € Z. If we
write }T}H(t) for the forces of this configuration, we have

Fop1(t) = Fou(t) + Fau(t) = Gi(t) — Ga(t),

Fory1,i(t) = Fopy14().
Hence, the derivatives of these forces at time 0 all vanish. Next, we scale this configuration by

1/T(t) so that its period is constant by writing py ;(t) = 51;(1'15;). If we write F\;“(t) for the forces

of this configuration, we have ﬁ,é ;(0) = 0. Since this periodic configuration is non-degenerate

by Proposition 2.1 in [7], in the sense given just after Theorem 1.4 in the same paper, we have
P, ;(0) =0 for all (k,7). From this we get, for 0 <k < 2

Phs(0) = T'(0)pks(0) = Apra(0)  with A = 1.

—

Then we write . .
G =5 ; P2 (t) = p1;(t)’
G5(0) = 1 z”: _71()\]32,1 — Ap1;) = —AG2(0).
n = (P21 = p1y)?
Since G5(0) = 0 and G2(0) = F¢ # 0, this gives A = 0, so p; ;(0) = 0 and X = 0. This proves that
the configuration is non-degenerate. We compute the residual force using Proposition 3.2. O

Remark 3.9. We can scale these configurations by f—fl so that they are compatible. Then by

Proposition 3.5, we can concatenate them to obtain balanced configuration whose type is any
bounded sequence (ny)kez such that ng = 1 for even k. This proves Theorem 1.4.

Example 3.10. An example of height 3 and type (1,2,2,1) given by
—V2 V2

po1 =0, pi1= — +1i, p2= - +1,
-2 V2 oo .
P21=—5— +2i, po= - +2i, p31 =3

2

Proposition 3.11. This configuration is balanced, non-degenerate and has residual force 3;.

The proof is purely computational, we omit the details. (The determinant of the matrix
associated to the differential, computed with Mathematica, equals 4/243).

4. PROOF OF THE MAIN THEOREM

In this section we prove Theorem 2.4.
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4.1. Notations and parameters. There are six parameters in the construction, denoted by
t, a, b, a, B and y. The parameter t is a positive real number. All other five parameters are
sequences of complex numbers of the form u = (up;)rez1<i<n,. We use the notation uj =
(uki)1<i<n, € C*.

The ¢°° norm of the sequence u is defined as usual as ||u||cc = sup{|uk;i| : k € Z, 1 <i < ny}.
Each parameter varies in a neighborhood for the £°° norm of a central value. The central value
is denoted by an upperscript 0, so the central value of the parameters are denoted by a?, %, a9,
B9 and 4°. Most of our statements only hold in a small neighborhood of the central values.

The central value of the parameters will be given later. An important point is that the
following hypothesis holds. We say that a sequence u = (uk,i)kez 1<i<n, is finitely valued if the
set {ug,; : k€ Z, 1 <i <ny} is finite.

Hypothesis 4.1 (Finiteness hypothesis). The central value of each parameter is finitely valued.

This will be useful to make various statements uniform with respect to k € Z. By a uniform
constant, we mean some number which only depends on the central value of the parameters. We
use the notation D(a,r) for the disk of center a and radius r in C.

4.2. Opening nodes. Consider infinitely many copies of the Riemann sphere, labelled (C ;)xez.
We denote by ooy, the point oo in Cg, and C, = C},\ {oo;}. For each k € Z and each 1 < i < ny,
select a point a;; € C; and a point by; € Cpiq. Identify these two points to create a node.
This defines a Riemann surface with nodes which we call 3. The parameters involved in this
construction are the sequences a = (aki)kez,1<i<n, and b = (byi)kez,1<i<n,. The central value
of these parameters is given, in term of the given configuration, by

ap; = (—1)Fconj® () + Ug,i)

b = (1) conj™ (u ;)
where conj(z) = Z denotes conjugation, so conj*(z) is equal to z if k is even and Z if k is odd.
Observe that a” and b° are finitely valued by hypothesis 2 of Theorem 2.4.

For any k € Z, the points a%i for 1 < i < ny and bg—li for 1 < i < ng_q are distinct in C.
That follows from the identity

0 0 0 0 0
lp +up; — Up_1; = Pki — Pk—1,5
and the fact that second member does not vanish by construction.

Let €, > 0 be the smallest value of the distance between these points in Cj. Because of the
finiteness hypothesis, {ex : k € Z} is finite so we can take ¢ = min{e, : k € Z} > 0. If
lla —a®l|oo < § and |[b — 8°||c < £, then for any k € Z, the points ay; for 1 <i < ny and by_1,
for 1 < i < my_y are at distance greater than § from each other, so they remain distinct. We
will be using this kind of argument very often. We will not enter in details anymore and simply

refer to the finiteness hypothesis.

For each k € Z we consider a function g defined on C}, by
nkg—1 Nk

Br—-1,i Ok i
O
z=bpo1g 2 gy

i=1
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The new parameters are the sequences

a = (agi)kez1<i<n, and B = (Bri)kez,1<i<n -

We assume that these parameters satisfy the equation

(7) Vk € Z, zk: Qi = Zkﬁk,i = 1.
=1 =1

We will see the role of this equation in Section 4.3. The central values of these parameters are
given by

1

0 0
o= Pr. = —.
ki /Bk:,z nk

Recall that the set {n, : k € Z} is finite, so the sequences o’ and B° are finitely valued as
required.
If [Ja— a||oo and ||B— BY|| are small enough, we have aj; # 0 and Sy ; # 0 for all k € Z and

1 <4< ng. Then gi(z) ~ :‘T’“kl in a neighborhood of ay;, so gik is a local complex coordinate

in a neighborhood of ay ;. In the same way, gry1 ~

ﬁ’z; - in a neighborhood of by, ;, so ﬁ is a
local complex coordinate in a neighborhood of by, ;. The finiteness hypothesis allows us to find a
positive number p so that if a, b, @ and 8 are close enough to a?, b, o and 3 in £>° norm, for

any k € Z and 1 < i < ng, gik is a diffeomorphism from a neighborhood V;,; of ay; in Cj, to the
disk D(0, p) and ﬁ is a diffeomorphism from a neighborhood Wy ; of by ; in Cyy1 to the disk

D(0, p). We define

1 ~
Vi -= gik : Vk,i — D(O,p) vk,i(akﬂ-) = 0,
1 ~
wg; = ——: Wig; = D(0,p)  wg,i(bg,i) = 0.
Jk+1
By taking p small enough, and still using the finiteness hypothesis, we can assume that the ratio
Vkyi Wi

Z—a; Z*bk,i
numbers (by which we mean that they are independent of k, i and the value of the parameters).
Hence these coordinates are admissible in the sense of Definition 2 of [8].

in Wy, ; are bounded from above and below by some uniform positive

in Vi ; and ’

We use these coordinates to open the nodes. Consider a real parameter ¢ € (0, p). For each
k € Z and 1 < i < ny, remove the disks |vy ;| < % from Vj; and |wy ;| < % from Wy, ;. Identify
each point z € Vj; with the point 2’ € W}, ; such that
vk (2)wii(2) = t2.

This creates a neck connecting Cj, and @k+1. We call 3; the resulting Riemann surface.

4.3. The Gauss map. We define a meromorphic function g on 3, to be the Gauss map, by

B CoE tar(2) if 2 € Cy, k even
9(z) = (tgr(2)) = { o if 2 € Cy, k odd
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This function is well defined because if, say, k is even and z € V;; C C; is identified with
e Wi, C Cpq1, then

g(2) = tgr(z) = Uk,:(z) - wk’;(Z) - tgk+11(z/) = g(2").

In a neighborhood of co we have, thanks to the normalization (7)

1 Nk—1 ng
g(2) = — > Breoribk-1i— Y Okitki
i=1 i=1

so the Gauss map has at least a double zero or pole at co, as required for a planar end. At the
central value of the parameters we have

Nk—1 Nk—1

0 0 0 0 _ k. :k 0 0
E /kal,ibkfl,i - E O i = (—1)"conj ( E Pr—1;— — E pk,i) .
° ‘ ng <
i=1 =1 =1 =1

Ng—1 ‘=

This is non-zero by hypothesis 3 of Theorem 2.4, so g has a zero of multiplicity precisely 2
at oog. By the finiteness hypothesis, this remains true when the parameters are close to their
central value in £*° norm. Hence the Gauss map has a double zero at ooy if k is even and a

double pole if £ is odd.

4.4. The height differential. Fix some small number € > 0. For each k € Z, let ;. be C,
minus the disks D(agi, €) for 1 <1i < ny and D(bg_1 ;»€) for 1 <@ <ng_q. Let Q¢ be the disjoint
union of the domains Qe for k € Z. We assume that lla — a®||0o, ||b — 0°||oo and ¢ are small
enough so that the disks |vg ;| < % and |wg ;| < % (which were removed when defining ¥;) are
included respectively in the disks D(a%i, €) and D(b%i, €). This allow us to see the fixed domain
Q. as a domain in ;. Let Ql(Zt) be the space of holomorphic 1-forms w on ¥; such that the
norm

w
follp~is) = sup sup | ]
() kEZ 2€Qy . dz

is finite. This is well known to be a Banach space.

Next we define natural cycles on ;. For any k € Z and 1 < i < ny, let Ap; be the
homology class in ¥; of the circle C'(by ;, €) in Cy4q. This circle is homologous in ¥ to the circle
C(ag,i, €) with the opposite orientation. By Theorem 2 in (8|, for ¢ small enough, the operator
we ([ Ay W)kez,1<i<n, 1S an isomorphism of Banach spaces from Q1(3;) to the set of sequences
Y= (’Yk,’ijkeZ,lgignk in > which satisfy the compatibility relation

Nk—1

ng
(8) VEEZ, > mi= Y Vo1
i=1 i=1

(Equation (8) is what equation (2) of [8] becomes in our case.) So we can define a holomorphic
differential w on Y; by prescribing its Ay, ;-periods as

/ w = 2mivg;, keZ,1<i<nyg.
Ak
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The new parameter is the sequence v = (Vi) kez 1<i<n,- 1he central value of this parameter is
given by 72 i = i We require that

nk
VkeZ, ny,m- =1

i=1
so that the compatibility relation (8) is satisfied.

Proposition 4.2. The differential w depends smoothly on all parameters involved in this con-
struction, namely a, b, a, 3, v and t, in a neighborhood of their respective central value a®, b°,
a®, 8%, 4% and 0. Moreover, when t =0, we have w = wy, in Cy, where
ESa Ty o Vi
W = T - — B dz.

Proof. The smoothness statement is Theorem 4 in [8]. Smoothness is for the norm defined above:
in particular this means that the restriction of w to the (fixed) domain Q. depends smoothly on
all parameters.

When ¢t = 0, w is a regular differential on ¥y (see Definition 1 in [8]) so has simple poles at
all points ay;, br;. The residues are determined by the prescribed periods, and this gives the
claimed formula. O

4.5. The equations we have to solve. We define the Weierstrass data on ¥; by the standard

formula
1, 4 i

(1,02, 03) = (2(9 - g)w, §(g_1 —|—g)w,w> .

The minimal surface is defined by the Weierstrass representation formula :

z

P(z) = Re/ (61, da, P3) : By — R3 U {00},

0
The points ooy, for k € Z have to be the planar ends of our minimal surface.

For ¢ to be a regular immersion, we need that at each zero or pole of the Gauss map g, which
does not corresponds to an end, w has a zero of the same order. At the end ooy, the Gauss map
has a double zero or pole. To have an embedded planar end, we need that w is holomorphic
(which is already the case) and does not vanish. We deal with these conditions in Section 4.6.

Then we need v¥(z) to be independent of the integration path from zg to z, this is the period
problem. We fix some small number € > 0 and we define the cycle By, ; for k € Z and 2 <i <k
as the composition of the following four paths :

(1) a fixed path from ag’i + € to a%l + €,

(2) a path from a%l + € to bg’l + €, going through the neck,

(3) a fixed path from b) | + € to b ; + ¢,

(4) a path from bg’i +¢€ to ag,i + €, going through the neck.
Note that unlike Ay ;, the cycle By ; is not defined when ¢t = 0. We need to solve the following
period problem :

Re ¢, =0 keZ,1<i<ng 1<v<3,
Ak
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Re ¢, =0 keZ,2<i<ng 1<v<3.
B,
Indeed, the first condition ensures that Re [ ¢, is well defined in each Cg, and in particular

that the residue at oo vanishes as required for a planar end. The second condition ensures that
Re [ ¢, does not depend on the choice of the path from Cj to Cpyq.

Our strategy consists in proving that these equations, suitably renormalized, extend smoothly
at t = 0, and in solving them using the implicit function Theorem at ¢ = 0 to determine all
parameters as functions of ¢.

4.6. Zeros of w. Let us first locate the zeros and poles of g. If k is even, then the zeros of g
in Cy, are the zeros of g, and g has no poles in Cj, (because the poles of g; were removed when
opening nodes). If k is odd, the poles of g in Cj are the zeros of gi, and g has no zeros in Cj.
What we need is that for each & € Z, w has a zero at each zero of g; in Cg, with the same
multiplicity, and has no further zeros.

Proposition 4.3. For (t,a,b,7) in a neighborhood of (0,a’ t°,~4%), there exist values of the
parameters « and B, depending smoothly on (t,a,b,7), such that for all k € Z, w has a zero at
each finite zero of g in Cy, with the same multiplicity, and has no further zero. Moreover, when
t =0, we have a(0,a,b,v) = 5(0,a,b,vy) = .

Proof. Since g;, has a double zero at oog, it has ni + ng_1 — 2 finite zeros in Cj, counting
multiplicities. Let us count the number of zeros of w in Cy. By the finiteness hypothesis, we may
choose € > 0 small enough and R large enough (both independent of k£ and the parameters) so
that Uy, = Q. N D(0, R) contains all zeros of gy. Let us write w = fx(2)dz in Ci. The number
of zeros of w in Uy, counting multiplicities, is given by

L[ dh

N —_ .
K 27 o, fr

At the central value of the parameters, we have f;, = gi, so fi does not vanish on 0U. Thanks
to the finiteness hypothesis, we may find a number ¢ > 0 independent of k such that for all
k, |fx] > ¢ on OUj (still, at the central value of the parameters). By smooth dependence of w
on parameters, we have [fi| > § on Uy when the parameters stay close, in /> norm, to their
central value. Hence N, is a smooth, integer valued function of the parameters, so it is constant.
This proves that for each k € Z, w has ng + nx_1 — 2 zeros in Uy.

Let us now see that w has no further zeros. It is proven in [8|, Corollary 1, that there exists a
uniform constant C' (independent of €) such that the following is true for ¢ small enough : for any
k € Z and any 1 <1i < ny, if |4 ;| > Cé||¥||oo, then w has no zero in the annulus in 3; bounded
by the circles C(ay;, €) in Cy, and C'(bg i, €) in Cg4q (this annulus is what we call a neck). Recall
that the central value of the parameter vy ; is 7271. = n—lk Since the sequence (ng)gez is bounded,
1V i

oo
close to 4. Hence, provided we choose € > 0 small enough, w has no zeros on the necks.

It remains to consider the zeros of w outside the disk D(0,R) in Ci. We introduce the
coordinate w = 1/z on this domain and write w = hy(w)dw, w € D(0, %). At the central value
of the parameters, the function hj has no zero, so |hy| is bounded from below by a constant

the ratio

| is bounded from below by a uniform positive number when the parameter 7 is
0
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independent of k by the finiteness hypothesis. Hence when the parameters are close to their
central value, we have that for any k, w has no zero outside the disk D(0, R) in Cj.

Next we need to adjust the parameters o and 5 so that w vanishes at the zeros of g;. One
problem is that we do not know a priori the multiplicities of the zeros of g;. The following lemma
is useful.

Lemma 4.4. Let P be a polynomial of degree d and 2 be a domain in C containing all the zeros
of P. Given a holomorphic function f in Q, let

2'f(2)
oo P(2)
If F; =0 for all0 <i < d—1 then f/P is holomorphic in €.

Fi = dz.

Proof of Lemma 4.4. By the Weierstrass Preparation Theorem, we may write f = Ph+r, where
h is holomorphic in §2 and r is a polynomial of degree less than d. By Cauchy’s Theorem,

F = /a ) ZP’"((,ZZ)) dz = —2mi Resoo <Z]i7;i'z))dz> .

To establish last identity, we have used the residue Theorem on the complementary of {2 in C,
and the fact that ) contains all the zeros of P so the only pole is at infinity. Assume that r # 0
and let k = deg(r). Take i = d — k — 1. By a straightforward computation, we get

Zr(z)dz Ty
P(z) Pd
where 7, and pg are respectively the leading coefficients of the polynomials r and p. Hence F; = 0

implies that 7, = 0, contradicting the fact that r has degree k. Hence r = 0 so f/P = h is
holomorphic in €. O

Ress

Returning to the proof of Proposition 4.3, let

ng Nk—1
Qr = [z = ars) ] (z = br-1.0)
i=1 i=1
and write g = Le 50 Py is a polynomial of degree ng + ng_1 — 2. Define, for k € Z and

k?

0<i<ng+mng—3

Ziw
Zhi =/ :
’ ou, Pr(2)

Let Z = Z(t,a,b,, 8,7) = (Zk,i)kez,0<i<ng+n,_,—3- This is a smooth function of all parameters
(with the ¢°° norm on the target space). If Z = 0, then by the lemma, for all k € Z, w/P, is
holomorphic in Uy, so at each zero of gi, w has a zero with at least same order. Since we counted
the number of zeros to be the same, the multiplicities are equal as required. The proposition
then follows from the following lemma and the implicit function Theorem. (The last statement
of the proposition follows from the uniqueness part of the implicit function Theorem.)

Lemma 4.5. Whent =0 and o = 8 =, we have Z(0,a,b,v,7,7v) = 0. Moreover, the partial
differential of Z with respect to (o, B) at (0,a%,b8°, a®, 3°,4%) is an isomorphism of Banach spaces.
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Proof of Lemma 4.5. If t = 0 and a = 8 = 7, then by Proposition 4.2, w = grdz in Cj, for all
k € Z,so Z =0. We write D for the partial differential with respect to (a, 3) at the central
value of the parameters. Observe that when ¢t = 0, ¥y does not depend on («, 3), so w does not
depend on («, 5) and Dw = 0. Hence

2w 2w Zidz Zidz
( Py ) P? , PQr " Py Ik

7j=1 c kilvj 7=1

From this we see that DZi(«, 3) only depends on ay and Sx_1 (so DZ has “block diagonal”
form). Let us prove that for each k, the operator (g, Bx—1) — DZk (g, Bk—1) is an isomorphism.
The domain and target spaces both have finite complex dimension nx + ni_1 — 2, because by
normalization of the parameters, we have > %, ay; = Z?:’Tl Br—1,; = 0 (instead of 1 since we are
in the tangent space to the parameter space when we compute the differential). Let (ag, Sx—1) be
in the kernel. Then by Lemma 4.4, the function 1@—2 is holomorphic in U. Hence the polynomials
frQr and Py, which have the same degree, have the same zeros, hence are proportional. So there
exists A € C such that oy = )\ozg and Br_1 = /\51(371' Because of the normalizations this gives
ar = Pr—1 = 0. Hence for each k, the operator (ay, frx—1) — DZk(ax, Sr—1) is an isomorphism.
By the finiteness hypothesis, the inverse of these operators is bounded by a constant independent

of k. It readily follows that DZ is an isomorphism of Banach spaces from ¢ to £*°. O

) Nk—1 ny
z* . Br_1i .
Dzk,i(aa B) = _/6 7fk;dz with fk = E kbOLJ _ § kJO )

v, P zZ—ay

4.7. The period problem for w.

Proposition 4.6. Assume that o and § are given by Proposition 4.53. For (t,a,b) in a neigh-
borhood of (0,a°,b°), there exist values of the parameter vy, depending continuously on (t,a,b),
such that the following period problem is solved :

Re/ w =0, keZ,1<i<ng,
Ak

Re/ w =0, kelZ,?2<i<ng.
By,

Moreover, when t =0, we have 74,0, a,b) = yle

Proof. The period problem for the cycles Ay ; is equivalent to v;,; € R, which we assume from
now on. Regarding the cycles By, ;, we need the following

Lemma 4.7. The function

(Re/ w = 2(Yk,i — ’Yk,l)logt>
By,

extends smoothly att = 0 to a smooth function of all parameters (with the £>° norm on the target
space).

kE€Z,2<i<ny
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The proof of this lemma is technical and given in appendix A. We make the change of variable
t= 6*1/72, where 7 > 0 is in a neighborhood of 0. Define

Vii = TQRe/ w
By;

and V = (Vi) kez 2<i<n,- By the lemma, the function V extends smoothly at 7 = 0 to a smooth
function of the parameters (7, a, b, 7). Moreover, when 7 = 0, we have

V(O7 a, b? 7) = —Z(Vk,z‘ - %,1)'
For each k € Z, the partial differential of V} with respect to « only depends on 7, and it is
straightforward to see that it is an isomorphism. (The domain and target spaces are both real
vector spaces of dimension ny — 1 : recall the normalization » ;* v, = 1.) The proposition
then follows by the implicit function Theorem. O

Remark 4.8. v is a smooth function of the parameters (t,a,b). From now on the parameter T
replaces the parameter t.

4.8. The B-period problem for ¢; and ¢s. In this section we solve the period problem

Re ¢1 = Re P2 =0, keZ,?2<i<ng.
By, Bk,

/ glw:/ quw, keZ,2<i<ng.
By, By i

We define for k € Z and 2 < i < ny

Hii=1 / g(fl)kw — / g(_l)k+lw .
’ By i By,i

Let H = (Hk,i)kez.2<i<n,. We want to solve the equation H = 0.

This is equivalent to

Lemma 4.9. The function H extends smoothly at T =0 to a smooth function of all parameters
(for the £>° norms). Moreover, when T = 0 we have

by, L Qg1 R
bi,1 ag.;

(3

The proof of this lemma is technical and is given in appendix A.

Assume that the parameters «, 5 and v are determined as functions of (7, a, b) by Propositions
4.3 and 4.6. Then H extends at 7 = 0 to a smooth function of (7, a,b). Moreover, as a« = =y
when 7 = 0, we have wy = grdz so

Hpi(0,a,0) = by; — by1 + Qi — k1

We normalize the parameter b by requiring that by ; = 0 for all k£ € Z. (This may be seen as a
normalization of translation in Cy.) Let Hy = (Hp;)2<i<n,. For each k, the partial differential of
Hj. with respect to b only depends on by, and is easily seen to be injective, so is an isomorphism
because the domain and range both have complex dimension n; — 1. Hence, by the finiteness
hypothesis, the partial differential of H with respect to b is an isomorphism from ¢*° to ¢*°. By
the implicit function Theorem, we get
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Proposition 4.10. Assume that the parameters o, 3,7 are determined by Propositions 4.3 and
4.6. For (1,a) in a neighborhood of (0,a®), there ewist values of the parameter b, depending
smoothly on (7,a), such that H(7,a,b(t,a)) = 0. Moreover, when T = 0, we have

bri = —Qk; + A 1-

4.9. The A-period problem for ¢; and ¢-. In this section we solve the period problem
Re gbl:Re/ ¢ =0, keZ,1<i<ny.
Ak Ak

This is equivalent to

/ g_lw:/ qw, keZ,1<i<ny.
Agi Agi

Recall that conj(z) = Z denotes the complex conjugation. We define

-1
et ([0,
’ t Agi
1 . _1\k+1
flIi — gcoanH (/A g( 1) w) 7
ki

Frig =Fi T }':l
We want to solve the equations Fj,; = 0 for all k € Z and 1 < ¢ < ng. This equation will give
us the balancing equation Fj,; = 0 of Section 2. However, to be able to use the non-degeneracy
hypothesis, we have to reformulate this infinite system of equations in a slightly different way,
as we did for the balancing condition Fj,; = 0 in Section 2. Define

n
e =2 T
i=1
Nk
+ _ +
FE=2 T
i=1
ny,
Fe=Y Fri=TFp +F
i=1
Lemma 4.11. [t holds, independently of the values of the parameters,

VkeZ, F, +F, =0.

Proof. We have, in Cy, g(_l)lC = tg. This function is holomorphic at cog. Hence, by the residue

Theorem,
Ng—1

ng
- Z/ gVt Y / g VW =0
i=1 Akﬂ i=1 Akai

tconjk(]:,;) + tconjk(]:,j_l) =0.
which proves the lemma. O

SO
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Let us write G, = —F, . Then by the lemma,
Fr=F, = Frp1 = 9k+1 — G-
Solving Fj; = 0 for all £ € Z and 1 <7 < ny, is then equivalent to solve for all k € Z, F; = 0
for 2 <i <ny and G, = Go. We write F = (Fji)rez 2<i<n, and G = (Gi)rez.

Next we need to introduce the parameters £; and u; of Section 2 to make use of the non-
degeneracy hypothesis. We make the change of parameter

ar; = (—=1)*coni® (£, 4 up).
We define the parameter U by equation (3).

Proposition 4.12. Assume that the parameters o, 3, v and b are determined by Propositions
4.8, 4.6 and 4.10. The functions F and G extend at 7 = 0 to smooth functions of (1, U) (for the
0> norms). Moreover, at T = 0 we have

Fi,i(0,U) = 47iF, ;(U),
9x(0,U) = 4miGx(U)

where the functions F,; and G are as in Section 2. Hence, if the configuration is balanced and
non-degenerate in the sense of Definition 2.3, for T in a neighborhood of 0, there exist values of
the parameter U, depending smoothly on T for the £>° norm, such that F(U(7)) = F(U%) =0
and G(U(T)) = G(U) = constant, so our period problem is solved.

Proof. We have g(*l)k = tgy, in Cy, and Ay, ; is homologous to the circle C(ay;, €) in Cj, with the

negative orientation, so
F; = conj”
i = conj / grw | .
’ ( C(ak,iﬁ)

We see by this formula that ]:,; ;, extends at 7 = 0. Now w depends smoothly on all parameters
(for the norm ||w||oo defined in Section 4.4), and the function equal to g in each Cy, also depends
smoothly on all parameters (using the finiteness hypothesis). So (‘F/;i)keZ,lgignk is a smooth
function of all parameters by composition with a bounded linear operator.

In the same way, we have g(_l)lchl

C(bk,i,€) in Cpyq, s0
]-",;Fi = conj*t? / Jr+r1w | .
’ C(bk,ize)

It follows that (F ,j ;) kez1<i<n, is a smooth function of all parameters. Hence F and G are smooth
functions of the parameters.

Next assume that 7 = 0 and «, 3, v and b are determined by Propositions 4.3, 4.6 and 4.10.
Then

= tgr+1 in Cp4q and Ap; is homologous to the circle

1
ki = Bri = Vi = — = Cks
ng

and w = gdz in Cp. Also

(_1)k+1 sk+1

br,i = conj ™ (ug;).
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Then we compute F,_, and .7-“,: ; as residues :

Fri = conj” (27i Resq, , (9%)%)
Ng—1
. CkCk—1
= 27i(—1)*conj* | 2 -2
;akz—am Zlakz_bk 1,5
g1

— Am Z Z i Clcc.lcfl

i - uk,j Uk — Uk—1,5
]-",; = conj*! (27ri Resy,, , (ng)Q)
Nk+1
= 2mi(—1)"conjk*! [ 2 Z 2y RO
bkz - bk,] =1 bkz — Qk+1,5
c? AR cLC
= dmi [ Y —E % i
7 Uki T Ukj S Uk~ lry1 — Upy1j
This gives Fj; = 4miFy, ;. Regarding Gy, we have
nE g
2.2 a0
=1 =1 Uk — Uk,j
i
SO Qk = 47‘('in. O

4.10. Embeddedness. At this point we have constructed a one parameter family of minimal
immersion ¢ : ¥y — R3 for t > 0 small enough. (We switch back to the parameter t.) Let

My = P (3).
Proposition 4.13. M; is an embedded minimal surface.

Proof. Fix a complex number O and for k € Z, let O be the point z = O in C. By the finiteness
hypothesis, we may choose O so that Oy € € for all k € Z. Let ¢y : R3 — R? be the affine
transformation (z1, zg, x3) — (2txy, 2tzg, x3). Define

U (2) = 0e(e(2) = e(Of)) : Qe — R?.
If k is even, then g = tg, in C, so

ra(z) = Re /O (9" — g i(g + g, w)

This extends (as a smooth function of 7) at ¢ = 0, with value

Yro(z) =Re /OZ (dz,idz,wy) = (Re(z), —Im(z), hi(z) — hi(O))

where the function hy is defined by

Nkg—1

ch 1log|z — b 1l — chlog]z a,“
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Hence the image vy, +(.¢) converges to the graph of z — hy(Z) —h(O) on Qy, (, so it is embedded
for ¢ small enough. When & is odd, we have by similar computations that 1y, +(£2 ) converges
to the graph of z +— hg(—2) — hi(—0O).

Observe that the function hg is bounded on 2. Provided € is small enough, we can find a
number 7 large enough such that the level line hy = 7 consists of ny closed convex curves around
the points a%i, 1 <4 < ng, and the level line hy = —n consists of ng_1 closed convex curves
around the points bg—l,w 1 <1< ng_q.

Back to our minimal immersion vy, let M}, be the intersection of the image (€2 ) with
the slab 9 (Ox) — n < 23 < ¢¥(Ok) +n. By what we have seen, for ¢ small enough, each M},
is embedded, and its boundary consists of n closed horizontal convex curves on the top and
ng_1 closed convex curves on the bottom. By Lemma A.2, fOO:“ w ~ —2¢; logt, so we see that

My 114 lies strictly above My ;.

The intersection of M; with the slab ¢;(Ox) + n < 3 < ¥(Ok41) — 1 is the union of ny
minimal annuli. Each annulus is bounded by convex curves in horizontal planes, so is foliated
by horizontal convex curves by a theorem of Shiffman [6], hence embedded.

It remains to see that these ny annuli are disjoint. Consider one of these annuli. There exists

i, 1 < i < ny such that our annulus is included in the image of the annulus bounded by the

circles C (agﬂ-, ¢') and C (bgﬂ-, ¢') (provided we take n large enough). The image of these circles
E/

. . b +e€
are close to circles of radius §. By Lemma A.3, ¢ [ -
2t P e

smooth function of 7), with value +¢’. Hence the boundary circles are inside a vertical cylinder

g*t'w extends smoothly at t = 0 (as a

of radius 2TE/ for ¢ small enough. By the convex hull property of minimal surfaces, the annulus is
inside this cylinder.

Now from our analysis of 94, ¢, the axes of these cylinders are separated by a distance greater
than § for some uniform positive number c. Hence these cylinders are disjoint provided we take
€ > 0 small enough. This proves that the annuli are disjoint, so M; is embedded. O

APPENDIX A. PROOF OF LEMMAS 4.7 AND 4.9

We start by proving Lemma 4.7. The period of w on Bj; has four terms corresponding to
the four paths in the definition of By ;. The first term is easily dealt with. Indeed, the path
from af, + € to a), + € is fixed and may be chosen in the domain Q.. The restriction
of w to VQG/ depend57 smoothly on all parameters, and we compose it with the linear operator

pate o
w i ( ;I%k’.l ; W)kez,2<i<n, Which is bounded from L*°(£) to £ hence smooth. We treat the

third term, where the integral along a path joining bY ; + ¢ to b? . + ¢ appears, in the same way.

To handle the second and fourth terms, we expand’ w in Laurent series and estimate carefully
its coefficients. First let us define various constants and in particular explain how we choose €
in the definition of the cycle By ;. Remember that we have fixed a small number € > 0. We
choose a constant r independent of & such that for all k € Z, |gi| < & in € . We choose a small
number € > 0 independent of k such that for all k € Z and 1 < i < ng, |gx| > 2r in the disk
D(ayi,2¢€) and |gr+1| > 2r in the disk D(by;,2€'). If |la — a%||sc < € and ||b — 07| < €, we
have |gi| > 2r in the disk D(a%i, ¢') and |gk+1| > 27 in the disk D(b%i, ¢'). Finally, we choose a
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constant 7’ independent of k such that for all k € Z, |gx| < %/ in €, . All this is possible thanks
to the finiteness hypothesis.

Lemma A.1. Let v = vi;. We have, in the annulus % < |v| < p,

dv dv
_ n+1 + n 2\n—1 ,—
W= ki + g e v du + E (rt®) Chinpn
n>0 n>2
, + : _ (ot - _
The coefficients Crin OT€ bounded. More precisely, let ¢t = (Ck7i7n)k6271§ignk,n20 and ¢~ =

(Cpin)kezi<i<ngm>2- Then ¢ and ¢ are in £° and are smooth functions of all parameters.

Proof. Using v = vy; as a coordinate, we can write the Laurent series of w in the annulus

w= E Ck,in¥"dv.

neL

Ll <pas

The coefficient ¢, ;,, is given by

1 w 1 n

+1

Ckin = - = - w .
k,in 2ri /8V;” Un+1 2T oV, 9i

In particular ci; 1 = —yr4. For n >0, we write ¢ ; , = r"“cgi ,, With

C+. :1/ w(gi)n—&-l.
k,i,n i C(ag 0 r

We have used that dV;; is homologous to the circle C’(a%i,e). We have %] < % in Q. so
(Czﬂ-,n)neN is bounded. The function equal to 97’“ in each € is in the open unit ball of L> ()
and depends smoothly on parameters. Recall that L>°(€2,) is a Banach algebra for the pointwise
product. If A is a Banach algebra, the map = — (2"),en is smooth from the open unit ball of
A to AN with the sup norm (an easy exercice). From this and the fact that w, restricted to €2,
depends smoothly on parameters, and composition with a bounded linear operator, we conclude
that ¢ depends smoothly on all parameters.

For n < —2 we write m = —n > 2 and ¢ _m = (rtZ)m_lc,;im with
_ 1 vpiym-l -1 1 \"!
Ckim T om OV “ <7“752) " 27 Wy s “ (ka,i)
_ ;1 w <9k+1)m_1 .
27 C(bg,i,e) r

We have used the fact that vy wy; = 2 and OV is homologous to —0W}, ;. From this we
conclude in the same way as above that ¢~ is in £°° and depends smoothly on all parameters. [

Lemma 4.7 follows from the following lemma.

bg’i—i-e’
/ W+ 2y logt
ag’i—&—e’

Lemma A.2. The function

kEZ,1<i<ny
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extends smoothly at t = 0 to a smooth function of all parameters (for the £°° norm,).

Proof. Let ¢ ; = vgi(ak,i+€) and ¥y ; = wy (b +€), so vg i (b +€) = JTQ Then by Lemma
Al ’

d’kz d'U _ d'U
—Vhi— +Zr"+1ckm ”dv+z (rtH)" e Chin

bg,i+€/
w pr—
ap ;+e V=P n>0 n>2 v

= —ilogt? + i log(pr.itn,)

N Z C—]:zn re2 " —(r ')n+1
n—+1 wk,i Phii

k’zn rt?
+ n>2n71 ((‘sz) ¢kz) )

By our choice of € we have |roy;| < 3 and ]rw;“| 1. By our choice of r’ we have \Jf\ <
”’2t prov1ded 2 < % So the sequences (7¢g.i)ki, (TVki)k,is

(%)’“ and ( );“ are all in the ball of radlus 5 in £, and they depend smoothly on all

parameters (they are given by explicit formula). Let us deal only with the term in the above
formula containing r¢y, ;, as the others are similar. We write this term as

> ( 1 )nH V2!
i,n +
—= | — (rv2pr:)" "
=on +1\Vv2

The sequence (r\/icpkz);“ is in the open unit ball of £*°, so by the fact recalled above about
Banach algebras, the sequence ((r\/igok,i)"ﬂ) k,in is in £°° and depends smoothly on parameters.
We multiply by the sequence (ckIr i n)k,i,;n Which depends smoothly on parameters, and compose
with the linear operator which maps the sequence (2 n)kez,1<i<ng nen in £ to

> oti() e

n>0

k€Z,1<i<ny
This operator is bounded, so we conclude that third term in the expansion of the integral of w
depends smoothly on parameters. We deal with the other terms in the same way. O

To prove Lemma 4.9, we need a lemma which is similar to Lemma A.2.

bg,i+€,
. vkﬂ-w
!
T, e keZ,1<i<ny,

extends smoothly at 7 = 0 to a smooth function of all parameters. Moreover, its value at 7 = 0

18
ar,;
1
!
Ag,ite keZ,1<i<ny,

Lemma A.3. The function
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b27i+e’
wk,iw
0 /
g, e k€Z,1<i<ng

extends smoothly at 7 = 0 to a smooth function of all parameters. Moreover, its value at T = 0

18
bg,i+€/ 1
/ Ik+1Wk+1 :
bri kEZ,1<i<n

Proof. Let us prove the first statement. Using Lemma A.1 we have

The function

+2

bg e’
o Yhyi Z JALyn+l Z 2yn—1 .~ dv
/ VkiW = / kzn dv+ Tt k”L’nUn 1
v

0 _
;e =Pki \n>—1 n>2

c,“n rt? 2 n
- E (D) o)

+ rt C,;n(logt — log(¥k,itk,i))

2§ : kmn rt o n—2
+ rt n—o9 oy — (TT/}kﬂ')
K

n>3

The terms on the second and fourth line extend smoothly at ¢ = 0 by the same argument as
in Lemma A.2. The term on the third line extends continously at ¢ = 0, and only as a smooth
function of 7 because of the term t*log t2. The value of the integral when ¢ = 0 is

-1 l—:z n By —

_- Z % ( n+2 Z 2—1 n?“n+1’l)n+1d’l} :/ I lwk'

r n>— 1n+2 V=Pkip>—1 " aﬁ,ﬁf’
The proof of the second statement of Lemma A.3 is similar, using wy; instead of vy; as a
coordinate. 0

We are now ready to prove Lemma 4.9. Recall that g(_l)k is equal to tgy in Cy, (tgry1)~!in
Crt1, and “%% in Wy, ;. So we have

1k 9 a2,1+€, 52,14_6’ b%i—i-e’ 1 a%,i"'el
t/ g(_ Yw=t / grWw +/ Wy 1W —i—/ g1 W +/ W jW.
By,i a(li,ﬁ'el “2,1"'6/ bﬁi,ﬁf’ b(li,i+€l

The first and third terms are integrals on fixed paths, so they depend smoothly on parameters
by the smooth dependence of w. The second and fourth terms extend smoothly at 7 = 0 by the
previous lemma. Moreover, the value at 7 =0 is

by +€ ) by e ) br,i ) b.i )
/ g 1Whk+1 T /bo gt 1Wk+1 +/0 Ik1Wkt1 :/ pr 1 Wk+1-
€

b1 k1 e bt bk

In the same way, we write

(L1yk+1 a2’1+6’ . bg’lJre’ ) bg,ﬁ»e’ a27i+e’
t g W= 9, W+ Vg W+t k1w + Vg jW-
By, ag e ag 1+ b% 1+ bg e
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This function extends smoothly at 7 = 0 with value

a271+6’ . ag,1 1 a27i+e’ ) ag 1 1
/ 9 Wk+/ 9y, wk+/ Gy, wkZ/ gy, Wk-
a%i+e’ a9 . +¢ Qg Qg

k,1

This proves Lemma 4.9. O
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