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On the atomic orbital magnetism: A rigorous derivation of
the Larmor and Van Vleck contributions.
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Baptiste Savoie™

Abstract

The purpose of this paper is to rigorously investigate the orbital magnetism of core elec-
trons in 3-dimensional crystalline ordered solids and in the zero-temperature regime. To
achieve that, we consider a non-interacting Fermi gas subjected to an external periodic poten-
tial within the framework of the tight-binding approximation (i.e. when the distance between
two consecutive ions is large). For a fixed number of particles in the Wigner-Seitz cell and in
the zero-temperature limit, we derive an asymptotic expansion for the bulk zero-field orbital
susceptibility. We prove that the leading term is the superposition of two terms: the Larmor
diamagnetic contribution, generated by the quadratic part of the Zeeman Hamiltonian, to-
gether with the 'complete’ orbital Van Vleck contribution, generated by the linear part of the
Zeeman Hamiltonian, and related to field-induced electronic transitions.

PACS-2010 number: 75.20.-g, 51.60.4+a, 75.20.Ck, 75.30.Cr
MSC-2010 number: 81Q10, 82B10, 82B21, 82D05, 82D20, 82D40

Keywords: Orbital magnetism; Atomic magnetism; Zero-field susceptibility; Langevin formula;
Larmor diamagnetism; Van Vleck paramagnetism; Tight-binding approximation; Geometric per-
turbation theory; Gauge invariant magnetic perturbation theory.
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1 Introduction & the main result.

1.1 An historical review.

The first important contribution to the understanding of diamagnetism of ions (we assimilate
an atom to an ion of charge zero) and molecules (including the polar ones) go back at least to
1905 with the three papers [36, 37, 38] of P. Langevin. We mention all the same that, in all likeli-
hood, W. Weber brought between 1852 and 1871 the pioneer ideas through his molecular theory
of magnetism in which he already introduced the idea that the magnetic effects are due to orbiting
motion of electric charges around fixed charges of opposite sign, see [4]. The Langevin’s micro-
scopic theory essentially leans on the classical Maxwell equations of electromagnetism. Putting
things back into context (the atomic structure was experimentally discovered in 1911), Langevin
considered that matter is formed by electrons in stable periodic motion; the mechanical stability
being ensured by the mutual actions between electrons. In particular, the molecules contain at
least one closed electron orbit with a fixed magnetic moment out of the field (electrons are assim-
ilated with particulate Ampere’s currents), and the different orbits in each molecule have such a
moment and such orientations that their resultant moment may vanish, or not. Starting with these
assumptions, Langevin calculated the mean variation of the magnetic moment (orthogonal to the
orbit) of electron moving in intramolecular closed orbits under the influence of an external con-
stant magnetic field. This led to the so-called Langevin formula for the diamagnetic susceptibility
per unit volume of n electrons, see [38, pp. 89]:

. e

Xia = —nwﬁg), (1.1)
where r is the distance from the molecule’s centre of mass to the electron (considering its motion
in the projected orbit on the plane perpendicular to the magnetic field) and (r?) is the average
r2 over all the molecular electrons. Here and hereafter e, m,c are universal constants denoting
respectively the elementary charge, the electron rest mass and the speed of light in vacuum. Note
that (1.1) is independent of the temperature (provided that the orbits retain the same size) and
independent of whether or not the initial resultant magnetic moment of the molecule is null. For
completeness’ sake, we mention that Langevin derived also in [38] the analytic expression of the
Curie’s empirical law for molecules of paramagnetic substances: the paramagnetic susceptibility
per unit volume of NV identical molecules with a non-zero resultant magnetic moment M reads as,

see [38, pp. 119]:
N 1

Xizra(ﬂ) - 3 ﬂMa ﬂ = kB—Tv (12)

where T is the absolute temperature and kp denotes the Boltzmann constant. Note that in the
derivation of (1.2), Langevin used the Boltzmann factor to determine the spatial distribution of
the permanent magnetic moment.

In 1911, N. Bohr was the first one to point out that magnetism can not occur in classical
theory: the diamagnetic and paramagnetic contributions to the magnetic susceptibility exactly
cancel when classical dynamics and statistical mechanics are applied consistently. This was also
proved independently by J.H. van Leeuwen in 1919, see also [48], and is known as Bohr-Van
Leeuwen Theorem. This contradiction with Langevin’s results (stated within the classical theory)
will be removed by the development of quantum mechanics: the assumptions made by Langevin



(stationary of the electron orbits and permanence of the magnetic moment) are actually of a
quantum nature.

In 1920, W. Pauli was interested in diamagnetism of monoatomic gases in [42]. Still within the
framework of the classical theory, his approach slightly differs from the one of Langevin in the sense
that it is based on Larmor precession theorem. It states that, when placed in an external constant
magnetic field with intensity B, an atom with any number of electron orbits precesses around
an axis through the nucleus and parallel to the magnetic field. It causes the angular velocity of
an electron in a periodic orbit to be increased by —Be/2mc without the orbit undergoing any
modification. This led to the formula for the diamagnetic susceptibility per unit volume of NV
identical atoms supposed to have random orientations in the space, see [42, pp. 203]:

2
ia € ")
ylia — N = E 2, (1.3)
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where the sum is over all the electrons of a single atom, r? is the square distance from the nuclei to
the i-th electron and r? has to be understood as the time average of 7?. Note that the additional
2/3-factor (see (1.1)) comes from the statistical mean (the orientations of the atoms are random).
(1.3) is sometimes referred as the Langevin formula in the form given by Pauli.

In 1927-1928, J.H. Van Vleck revisited in a series of three papers [49, 50, 51] the Debye
theory on dielectric constant and Langevin theory on magnetic susceptibility of ions/molecules
within the framework of the quantum mechanics. In particular, he derived a general formula in
[49, Eq. (13)] for the total magnetic susceptibility per unit volume, at any 'temperature’ 5 > 0
and in the zero-field limit, of N non-interacting randomly oriented identical ions/molecules with
a non-zero (time-averaged) resultant magnetic moment. Only the contribution of electrons is
considered (the contribution of nuclei is assumed to be negligible), and the interactions between
electrons are neglected. The ’'proof’ given by Van Vleck requires the assumption that the energy
intervals between the various component levels of the low-energy states of the ion/molecule are
small compared to 1/3, see [49, Sec. 2] and below pp. 4. This assumption implies that the
Van Vleck’s results do not cover the zero-temperature regime. The formula [49, Eq. (13)] is a
generalization of the complete classical Langevin formula (obtained by adding (1.3) and (1.2)) but
including quantum effects, and consists of the sum of two contributions:

e A (-dependent contribution (second term in the r.h.s. of [49, Eq. (13)]).

It is purely paramagnetic, depends linearly on g and arises from the presence of the non-zero
resultant magnetic moment. Van Vleck pointed out that this term vanishes when the total elec-
tronic orbital and spin angular momentum of ions both are null. Moreover, its classical equivalent

is (1.2).
e A f-independent contribution (first term in the r.h.s. of [49, Eq. (13)]).

It is assumed to represent the diamagnetic effect since experimentally in gases the diamagnetism
is independent of the temperature (at constant density). Denoted by Na, it consists of the sum
of two terms, see [49, Eq. (15)]:

Na = N(Xypv + Xia). (1.4)

Here X, is the so-called Larmor contribution which is purely diamagnetic, and NXi, reduces
to the Langevin formula in (1.3) in the classical limit. As for X,v, it is purely paramagnetic
and has no equivalent in the classical theory (it will bear the name of Van Vieck susceptibility
later on). Furthermore, Van Vleck analyzed the origin of each one of these two contributions, see
e.g. [52, Sec. VIIL.49]. Restricting to the case of a single ion, he showed that X,y and X, are
generated respectively by the the linear part and the quadratic part of the Zeeman Hamiltonian
of the electron gas which are defined by:

1 e 2
Hyw = pp(L+908) B, Hyzguai= 53 (3rixB) . (15)



in the case where the vector potential is chosen to be in the symmetric gauge. Here and hereafter,
L and S stand for the total electronic orbital and spin angular momentum respectively, go and up
for the electronic g-factor and Bohr magneton respectively, B for the external constant magnetic
field and r; for the position vector of the i-th electron. From the foregoing, Van Vleck concluded
that X1, always exists and is in competition with the paramagnetic contribution X,y when the ion
has either its total electronic spin angular momentum or orbital angular momentum different from
zero in its low-energy states. Moreover, he claimed that X,y does not vanish in great generality in
the case of molecules, see [52, Sec. X.69]. Hence NXi, is an upper bound limit to the diamagnetism
of electrons in all cases (ions/molecules).

Let us outline the ’proof’ of [49, Eq. (13)]. Van Vleck took into account many degrees of
freedom of ions/molecules (such that the temperature rotation, the orientations relative to the
magnetic field, etc...). We simplify the model and restrict to the case of a single ion. Assume for
simplicity that the magnetic field B is constant and parallel to the k-th (k € {1, 2, 3}) direction, i.e.
B = Beyj. The derivation consists of three steps. Step 1: Expressing the average induced magnetic
moment with the Boltzmann distribution. Let E;(B), j > 0 be the energy levels in field of the

ion. Let My (j,B) := fcfﬁgj (B) be the induced magnetic moment per unit volume of the state of
energy E;(B). The average value of the induced magnetic moment per unit volume (M (3, B)) at
"temperature’ 5 > 0 is defined as the thermal equilibrium average (by the Boltzmann distribution)

of the My (j, B)’s:

1 dE;(B) _sg.
M B — J ﬂE](B). 1.
(M (8, B)) ijoe—wj(m; dB o)

Here the energy levels are assumed to be non-degenerate. Step 2: Expanding the E;(B)’s in powers
of B. Provided that B is small enough, the asymptotic perturbation theory allows to compute
the changes in the energy levels by treating the magnetic field as a perturbation. Denoting by |J)
the j-th state, one has up to the second order correction (in the absence of degeneracy):

j|HZ,lin + HZ,qua|l>|2

E;(B) = E;(0) + (j|Hz1in + Hz qualj) + Z I E,(0) — Ei(0) +oeee

I#j

where Hyz 1in and Hz qua are defined in (1.5). This leads to the expansion:

E;(B) = E;(0) + BE{"(0) + B2 E(0) + -+, with: (1.7)
E](.l)(O) = p(JI(L + goS) - exls), (1.8)

@ . e 2. 2 |(](L + goS) - ex|l)|?
E7(0) =5 — ;mm x ex)’1j) + b ; 50 B0 (1.9)

Step 8: Deriving the zero-field magnetic susceptibility. The rest consists in substituting (1.7)
into (1.6), then expanding the Boltzmann factor e=#%i(5) (in the numerator and denominator) in
Taylor series in B. Assuming that the field-dependent corrections to the energy in (1.7) are smaller
than 1/8, an expansion in powers of B of (My(5, B)) is derived. Within the framework of the
linear response theory, the zero-field magnetic susceptibility per unit volume X (8, 0) corresponds
to the coefficient of the linear term in B. Since the induced magnetic moment is null in vanishing
field, x(8,0) reduces to:

X(8,0) = e S BB (0)) = 2B ()} B0, (1.10)
0 =0

2>

In the derivation of [49, Eq. (13)], the excited states (i.e. j > 1) are assumed to be unoccupied.
Its counterpart for the particular case we consider here is:

x(8,0) = B(ESM(0))? — 2E(0). (1.11)



The S-independent part in (1.11) can be identified from (1.9) and reads as:

1{0]( L+QOS ) - exll)|?
E 0 r; Xe 0 +2u E . 1.12
4mc2 I k) | = Eo(0) ( )

The first and second term are the Larmor and Van Vleck contributions respectively. If the ion
has its total electronic orbital and spin angular momentum both equal to zero, (1.12) reduces to
the Larmor contribution. As a result of the Hund’s rules, this is the case of an ion having all its
electron shells filled.

With regard to the magnetism of ions/molecules in the zero-temperature regime, another
approach is commonly encountered in Physics literature, see e.g. [3, Chap. 31]. Let us give the
main idea. Consider a system of N non-interacting identical ions subjected to a constant magnetic
field at thermal equilibrium. For simplicity, assume that the magnetic field is given by B = Bey,
k € {1,2,3}. Let E;(B), j > 0 be the energy levels in field of a single ion. In the canonical
ensemble of the statistical mechanics, the zero-field magnetic susceptibility per unit volume at any
‘temperature’ § > 0 is defined by:

0?F (
0B?
where F(8, N, B) stands for the Helmholtz free energy of the system in field:

X(ﬁ7NvB:0) = 57NvB:0)a (113)

F(B,N, B) = —= In(3_ e~ NE(B)). (1.14)
j=0

Based on the principle that only the ground-state of the system is occupied in the zero-temperature
regime for B small enough, then the Helmholtz free energy reduces to the ground-state energy
in field NEy(B). From (1.13) along with the expansion (1.7) obtained within the asymptotic
perturbation theory:

lim x(8,0) = —2NES?(0),

B—o0

which holds in the absence of degeneracy. If NV = 1, this is nothing but the Sg-independent part of
the magnetic susceptibility derived in (1.12).

1.2 What are the motivations of this paper?

In the light of the works mentioned in Sec. 1.1, an expression for the magnetic susceptibility
of electrons of an ion in the low/high-temperature regime can be derived knowing the energy
levels (which may be occupied) and associated stationary states of the ion. We point out that
the stated results in the Van Vleck’s approach and the one in [3, Chap. 31] heavily rely on
some considerations of an Atomic Physics nature (e.g. the transition from the complete formula
(1.10) to (1.11)). The common point between these two approaches is to consider an ion as
a (semi)classical objet since the Boltzmann distribution is involved in the statistical quantities
of interest. The quantum mechanics is used only at the second stage in order to compute the
changes in the energy levels by treating the magnetic field as a perturbation. Treating the ion
as a whole and retaining only the energy levels which may be occupied, dodge the difficulty to
compute directly the magnetic susceptibility of the core electrons within the framework of the
quantum statistical mechanics whose an expression is delicate to derive. Indeed, for a wide class
of potentials (including Coulomb) used to model the interaction electron-nuclei, the counterpart
of the quantity (1.14) for the core electrons is divergent. A natural question arises: do the results
mentioned in Sec. 1.1 still hold true if one computes directly the magnetic susceptibility of core
electrons? Does the susceptibility representing the diamagnetic effect still consist of two terms
(Larmor, Van Vleck contributions)? This paper takes place in this direction.

The aim of this paper is to rigorously revisit the atomic orbital magnetism (i.e. we focus only



on the magnetic effects which not arise from spin effects) in the zero-temperature regime (the most
complicated situation). Our approach is substantially different from the ones mentioned in Sec.
1.1. To model the core electrons of an ion, we consider a non-interacting Fermi gas subjected to
an external periodic potential (modeling an ideal lattice of fixed nuclei) within the tight-binding
approximation. Under this approximation, we suppose that the distance R > 0 between two
consecutive ions is sufficiently large so that the Fermi gas ’feels’ mainly the potential energy
generated by one single nucleus. To investigate the atomic orbital magnetism, our starting-point
is the expression derived in [12, Thm. 1.2] for the bulk zero-field orbital susceptibility of the Fermi
gas valid for any ’temperature’ § > 0 and R > 0. We emphasize that this expression is derived
from the usual rules of the quantum statistical mechanics. Our main result is Theorem 1.1, and
Remark 1.3 makes the connection with the works mentioned in Sec. 1.1.

In the framework of Mathematical-Physics, the rigorous study of orbital magnetism and more
generally of diamagnetism, have been the subject of numerous works. Let us list the main ones
among them. The first rigorous proof of the Landau susceptibility formula for free electron gases
came as late as 1975, due to Angelescu et al. in [1]. Then in 1990, Helffer et al. developed for the
first time in [30] a rigorous theory based on the Peierls substitution and considered the connection
with the diamagnetism of Bloch electrons and the de Haas-Van Alphen effect. These and many
more results were reviewed in 1991 by Nenciu in [40]. In 2001, Combescure et al. recovered in
[20] the Landau susceptibility formula in the semiclassical limit. In 2012, Briet et al. gave for the
first time in [11] a rigorous justification of the Landau-Peierls approximation for the susceptibility
of Bloch electron gases. Finally we mention the following papers [23, 24, 25] in connection with
atomic magnetism.

1.3 The setting and the main result.

Consider a 3-dimensional quantum gas composed of a large number of non-relativistic identical
particles, with charge ¢ # 0 and mass m = 1, obeying the Fermi-Dirac statistics, and subjected to
an external constant magnetic field. The particles possess an orbital and spin magnetic moment.
Since we only are interested in orbital effects and we do not take into account the spin-orbit
coupling, then we disregard the spin of particles. Moreover, each particle interacts with an external
periodic electric potential modeling the ideal lattice of fixed ions in crystalline ordered solids.
Furthermore, the interactions between particles are neglected (strongly diluted gas assumption)
and the gas is at equilibrium with a thermal and particles bath.

Let us make our assumptions more precise. The gas is confined in a cubic box centered at the
origin of coordinates given by Ay, := (=%, £)3 L > 0, with Lebesgue-measure [Ar|. We consider
a uniform magnetic field B := Bes, e3 := (0,0, 1) parallel to the third direction of the canonical
basis of R?, and we use the symmetric gauge, i.e. the magnetic vector potential is defined by
Ba(x) := Zeg x x = £(—2,21,0). Hereafter we denote by b := 4B € R the cyclotron frequency.
The potential energy modeling the interaction between each particle and the ideal lattice of fixed
nuclei is:

Vi:= > u(-—Rv), R>0, (1.15)

vEZ3

where the single-site potential u satisfies the following assumption:
(o) u e CHR3;R) is compactly supported.

We denote by Qg the Wigner-Seitz cell of the RZ3-lattice centered at the origin of coordinates.
Introduce now the one-particle Hamiltonian. On C§°(Ar) define VR > 0:

1
Hp 1(b) := §(fiV —ba)? + Vg, beR. (1.16)

It is well-known that VR > 0 and Vb € R, (1.16) extends to a family of self-adjoint and semi-
bounded operators for any L € (0, 00), denoted again by Hp 1,(b), with domain H3(AL) NH?*(AL).



This definition corresponds to choose Dirichlet boundary conditions on dA ;. Moreover, by stan-
dard arguments Hpg 1, (b) has compact resolvent, and its spectrum is purely discrete with an accu-

mulation point at infinity. We denote by {/\%?L(b)}jzl the set of eigenvalues of Hg 1,(b) counting

multiplicities and in increasing order. As well, VR > 0 and Vb € R denote by Ny, (E), E € R the

number of eigenvalues (counting multiplicities) of the operator Hg 1, (b) in the interval (—oo, E).
When Ay fills the whole space, on C§°(R?) define VR > 0:

1
Hg(b) == 5(—1’V —ba)? + Vg, beR. (1.17)

By [43, Thm. X.22], then VR > 0 and Vb € R (1.17) is essentially self-adjoint and its self-adjoint
extension, denoted again by Hp(b), is bounded from below. Sometimes we will use the shortcut
notation Hr = Hpr(b = 0). Moreover, the operator Hr(b) only has essential spectrum since it
commutes with the usual magnetic translations. Further, VR > 0 and Vb € R the integrated
density of states of the operator Hp(b) exists, see e.g. [32, Thm. 3.1]. For any F € R, it is given
by the limit:

Nu(E) = Tim Nei(E) _ TYL?(RB){XALP(foo,m(HR,L(b))XAL}’

Ltoo |AL| LToo |AL|

(1.18)

where x4, denotes the multiplication operator by the characteristic function of Az, and Pr(Hpg, 1. (b))
the spectral projection of Hpg 1, (b) corresponding to the interval I C R.

Let us now define some quantities related to the Fermi gas introduced above within the frame-
work of the quantum statistical mechanics. In the grand-canonical ensemble, let (53, z,|A1|) be the
fixed external parameters. Here 8 := (kgT)~! > 0 (kp stands for the Boltzmann constant) is the
‘inverse’ temperature and z := e%* > 0 (u € R stands for the chemical potential) is the fugacity.
For any 8 > 0, z > 0 and b € R, the finite-volume pressure and density are respectively defined
VR > 0 by, see e.g. [31, 2, 1]:

1  — %)
Pro(B,2:8) i= g e {In(l +2e 7000} = 2r 3 Tin(1 4 2e”00®), - (L19)
j=1
oP 1 & zefﬁ)‘g?L(b)

pR,L(ﬁazab) = 62

(8,2,b) (1.20)

R,L _
i B2 2 1 4 2o P
Note that the series in (1.19)-(1.20) are absolutely convergent since Vb € R and VR > 0 the
semigroup {e #Hr.r() 3 > 0} is trace-class, see e.g. [10, Eq. (2.12)]. Moreover, from [10, Thm.
1.1], then V3 > 0 and VR > 0 Pr,1(5,-,-) is jointly real analytic in (z,b) € R% x R. This allows
us to define the finite-volume orbital susceptibility as the second derivative of the pressure w.r.t.
the intensity B of the magnetic field, see e.g. [2] and [1, Prop. 2]:

292p
Xr.L(B,2,b) = <%> abI;’L (8,2,), B>0,2z>0beR, R>0.

When Ay fills the whole space, then the thermodynamic limits of the three grand-canonical quan-
tities defined above generically exist, see e.g. [12, Thms. 1.1 & 1.2] and [11, Sec. 3.1]. Denoting

VB >0, Vz >0, VbeR and VR > 0 the bulk pressure by Pr(0, z,b) := limt+oo Pr,.(8, z,b), then
we have the following pointwise convergences:

OP, OP,

pR(ﬂvzvb> = ﬂza—:(ﬂazab):}}]\gﬂz IZL(ﬂvzvb)a (121>
292p , 292p

Xr(8,2,b) = (%) i (8.2:0) = lm <§> (8.7 b). (1:22)



and the limit commutes with the first derivative (resp. with the second derivative) of the pressure
w.r.t. the fugacity z (resp. w.r.t. the cyclotron frequency b). Moreover, V3 > 0 and VR > 0
Pr(B,-,-) is jointly smooth in (z,b) € R x R, see e.g. [45].

Now assume that the density of particles py > 0 becomes, in addition with the inverse temper-
ature, a fixed external parameter (canonical conditions). Seeing the bulk density as a function of

the p-variable, denote VR > 0 by ugg) (B, po,b) € R the unique solution of the equation:
pPr(B, 1, b) = po, B>0,beR, R>0.

The inversion of the relation between the bulk density and the chemical potential is ensured by
the fact that V8 > 0, Vb € R and VR > 0, u — pr(5, i, b) is a strictly increasing function on R,
and actually it defines a C°°-diffeomorphism of R into (0, 00), see e.g. [45, 11]. In the following
we consider the situation in which the density of particles is given by:

1o

po(R) = |Q—R, ng € N*, R > 0. (123)

Let us note that in (1.23) ng plays the role of the number of particles in the Wigner-Seitz cell.
Under the above conditions, seen as a function of the p-variable, the bulk zero-field orbital sus-
ceptibility at fixed 8 > 0 and density of particles po(R), R > 0 is defined by:

Xr(B, po(R),b = 0) := Xr(8, i (8, po(R),b = 0),b = 0). (1.24)

Before giving our main result which is concerned with the quantity defined in (1.24), let us
introduce some more notation. On C§°(R?) define the ’single atom’ Schrédinger operator:

1
Hp = 5(—N)2 + u, (1.25)

where w is the function which appears in (1.15) and obeys assumption (7). Then Hp is essentially
self-adjoint and its self-adjoint extension (denoted again by Hp) with domain H?(R?), is bounded
from below. Furthermore, oess(Hp) = [0, 00) is absolutely continuous, and Hp has finitely many
eigenvalues in (—o0,0) if any, see e.g. [44, Thm. XIIL.15]. Throughout, we suppose:

() Hp has at least one eigenvalue in (—o0,0),
together with the non-degeneracy assumption:
(na) All the eigenvalues of Hp in (—o00,0) are non-degenerate.

Then we denote by {\;}]_,, 7 € N* the set of eigenvalues of Hp in (—o0,0) counting in increasing
order, and by {®;}]_, the set of corresponding normalized eigenfunctions. As well, we denote by
II; the orthogonal projection onto the eigenvector ®; and we define Hll =1-1I;.

In the presence of the uniform magnetic field (as in (1.17)), define on C5°(R?) the ’single atom’
magnetic Schrodinger operator:

1
Hp(b) := 5(=iV - ba)> +u, bER. (1.26)

By [47, Thm. B.13.4], Vb € R (1.26) is essentially self-adjoint and its self-adjoint extension,
denoted again by Hp(b), is bounded from below. The nature of the spectrum of Hp(b) is not
known in general, except for b small enough. Indeed from [5, Thm. 6.1], the eigenvalues of Hp in
(—00,0) are stable under the perturbation by the magnetic field provided that it is weak. From
the asymptotic perturbation theory in [35, Sec. VIII] and due to the assumption (e#,q), then there
exists b > 0 s.t. V|b| < band any ! € {1,...,7}, Hp(b) has exactly one and only one eigenvalue
Ai(b) near A; which reduces to A; in the limit b — 0. In particular, each eigenvalue A\;(-) can be
written in terms of an asymptotic power series in b, see e.g. [7, Thm. 1.2]. Hereafter we denote



by {\i(b)}]_,, 7 € N* and [b] < b, the set of these eigenvalues for Hp(b) counting in increasing
order.

We now formulate our main result. By [47, Thm. B.7.2], for any { € C\ [inf o(Hp), 00), the
resolvent operator (Hp — &)~ is an integral operator with integral kernel (Hp — &)~1(-,-) jointly
continuous on R\ D, D := {(x,y) € R : x = y}. Introduce on L?*(R3) the operators T ; (),
j = 1,2 generated via their kernel respectively defined on RS\ D as:

T (x5, 3:6) = alx —y) - (V) (Hp — 7 (x.9), (1.27)
Tra(x,y:€) 1= 5a%(x— ) (Hp — )7 (x.y). (1.25)

Our main result provides an asymptotic expansion in the tight-binding situation (i.e. when
the distance R between two consecutive ions is large) of the bulk zero-field orbital susceptibility
defined in (1.24) when the number of particles in Q5 is fixed and in the zero-temperature limit:

Theorem 1.1. Suppose (), (m) and (pa). Assume that the number of particles ng € N* in
the Wigner-Seitz cell is fized and satisfies ng < T, while the density is given by (1.23). Then:
(i). For any 0 < a < 1 there exists a R-independent constant ¢ > 0 s.t.

Xr(po(R)) := Jim Xr(B, po(R),b=0) 2p(no) + O(e™ "), (1.29)

_
 19&]
with:

it i= - (1) Tty { [ dgetttn - 0 T @Tma(© - Tra©l |, (130

where 'y, is any positively oriented simple closed contour enclosing the ng smallest eigenvalues of
Hp while letting the rest of the spectrum outside.
(ii). The R-independent quantity in (1.30) can be identified with:

Zp(no) <€> Z%(b:@). (1.31)

c
=1

(iil). (1.30) can be rewritten as a sum of two contributions:

1 1 1
—2p(ng) = —Z1a(ng) + — Zov(ng), 1.32
o] P(no) o (no) 2l v(no) (1.32)
with:
1 q 2 1 no
_ = —| = —_— (b X2 X2 (b 1
g 70 == ({) iy & (0 (XE 4 X -
1 q 2 1 o
—— = (1) — Ls®y, {IL-(Hp — NI Y L Ls®)) 12 rs. 1.34
|QR|«%JV(7”LO) (C) 2] ;( 3@, {17 (Hp — N)U; } 7 La®y) 12 (rs) (1.34)

Here X, := X - ey, k € {1,2,3} stands for the position operator projected in the k-th direction,
and Ly := L - ey the k-th component of the orbital angular momentum operator L := X x (—iV).

Remark 1.2. The leading term in (1.29) decreases as 1/R3, the remainder (explicitly identified
in the proof) decreases exponentially in R*, 0 < o < 1.

Remark 1.3. Under the condition of large separation of ions and in the zero-temperature limit,
the leading term of the bulk zero-field orbital susceptibility consists of the superposition of two
contributions, see (1.32).



o Contribution in (1.33).

It is purely diamagnetic and generated by the quadratic part of the Zeeman Hamiltonian. Still
assuming one single ton in the Wigner-Seitz cell, it reduces in the classical limit to the Langevin

formula, see (1.1):
2
q 1 2
S 1.35
(C) 4|QR| - YU ( )

where ry is the distance from the origin to the l-th particle in the plane orthogonal to es (as a rule
the center of mass of the ion nucleus is at the origin and the fized azxis passing through it is taken
parallel to the magnetic field).

o Contribution in (1.34).

It is generated by the linear part of the Zeeman Hamiltonian, and is related to field-induced elec-
tronic transitions. Arising from the quantum description, it has no classical equivalent. Moreover,
if ng = 1 it is purely paramagnetic, otherwise it can be wriltten as a sum of a positive and a
negative term. Let us turn to the comparison with the Van Vleck’s results in Sect. 1.1. (1.33) has
exactly the same features than Xiq in (1.4) and its counterpart is the first term in (1.12). This is
the Larmor contribution. (1.34) has the features of X,y in (1.4), with the only difference that it is
not always paramagnetic. Looking at the second term in the r.h.s. of (1.12), only the corrections
to the ground state of the ion involving the excited states are considered (the corrections coming
from the mizing between the excited states are discarded). At the contrary, (1.34) contains all the
corrections, even the ones coming from the mixing between the isolated eigenvalues and the essen-
tial spectrum. Due to this feature, (1.34) represents the ‘complete’ Van Vleck orbital contribution.
In that sense, Theorem 1.1 is a generalization of the Van Vieck’s results.

1.4 Outline of the proof of Theorem 1.1.

The starting-point is the expression (3.9) for the bulk zero-field orbital susceptibility (under the
grand-canonical conditions) valid for any S > 0 and R > 0. The derivation of such an expression
is the main subject of [12]. The proof relies on the gauge invariant magnetic perturbation theory
applied on the magnetic resolvent operator. This allows to keep a good control on the linear
growth of the potential vector, see below fur further details.

The difficulties coming up when proving Theorem 1.1 are three-folds:

(1). TIsolating the main R-dependent contribution (decaying polynomially in R) and a remainder
term (decaying exponentially in R%) from (3.9) under the canonical conditions (density of particles
fixed). (2). Performing the zero-temperature limit taking into account the location of the Fermi
energy defined in (3.1). (3). Identifying the leading term of the asymptotic expansion in the
zero-temperature regime with the counterpart physical quantities.

e Outline of the proof of (i).

The proof of the asymptotic expansion in (1.29) requires three steps.
Step 1: Isolating the main R-dependent contribution - Part 1. The formula in (3.9) involves the
trace per unit volume:

1|~ Trr2 o) {xar (Hr — &) [Tr1()Tr1(E) — Tr2()]Xar ) (1.36)

where xq, is the characteristic function of the Wigner-Seitz cell Qg, and Tr ;(§), 7 = 1,2 involves
the resolvent operator (Hr — &)™, see (3.10)-(3.11). In the tight-binding situation, we naturally
expect the error made in replacing each resolvent (Hp — &)~ with (Hp — £)~! (Hp is the 'single
atom’ operator in (1.25)) inside (1.36) to be ’small’ for large R. Arising from this approximation,
the ’corrective term’ (3.14) of (3.13) involves the trace per unit volume:

Q| Trr2 ey {xar [(Hr — &) ' [Tr1(§TR,1(€) — Tr2(£)]
—(Hp = &) MTpa(§)Tra(€) — Trpa(§)lxar}, (1.37)
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where Tp j(£), 7 = 1,2 involves the resolvent (Hp—£) ™!, see (1.27)-(1.28). In view of the operators
entering in the trace, to control the R-behavior of (1.37) it is enough to control for large values
of R the error made in approximating xqo,(Hgr — &)™ by xa,(Hp — &)™t (or with yq, from the
right) in the Hilbert-Schmidt sense. To that purpose, we use a geometric perturbation theory in
Sec. 2. The key-idea consists in isolating in the Wigner-Seitz cell a region close to the boundary:
Or(k) == {x € Qg : dist(x,00g) < KR} for some £ > 0 and 0 < a < 1, from the bulk where
only the ’single atom’ operator Hp will act. It comes down to approximate (Hr — &)~! with the
operator: .
gr(Hp =€) 'gr+ gr(Hr — €)' (1 — gr),

where gr, gr and ﬁR are smooth cut-off functions; gr, gr are supported in the bulk and satisfy
(2.2)-(2.3) and §p is supported outside and satisfies (2.4)-(2.5). Starting with this approximation,
we arrive at (2.13). From the exponential decay of the resolvent’s kernel along with the properties
(2.3)-(2.5) on the cut-off functions, then provided that the single-site potential w is compactly
supported one gets that the Hilbert-Schmidt norm of:

Xep{Hr =87 = (Hp =7}, {(Hr =87 = (Hp — &)™ Ixan,

are exponentially small in R*, 0 < a < 1. We emphasize that the assumption v is compactly
supported in (4%) is essential to get the exponential decay in R® of the norms. Indeed (2.13)
involves the operator defined in (2.10), and the support of xa,Jr (or (1—gr)xa,) is disjoint from
the one of Vg only if u is compactly supported. Based on the foregoing, we prove that the trace
in (1.37) is exponentially small in R¥, 0 < o < 1, see Lemmas 4.2-4.5.

Step 2: Switching to the canonical conditions and performing the zero-temperature limit. Re-
mind that under the assumptions (2, )-(“na), {Ni}]_;, 7 € N* denotes the set of eigenvalues of
Hp in (—00,0) counting in increasing order. Now we switch to the canonical conditions. We
assume that the number of particles in the Wigner-Seitz cell ng € N* is fixed and obeys ny < 7,
while the density is given by (1.23). (The reason why will become clear below). The starting-point
is (3.16) corresponding to the sum of (3.13) with (3.14), but with ,u%o) (8, po(R),b = 0) instead of
i, see (1.24). With the aim of performing the zero-temperature limit in (3.16), let us beforehand
turn to the location for large values of R of the Fermi energy defined as the limit:

Ern(po(R)) = Jim puig) (B, po(R),b=0).

Recall that o(Hp) is absolutely continuous, consisting of the union of compact intervals £g ; (Bloch
bands): o(Hg) = U°,ERy, with minEr; < min€g 11, max€p,; < maxEp 41 (we refer to Sec.
3.1.1 for the definition of Er;’s within the Bloch-Floquet theory). If max&r; < min€p 41 for
some [ > 1 then we have a spectral gap. Under (&) the Fermi energy always exists, see [11, Thm.
1.1]. Moreover, only two situations can occur: either the Fermi energy lies in the middle of a
spectral gap (semiconducting/isolating situation if max Er s < min€p 41, semimetal situation if
max&p s = min€R s4+1), or in the interior of a Bloch band (metallic situation). In Proposition 3.1,
we state that for large values of R our assumptions (% )-(%%ha) along with the fact that po(R)
obeys (1.23) automatically lead to the semiconducting situation:

Er.r(po(R)) = (max Ep py + min Ep pngs1)/2 < 0. (1.38)

The proof leans on two ingredients. The first one concerns the location of the negative Bloch bands
of Hp at negative eigenvalues of Hp for large R, see Lemma 3.4. Since the \;’s (I =1,...,7) are
simple, then for R sufficiently large, the first 7 Bloch bands £r;’s are simple, isolated from each
other and from the rest of the spectrum. Moreover g, [ =1,...,7, islocalized in a neighborhood
of \;, and reduces to A\; when R — o0o. The second one is a relation between the I.D.S. of Hgr and
the zero-temperature limit of the grand-canonical density expressed in terms of the eigenvalues of
the Bloch Hamiltonian, see Lemma 3.3. It remains to use the criterion in [11, Thm 1.1].
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Let us get back to the zero-temperature limit. Performing it needs special attention. In (3.13)
and (3.14), the dependence in § is contained in

BB, 1 (8, po(R), b = 0);:€), (B, 15 €) := In(1 + *#=9),

and Yy € R, §(8, ;) is holomorphic on {¢ € C: S¢ € (—n/B,7/B)}. The difficulty encountered
is that the contours involved in the integration w.r.t. & in (3.13)-(3.14) depend on 3, see (3.15)-
(3.4). When S — o0, they reduce to a half-line covering the spectrums. Here the semiconducting
situation in (1.38) plays a crucial role allowing to dodge this difficulty. Actually our assumptions
have been chosen to force this situation. Indeed, for R sufficiently large, Er r(po(R)) lies in the
interior of an open set I,,, containing (A, + Ang+1)/2 (with Ar41 :=0) and s.t. I, No(Hg) =0
and I,, No(Hp) = 0. Then we can decompose the contour (3.15) into 3 parts: the first one
enclosing the first no eigenvalues of Hp, the second one enclosing I,,, but no eigenvalue, and the
third one enclosing the rest of o(Hp), see (4.1). Note that for R large enough, these contours do
not intersect o(Hp). Since the second contour lies in the holomorphic domain of the integrand,
the integral is null. Since for a given py € R, f(3, po;-) is holomorphic on {¢ € C : RC # uo},
then the first and third contours can be deformed in some -independent contours. It remains to
use the Lebesgue’s dominated theorem knowing (4.4). From (3.16), Propositions 3.6-3.7 together
lead to (3.18). The behavior for large R of the remainder in (3.18) follows from the one of (1.37)
discussed in Step 1.

Step 3: Isolating the main R-dependent contribution - Part 2. We start by removing the R-
dependence arising from the indicator functions ygq,, inside the trace of (3.19). Getting the trace
out the integration w.r.t. the &-variable, it remains to control the R-behavior of the error made
in extending the trace to the whole space. In Proposition 3.9, we state that it is exponentially
small in R. To do so, the crucial ingredient is the exponential localization of the eigenfunctions
associated with the eigenvalues of Hp in (—00,0). Nest the Fermi energy can be removed from
(3.22) without changing the value of the trace, see Proposition 3.10. Thus the main R-dependent
term behaves like 1/R3.

e Outline of the proof of (ii) and (iii).

The proves heavily relies on the stability of the eigenvalues {\;}]_;, 7 € N* of Hp in (—o0,0)
under the perturbation W (b) := Hp(b) — Hp.

Outline of the proof of (ii). For b small enough, the key-idea consists in expressing the sum
over the ng eigenvalues \;(b) by means of the Riesz integral formula for orthogonal projections, see
(3.23). In the rest of the proof, we show that the second derivative w.r.t. b at b = 0 of the r.h.s.
of (3.23) is nothing but (1.30), see Proposition 3.11. From the rewriting of the trace in (3.23)
as the integral of the diagonal kernel (3.34), it comes down to proving that the integral kernel of
(Hp(b)—&)~! far away the diagonal is twice differentiable in a neighborhood of b = 0 and to writing
down a formula for its second derivative, see Lemma 3.13. To that purpose, the crucial ingredient
is the so-called gauge invariant magnetic perturbation theory, see e.g. [41, 7, 18, 11, 12, 46].
The idea behind is to isolate the singularity of the magnetic perturbation (arising from the linear
growth of the vector potential) via an exponential factor involving the magnetic phase in (3.26).
Then (Hp(b) — €)~! can be approximated by Rp(b,0,) generated by the kernel in (4.19) while
the ’corrective term’ behaves like O(|]), see (4.25). Tterating twice (4.25) in the kernels sense then
expanding the exponential factor in Taylor series, one obtains the beginning of an expansion in
powers of b for the kernel of (Hp(b) — &)~!. We mention that the exponential localization of the
eigenfunctions associated with the \;(b)’s for b small enough (see Lemma 3.14) plays a crucial role
to control the involved quantities, see Corollary 3.15.

Outline of the proof of (iii). From (1.31), the aim is to derive an expression for the second
derivative w.r.t. b at b = 0 of the perturbed eigenvalue X\;(b), I € {1,...,ng}. To do that, we use
the Feshbach formula to write down ’the corrections’ to the unperturbed eigenvalue \; under the
perturbation W (b) = ba - (—iV) + b%a?/2 for small values of b, see (3.38). Here the exponential
localization of the eigenfunction associated to A\; allows to control the linear growth of a. Iterating
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(3.38), we obtain the beginning of an expansion in powers of b for A;(-), see (3.39). To conclude,
it remains to use that A;(-) has an asymptotic expansion series, see e.g. [7, Thm. 1.2]. Note that
the asymptotic perturbation theory and the gauge-invariant magnetic perturbation theory both
are used to control the b-behavior of the remainder in (3.39).

1.5 Discussion on the assumptions.

Let us first discuss the assumption (%) on the single-site potential u. The physical modeling
requires that the ’single atom’ operator Hp possesses finitely many eigenvalues (at least one)
below the essential spectrum, then u has to be chosen accordingly. As emphasized in Sec. 1.4,
choosing u compactly supported plays an important role in our analysis since it gives rise to the
exponentially decreasing behavior in R¥, 0 < « < 1 of the remainder in (1.29), see Proposition 3.7.
However, we believe that the optimal a is a = 1, i.e. the remainder should behave like O(e™ %),
¢ > 0. We think that it could be obtained from our analysis by using a more refined geometric
perturbation theory to approximate the resolvent (Hr — ¢)~!. Furthermore, we point out that
the leading term in the asymptotic expansion (1.29) is unchanged if the single-site potential is not
compactly supported. Consider the assumption:

(=) u € CHR?R) with u = O(]x|~G+9)) for |x| sufficiently large.

From [44, Thm. XIIL6], oess(Hp) = [0,00) and Hp has a finite number of bound states in
(—00,0). Replacing (%) with (#%+) in Theorem 1.1, then under the same conditions, one may
expect the behavior of the remainder to be only polynomially decreasing with R owing to the ’tail’
of the potential. Finally, let us mention that u is chosen continuously differentiable to ensure some
regularities for the eigenvectors of Hp, see (4.16) and Lemma 3.14.

Let us discuss the non-degeneracy assumption (2,4). Our analysis is based on the insulating
situation which occurs when the Fermi energy lies in the middle of a spectral gap of Hpg, see [11,
Thm 1.1]. When the number of particles ng in the Wigner-Seitz cell is any integer lesser than
the number of negative eigenvalues of Hp while the density is given by (1.23), this together with
(#/ha) automatically lead to the insulating situation for R sufficiently large, see Proposition 3.1.
Nonetheless, we stress the point that when getting rid of the assumption (#%,q), then the insulating
condition can still occur for R sufficiently large provided that one sets some restrictions on the
ng’s in (1.23). It has to obey (see proof of Proposition 3.1 and Remark 3.5):

no <7 and Ixe{l,...,v} st. ng=dimé + -+ dimé&,. (1.39)

Here 7 is the number of eigenvalues of Hp in (—o0,0) counting multiplicities, v < 7 is the number
of distinct eigenvalues and &7, 1 € {1, ..., v} stands for the eigenspace associated with the (possibly
degenerate) eigenvalue \; of Hp, \; = {)\l(m)}ii]:f)l. Supposing (# )-(%y,), and that the number of
particles ng in the Wigner-Seitz cell is fixed and obeys (1.39), while the density is given by (1.23),
then the formulae in Theorem 1.1 (ii)-(iii) have to me modified accordingly (the statement in (i)
is unchanged). Thus (1.31) becomes:

2 » dimé&} ;9 (m)
d2)
%(no)(?) 3 L (b=0);

c db?
=1 m=1

and (1.33)-(1.34) respectively become (with intuitive notations):

»x dimé&)
. 2 (@™ (X2 + X3)D\™) 12
T () 1= <) P 21 X380 e

=1 m=1

» dimé&
1 .7 (m) (rp(m),L (m)\pp(m) Ly —17 g (m)
m%v(no) = (E) ] lzl mzl (Ls®,™ {I™ (Hp — ™)™ L3 @™ 2 ps).



In a way, the condition (1.39) is related to the one concerning the filling of the electron shells
mentioned in Sec. 1.1 when dealing with the susceptibility of an ion, see below (1.12). When all
its electron shells are fulfilled, it is found that the zero-field orbital susceptibility reduces to the
diamagnetic Larmor contribution. But this result leans on the Hund’s rules stating that such an
ion has necessarily its total electronic orbital angular momentum null in its ground state. Putting
aside these considerations of an atomic nature, then the orbital Van-Vleck contribution has to be
taken into account.

1.6 An open problem.

From the foregoing, a natural question arises: does the insulator condition occur when ng is
any integer less than the number of negative eigenvalues of Hp, counting multiplicities if some
of the eigenvalues are degenerate, while the density is given by (1.23)? Such a problem comes
up when the single-site potential is chosen spherically symmetric. To tackle it we need to know
precisely the behavior of the negative spectral bands of Hgr near the degenerate eigenvalues of
Hp in (—o0,0) for large values of R. For instance suppose that one of the negative eigenvalue of
Hp, say ., is two-fold degenerate. For R sufficiently large, it is well-known that the spectrum
of Hp in a neighborhood of A\, consists of the union of two Bloch bands, see Lemma 3.4 and also
[21, Thm. 2.1]. But we need to know much more; in particular we need to control how the Bloch
bands behave the one relative to the other. Especially, do they always overlap for R sufficiently
large or do they overlap only in the limit R 1 co? How fast each of the Bloch bands reduce to the
Ac’s? This remains a challenging spectral problem.

1.7 The content of the paper.

Our current paper is organized as follows. In Sec. 2, we use a geometric perturbation theory to
approximate the resolvent operator (Hz — &)~ in the tight-binding situation. Sec. 3 is devoted to
the proof of Theorem 1.1. In Sec. 3.1.1, we show that under our assumptions only the insulating
situation can occur in the tight-binding situation. Subsequently, in Sec. 3.1.2-3.1.3 we prove the
asymptotic expansion in (1.29). In Sec. 3.2, we prove the identity (1.31). In Sec. 3.3 we prove the
formula (1.32). In Sec. 4, we have gathered together all the proves of the technical intermediary
results needed in Sec. 3.

2 An approximation of the resolvent via a geometric per-
turbation theory.

The method we use below is borrowed from [18, 16].
Forany 0 < o < 1,0 < k <3 and R > 0 define:

Or(k) = {x € Qp : dist(x, 00r) < KR“}.

Hence for R sufficiently large, © g(x) models a ’thin’ compact subset of Qp near the boundary
with Lebesgue-measure |O g (k)| of order O(R?*T%).
Let 0 < a < 1 be fixed. Below by R sufficiently large we mean:

5
R > Ry with ROZRo(Oé)Zl s.t. @RO(E)QQRO. (2.1)

Let us introduce some well-chosen family of smooth cutoff functions.
Let gr and gr, R > Ry satisfying:

Supp(gr) C (2r \ Or(1)), 0<gr<1;
Supp(gr) C (Qr \Or(1/2)), gr=1ifxc (Qr\ORr(1)), 0<gr<1
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Moreover there exists a constant C' > 0 s.t.

3
VR > Ry, max{||D*grllcc. [|ID*Grlloc} < CR7I, V]| <2, [s| =) s;.

j=1
With these properties, one straightforwardly gets:

JrRYR = YR, (2.2)
dist(Supp(D°gr), Supp(gr)) > CRY, V1 <|s| <2,

for another R-independent constant C' > 0. Also let gz, R > Ry satisfying:

QR \Or(3/2)%, Gr=1ifx e (Qr\Oz(1))°,

Supp(gr) C
0<gr<1;  |D%3rlle <CR o v|s] <2,
for another R-independent constant C' > 0. Note that with these properties:

gr(1—gr) = (1 - gr), (2.4)
dist(Supp(D*gr), Supp(1 — gr)) > CR®, V1< |s| <2. (255)

Let us now define a series of operators. At first, introduce VR > Ry and V¢ € o(Hg) N o(Hp)
(here o(-) denotes the resolvent set) on L?(R3):

Rr(6) = gr(Hp — &)~ gr + gr(Hr — €)' (1 - gr). (2:6)
In virtue of the support of cutoff functions, one has:
(Hr —§)gr = (Hp — §)Jr.
Using that Ran(R(€)) € Dom(Hg), then from (2.2) along with (2.4):
(Hr ~ /RR(€) = 1+ Wa(€).
where, VR > Ry and V€ € o(Hz) N o(Hp):
Wi(€) = {2 (Adr) ~ (Var) - V}(Hp — ' gn + {~5(Ain) — (Vir) - V}(Hr — )7 (1 gn).

Since Wg(€) is bounded on L2(R?), see e.g. [12, Lem. 5.1], this means that:

(Hr —€)~' = Rr(€) — (Hr — £ Wr(&). (2.7)
Next, Rr(£) in (2.6) can be rewritten by the second resolvent equation as:
Rr(§) = Zr(§) — Wr(8), (2.8)

where, VR > Ry and V¢ € o(Hp) N o(Hp):

Ar(€) = gr(Hp — &) 'gr+ gr(Hp — )" (1 — gg), (2.9)
Yr(&) == gr(Hr — &)~ 'Va(Hp — )" (1 - gr), (2.10)
with:
Ve:= Y ul—Ro). (2.11)
veZ3\{0}
Finally, Zr(§) in (2.9) can be rewritten:
Zr(€) = (Hp — €)' +Wr(€), (2.12)
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where, VR > Ro and V¢ € o(Hp) N o(Hp):

1
Wr(€) = (Hp — &) H{~5(Agr) = (Vir) - VI(Hp = &) 'gr
1 . .
+ (Hp — 5)71{*5(&%) —(Vgr) - V}(Hp — )7 (1 — gr).
Gathering (2.7), (2.8) and (2.12) together, one obtains in the bounded operators sense on L?(R3):

(Hr— &) ' =(Hp = +Wr(&) — #r(&) — (Hr — &) Wr(&). (2.13)

From the identity in (2.13) and taking into account the assumption (<), let us now prove that
for R > Ry sufficiently large the error made in approximating xq, (Hr —&)~! with xq, (Hp —&)~!
(or with the indicator function xq, from the right) is exponentially small in R*, 0 < « < 1 in the
Hilbert-Schmidt norm sense. To do that define R; > 1 so that:

Supp(u) C (2r, \ Or, (2)). (2.14)

Such R; exists since the support of u is compact, see assumption (% ). Now look at the r.h.s. of
(2.13). VR > Ry the operators (Hr — &) "' Wg(€) and 2 (£) have their operator norm exponen-
tially small in R%, see (2.24)-(2.23) below. However, this is not the case for the operator norm of
#r(€) even for R > Ry and large enough, see (2.23). This comes from the fact that the support
of gr (or (1 — gg)) and the support of Vg in (2.11) are not disjoint. But YR > max{Ry, R;} the
Hilbert-Schmidt norm of #%(§) when multiplied by the indicator function ygq, from the left or
from the right is exponentially small in R®, see (2.26). The same holds true for the Hilbert-Schmidt
norms of (Hg — &) Wg(€) and 2Wr(€) when multiplied by g, from the left or from the right,
see (2.25). This last feature, which results from the fact that u is compactly supported, will turn
out to be decisive to get the exponential decay of the remainder in the asymptotic expansion (1.29).

We end this paragraph by giving a series of estimates we will throughout. For any ¢ € C and
real number ¢ > 0, we use the shorthand notation:

e =01+ €))7 (2.15)

Lemma 2.1. Let == P or R. For everyn >0 (and YR > 0 when = = R) there exists a constant
9 =19(n) > 0 and a polynomial p(-) s.t. V€ € C satisfying dist(¢,0(Hz)) > n and V(x,y) € R\ D:

Hz — ¢! < p(le) o 2.16
(1= = 97 eyl < () - (2.16)
Vi (H. L o Ny 2.17
e < - .
IVx(Hz — &)™ (x,y)| < p(&]) Xy (2.17)
Proof. See [47, Thm. B.7.2] and [12, Lem. 2.4] respectively. O

Lemma 2.2. Let 0 < o < 1 and Ry = Ro(c) > 1 as in (2.1). Then for every n > 0 there exists
a constant ¥ = 9Y(n) > 0 and a polynomial p(-) s.t.
(i). VR > Ry, V€ € C obeying dist(¢,0(Hg) No(Hp)) > 1, V(x,y) € RC\ D:

efﬂﬁ‘xfyl
max{|(Rr(§)) (%, ¥)I, [(Zr(£) (%, y)|} < p(lfl)w, (2.18)
efﬁdx*y‘
max{|Vx(Rr(£))(x,¥)], [V<(Zr(£))(xy)[} < p([¢]) (2.19)

x—yl*
(ii). VR > Ry, V¢ € C obeying dist(¢,0(Hg) No(Hp)) > n and V(x,y) € RS:

((#R(€)(x,y)| < p(l)e ], (2.20)
max{|(Wr(€))(x,¥)|, [(Wr(€))(x, ¥)|, [Vx (Wr(€)) (x, ¥)|} < p(l€))e™ "¢ e ¥l (2.21)
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(iii). VR > max{Ro, R1} (see (2.14)), V& € C obeying dist(§,0(Hgr) No(Hp)) > n and V(x,y) €
RS:

max{|(xexdr) (%) (Hr = &)~ (%, y)Va(y)l, IVr () (Hp =€)} (x,7) (xan (1 - 9r))(¥)]}
< p(|gl)e e e eyl

Proof. Let us prove (i). (2.18) directly follows from (2.16). On the other hand:

Vx(Rr(€))(x,y) = {(Vir)(x)(Hp — )71 (x,¥) + dr(x)Vx(Hp — §) ' (x,¥)}gr(y)
(Vi) (i — )7 (x,3) + 50 x) Vx(Hr — €5, 3)H1 — g(y),
and by replacing (Hg — &)~ with (Hp — &)~ above, we get Vx(Zr(£))(-,-). Then (2.19) follows
from the properties (2.3)-(2.5) together with the estimates (2.16)-(2.17). Let us prove (ii). The

first estimate results from the assumption (<) and (2.16), see [12, Lem. A.2]. Due to (2.3)-(2.5)
again together with (2.16), then under the conditions of the lemma (below Z = P or R):

max{|(Agr)(x)(Hz — €)' (¢.¥)(1 = gr)(¥), |(V3r) () Vx(Hz — &) 7' (x.¥)(1 = gr)(¥)],

(Agr)(x)(H==) " (x.¥)9r ()], [(VIr) (x)Vx(Hz—) " (x,¥)9r (¥)]} < p(lfl)e_ﬁsRae_ﬁsxg'éQ)

for another R-independent ¥ > 0 and polynomial p(-). This leads to (2.21) for the kernels of
Wr(€) and WR(E). As for Vi (Wr(E))(-, ), it is enough to use (2.22), (2.17) along with [12, Eq.
(A.12)]. Finally (iii) follows from (2.14) ensuring that dist(Supp(u), Supp(xa,9r)) > R*/2. O

Remark 2.3. (i). From Lemma 2.1 and Lemma 2.2 (i)-(ii), together with the Shur-Holmgren
criterion, one has VR > Ry:

max{||(Hr — &) 7|, IRRE, |ZrEl IVRrEOI IVZrEOI 7RI} < ple]),  (223)
max{[Wr(€)|l, |20 E)Il VW rE)II} < p(I€)e e, (2.24)

for another R-independent constant ¥ > 0 and polynomial p(-).
(ii). Let (J2(L2(R?)), || - |l3,) be the Banach space of Hilbert-Schmidt operators. By using the
x-ideal property of J2(L?(R?)), then from Lemma 2.2 (ii) one has VR > Ry:

max{||xa, Wr(&) 3. [IXer (Hr — )7 Wr(E) 2.,
1205 (&)X 132+ |(HR = )7 Wr(€)Xauplls.} < p(i)e™"¢",  (2.25)
and from Lemma 2.2 (iii) one has VR > max{Ry, R1}:
max{||xen #&(6) 5., [#2(E)xanla.} < p(€)e™"¢, (2.26)

for another R-independent constant 9 > 0 and polynomial p(-).

3 Proof of Theorem 1.1.

This section is organized as follows. The first part is devoted to the proof of the asymptotic
expansion (1.29) in the tight-binding situation and in the zero-temperature limit. The second and
third part are respectively concerned with the proof of (1.31) and (1.32). For reader’s convenience,
the proof of technical intermediary results are collected in Appendix, see Sec. 4.

17



3.1 Proof of (i).
3.1.1 The location of the Fermi energy.

Here we are interested in the location of the Fermi energy in the tight-binding situation when
the number of particles ny € N* in the Wigner-Setz is fixed, while the density is given by (1.23).
Recall that under our conditions, VR > 0 the Fermi energy:

Err(po(R)) = Iim ) (8, po(R), b = 0), (3.1)
always exists, see [11, Thm 1.1].

Before giving the main result of this paragraph, let us introduce some notations within the
framework of the Bloch-Floquet theory. For details, we refer to [6, Sec. 3.5] and [53]. The results
we give below hold true for any R > 0. Denote by Q% the unit cell of the dual lattice (27/R)Z?
(the so-called first Brillouin zone) of the Bravais-lattice RZ3. With S(R?) denoting the Schwartz
space of rapidly decreasing functions on R?, consider the Bloch-Floquet(-Zak) transformation:

52
u:sm@)H>L%QgJP«La)%i/ dk L*(QR)
Q%

(UP)(x; k) =

1 .
Z eiZk.(KJrU)(b(X + ’U), ke Q*Ra p.gS QRv

V |QE| ‘UERZS

which can be continued in a unitary operator on L?(R3). The unitary transformation of Hg is
decomposable into a direct integral UH U™ = fgi dk hr(k), where:
R

M&y=;4v+m%u%

lives in L?(R®/RZ3). By standard arguments, hp is essentially self-adjoint on C°°(R3/RZ3); the
domain of its closure is the Sobolev space H?*(R*/RZ?). For each k € Qf, hr(k) has purely
discrete spectrum with an accumulation point at infinity. Then we denote by {Er;(k)};>1 the
set of eigenvalues counting multiplicities and in increasing order. Due to this choice of labeling,
the E'r;’s are periodic and Lipschitz continuous on Q7. Indeed they are not differentiable on a
zero Lebesgue-measure subset of Q% corresponding to crossing-points. If [ > 1, the I-th Bloch
band function is defined by Er; = [minkeQ*R Er,(k), maxkeqs, Er,(k)]. The spectrum of Hp is
absolutely continuous and given (as a set of points) by o(Hg) = (J;~, Er,y. Note that the sets
Er, can overlap each other in many ways, and some of them can even coincide. The energy bands
are disjoint unions of £r;’s. Moreover, if max&r,; < min€p 41 for some [ > 1 then we have a
spectral gap. Since the Bethe-Sommerfeld conjecture holds true under our conditions, see e.g. [28,
Coro. 2.3], then the number of spectral gaps is finite, if not zero.

Our main result below states that, under our conditions and in the tight-binding situation, the
Fermi energy always lies in the middle of a spectral gap of Hg (i.e. only the insulating situation
can occur), and moreover, it provides an asymptotic expansion of the Fermi energy:

Proposition 3.1. Suppose (), (“m) and (ha). Assume that the number of particles ng € N*
in the Wigner-Seitz cell is fized and satisfies ng < T, while the density is given by (1.23). Then:
(i). For any 8 >0, let ,ugg) (8, p0(R),b=0) € R be the unique solution of the equation pr(S, 1, b =
0) = po(R). Then for R sufficiently large, the Fermi energy satisfies:

max R ny + MinER pg+1

Ene(po(R)) i= lim 1) (8. po(R).b = 0) = 5 <0 (32

(ii). Let us define:

(Mg + Ang+1)/2 when ng < T,
Epr(no) = { Ar/2 when ng = 7. (3.3)
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Then under the additional assumption that ng < 7, one has:
Err(po(R)) = Ep,p(ng) + O(e™VAnot1lF),

Remark 3.2. (i). We stress the point that the non-degeneracy assumption (2nq) along with the
fact that po(R) is given as in (1.23), together imply the insulating situation for R sufficiently large.
(ii). We will see in Proposition 3.10 that the Fermi energy actually plays any role for the statements
of Theorem 1.1 since it can be remove of the main quantities without changing their values.

The rest of this paragraph is devoted to the proof of Proposition 3.1.
Let us start by writing down an expression for the bulk density of particles. Under the grand-
canonical conditions, let 3 > 0 and g € R. For any R > 0, let ‘géR) be the counter-clockwise
oriented simple contour around the interval [inf o(Hpg), 00) defined by:

™ ™

4 = (RE € [9m,00), 36 = 55} U (RE = bn, SE € [-55 5

1}, drp:=info(Hg)—1. (3.4)

Let us note that for any R > 0, the closed subset surrounding by %ﬁ(R) is a strict subset of the
holomorphic domain © := {{ € C: S¢ € (—n/B,7/B)} of the Fermi-Dirac distribution function
frp (B, ;&) = ePW=8(1 4+ eAr=9)=1 From (1.21) and seen as a function of the p-variable, the
bulk zero-field density of particles reads V3 > 0, Vu € R, VR > 0 as, see e.g. [12, Eq. (6.3)]:

Pr(B, 1, b =0) := |QlR| . TFLQ(RJ){XQR ([g(R) d&§rp (B, u;€)(HRr — E)l)XQR}- (3.5)
B

We mention that another way to express the bulk zero-field density consists in bringing into play
the integrated density of states of the operator Hg. Under the conditions of (3.5),

pr(B. b =0) = —/ at 7 (1) N ),
— 00
where Ng(-) denotes here the integrated density of states of Hp = Hr(b = 0) defined in (1.18).
We recall that when the magnetic field vanishes, Np is a positive, continuous and non-decreasing
function, and it is piecewise constant when the energy parameter belongs to a spectral gap.
In order to write down an expression for the bulk zero-field density in the zero-temperature limit,
we need to rewrite (3.5) by the use of the Bloch-Floquet decomposition, see e.g. [11, Sec. 2]. In
view of our notations introduced above, we collect in the following lemma all the needed results:

Lemma 3.3. (i). Let 8 >0 and u € R. Then for any R > 0:

(b =0) = e |Z/§*dkfFDﬂM,ER;( ).

(ii). For any R > 0, let > inf o(Hp) be fired. We have the identity:
li (B, 1, b=0) 1 EOO / dk (Eg,;(k)) = Nr(n) (3.6)
im =0)= . , — _
Froo PRP; K, |QR||Q* | - . X[inf o (HRg),u] \L“R,j R\M),

where X(int o (Hz),u)(*) denotes the indicator function of the compact interval [inf o(HRg), ] and Ngr
the integrated density of states of the operator Hp.

Now let us get back to the location of the Fermi energy in the tight-binding situation when
the density is given by (1.23). We need first to know how the negative spectral bands of the
operator Hp are localized at negative eigenvalues of the operator Hp for large values of the R-
parameter. For completeness’ sake, in the below lemma we discard assumption (%,q) and we allow
the negative eigenvalues of Hp in (—00,0) to have some degeneracies:
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Lemma 3.4. Let 7 € N* be the number of the eigenvalues of Hp in (—o0,0) counting multiplicities.
Denote by {\/}y_, with v < T the set of distinct eigenvalues counting in increasing order. Then
for R sufficiently large, there exist real numbers —\; — % <cpi,dr; <0,l=1,...,v and CRr,y41
satisfying cr,1 < dp1 < -+ <cryp <dry < CRruy1 8.1

(i) o(HR)}(~c0.0) C Uiziler1s drol,

(ii) [cra,dra) N [CRms dRm] = 0 for 1 #m,
(ili) N € (cri,dry),
(iv) dr,y +Cru+1 <0,

together with the properties that cr,,dr,; — N and Cr 41 — 0 when R T oo.
Furthermore we have the following relation with the Bloch bands of Hg:

dimé&;
[cr1dra] No(HR) = U Erm, L=1,...,1,
Cruy+1 = m1n5R7¢+1,
with &) the eigenspace associated with the possibly degenerate eigenvalue ).

Proof. These statements directly follow from [21, Thm. 2.1] taking into account our choice of
labeling for the Er;’s (i.e. increasing order). Note that Theorem 2.1 in [21] is established under
the assumptions that Vg is smooth and sufficiently fast decaying at infinity. But the statements
still hold true under our conditions on Vg, see [27, Thm. 2]. O

Now we are ready to prove Proposition 3.1:
Proof of Proposition 3.1. Let us first prove (i). Consider the equation:

| Z/ de info(HR), E](ERl(k)) = no-.

>1

Due to the non-degeneracy assumption (%,q), Lemma 3.4 ensures that the Bloch bands Eg, | =
1,..., 7 are simple, isolated from each other and from the rest of the spectrum for large values of R.
Hence if ng € N* satisfies ng < 7, then E must belong to [maxkem ER.n (k) mingeo:, Er, no+1 (k)]
This comes from the fact that the Lebesgue-measure of the set {k € QO Eik) < E} equals |Q}]
if and only if £ > maxkeqs, Ei(k). Getting back to (3.6), this means that for large values of R:

po(R) = NR(E> VE € [InaXSR,nU,minSR,noJrl]. (37)

Then (3.2) follows from [11, Thm. 1.1]. Let us turn to (ii). Suppose that no < 7. It is enough to

use that: )
max&rny — Ay~ MINER no+1 — Ang+1

2 2 ’
together with the following estimate which holds uniformly in k € Q7F, see e.g. [27, Thm. 2J:

WIEri ()] — VN = O(R e VIMIEY 1 =1 7. 0

Remark 3.5. Let us give a sufficient condition ensuring the insulator condition when considering
some degeneracies for the eigenvalues of Hp in (—o0,0). From Lemma 3.4, then for R sufficiently
large (3.7) holds VE belonging to a spectral gap of Hp provided that:

Er,r(po(R)) — Epp(no) =

e {l,...,v} st n0:Zdimé‘}.
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3.1.2 Isolating the main R-dependent contribution at zero-temperature.

We start by writing down an expression for the bulk zero-field orbital susceptibility. Under

the grand-canonical conditions, let § > 0 and p € R. For any R > 0 let ‘gém be the positively
oriented simple contour around the interval [inf o(Hp),o0) in (3.4). Then VR > 0 the closed

subset surrounding by ‘Kﬁ(R) is a strict subset of the holomorphic domain © := {¢ € C : 3¢ €
(—7/B,7/B)} of € = §(B, 1; €) := In(1 +e1=9)). Note that (3, i1; - ) admits an exponential decay
on %éR , i.e. there exists a f-independent constant ¢ > 0 s.t.

ve e G5, (B, 1 €)| < cePrePRE, (3.8)

From (1.22) and seen as a function of the u-variable, the bulk zero-field orbital susceptibility reads
VB >0, Vu € R and VR > 0 as, see e.g. [12, Eq. (1.21)]:

2 i
Bi%2n] 2 /<g dE (5, 1:€)x

X Trr2sy{xan(Hr — &) ' [Tr1(§)Tr1(E) — Tr2()lxar}, (3.9)

where Tr ;(§), j = 1,2 are bounded operators generated via their kernel respectively defined on
RC\ D as:

c

X (B, 1,0 =0) := (q)2

TR,l(XaYQg) = a(x - y) : (’LVX)(HR - 6)_1()(,)’), (310)

T (x,y:6) = 5a(x — y)(Hr €)' (x.9). (3.11)

Recall that we have introduced the operators Tp ;(€), j = 1,2 via their kernel defined similarly to
(3.10)-(3.11) but with (Hp—¢)~! instead of (Hp—&) ™1, see (1.27)-(1.28). Since |a(x—y)| < [x—Y]
then under the conditions of Lemma 2.1 (below Z := R or P), one has on R®\ D:

efﬁdx*y‘

T=,(x,y; )| < p(I¢]) 1,2, (3.12)

3 7‘9 = 3 j = )

oyl T T
for another constant ¢ > 0 and polynomial p(-). Due to the estimates (3.12) and (2.16), the op-
erators (Hz — &) '721(§)Tz1(€) and (Hz — £)"'T=5(€), Z = R or P both are locally trace class
on L?(R3). Furthermore, both are integral operators with a jointly continuous integral kernel on

RS, whose diagonal part is bounded above by some polynomial in |¢| uniformly in the spacial vari-
able, see e.g. [12, Lem. A.1]. This along with (3.8) ensure that the quantity in (3.9) is well-defined.

Now let us turn to the actual proof of (1.29). We point out that the main difficulty consists
in isolating the main R-dependent contribution from (3.9) in the tight-binding situation, while
keeping a good control on the behavior of the 'remainder’ term, even in the zero-temperature
limit.

The starting point is the approximation of the resolvent operator (Hg — £)~! derived in Sec.
2. By replacing in (3.9) each resolvent (Hr — &)~ (look at the definitions (3.10)-(3.11)) with the
r.hs. of (2.13), and taking into account the features of the three last operators of the r.h.s. of
(2.13) we discussed in Sec. 2, we naturally expect the main R-dependent contribution from (3.9)
to be obtained by replacing each operator (Hg — &)~ with (Hp —&)~!. In this way define, V3 > 0,
Vi € R and VR > 0 the following quantities,

2 .
~ _ _(q 1 1 ¢ )
Xr(B,pu,b=0) := (E) 31n * [gg},) d&§(B, s &) x

X Trr2way{xan(Hp — &) [Tr1(&)Tr1(E) — Tra(&)lxas}, (3.13)
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Ar(B, 1) = Xp(B, p,b = 0) = Xp(8, 1,0 =0), (3.14)
where %ép) in (3.13) denotes the counter-clockwise oriented simple contour around the interval
[inf o(Hp),00) defined by:

NS
287203
Now consider the canonical conditions. Suppose that the number of particles in the Wigner-
Seitz cell ng € N* is fixed and obeys ng < 7, while the density is given by (1.23). Let MES) (B, po(R),b=
0) € R be the unique solution of the equation pr(3,e?*, b = 0) = po(R). Then from (1.24) together

with (3.13)-(3.14), one has V3 > 0 and VR > 0:

Xr(B,po(R),b = 0) = Xr(B, uy) (8, po(R),b = 0),b = 0) + Ar(B, uy (B, po(R),b = 0)). (3.16)

The next step of the proof consists in performing the zero-temperature limit in (3.16) in the tight-
binding situation. Here the crucial point is the insulator situation: for R sufficiently large, the
Fermi energy lies outside the spectrum of Hr and is located in a neighborhood of the middle of
the interval (An,, Ang+1) if no < 7, (A, 0) otherwise; see Proposition 3.1 along with Lemma 3.4.
Remind that the insulator condition results from the non-degeneracy assumption (%%,q) together
with the condition (1.23). To perform the zero-temperature limit in (3.16), we need the two
following results whose proves can be found in Appendix, see Sec. 4.1. Recall that {\}]_,,
7 € N* denotes the set of eigenvalues of Hp in (—00,0) counting in increasing order.

&7 = {R¢ € [6p,00), S = i%}u{%g =6p, St €[ I}, 6p:=info(Hp)—1. (3.15)

Proposition 3.6. Let I, ¢ € {1,...,7} be an open interval s.t. I. C (A, Act1) and (A¢ +

Ae+1)/2 € I. when ¢ < 7; otherwise I, C (A,0) and \;/2 € I.. Then YR > 0 and for any
compact subset K C I.:

_ 1 -
élj\%’lo XR(B; oy b= O) = mXR(Ma b= O)a
uniformly in p € K, with:
2.
Rl =0) = () £ [ e Tvsages) (xan (Fr = 7 o ©)Tna(©) ~ Tra(©lxae).

where ¢ stands for any positively oriented simple closed contour surrounding the ¢ smallest eigen-
values of Hp in (—o0,0) while letting outside the rest of the spectrum of Hp.

Proposition 3.7. Let I, s € {1,...,7} be an open interval as above. Then for R sufficiently large,
limgyoo Ar(5, 1) exists uniformly on compact subsets K C I.. Denote it by Ar(p). Furthermore
V0 < a < 1 there exist two constants ¢,C > 0 s.t. Vu € I and for R sufficiently large:

|Ar(u)] < O+ [ul)e™*. (3.17)

Let us emphasize that the exponentially decaying estimate appearing in (3.17) arises from the
fact that u is compactly supported, see assumption (<% ). The proof of Proposition 3.7 essentially
is based on the features of the three last operators in the r.h.s. of (2.13) we mentioned in Sec. 2.

Subsequently to Propositions 3.6 and 3.7, we are in a position to isolate a first main R-
dependent contribution from (3.16) in the tight-binding situation and in the zero-temperature
regime. Under the conditions of (3.16), we show that VO < o < 1 there exists a R-independent
constant ¢ > 0 s.t.

lim Xp(5, po,b=0) = |Q—2?R(5R,F(p0(3)), b=0)+ O °F), (3.18)
%) R|
with:

Xr(Er,r(po(R)),b=0) = (%) %/F d¢ (Er,r(po(R)) — &)

0

X Trr2sy{xan(Hp — &) [Tr1(&)Tr1(E) — Tra(&)lxas} (3.19)
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To achieve that, let I,,, be an open interval s.t. I, © (Ang, Ang+1) and (Apg + Ang+1)/2 € I,

when ng < 7; otherwise I,,, & (A\;,0) and A;/2 € I,,. From Lemma 3.4 and Proposition 3.1,
it follows that for R sufficiently large I,,, N o(Hgr) = 0 and the Fermi energy &g r(po(R)) :=

limgyoo ugg) (8, po(R),b=0) € I,,. Then (3.18) follows from Propositions 3.6 and 3.7 together.
Remark 3.8. In the case of ng < T, by virtue of the asymptotic expansion in Lemma 3.1 (ii)

along with (3.17), then one obtains instead of (3.19):

lim X (8, po(R),b=0) = 15— Xr(€rp(no). b= 0) + Oe™"),

~
with /'?R(Egp(no),b =0) as in (3.19) but with Ep,p(no) defined in (3.3), instead of Er,r(po(R)).

3.1.3 Isolating the main R-dependent contribution at zero-temperature - Continua-
tion and end.

The continuation of the proof of (1.29) consists in removing the R-dependance arising from
the indicator functions xq, inside the trace of (3.19). Here the exponential localization of the
eigenfunctions associated with the eigenvalues of Hp in (—o00,0) plays a crucial role.

Let us introduce the families {gg ., 0 € C}, w = 0,1 where gg ,, : C — C are defined by:
90,1(§) ==0—-¢&  g0,0(§) =10 (3.20)

Next we need the following technical result whose proof can be found in Appendix, see Sec.
4.2.

Proposition 3.9. V0 € C, Vw € {0,1} and Vs € {1,...,7} there exist two constants C = C(0) >
0,c>0 st Vx € R® and for j = 1,2:

max{ ,

2i / d€ 90,0 ({(Hp — &) ' Tr1(§)Tp1(6)} (x,%)
7 Jr,

‘i/r d€ 80,w(O{(Hp — &) 7' Tp ()} (x, %) |} < Cee™, - (3.21)

where gg o are the maps defined in (3.20), and T is any positively oriented simple closed contour
surrounding the ¢ smallest eigenvalues of Hp in (—o0,0) while letting outside the rest of the
spectrum.

As a result of Proposition 3.9, the error made in getting the trace out the integration w.r.t. £
in (3.19) and extending the trace to the whole space behaves like O(e~“%) for some R-independent
constant ¢ > 0. In other words, under the conditions of (3.19) there exists a R-independent ¢ > 0
s.t.

Fa(Errlon() 0 =0) = () Dty ([ e (Enrion(r) - €)x

x (Hp = )7 [Tra(§)Tpi(§) — Tra()]} + O(e™F).  (3.22)
Due to (3.21), the leading term in the r.h.s. behaves like O(ng) as expected.

Gathering (3.18), (3.19) and (3.22) together, then to complete the proof of (1.29)-(1.30), it
remains to show that the quantity containing the Fermi energy inside the trace of the leading term
in the r.h.s. of (3.22) plays any role (i.e. we can get rid of it without changing the value of the
trace). This is contained in the below result, whose proof lies in Appendix, see Sec. 4.2:

Proposition 3.10. With the notations of Proposition 3.9, one has:
i

= Tesogeo{ [ A8 (Hp = €7 s (OTra(6) ~ Tra(E)]) = 0.
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3.2 Proof of (ii).

Before starting, let us recall and introduce some notations. Under the assumptions (.o )-(2%y )-
(ha), let {\}]_,, 7 € N* be the set of eigenvalues of Hp in (—o00,0) counting in increasing
order. Let v, I = 1,...,7 be positively oriented simple closed contours assumed to be two by
two disjoint, chosen in such a way that ~; surrounds the eigenvalue )\; while letting outside the
rest of the spectrum of Hp. Let Hp(b), b € R be the magnetic ’single atom’ operator in (1.26).
From [7, Thm. 1.1] (see also [39, 29]), there exists by > 0 s.t. V|b| < by, U_; v € o(Hp(b)) (the
resolvent set). Moreover, by virtue of [5, Thm. 6.1], the eigenvalues \;, [ = 1,...,7 are stable
under the perturbation Hp(b) — Hp for small values of the b-parameter. Due to the assumption
(#ha), then there exists by > 0 s.t. V|b| < by, Hp(b) has exactly one and only one eigenvalue
Ai(b) near A, I = 1,...,7 which in the first order are given by \;(b) = A\, + be; + o(b), see [35,
Thm. 2.6 in Sec. VIII]. Actually each eigenvalue \;(-) can be written in terms of an asymptotic
power series in b, see e.g. [7, Thm. 1.2]. We denote by II;(b) the orthogonal projection onto
the eigenvector corresponding to the eigenvalue A\;(b). Gathering all together, then there exists
0 < b <min{bg, by} s.t. V[b] < b each \;(b) lies inside the closed contour 4; introduced above.

We start the proof of (1.31) with the following remark. From the Riesz integral formula:
1
bl < b, AL = He(b®) = 5= [ d6e(tHnt) -7 1=1,....m
M
Since dim Ran(II;(b)) = 1, = 1,...,7 by stability of the \;’s, then for any ng € {1,...,7}:

no no Z .

IS 6 N0 = 3 T (U0} = 3 Tonsgent [, A€tz =97
(3.23)

The following result is concerned with the quantity in the r.h.s. of (3.23) seen as a function of
the b-variable. Recall that for 8 € C, gg,, with w = 0,1 are the maps defined in (3.20).

Proposition 3.11. There exists a neighborhood T of b =0 s.t. V8 € C and Vw € {0,1} the map:
i _
b— Fyu(b) = 2—TI‘L2(]R3){/ d€ g (€)(Hp(b) — &)1}, (3.24)
™ Uy

is twice differentiable on . Moreover, its second derivative at b =0 read as:

2y .
s dbg,w (b=0):= %TI“N(IRB'){/n0 A€ 9o,w(€)(Hp — &) Tp1(&)Tpa(€) — Trpa(€)]}.  (3.25)

From (3.23), then the identity (1.31) straightforwardly follows from the above proposition,
together with the fact that each of the A;(-)’s is twice differentiable in a neighborhood of b = 0.

The rest of this section is devoted to the proof of Proposition 3.11. It is essentially based on
the so-called gauge invariant magnetic perturbation theory, see [13, 17, 14, 41, 7, 8, 19, 9, 18, 15,
11, 12, 46] and references therein for further applications.

Before starting, let us introduce some notations. Define V(x,y) € R® the magnetic phase ¢ as:

o(x,y) == %eg (yAx) = —¢(y,x), es:=(0,0,1). (3.26)

By [47, Thm. B.7.2],Vb € R and V¢ € o(Hp(b)) the resolvent (Hp(b) —&)~! is an integral operator
with integral kernel (Hp(b) — &)~1(-, ) jointly continuous on R®\ D, D := {(x,y) € R® : x = y}.
Introduce on L?(R?) the operators Tp j(b, &), j = 1,2 via their kernel respectively defined on R\ D
by:

T (x,y:b,€) 1= alx — ) - (iVix + b)) (Hp(5) ~ )7 ()
T, y:6,6) o= 5a(x— y) (Hp(b) )7 (xy).
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From [12, Eq. (2.9)] together with [12, Lem. 2.4], ¥ > 0 there exists a constant ¢ = ¥(n) > 0
and a polynomial p(-) s.t. Vb € R, V¢ € C satisfying dist(¢, o(Hp(b))) > n and V(x,y) € RS\ D:

Hp(b) — &) < ety Y 97
[(Hp(b) = &) (XaY)|_P(|€|)W, €S T (3.27)
o Pelx—y|
ITr (%, 33 0,6)] < p(ENA+ B S — 1 j=1,2. (3.28)

x—yl’
Hence by the Shur-Holmgren criterion the operators T ;(£), j = 1,2 are bounded on L*(R?):
I(Hp(®) =&~ < pUED), 1 Tr;(b.O)] < p(ENQ +[B])°, (3:29)
for another polynomial p(-). For k € {1,2}, m € {0,1}, b € R define on R®:

k

TEabeyib ) = Y1) X ) [ daee [ daio(a.y) — ol )"

j=1 ie{1,2}
x (Hp(b) — &) (x,21) TP, (21,22;b,€) - Tpy, (25, y;0,€), (3.30)

where by convention, we set 0° = 1. Here i = {i1,...,4;} € {1,2}7, 1 < j < k and Xk denotes the
characteristic function defined as:

1 ifir+---+i;=k .
XJ()' {0 otherwise » Isisk

Let us note that due to the antisymmetry of ¢ in (3.26), the terms in the r.h.s. of (3.30) containing
the magnetic phases identically vanish when x = y. Moreover Vn > 0, Vb € R and V¢ € C satisfying
dist(§, 0(Hp(b))) > n, TE,(-,-3b,€) is jointly continuous on RS. This follows by applying j-times
[12, Lem. A.1] together with (3.27)-(3.28). Furthermore from (3.26), (3.27)-(3.28) along with [12,
Lem. A.2 (ii)], there exists a b-independent polynomial s.t. for any k € {1,2}, m € {0,1} and
V(x,y) € RS:

Sy O <1+ o) x { TR (3.31)

where, in the case of x # y we have used the rough estimate:

V(x,y) €R®, |o(x,y)| < lylx —yl.

Remark 3.12. In view of (3.30), we have on R3:

‘I??,l(xa X3 ba 6) = - / dz (Hp(b) - 5)71()() Z)TPJ(Za X5 ba €)a
R3

2
ST x5, €) = T, (3,5 b, €) = / Az (Hp(b) - € (x, 2)Tpa(z, x: b, €)+
k=1

/ dzl/ dzs (Hp(b) — €)1 (%, 21) T (21, 725 b, €) T (22, %3 b, €).
R3 R3

Now let us turn to the proof of Proposition 3.11. It requires two technical intermediary results.
The first one deals with the regularity of the integral kernel of the resolvent operator (Hp(b)—&) ™1,

seen as a function of the b-variable, in a neighborhood of b = 0:
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Lemma 3.13. Let K C (o(Hp)N{¢ € C: RC < 0}) be a compact subset. Let bx > 0 s.t.
Vbl < bk, K C (o(Hp(b))N{¢ € C: RC < 0}). Then V¢ € K and Y(x,y) € R\ D, the map
b (Hp(b) — &)~ L(x,y) is twice differentiable on the interval (—bk,bx). Furthermore, its first
two derivatives at by € (—bg, bg) read as:

aS

i P =97 00y)| = 90 y) (Hp(b0) =67 () + S Tl G vit €, =12
—by k=1

where the functions Tp, (-, -;b0,§), k= 1,2, m = 0,1 are defined in (3.30).

The proof of the above lemma can be found in Appendix, see Sec. 4.3. The second result
deals with the 'uniform’ exponential localization of the eigenfunctions associated with the \;(b)’s,
l=1,...,7 for small values of the b-parameter:

Lemma 3.14. Let \;, L € {1,...,7} be a simple eigenvalue of Hp in (—00,0). Let b sufficiently
small s.t. Hp(b) has exactly one and only one eigenvalue \j(b) near \;. Denote by ®;(-;b) the
associated (normalized) eigenfunction. Then there exists b > 0 and two constants ¢,C > 0 s.t.

Vo] < b, Vx € R, max{|®;(x;D)|, |0x, Pr(x;0)|} < Ce Xk =1,2,3. (3.32)

The exponential decay for the ®;(-;b)’s is a well-known result, see e.g. [33, Thm. 4.4] and
also [34, Thm. 1.10], [26, Sec. 7.2]. For b sufficiently small, all the constants can be chosen
b-independent.

As a result of Lemma 3.14, one straightforwardly gets as a corollary of Proposition 3.9:

Corollary 3.15. Let {\}]_, be the set of eigenvalues of Hp in (—00,0). Let b > 0 s.t. V|b| < b:
(i). Hp(b) has exactly one and only one eigenvalue A\;(b) located nearby Nj, 1 =1,...,T.

(ii). The (normalized) eigenfunction associated with each \;(b) obeys the estimate (3.32).

Then V0 € C, Yw € {0,1} and Vs € {1,...,7} there exist two constants C' = C(0) >0, ¢ > 0 s.t.
V|b] < b, Vx € R? and for j = 1,2:

max{

o [ €80 OU(HR ()~ Trs (0.)Tra 0.9} x.3) .
T Jpr.

= / A€ 9,00 (E){(Hp(b) — €)' Tp; (b, €) }(x, %)

< 6 —c|x| )
o < Cg(1+ |b])°e , (3.33)

where gg . are the maps in (3.20) and T'< the contour as in Proposition 3.9.

Let us note that the presence of the factor (1+ |b])% in the above upper bound comes from the
estimate (3.28) (we recall that the estimate in (3.27) is b-independent).
We are now ready for:

Proof of Proposition 3.11. Let 6 € C and w € {0,1}. Let b > 0 s.t. V|b| < b, (3.23) holds. We
first prove that:

W <6 Fob)m o [ demnn©n) 0
=171

has an integral kernel jointly continuous on RS. Note that Fp ., (b) is an integral operator since
(Hp(b) — &)1 is bounded from L?*(R?) to L>°(R?) by some polynomial in |¢], see (3.27). Let
& < info(Hp) and large enough s.t. {y < minj<;<-{7 NR}. By the first resolvent equation:

Foul) = o ( /U " d¢ ge,w(é)) (Hp(b) — &) '+

21

. A€ 90,00 (€)(€ — &) (Hp(b) — €)1 (Hp(b) — &)\

2 Ul
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By virtue of the Cauchy-Goursat theorem, the first term in the above r.h.s. is identically zero.
The second term has a jointly continuous integral kernel on R® by virtue of [12, Lem. A.1] along
with (3.27). Denoting by Fp (-, ;b) the kernel of Fp ,(b), its diagonal part reads on (—b, b) as:

. (3.34)

e Fpuit) = Foubxit) = o ([ dcann©n0) -9 o))
1=1M y=x

Next from Lemma 3.13 together with (3.31), one can prove that the map b — Fy ,,(x;b) is twice
differentiable on (—b, b) Vx € R3. Moreover its first two derivatives at by € (—b, b) satisfy:

0° Fo i o
vx € R3, ab? (x:bo) 1= 55— /U" d€gow(©) Y THlxx00,6), s=1,2.
=1

k=1

Here we used that ¢(x,x) = 0. Finally let 0 < b < b s.t. V|b| < b and for any [ € {1,...,n0}
the (normalized) eigenfunction associated with X\;(b) obeys an estimate of type (3.32). From the
explicit expressions in Remark 3.12 together with the estimate (3.33), then for any compact subset
K C (—b,b) there exist two constants ¢ > 0 and C' = C(ng,0, K) > 0 s.t.

O*Fo.w .
Vx € R®, sup ’—e’(x;b)‘ <Ce X s=1,2.
ber | Ob°
The upper bound belonging to L!(R?), the proposition follows by standard arguments. O

3.3 Proof of (iii).

Let us recall some notations. Under the assumptions (7 )-(2%y )-(“%a), let {\}]_; be the set of
eigenvalues of Hp in (—00,0) counting in increasing order. For any [ € {1, ..., 7}, denote by ®; the
normalized eigenfunction associated with \;, and by II; = |®;)(®;| the orthogonal projection onto
the eigenvector ®;. We define Hf‘ := 1—1II;. From [5, Thm. 6.1], we know that there exists b; > 0
s.t. V|| < by, each )\ is stable under the perturbation W (b) := Hp(b) — Hp = ba- (—iV)+ 1b%a’.
This means that V|b| < by, Hp(b) has exactly one and only one eigenvalue \;(b) near \; which
reduces to \; in the limit b — 0. For such b’s and any [ € {1,...,7} denote by ®;(b) the normalized
eigenfunction associated with X\;(b), and by II;(b) = |®;(b))(P;(b)| the orthogonal projection onto
the eigenvector ®;(b). We define I (b) := 1 — II;(b).

Let us turn to the proof of (iii). Let I € {1,...,7} and K be a compact neighborhood of ).
Let 0 < b < by s.t. V|b| < b, Xi(b) € K and KN (o(Hp(b))\ Ai(b)) = 0. According to the Feshbach
formula in [22] and under our conditions, V|b| < b A;(b) is the unique number ¢ near \; for which:

(A = QI + ILW (0L — LW (b){IL(Hp + W (b) — O}~ W (b)IL, (3.35)

is not invertible. Note that W (b)II; is bounded on L?*(R?), and its operator norm behaves like
O(]b]). This follows from the exponential localization of ®; and V®; in (4.16). We mention that
W (b)II; remains bounded even with an exponential weight. More precisely, there exists €9 > 0
and a C' > 0 s.t.

Vo <e<e, WO <OPL () i=v1+] [ (3.36)
Now let us justify that the operator IIj-(Hp(b) — &)II;- is invertible V|b| < b, V¢ € K. To
achieve that, introduce the Sz-Nagy transformation in [35, Sec. 1.4.6] corresponding to the pair of
projections I1;(b), I1;:
U(b) = (1~ (I0(b) — )*) ™ = {TL(0)TL + T ()T} },

where IT;(b)IT; — I (b)IT- : T, L2(R?) — T1;(b) L?(R3). Since II;(b) converges to II; in norm by the
asymptotic perturbation theory in [35], then the above square-root is well-defined by a binomial
series. U(b) is a unitary operator, and it intertwines both projections:

I, (b) = UB)ILU* (b).
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Note that IT}(b) = U(b)I-U*(b) what implies U*(b)Ii-(b) = IL-U*(b). As a result, for any
|b| <band ¢ € K:
UL (Hp(b) — I1;U* (0) = I ()U (b) (Hp(b) — U (0)IT (b), (3.37)

ie. II;*(Hp(b) — I is unitary equivalent with the operator in the r.h.s. of (3.37). Next we use
some results from the asymptotic perturbation theory, see [35, Sec. VIIL.2.4]:

U(b) =1+ {ILW(0)(Hp — &)~ (1 — 1) — (1 — IL)(Hp — &) ' W(H)IL} +ui(b),

U*(b) =1+ {(1 = IL)(Hp — & W ()L — LW (b)(Hp — )~ (1 — L)} + u2(b),

where the u;(b)’s, j = 1,2 are operators satisfying b='u;(b) — 0 in the strong sense. Putting these
asymptotic expansions into (3.37), then we obtain:

U(b)I-(Hp(b) — OI-U*(b) = 11 (b) (Hp (b) — I (b)[1 + Y (£, b)),

where Y(&,b) is an operator s.t. || T(&, )] = O(|b]) uniformly in { € K. Ergo we conclude that
I (Hp(b) — €I is invertible V|b| < b and V¢ € K.

Let us get back to the quantity in (3.35). By the use of scalar products, the A;(b)’s has to obey
the equation:

Vbl < b, Ni(b) = N+ (e, W(b)®1) — (W (D), {I1 [Hp(b) — MO} W (b)®1).  (3.38)
By iterating the identity in (3.38), one obtains:
Vol < b, Ni(b) = N+ (D1, W(b)P1) — (W (D)@, {11 (Hp — M)} W (b)@r) + O([pf*). (3.39)
To control the behavior in b of the remainder term, we used that:
lle™* I (Hp (b) — MO)IG = {1 (Hp — M)}t | = O(Jb)), (3.40)

with 0 < & < g as in (3.36). (3.40) can be proved by using an asymptotic expansion for the
projection IT;(b) together with the application of the gauge invariant magnetic perturbation theory
for the kernel of the unperturbed projector as we did for the kernel of the resolvent in Sec. 3.2.
Note that the fourth term involved in the expansion (3.39) can be identified with:

— (@0, W(b)21) (W (b) @1, {1 (Hp — M)} } 2 W (b) @)+
+ (W (O)Pr, {T (Hp = MG} W (O{IT (Hp — AT}~ W () ®r).

Since for b sufficiently small A;(- ) has an asymptotic series expansion, then from (3.39) one obtains:

%(b =0) = (P, a’®;) — 2(a- (—iV) P, {II}*(Hp — \)I"} ta- (—iV) D). (3.41)

From (3.41), the proof of (1.32) directly follows from (1.31).

4 Appendix.

4.1 Proof of Propositions 3.6 and 3.7.

We start by introducing some notations. Recall that under the assumptions (2 )-(%m)-(“hd),
{Ni}]_, with 7 € N* denotes the set of eigenvalues of Hp in (—o0,0) counting in increasing order.
For the sake of simplicity, we set A\;11 := 0. Let I., ¢ € {1,...,7} be an open interval s.t.
I € Ay A1) and (Ac + Acy1)/2 € I.. Without loss of generality, we give an explicit form for I,
for instance:

2Xs + Acr1 Ac +2Aen

I =
S ( 3 9 3

) with the convention ;41 :=0.
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For any ¢ € {1,..., 7}, introduce the following decomposition of the contour ‘Kép) in (3.15):

e\ =7 U Ul (4.1)

ng _{%56[ ) JE = i—}U{%f_w 66[ 27;,%]}’

ng —{%66[ ] € = i—}U{%g—w 66[ 27;,%]}’
B ) = SR, Sy B e )

where w. := (19X + 5Ac41)/24 and w := (5 + 19Ac41)/24; with the convention A;4q := 0.

Let us start with the proof of Proposition 3.6:
Proof of Proposition 3.6. Let ¢ € {1,...,7}. From (3.13) and (4.1), Vi € I; and VR > 0:

2 )
v _oy = (2)y 1 L 2 .
XR(BMU/’b - 0) - ( ) |QR| T /iyll)auyfguf‘g,ﬂ dgf(ﬁa,u/ag)x

X Trpasy{xan(Hp — &) ' [Tr1()Tr1(E) — Tra(&)lxas} (4.2)

Since [w.,wl]No(Hp) =0, then Vi € I the closed subset surrounding by ’y( 5 1s a strict subset

of the holomorphlc domain of the integrand in (4.2). Ergo the Cauchy—Goursat theorem yields:

/(2) AEF(B, 13 ) Trr2 sy {xar (Hp — &) [Trpa(§)Trpa(€) — Trpa(€)]xar} = 0.
'Y<,L‘3

Now the contours 7( ; and I‘g s can be deformed respectively in %( 1) and I‘g 1 (set B =1 in their
definition) due to the location of the interval I.. In the wake of the deformation of contours, then
under the conditions of Lemma 2.1, from (2.16) and (3.12) with £ = P and by setting n = 1, there
exists a polynomial p(-) independent of 5 (and R) s.t.:

1R~ Tr2@s){xan (Hp — &) ' [Tr1(£)Tr1(E) — Tra(&)lxax } < (&) (4.3)

Afterwards it remains to use the Lebesgue’s dominated convergence theorem which provides:

hm % /<1) F(B, 1 ) Tr 2oy {xar (Hp — &) Trp1(E)Tp1(€) — Tra(é)lxas} =0,

é#riloﬂ €8, € Trraesy {xar (Hp — &) Tr1(E)Tra(€) — Tra(€)]xan}

<s,1

= /F d¢ (1 — ) Trp2 ey {xan (Hp — &) Tpa(§)Tpa(§) — Tra2(8)lxan}-

s, 1

Here we used the pointwise convergence: for any fixed p > A\ = inf o(Hp),

1
lim —§(53, 11 €) = (1 = E)xas, (§)- (4.4)
Btoo B
The uniform convergence on compact subsets K C I is straightforward. O

Remark 4.1. We emphasize that the deformation of contours 7( g and 1"g g in some [3-independent

contours is crucial in order to make the estimate in (4.3) [3- mdependent
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Next let us turn to the proof of Proposition 3.7. To do that, introduce some new operators.
Recall that Rr(§) and Zr(§), R > Ry are respectively defined in (2.6) and (2.12). Introduce
VR > Ry the bounded operators T ;(§) and g ;(€), j = 1,2 on L?*(R?) generated via their
kernel respectively defined on RS\ D by:

Tia (e, y:€) 1= alx ~ y) - (V%) (Ri(€)) ()
Ta(x,y:€) = 5°(x — ¥)(Rn(€) (x.y),
Tnayi6) = alx —y) - (V) (Fr(©) (%),
Tnale,y:€) = 52 (x — y)(#r(©)(x,).
To prove Proposition 3.7, we need the following four lemmas whose proves can be found in Sec.

4.4. Recall that Ry, R; > 1 are respectively defined through (2.1)-(2.14). With the shorthand
notation introduced in (2.15):

Lemma 4.2. Let 0 < a < 1 be fized. Then for every n > 0 there exists a constant ¥ = 9(n) > 0
and a polynomial p(-) s.t. VR > Ry and V¢ € C obeying dist(,0(Hg) No(Hp)) > n:

1

] Trr2rsy{xor(Hr — &) ' Tr1()Tr1(€) — Tr2()]x0R}

= Trpe @ {xas Re(E)[Tr1 () Tr1(6) — Tr2(§)]xas | < p(IE)e """ (4.5)

Lemma 4.3. Let 0 < a < 1 be fized. Then for every n > 0 there exists a constant 9 = 9(n) > 0
and a polynomial p(-) s.t. VR > max{ R, R1} and V& € C obeying dist(§,0(Hg) No(Hp)) > n:

1

—9¢R™
o < p(l¢])e . (4.6)

‘TYLZ(RL") XrRRr(E)Tr2( ) Xr} — Trr2@s){XarZr(E) Tr2(§) Xk }

Lemma 4.4. Let 0 < a < 1 be fized. Then for every n > 0 there exists a constant 9 = 9(n) > 0
and a polynomial p(-) s.t. VR > max{Ry, R1} and V¢ € C obeying dist(§,0(Hr) No(Hp)) > n:

1

— ‘TrLQ(]R3) {xerRE()Tr,1(§)Tr,1(§) xR }
1Q2R|

— Trrz@s) {X0nZr(€) Tr1 (&) Tra (©)xan | < p(I€)e " " (4.7)

Lemma 4.5. Let 0 < o < 1 be fized. Then for every n > 0 there exists a constant ¥ = 9(n) > 0
and a polynomial p(-) s.t. VR > Ry and V¢ € C satisfying dist(§,0(Hr) No(Hp)) > n:

1

o] Trrz sy {xnZr(§)[TR,1() Tr1(E) — TR 2(§)IXR}

— Trrewsy{xan(Hp — &) Tr1(§)Tr1(8) — Tra(§)lxan}| < p(I))e "¢ (4.8)

Now we are ready to prove:

Proof of Proposition 3.7. Let Ry > 1 s.t. VR > Ry, info(Hg) > A\ — % A such Ry’s exists
since inf o(Hp) has to coincide with inf o(Hp) when R 1 0o, see Lemma 3.4. In view of (3.9) and
(3.13), then Vg > 0 and Vu € R the quantity Ag(S, 1) in (3.14) can be rewritten VR > Ry as:

2 .
g\ 1 1 4 )
an) = (4) S [ o S ER(E) (4.9
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with:

Kr(©) = Troaes) { Xan{ (Hr = )7 [T (&) Tra () = Tra(©)

— (Hp — ) [Tpa(Tr1(6) — Tra(&)]bxas - (4.10)

Let us estimate (4.10). In view of the definition of the ‘gép)—contour, set 7 :=min{1/2,7/(26)} >
0. Let 0 < a < 1 be fixed and define Rz := max{Ry, R1, R2} > 1. From Lemmas 4.2-4.5, there
exists a constant ¢ = ¥(n) > 0 and a polynomial p(-) s.t. for any R > Rs:

B Y
I

Note that the ¢’s and the p(- )’s in (4.11) are S-dependent (at least for 8 large enough). From now
on we limit in (4.9) the p-domain to the interval I, ¢ € {1,...,7}, and we suppose that R > R3
and large enough so that [(5A¢ + Ac11)/6, (Ac + 5Ac41)/6] No(Hgr) = 0 (with the convention
Ar41 = 0). Due to the inclusions I, C [wl,w] C [(5A¢ + Ac41)/6, (A + 5Ac41)/6], it is obvious

that VR > R3 and large enough, I. No(Hg) = 0 as well as 7511;, [.sNo(Hg) =0, where 7512 and

1

Kr(©)] < p(€)e ™", 9
1QR|

ve e 657, (4.11)

[, 5 are the contours coming from the decomposition of the ‘@”B(P)—contour in (4.1).
Afterwards by mimicking the proof of Proposition 3.6, then for any compact subset K C I:

C

Anlo = tim () = (2) =L [ et oato)

uniformly in u € K. We emphasize that, as in the proof of Proposition 3.6, the deformation of
7512 and I'¢ g in some S-independent contours makes the estimate in (4.11) S-independent on these
contours, see above the definition of the n’s. Finally it remains to use (4.5)-(4.8) along with (4.11)

which lead to the existence of two constants ¢,C' > 0 s.t. VR > R3 and large enough:

Vue L, [Ar(p)] < C(1+ |pl)e™ . O

4.2 Proof of Propositions 3.9 and 3.10.

Proof of Proposition 3.9. For any | € {1,...,¢}, let II; be the orthogonal projection onto the
eigenvector corresponding to the eigenvalue );. Recall that it is given by a Riesz integral:
i
I, =— [ d¢(Hp—&7 ', 1=1,...,5,

2 ol

where ~; is any positively oriented closed simple contour surrounding \; but no other eigenvalue.
Denote by IIy := Y ;_, II;. Let us now introduce the following decomposition of the resolvent:

VE € o(Hp), (Hp—&) '=(Hp—&3 + (Hp €)1, (4.12)
with:
(Hp — &3 =Tx(Hp — &)~ = \ ! 10, (4.13)
—~N-¢
) 1
(Hp =07 = 0Ty~ =5 [ acep -0 g

Due to (4.13), we have in the kernel sense on R%:

1
A =€

(HP - 5);1()() y) = Z (I)l(x)w’ (415)
=1
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where ®; denotes the normalized eigenfunction associated with the eigenvalue A\;, [ = 1,... 5.
Note that under our conditions, the ®;’s with [ = 1,...,¢ satisfy the following, see e.g. [21, Eq.
(5.8)]. There exists a constant C' > 0 s.t. Vx € R3:

max{|®;(x)|, |9, @1 (x)|} < Ce VNI < Ce=VIXIXI =1 23, (4.16)

Moreover denote by Tp ;(£), j = 1,2 and p = R, L the bounded operators on L*(R?) defined via
their kernel as in (1.27)-(1.28) but with (Hp — £)' instead of (Hp — &)~". Note that due to
(4.14), the kernel of TIJ;J (€), 7 = 1,2 still obey the estimate (3.12).

We are now ready for the actual proof. Under the conditions of the proposition, the first part
of the proof consists in showing the existence of two constants ¢ > 0 and C' = C(6) > 0 s.t.

vx € R?, ‘%/ A€ 90, (O{(Hp = &) 7' Th,;(©)}(x,x)| < o™, j=1,2.
s
Let 6 € C. From the decomposition (4.12), introduce on L?(R3) (below p =R, 1):

1 _ .
'//(J)@EO %/F d«Ege,w(Q(Hp—E)plTlgj(‘E)’ 1=12,w=0,1.

Note that they are integral operators with integral kernel ///(,(Ju)jpp( ,+) jointly continuous on RS.
At first, due to the location of the I'c-contour ///m =0,7 =12, w = 0,1 by virtue of
the Cauchy-Goursat theorem. Secondly let us 1ook at the diagonal part of the integral kernel of
t//leywx L. From (4.15) followed by the residue theorem, it holds for any j = 1,2, w =0, 1:

S
U e RS A0 x) = Ym0 (M0B) [ da T ().
Due to (4.16) and (3.12), use now that there exists a constant C' > 0 s.t.

Vi<i<g, sup / dz|®(z)||Tp,(z,x)| < C, j=1,2.
x€R3 JR3 ’

Then the [-independent estimate in (4.16) leads on R to: |¢///0(2’N’J‘(x,x)| < CgecIxl j =12,

w = 0,1 for another C = C(f#) > 0 and ¢ > 0. Also one has by similar arguments on R3:

|///9(1]3]’J"N(x, x)| < Cse | j = 1,2, w = 0,1. Finally, the last terms we have to treat read as:

vx e RY, ) N xx) = Y @ll(x)/ dz 0, (z)a(z — x) - (iV,®1,)(2) Ty, (%),
I, la=1 R?
> ) [ dnla) 3an — X)) )

l1,l2=1

M7 (x,x)

and _
M (x,x) =0, j=1,2,

where we have used the following identity provided by the residue theorem:
> [agstd e fenl
)‘11 )\12 f) 0 ifw=0

It remains to use the rough estimate |a(x —y)| < (|x| + |y|) together with the I-independent one
in (4.16) ensuring that ¥Vx € R3, |///9(1]1)’N’N(x, x)| < Cee=*l j = 1,2 for another C = C() > 0
and ¢ > 0. Note that the crucial ingredient involved here is the following estimate:

V>0,V >0, tre "< Ce 5t >0, (4.17)
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for another constant C' = C(v, 1) > 0.
The second part of the proof consists in showing the existence of two other constants ¢ > 0
and C = C(0) > 0 s.t.

i
vx € R, ‘% / A€ 9o, (){(Hp =€) Tr1()Tr1(§)}(x,%)| < Cse™.
Ls
Let 6 € C. By virtue of the decomposition (4.12), introduce the bounded operator on L?(R?):

0,0, { _ 5 o
A = g [ €m0 = O TEOTE O, 9= Liw =01

Note that it is an integral operator with integral kernel ///0(311@@( ,+) jointly continuous on R®. At
first Jl{gJ;;J"J‘ =0, w = 0,1 by virtue of the Cauchy-Goursat theorem. Also, by a straightforward

calculation %NJJN’N =0, w = 0,1 since the residue theorem provides us with the identity:

y gG,w(f) B "
Z /F 4 Ay =M, =N\, — &) 0, =0,1.

l1,l2,l3=1

It remains to treat six terms. Let us treat the trickiest one (we make it clear hereafter), that
is (/Vei;&’l, w = 0,1. From the residue theorem, the diagonal part of its integral kernel reads
Vx € R? as:

S
J’/ezN’L(X,X) = Zgg7w()\l)/ dzl/ dze (Hp — N) ' (x,21) %
=1 e R?

x a(z1 — z2) - ('L’vzl@l)(Zl)@l(ZQ)TIJjjl(ZQ,X; A), w=0,1.

Let us define V1 <1 <<, k= 1,2 and V(x,2z1,22) € R with x # 71 # za:

T (%, 21,25) = [(Hp — M) T (%,21) (1V, @) (2|2 [P (22) T3, (22, %5 M)

Start with £ = 1. From (2.16), (3.12) and (4.16) there exist two constants C,c¢ > 0 s.t. for any
1< <q:
e—c|x—z1\

jl(l)(x,zl,zz) < C'7||Z1|e_v Asllzlg=V/IAsllz2| o= 5|22 —x

|x — 24

| e_%|22_x|

|zo — x|

Using the obvious inequality: e~ ™12 VIA}(zl+lz2—x]) < o=min{3.V/IAHxl yx ¢ R3, along with
the uniform estimate obtained from (4.17): Vz; € R3, |ziJe”VI*<[lZ1l < |\ |72 | then there exist
another constant C' > 0 s.t.

V1<l<cg, VxRS, / dzl/ dzo TV (x, 21, 20) < Ce™mindsV/INTHxI, (4.18)
R3 R3

Here we used that:

e—§|x—z1\ e—§|zQ—x|
sup dz; —— X sup dzg —— < cste.
x€eR3 JR3 |X - le x€R3 JR3 |Z2 - X|

By similar arguments, the upper bound in (4.18) still holds true when replacing jl(l) with \71(2)_
Hence one concludes that Vx € R?, |f/V07LU;N’l(x, x)| < Cse X! w = 0,1 for another C' = C(6) > 0
and ¢ > 0. We do not treat the other terms which are simpler. Indeed, they all come from
operators having the form Jl{g?f’p or (/Vefaf’x, o =1,8 and w = 0,1 which have the peculiarity
that the diagonal part of their integral kernel can always be written on R3, via the residue theorem,
as > 1, Py(x)A;(x) with supyeps [A4;(x)| < ¢ for some constant ¢ > 0 uniformly in I. Thus the
expected exponential decay in |x| only comes from the [-independent estimate in (4.16). 0
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Proof of Proposition 3.10. The proof we give requires the notations introduced in Sec. 3.2. We
do not recall them, and refer to the beginning of Sec. 3.2. Let ¢ € {1,...,7}. From the Riesz
integral formula for orthogonal projections together with the definition (3.24), one has:

V|b] < b, ZTI“L2(R3){H1(Z7)} = QLTI"L%]R?'){/ dé (Hp(b) — &)1} =2 1 0(b).
=1 ™ Ui_1m

Here the b’s and the v;’s are the same as the ones appearing in (3.23). Since the map b — %1 o(b) is
twice differentiable in a neighborhood of b = 0 (see Proposition 3.11), then by using the expression
for the second derivative at b = 0 given in (3.25) (with # = 1 and w = 0), one gets the identity:

& <§TrL2(R3){Hl(b)})

But the quantity in the above Lh.s. is identically zero. Indeed by stability of the eigenvalues of
Hp in (—00,0), one has dim RanIl;(h) = 1 and thus the sum is a b-independent quantity (equals
to ). O

= DTrpaen{ / A¢ (Hp = &) [Tpa(Tra(€) = Tra(O)):

b=0

4.3 Proof of Lemma 3.13.

 Let by € R. On L2(R?) introduce Vb € R and V¢ € o(Hp(bo)) the operators Rp(b, by, &) and
Tpj(b,bo, &), 7 = 1,2 via their kernel respectively defined on R®\ D by:

Rp(%,y3b,bo, €) = ) (Hp (bo) — €)' (x,y), (4.19)
Tpj(x,y;b,bo, &) 1= e Ty i(x,y;bo, £), b :=b— by, (4.20)

where ¢ stands for the magnetic phase defined in (3.26). Set also:
Tp(b,bo, &) := bTp1(b, by, €) + (6b)*Tp,2(b, bo, &). (4.21)

Except for a gauge phase factor, the kernel of Rp(b, by, &) and Tpﬂj(b, bo, &), j = 1,2 is the same
as the one of (Hp(by) —&)~" and T'p j(bo, &) respectively. Therefore Vi > 0 and V¢ € C satisfying
dist(&, o (Hp(bo))) > 7, then Vb € R Rp(b, by, &) and Tp (b, by, £) are bounded with operator norm
obeying (3.29) (with by instead of b). Under the same conditions, introduce on L?(R3):

T3 (0,60, €) 1= —Rp(b,bo, &) Tp 1 (b, by, €), (4.22)
T2 (0,00, €) == Rp (b, bo, ){Tp1(b, b0, ) Tp1 (b, bo, €) — Tr2(b, b0, €)}, (4.23)

as well as, with the additional condition & € o(Hp (b)) N o(Hp(bp)):

B

T (0,0, €) = (06)* D (00)* >~ W3O Rp (b, b0, )T, (b, b0, )T, (b, bo, €)

0 ie{1,2}?

B
Il

— (Hp(b) — &)~ (Tp(b,bo, €))°.  (4.24)

Now we are ready for the proof. Let K C (o(Hp)N{¢ € C:R¢ < 0}) be a compact subset. From
[7, Thm. 1.1], then there exists bx > 0 s.t. V|b| < b, K C (o(Hp(b)) N{¢ € C: RC < 0}).
From now on, let by € (—bx,bg) be fixed. The starting point of the so-called gauge invariant

magnetic perturbation theory is the following identity which holds in the bounded operators sense
on L?(R3), see [18, Proof of Prop. 3.2] and also [12, Lem. 3.2]:

v|b| < bK) v€ € K’ (HP(b) - 5)71 = RP(ba bOaé-) - (HP(b) - 6)71TP(bab0a£)' (425)
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This means that for b sufficiently close to by, (Hp(b) — &)~ can be approximated by Rp(b, bo, &)
since the operator norm of the second term in the r.h.s. of (4.25) behaves like O(|0b]). This comes
from (4.21), the definitions (4.19)-(4.20) and the estimates (3.27)-(3.28) yielding:

v|b| < bK; max{sup ||RP(b7 b07§>H5 sup ||TP,](bab07§>H} < Cv .7 = 1725
§EK ¢eK

for some constant C' = C(|bg|, K) > 0. Now by iterating twice (4.25) and in view of (4.22)-(4.24),
one has V|b| < by and V¢ € K:

2
(Hp(b) — €)' = Rp(b,bo, &) + >_(60)*TE (b,bo, ) + T (b, bo, ). (4.26)
k=1
Afterwards, by rewriting (4.26) in terms of corresponding integral kernels, one has on RS\ D:
~ 2 ~
(Hp(b) — &) (x,y) = Rp(x,y:b,00,€) + >_(00) TR (x,y:b,bo, &) + T (x,y:b, bo, ), (4.27)
k=1

where, for all integer k € {1,2}, for any (x,y) € R and |b| < bk:

k
T (e, yibbo, ) == D (1) >0 k() / dzy / da ! VPGem) ol )

j=1 ic{1,2})9
x (Hp(bo) — &) (x,21)Tpi, (21, 22: b0, &) - Ty, (25, y: b0, &), (4.28)

and ‘i(g) - ;b bp, &) stands for the kernel of ‘i(g) b,bp,&). Let us note that in view of (4.24),
P P

along with (4.19)-(4.20) and the estimates (3.27)-(3.28), the kernel {ig)(' ,+3b, b0, &) behaves like
O(|6b]?) uniformly in € € K. Next we remove the b-dependence in the first two terms of the
r.hs. of (4.27). To achieve that, we expand in Taylor power series the exponential phase factor
appearing in (4.19) and (4.28) up to the second order in §b. Thus V|b| < bx, one gets on R? \ D:

(5b)k (i(b(xv y))k

7l (Hp(bo) — &) (x,y)+

MM

2
Rp(x,y:b,b0,6) + > _(0b)* TP (x, 330, b, ) =
k=1 0

Thom(x,y: b0, €) + T (%, ¥30,bo,€),  (4.29)

M= 7

+ ) (ob)F

2
k=1

3
Il

where the function ‘I];_WT( ,+3Do, &) is defined in (3.30), and the last term stands for the remainder
term. We mention that we have used the explicit expressions in Remark 3.12 to rewrite the second
term in the r.h.s. of (4.29) coming from (4.28). Note also that by construction, ‘Ig)(- ,+3b,00,8)
satisfies the property that its first two derivatives at by are identically zero.

Next from the expansion (4.29), for b € [~b, bx] sufficiently close to by, it holds on R?\ D:

(Hp(b) = &)~ (x,y) = (Hp(bo) =)' (x,y) =
ab{ig(x,y)(Hp(bo) = €)' (x,¥) = (Hp(bo) — €)' Tr1(bo, €))(x,¥)} + 0(db).

Performing the limit b — by, then the map b — (Hp(b) — €)1 (x,y) is differentiable at by with:

0

5 Hp®) — &)~ (xy) = ip(x,y)(Hp(bo) = €)' (x,y) — (Hp(bo) — €)™ Tp.(bo, €))(x,)-

b=bo

This result can be extended to the whole of (—bg,bx). The lemma follows by iterating this
procedure once again. O
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4.4 Proof of Lemmas 4.2-4.5.

Throughout this section, we denote respectively by || - ||5, and || - |3, the Hilbert-Schmidt
(H-S) norm in J2(L?(R?)) and the trace norm in J; (L?(R3)).

Proof of Lemma 4.2. Let us denote:
Vr2(8) = [Qr| " Trr2@sy{xan(Hr — &) Tr2(§)xar }
Vr1(&) = [Qp| " Trrzms) {xar (Hr — &) ' Tr1(6)Tr1(E)xan }-
By replacing (Hr — &)~! with the r.h.s. of (2.7) in Vg ;(€), j = 1,2 then:
Vra(€) = |Qr " Trr2en {xarRr(E)Tr1(E) Tra ()X} + Qr (),
Vr2(8) = [Qr| " Trrews) {xar Rr(E) TR2(E)Xr} + Qr2(E),

where Qpr 1(§) and Qr2(&) consist of seven and three terms respectively. Let n > 0 be fixed.
Let us show that there exists a constant ¢ > 0 and a polynomial p(-) s.t. VR > Ry and V¢ € C
satisfying dist(¢,0(Hg) No(Hp)) > 1, |Qr;(€)| < p(|€))e <" j = 1,2. To do that, take some
generical terms:

1
qri1(§) = m o dx/RB dz, /}R3 dzs (Rr(§))(x,21)a(z1 — z2) X
X Vi (Rr())(21,22)a(22 — X) - Vo, {(Hr — €)' Wr(£)} (22, %),
1 1 2 -1
qr,2(§) == "] Jo, dX/RS dz (Rr(€))(x,2)5a"(z — x){(Hr — £)" Wr()}(z, x).

Now we need the following estimates. From (2.16), (2.17) and (2.21), there exists a constant ¥ > 0
and a polynomial p(-) s.t. VR > Ry and V¢ € C satisfying dist(§,0(Hg) No(Hp)) > n:

02t = 7 2)OVR(©) )| < pllhre e, (1.30)

kel (4.31)

[ 05Vttt — 7 (x )W) a.3)| < e
e x -yl

Then from (2.18), (2.19) and (4.30)-(4.31) together with [12, Lem. A.2 (ii)], max{|qr,1(£)|, |ar,2(§)|} <
p(|€])e?¢"" for another constant ¥ > 0 and polynomial p(-) both R-independent.
The others terms coming from Qg ;(§), j = 1,2 can be treated by using similar arguments. O

Proof of Lemma 4.5. Let us consider:

Dr2(€) = |Qr| " Trr2ms) {xnRr(E) Tr2() Xk }-

By replacing Rg(§) with the r.h.s. of (2.8) in #r 2(&), then we have:

Yro(€) = [Qrl ™ Trr2@s){x0nZr(€) Tr2(E)Xan} + Lr2(E),

where 2p 2(§) consists of three terms. Let n > 0 be fixed. Let us show that there exists a constant
¥ > 0 and a polynomial p(-) s.t. VR > max{Rp, R1} and V¢ € C satisfying dist(§,0(Hg) N
o(Hp)) >, | 2r2(€)| < p(l€])e~?¢"". To do that let us take a generical term of 2p 2(€):

1
1Qr| Ja,

na(€) = dx [ | da (@0l) (x2)50% (2 = ) /() a2 ).
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Let us introduce the operators 2% (&), Ta(l)(f) and TéQ)(f) = T=5(¢), with E := R or P and
R > Ry generated via their kernel respectively defined by:

Yiey) €BS Zinlxyi€) = palx - ) (Fr(©)(x¥),
V(xy) €R\D, T (xy:6) == alx —y)(Hz — ) (x.y), (4.32)
T (6, y:€) = Toax,y:6) = 5al(x — y)(Hz — )7 (xy). (4.33)

Due to the estimates (2.20) and (2.16), all these operators are bounded on L?(R*). Moreover
from (2.18) and (2.20), the operator Zr(£)Zr(€) has a jointly continuous kernel on RS, see [12,
Lem. A.1]. Let us now prove the existence of a constant ¥ > 0 and a polynomial p(-) s.t.
VR > max{Ro, R1} and V¢ € C satisfying dist(§,0(Hgr) No(Hp)) > n:

IxX0r Zr(€) Zr(E)xar 7, < p(&])e e . (4.34)

To do that, use that Zx(€) can be rewritten as:

Fr(&) = Gr{TE (O Vr(Hp — &) + (Hp — ) WaTP(&) + TV (VAT ()31 — gi),

where we used that a?(x —y) = {a(x — z) + a(z — y)}? for any x,y,z € R?. Now it remains to
use these estimates on H-S norms which hold for any R > max{Ro, R1}:

max{||xendr(Hz — €) 5, xandr(Hz — &) ls} < p(€)R?, (4.35)
max{[|Ve(Hz — )" (1 — gr)xan 32+ IVRTE (€)1 — gr)xanll5} < p(IE)RFe 2R (4.36)
with 2 = R or P and for another R-independent polynomial p(-). (4.35)-(4.36) are obtained

from the definitions (4.32)-(4.33) together with (2.16) and Lemma 2.2 (iii). Thus |qg2(8)] <
p(|€])e <" The two others terms of 2p 2(£) can be treated by using similar arguments. O

[N

Proof of Lemma 4.4. Let us denote:
Dr1(€) = [Qr| T Trrzws) {xn Rr(E) TR (§) TR (E) X020 }
By replacing Rz(€) with the r.hus. of (2.8) in %1 (€), then we have:
Yr1(€) = QeI Trre e {X2nZr(E) Tr,1 (&) Tr1(E)Xar t + 2r1 (),

where 2 1(§) consists of seven terms. Let n > 0 be fixed. Let us show that there exists a constant
¥ > 0 and a polynomial p(-) s.t. VR > max{Rp, R1} and V¢ € C satisfying dist(§,0(Hg) N
o(Hp)) >, |2r.1(€)] < p(|€])e """, To do that, take a generical term from Z2g 1 (£):

1

~1Qr| Jay,

qr1(§) : dx/RS dz; /]RS dzs (Zr(£))(x,21) ¥
x a(z1 — 22) - Vg, (Zr(£))(21, 22)a(22 — X) - Vi, (VR(E)) (22, %).
Let us note that from (2.9) and (2.10):

VZr(E) = [(Vgr)(Hp — €)' + grV(Hp — &) gr + [(Vgr)(Hp — &) + grV(Hp — &) 7(1 — gr),
V(&) =(Vgr)(Hr — &) 'Va(Hp — &)™ + grV(Hr — &)~ 'Va(Hp — )71 - gr).

By using the definitions (4.32), the quantity qg 1(£) can be rewritten as:

qr1(§) = qgﬁ (&) + qﬁffl (€), where:
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020 = o [ ax [ dm [ dan (@nl©) ) ¢

IQr| Ja,
< {(Vir)(21) T (21, 22; €)gr(22)+(Vir) (21) T (21, 22; €) (1- g ) (22) (22 —X) Vi (W (€) ) (22, %),

1

q§§>1(g) : o

TI“Lz(]RS){XQR%R(E)[QRTPJ(QQR +grTp1(€)(1 — gr)]x
x {(Vir) TS (EVr(Hp — &) + (Hg — &) VTS (6)]
+ GR[TRa(EVR(Hp — &)~ + V(Hp — ) Vel (O — gr)xa, . (4.37)

On the one hand due to (2.3) and (2.5), by mimicking the proof of (2.22), there exists a constant
¥ > 0 and a polynomial p(-) s.t. VR > Ry and V¢ € C satisfying dist({,0(Hgr) No(Hp)) > n,

max{| (Vi) ()75 (x,y: ) gr )|, | (Vir) ()T (x,y:€) (1 = gr) (v)[} < p(|&]Je s e e,
On the other hand, from (2.16), (2.17) and our assumption on u:

—delx—yl
VR > Ro. ¥ix.y) €R\ D, [Va(a(€)x)| < pl) T

for another R-independent ¢ > 0 and p(-). Hence (2.18) along with the two above estimates

lead VR > Ry to |q(1) ©)] < p(|€])e~ "¢, see e.g. [12, Lem. A.2]. Moreover, by mimicking the
proof of (4.34), the trace norm of the operator inside the braces in (4.37) is bounded above by
polynomial x R3e~ """ YR > max{Ro, R;} due to the H-S norms (4.35)-(4.36) and the operator

norms in (2.23)-(2.24). It follows that VR > max{Ro, R1}, |q§.§)1 )] < p(|€])e~?<"" for another

R-independent ¥ > 0 and polynomial p(-). Hence |qr.1(¢)| < p(|€))e=?¢%". The others terms
coming from Zp 1 (§) can be treated by using similar arguments. O

Proof of Lemma 4.5. Let us denote:
V(&) = [Qr| ' Trrzws){x0nZr(€) Tr,1(€) Tra(E)xan }
Dr2(6) = Q| Trre@s) {xr Zr(€) Tr2(§) xax }-
By replacing Zr(§) with the r.h.s. of (2.12) in Ygr ;(£), j = 1,2 then:
Dr,1(€) = Qr|™ Trrzms) {xax (Hp — &) "' Tp1()Tr1(€)xan}t + Qra(8),
Dr2(8) = Qe Trr2@sy{xan (Hp — &) ' Tra()xan} + Qr.2(£),

where Qg 1(£) and Qg 2(§) consist of seven and three terms respectively. Let n > 0 be fixed.
Let us show that there exists a constant ¢ > 0 and a polynomial p(-) s.t. VR > Ry and V¢ € C
satisfying dist(¢,0(Hg) Na(Hp)) > 0, |Qr,;(€)] < p(|€))e " j =1,2. To do that, take some
generical terms:

! -1 L2 - X Z,X
(€)= g [ [ an(Hp — )7, 3o — x) Q0RO ),
1 . -
ar1(§) = —m o dx/RB dzq /}R3 dzo (Hp — &)™ (x,21)a(z1 2) X

X Vg (Hp — €)' (21, 22)a(22 — X) - V4, (Wr(E))(22, x).

From (2.16), (2.17), (2.21) together with [12, Lem. A.2 (ii)], then we straightforwardly get the
existence of a constant ¥ > 0 and a polynomial p(-) s.t. VR > Ry and V§ € C satisfying
dist(§,0(HRg) Na(Hp)) = 0, |ag,;(§)] < p(|€)e Y j = 1,2. The other terms coming from
Qr,; (), 7 = 1,2 can be treated by using similar arguments. O
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