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Xavier Lamy * Petru Mironescu

October 28, 2013

Abstract

Let Q be a smooth bounded simply connected domain in R?. We inves-
tigate the existence of critical points of the energy E.(u) = 1/2 fQ IVu|? +
1/(4€2) fQ(l —|u|?)?, where the complex map u has modulus one and pre-
scribed degree d on the boundary. Under suitable nondegeneracy as-
sumptions on (2, we prove existence of critical points for small e. More
can be said when the prescribed degree equals one. First, we obtain ex-
istence of critical points in domains close to a disc. Next, we prove that
critical points exist in “most” of the domains.

1 Introduction

Let Q c R? be a smooth bounded simply connected domain. Let a map u belong
to the space

&:={ue H(Q,C);|tr ul =1},

where tr u denotes the trace of u on the boundary 6C2. Then the trace tr u
of u on 0Q belongs to the space HY2(3Q);S1), and therefore we can define its
winding number or degree, which we denote by deg(u,0L2) (see [10, Appendix];
see also [5, Section 2] for more details). This allows us to define the class

Eq={ue H(Q;C); |tr ul =1, deg(u,0Q) =d}.
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In this paper we study the existence of critical points of the Ginzburg-Landau
energy functional

1 2 1 272
Eg(u):g/QIVul +E/Q(l_|u| )

in the space &4, i.e., of critical points with prescribed degree d. More specif-
ically, we are interested in non trivial critical points, that is critical points
which are not constants of modulus one.

The prescribed degree boundary condition is an intermediate model be-
tween the Dirichlet and the Neumann boundary conditions. The asymptotic of
minimizers of the Ginzburg-Landau energy E. with Dirichlet boundary condi-
tion was first studied by Bethuel, Brezis and Hélein in their classical work [8].
In particular, it was shown in [8] that minimizers u,. have zeros “well-inside”
Q, and that these zeros approach the singularities (vortices) of the limit u .,
of the u.’s as € — 0. In contrast, the only minimizers of E. with no bound-
ary condition are constants. The same holds even for stable critical points of
E. with Neumann boundary conditions [20]. The analysis of the prescribed
degrees boundary condition (in domains which may be multiply connected)
leads to a richer global picture [2], [15], [4], [3], [6], [13], [5]. More specifi-
cally, in multiply connected domains minimizers of E. may exist [15], [4] or
not [3]. However, in such domains critical points of E. always exist [6], [13].
In simply connected domains, minimizers never exist [4]. More involved is
the study of the existence of critical points in simply connected domains; this
is our purpose. Typical methods in absence of absolute minimizers consist in
constructing local minimizers, or in constructing critical points by minimax
methods. Construction of local minimizers proved to be successful in multi-
ply connected domains [6], but the arguments there do not adapt to our case.
Minimax techniques led in [5] to the proof of the existence of critical points in
simply connected domains for large €, but again these techniques do not seem
to work for small ¢.

The present paper is devoted to the existence of critical points for small
€ and thus complements [5]. Our approach relies on singular perturbations
techniques, in the spirit of Pacard and Riviere [18]. We explain this approach
in the special case where the prescribed degree is d = 1. We first recall the
main result in [8]. Consider the minimization of E, with Dirichlet boundary
condition:

min{E .(u); tr u =g on 0Q}.

Here, g:0Q — S! is smooth, and we assume that deg(g,0Q) = 1. Then there
exists some a € Q such that, possibly up to a subsequence, minimizers u,
satisfy u, — u., with

Z2—aQa

ﬁelH , with H = H,, , harmonic. (1.1)
zZ2—a

Us(2) = Uy qg(2) =



In (1.1), the function H is uniquely determined (mod 27) by the condition
U, =g onoQ. (1.2)

The point a is not arbitrary: it has to be a critical point (actually, a point of
minimum) of the “renormalized energy” W(-, g) associated with g.

In order to explain our main results in the case of prescribed degree bound-
ary condition, we perform a handwaving analysis of our problem when d = 1.
Assume that u, is a critical point of E, in &;. Then u, has to vanish at some
point a., and up to a subsequence we have either

1) ag—a€Q)

or
(i) az — a €0Q.

Assume that (i) holds. Assume further, for the purpose of our discussion, that
a; is the only zero of u,.. Then the analysis in [8] suggests that the limit u , of

a

| |e””. Formally, the fact that
z—a

u, is a critical point of E. leads, as in [8], to the conclusion that the limiting

point a is a critical point of a suitable renormalized energy W(-). Some basic
properties of the energy W are studied in [16]; we will come back to this in
Section 2. Of interest to us is the fact that W is smooth and does have critical
points.

Let a be a critical point of W, and let u, be as in (1.1)-(1.2). We plan to
construct critical points u, of E, in &1 such that u, — u, as € — 0. The con-
struction goes as follows: we first construct, for a “generic” boundary datum
g:0Q — S, critical points of E, with Dirichlet boundary condition g. We next
prove that, for some appropriate g = g., the corresponding critical point u, is
actually a critical point of E, with prescribed degree 1. Construction of crit-
ical points of E, with Dirichlet boundary conditions was already considered
in the literature. Such construction can be performed by either variational
methods [17] (see also [11]), or inverse functions methods [18] (see also [12]).
Our approach is inspired by the one of Pacard and Riviere [18]. In [18], critical
points of E, with Dirichlet boundary condition g are constructed under a non-
degeneracy assumption for the corresponding renormalized energy W(-,g). We
encounter a similar situation in our problem: we are able to construct critical
points of E. under some nondegeneracy assumptions that we explain below.

To start with, we will see in Section 2 that we may associate with each
point a € 2 a natural boundary datum g“, solution of the minimization prob-
lem

the u.’s should be again of the form u.(z) =

min{W(a,g); g:0Q — S', deg(g,0Q) = 1}.

It turns out that, if a is a critical point of W, then a is also a critical point
of W(-,g%) (Section 2). Since W has a global maximum (Section 11), W has
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critical points, and thus there exists some a € Q critical point of W(:,g%). Our
first nondegeneracy assumption is

(ND1) there exists some a € ) nondegenerate critical point of W(-,g%).

Assuming that (ND1) holds, set g¢ := g*. Then we may prove that, for each
g “close” to g¢ in a suitable sense, W(-,g) has a critical point a(g) close to a
(Section 5). Thus, to such g € C1A(0Q;S') we may associate the function

ou

ov’

T.(g) € CPOQ;R), To(g):=us A

where u. = U, 4(g),¢ is given by (1.1)-(1.2). One may prove that the map g —
T.(g)is C! near go, and that its differential L at g¢ is a Fredholm operator of
index one (Section 10). Our second nondegeneracy assumption is

(ND2) L is onto.

We may now state our first result.

1.1 Theorem. Assume that (ND1) and (ND2) hold. Then, for small €, E. has
critical points u. with prescribed degree one.

A similar result holds for an arbitrary prescribed degree d.

The conditions (ND1) and (ND2) seem to be “generic”.! However, it is not
clear whether the assumptions (ND1) and (ND2) are ever satisfied. Therefore,
our next task is to exhibit nondegeneracy situations.

Loose Theorem. Assume that d =1 and that € is “close” to a disc. Then
(ND1) and (ND2) hold. In particular, for small €, E. has critical points of
prescribed degree 1.

The above theorem applies to the unit disc D. However, no sophisticated ar-
gument is needed for a disc. Indeed, when Q =D it is possible to construct
explicit hedgehog type critical points of E. by minimizing E. in the class of
the maps of the form f(IzI)%.

Concerning the existence of critical points of E. in arbitrary domains, we
do not know whether (ND1) and (ND2) do always hold. However, we have the
following result.

Loose Theorem. Assume that d = 1. Then every ) can be approximated with
domains satisfying (ND1)-(ND2).

Our paper contains the proof of the three above theorems, as well as gen-
eralizations to higher degrees d and a discussion about the “generic” nature of
our results. The plan of the paper is the following. In Section 2, we recall the

ICritical points of smooth functionals are “generically” nondegenerate, and Fredholm op-
erators of index one are “generically” onto.



definition and the main properties of the renormalized energies corresponding
to either Dirichlet or prescribed degree boundary condition, and establish few
new properties. In Sections 3 and 4, we derive new useful formulas for the
renormalized energies. In Section 5, we prove that nondegeneracy of critical
points of W(-, g) is stable with respect to small perturbations of g. Section 6 is
devoted to the proof of a variant of the Pacard-Riviere [18] construction of crit-
ical points with Dirichlet condition; this is a key step in our proof. We prove
Theorem 1.1 (for arbitrary degrees d) in Section 8. The proof relies on a Leray-
Schauder degree argument, and the corresponding key estimate is obtained in
Section 7. In Section 9, we prove that the couple of conditions (ND1)-(ND2)
is stable with respect to small perturbations of the domain. This and the fact
that Q) =D satisfies (ND1)-(ND2) (Section 10) implies (a rigorous form of) the
first Loose Theorem. We finally discuss in Section 11 the “generic” nature of
our results, and establish (a rigorous form of) the second Loose Theorem.

Notation

1. Points in R? are denoted z in the Sections 3 and 4 relying on complex
analysis techniques, and x or y elsewhere.

2. D(z,r), D(z,r) and C(z,r) denote respectively the open disc, the closed
disc and the circle of center z and radius r. We let D = (0, 1) denote the
unit disc and set D, = D(0, 7). S! is the unit circle.

3. A stands for the vector product of complex numbers or vectors. Ex-
amples: (w1 +tug) A(v1 +1ve) = urve —ugvy, (w1 +1ug) A (Vo +1Vug) =
u1Vve —ugVui, (Vui+1Vug) A(Vvi +1Vug) =Vu1-Vvg —Vug - Vug.

4. If A is a set and £ an integer, then we let
Af={a=(ay1,...,a) €A% a; #£a;,Vj#1).
5. When % =1, we identify a collection a = (a1) with (the point or number)
ai.

6. Additional indices emphasize the dependence of objects on variables.
E.g.: v, =y, ¢ recalls that y depends not only on a, but also on g.

Contents

1 Introduction 1
2 Renormalized energies and canonical maps 6
3 Transport of formulas onto the unit disc 11
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2 Renormalized energies and canonical maps

In the first part of this section, we follow [8] and [16].

We fix £ € N and a collection d = (d1,...,dp) € 7% and weletd := dq+---+dp.
The bounded domain Q c R? is assumed to be simply connected and C1#.

We consider a collection of mutually distinct points in Q, a =(a1,...,az) €
QF (the prescribed singularities), and also a boundary datum g € H"2(0Q;S1),
of degree d. We denote by %, the space of all such boundary data. Thus

Ba:=1g € H'*(0Q;S"); deg(g,00) = d}.

For small p >0, we define the open set 2, = Q\ Uﬁ?zlﬁ(aj,p), and the classes
of functions

Fpg ={v € H'(Qp;SY); tr v =g, deg(v,Cla,p) =d}, 2.1)
Z,={ve H'(Q,;Sh); deg(v,0Q) = d, deg(v,C(a;,p)) = d,}. (2.2)

The functions in these classes have prescribed winding number d; around
each a, and prescribed boundary condition g (respectively prescribed degree
d) on 0Q). Of course, although we do not make this dependence explicit, the
above classes depend not only on p and g, but also on a.

In [8] and [16], minimization of the Dirichlet energy 1/2 f |Vv|? over these
spaces is studied, and the following asymptotic expansions are obtained as



p—0:

k
1nf{ /IVUI ;UVEF, }: (Z )log + Wi(a,g)+ O(p), (2.3)
- k
inf —/ IVul®;veZ, = Z a2 |1og +W(a)+O0(p). (2.4)
2 Qp j=1 J Y

In the above expressions, W(a,g) and W(a) are the so-called renormalized
energies. These quantities depend not only on a and g, but also on d and Q.

Explicit formulae for the above renormalized energies can be found in [8]
and [16], and involve the functions ®, ; and ®, defined as follows. @, ¢ is the
unique solution of

AD, ;=27 Zﬁ?:ld ibq, inQ
0P, o B 0g

—g N\ —
v £ ot
@a,g = 0
Q

while @, is the unique solution of

on 0Q) ’ (2.5)

. i _
{A@a_mzj:ldjaaj in Q 2.6)

®,=0 on Q)
For further use, let us note that, if @ € S!, then Dy g = Py ag. Therefore, we

may naturally define ®, ; when g is an equivalence class in H 12(6Q;S1y/s1.
We also define the regular parts R, ; and R, of ®, ;, and @, as follows:

k
Ry g(x) =Dy g(x) - Zdjloglx—ajl, VxeQ, 2.7
j=1
respectively
N . k
Ra(x):(I)a(x)—Zdjloglx—ajl, VxeQ. (2.8)
j=1

The expressions of W and W are

o)
Wa,g)=-n)_djd;loglaj—a;|+= /‘Da,g(g/\_g
50 ot

k
—7T Z dea’g(aj), (29)
J#l J=1

respectively

W(a)——nZd dloglaj— all—nZd R alaj). (2.10)
J#l J=1

The next result was proved in [16].



2.1 Proposition. We have
W(a) = inf {W(a,g); g € B}, (2.11)

and the infimum is attained in (2.11).

Recall that B, := {g € H'2(0Q;S1); deg(g,0Q) = d}.
We present here an alternative proof of Proposition 2.1, in the course of
which we exhibit a formula of the form

W(a,g)= W(a)+ non negative terms ,

which will be useful in the sequel.

Proof of Proposition 2.1. We identify a map v € HV2(Q;R) with its harmonic
extension to Q, still denoted y. Given v € H 12(pQ; R), we define its (normal-
ized) harmonic conjugate yv* € H 12(9Q); R) as follows. The harmonic extension
of y* (still denoted y*) is the unique solution of

{1// + 1™ is holomorphic in Q,

(2.12)
*=0.
Jo®

Note that the Cauchy-Riemann equations imply

oy™ oy oy* oy
- - __7 d —=--X 2.13
v ot 0 Tor v’ 219
. . 12 .. Oy Oy*
at least when v is smooth. When v is merely H"#, the distributions P €
v’ ov

H V2 are respectively defined as the trace on 0Q2 of the normal derivatives of
¥ and y*, and the equalities in (2.13) are to be understood as equalities of
distributions in H~12.

We consider the space

HY2(00;R/R =~ H2(0Q;R) := {w e HY2(0Q; R); / W= o} : (2.14)
0Q

which is endowed with the natural norm

2 2 q2_ [ oy . [ Oy
|1V|H1/2—/Q|V1/f| —/QIVWI —/m Pl /maTw. (2.15)

If w not smooth, then the two last integrals are to be understood as H~2-H12
duality brackets.

Given a € QF, we define the canonical boundary datum associated with a
as the unique element g = g% € H2(0Q; S$')/S! such that deg(g,dQ) =d and

o, 08" _ 0d,
ot  ov

(2.16)



Our first observation is that g® is well-defined and smooth. (It would be
more accurate to assert that every map in the equivalence class defining g¢ is

0
smooth.) Indeed, existence of a smooth g :0Q — S! satisfying g A O_g = h (with
T

given h) is equivalent to A smooth and
/ h =2nd. (2.17)
oQ

InAaddition, g (if it exists) is unique modulo S!. In our case, we have A =
0D,

, which is smooth (since @, is smooth near dQ). In addition, using the

v
equation (2.6), we see that (2.17) holds. If we compare the definition of g% to
the one of @, ,, we see that the canonical datum g is the unique g (modulo
multiplication by a constant in S') such that

Dy = Dy . (2.18)

Given g € H2(0Q;S') with deg(g,0Q) = d, we have deg(g/g®,dQ) = 0. There-
fore, we may find y =y, € H 12(pQ);R), unique modulo a constant, such that
[9]

g=g%"Y=g%"es. (2.19)
Thus we have

A[®@yo—B,] =0 in Q

0 - ow
a—v [q)a,g - (I)a] = E on 0Q) . (2.20)
50 (Pag ~®.) =0

Combining the above with the definition of the harmonic conjugate, we find
that

Dog =Py -y =Dy -y, . (2.21)

Plugging (2.21) into the expression of W(a, g) given by formula (2.9), we find

1 - 0g“ 61//)
w = did;l —ap|+ = O, —v*)g*A + —=

k
~1Y dj(Rala))—y*(a)) (2.22)
j=1

_TW, 1 x| a aga 1 *61// : ¥ (s
=W(a) 2/@91// (g A GT) 2/691// o +7rjzzldjux (a;).



In the last equality we used the fact that @, = 0 on Q. Furthermore, using
the definition of g® and the fact that ¢* is harmonic, we obtain

* a aga *6(’1\)(1
AN—|= —
/agw & "o ) /agw ov

ou k (2.23)
= (;{/ (/I\)a+/1,U*A(/ISa=2T[Zdj1[J*(aj).
0Q Q j=1
Using (2.15), (2.22) and (2.23), we finally obtain
= 1
Wa,g)=Wia)+5 Wag|70n - (2.24)

In particular, we recover the conclusion of Proposition 2.1 in the following
stronger form: the minimum of W(a,-) is attained (exactly) when g = g% (mod-
ulo S1Y). O

2.2 Remark. The canonical boundary datum g? will play a crucial role in
our subsequent analysis. We emphasize here the fact that g is the (unique
modulo S') solution of

a

0g® 09,

- Q. 2.2
or - oy °mo (2.25)

The limit (as p — 0) of the variational problem (2.3) is also connected to the
so-called canonical harmonic map u . 4 ¢ associated to prescribed singularities
a € Q% and to the Dirichlet condition g € HY2(3Q;S'). In fact, in [8, Chap-
ter I] it is proved that the unique solution u, ; of the minimization problem
inf {[|Vul?; u € F, 4} tends to 1 q4,in C¥ (Q\{a;}) as p—0.2

The canonical harmonic map is defined by the formula

H 4
U=Usgg= H(Iz o |) in Q
J

AH =0 in Q
u=g on 0Q)

(2.26)

The fact that deg(g,0Q) = d = }_ d; guarantees that H = H, is well defined.
Indeed, there exists ¥ € HV2(0Q;R) such that

—d;
l_[ zZ2—Q; J

|z —ajl

and then we can simply let H be the harmonic extension of 1. On the other
hand, we note that H is uniquely defined up to a multiple of 2.

2 Actually, in [8, Chapter I] the map g is supposed smooth, but the argument adapts to a
general g € H2(0Q;S1).
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Equivalently, u in (2.26) is characterized by [8, Chapter I]

lul=1
Ou _ 0P,
UN— =——7""=
0x O0x
X aul 0<1>a,g2 . (2.27)
AN — =
“ 0xo 0x1
u =g on 05

In particular, we have

OUs g _ 0D, 4

Usag N 3y 5, °n 0Q2 (2.28)

and

Uy g
Uvggh —E =0, (2.29)
/OQ @8 ov

2.3 Remark. For the minimization problem (2.4), the situation is similar. As
established in [16], the solution v, to inf { f IVul2;v E@"\fp} converges (in an
appropriate sense) as p — 0, t0 V44 := Uy g ge. Since g is defined modulo
st U+,q 18 also defined modulo S!. Therefore, in this context the convergence

actually means that subsequences of (v,) converge to representatives (modulo
SY of vsg.

We end this section with the definition of the following quantity, which will
play a very important role in what follows. For a € Qﬁ and g € H2(0Q;S1),
we set

Ousag 0D

N(a,8):=usqg N ——22 e H ' 2(00;R). (2.30)
v ov ot

3 Transport of formulas onto the unit disc

Let f : D — Q be a conformal representation. The assumption Q € C1# ensures
that f and its inverse ¢ := f~1: Q — D are C% up to the boundary.

The goal of this section is to understand how the objects defined in Sec-
tion 2 are transported by ¢ and f.

We will stress the dependence on the domain by using superscripts (e.g.
W =W®). For a € D%, the notation a = f(a) stands for @ := (f(a1),...,f(az)) €
QF.

First of all, for a € Qﬁ, we have

Pog =D

D argop 0P +C, (3.1)

11



where C = C(a,8,f) = — [« @B(a)’goflfﬂ. Indeed, (3.1) is justified as follows.
By a direct calculation, both sides of (3.1) satisfy the same Poisson equation,
with the same Neumann boundary condition. The constant C comes from the
normalization condition f 20 Pa,g = 0. The same argument applies to show that

0. (3.2)

Here there is no renormalization constant since C/15a satisfies a Dirichlet bound-
ary condition.

Normal and tangential derivatives transform in the following way. If v :
D — C, then

d d
~—[voy] (z):|(p'(z)|a—:((p(2)), 2€0Q, (3.3)
d d

~[vog] (z):|(p'(z)|£((p(z)), 2 € 0Q. (3.4)

Using (3.2), (3.3), (3.4) together with formula (2.16) characterizing g%, we
find, for a € QF,

g¥of =g?. (3.5)
On the other hand, we claim that

Q D
u*’a’g = u*,(p(a),gofO(p. (3'6)

Indeed, this follows from the observation that the two sides of (3.6) agree on
0Q2, combined with (2.26) and with the fact, when H is harmonic in D, we may
write

9R) =9 iope) = ﬂelK(Z), with K harmonic in Q.
lp(2) — p(a)l |z —al

As a consequence of (3.6) and (3.4), we obtain, recalling the definition (2.30) of
N,

N%a,g)=1¢'IN®(p(a),go f)op. (3.7

The formulas of the renormalized energies W and W transport in a more
complicated way.

3.1 Lemma. Let a € D*, a:=f(a) and g:0Q — S'. Then
Wa,8) =W (a,go f)+ny diloglf'(aj)l, (3.8)
J

W(a) = ’VVD(a)+nZd§ log|f'(a;). (3.9)
J

12



Proof. Using definition of R, ¢ (2.7), together with (3.1), we compute, for z € D,

k
REg(f(@) = 0 goy(2)= X, diloglf @)~ f(ap] +C

(3.10)
f(z)-f(a)

Z2—Qqj

k
:RE’gof(z)—l_zidllog +C.

The above is well-defined when z # a, and extends by continuity at z = a;. In
particular,

RQ (f(a) =Ry ;o p(@p)-Y dilo
I#j

Finally, we plug (3.1) and (3.11) into formula (2.9) expressing W in terms of
®, , and R, ;. We obtain, using also the fact that deg(g,0Q)=d =3 _d;,

g'M ~d;loglf'(a)l+C. (3.11)
aj—ap

1 0g
Wa,g)=— d.d;l —ay|+= | @P ( /\—)
(a,8) ”j; jdilogla;—al 2/@9 agof °P\8N 51

1 0 k k
+—C/ g/\—g—nZde—nZdeEgof(aj)+ﬂZ d?10g|f/(aj)|
2 0Q ot j j=1 ’ j=1

1 9
:—nZdjdlloglaj—all +§/ q)uigof(gOf)/\ E(gof)
J#l oD
k k
—n Y d;RY . (a)+7n) diloglf'(a))
j=1 j=1
=W2(a,gof)+n)_d;loglf'(a)).
J

Formula (3.9) can be proved following the same lines (the calculations are
even simpler than for (3.8)). Alternatively, we can obtain (3.9) via the relation
W(a)=W(a,g%). O

4 Explicit formulas in the unit disc

In this section we derive explicit formulas for WD, WP and NP.
We start by recalling the explicit formulas for ®2 and WP [16]: for a € D%,
we have

k
D2(2)=Y dj(loglz—a;l-logll-a;zl), VzeD, (4.1)
j=1
WD(a) = —nZdjdlloglaj—all +nZdjdllog|1—a_jal| 4.2)
J#l J#l

+7)_d7log(1-la;[?).
J
The formulas for W and N are more involved.
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4.1 Lemma. Let a® € D* be fixed, and g° := g“o : S — S! be an associated
canonical boundary map. (Recall that g° is defined up to a multiplicative
constant.) Then it holds:

(i) For a € IDI: and for v € HY2(SL:R),

WD(a,gOe””):W\D(a)+%/D‘V(w;’go +1//*) 2 (4.3)
and, for z€D,
k (1—7. 0(1-a°
V0@ =2 )0, (‘le(i a;ZZ) - alfl(i E;J;)) eC=R2, (4.4)
(ii) For a € D* and for v € H2(SL;R),
ao Az .
NP(a,g%"")=—+ Zd s Z i — E (4.5)

Proof of (i). Since we will always work in the unit disc, we drop the superscript
D.
We know from (2.24) that for g € HY2(sl:sh),

= 1
W(a,g) =W(a)+ 5 |1//a,g|?_11/2 s (4.6)
where 1/, ¢ is defined (modulo a constant) in (2.19) by
g=g""Vos, (4.7)

Taking g = g%V, and using g% = g%'V«¢’, we find

g=g%Vas eV = g% uy, o+1l/)’ (4.8)
so that it holds

Yag=Vag TV (4.9)
This leads to

— 1 - 1 2
W(a,g%")=W(a)+ 3 W g g0 +‘/’|§{1/2 =W(a)+ 5/@ ‘V (‘/’Z,go + w*) , (4.10)

i.e., (4.3) holds. In order to complete the proof of (i), it remains to compute

Vu/;,go.
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Recall that v 20 is characterized by
Ay* =0 inD
- 1
G Vag = 5 Vag OnS (4.11)

wd,go =

Since e’ g%/g%, we have

A 4.12
ot ot ( )

By definition of g% and g° = g“o, and using (4.1), we obtain

) a aa\) 0 D
g% A i = ava:dea_v[10g|z—aj|—1°g|1‘“fz|]’

go A O;gO _ GC/ISQO
ot ov

(4.13)

a JE—
- ;dfﬁ [loglz - a?l —log|1- a;).zl] .
We also note the identity

0
1:0—[10g|1—52|+log|z—al], YaeD. (4.14)
v

Combining (4.12))-(4.14), we obtain

awz,go awa,go

9 (4.15)
ov ot ov ' '

2) d; (logll—a_?zl —logll—a_jzl)
J

Therefore, there exists a constant c(a) € R such that

vl 0@)=2Yd; (1og|1—a§?z| —1og|1—ajz|) tela), VxeD.  (4.16)
J

Indeed, the right-hand side of (4.16) satisfies (4.11), and so does ¥ 20" The

constant c(a) is determined by the normalization condition | w; 0= 0. From
(4.16) we immediately obtain (4.4). O

Proof of (ii). In view of formula (2.26), we have

) oH* d
N(a,g%") = :6—T—;dja—r[log|z—aj|], (4.17)

0
_+_
ov  oOv

Zdje(z—a:j)
J

where H* is the harmonic conjugate of H, characterized (up to a constant) by

oH* o0H (4.18)
=—— onSh
ov 0T

{AH*:O inD
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On the boundary S!, we have

d; -d;
oiH za])J_ (z_“j)’ow/
= eV, (4.19)
H(|z al) ¢ 1;[|z—aj| &
so that
0H oy ag° 0
2L _Nd.— oz -
e ar+g AOT ;Jar[ (2 aJ)]
d
- ;V “O—Zd — [loglz - al] (4.20)
1%

3 oy™ _ 0 0 —0 . 0 .
——a—v+;d16—v[10g|z—aj|—10g|1—06,-2|]—;dja—v[logw—“ﬂ-]

Here we have used the definition of g° = g“o and the explicit formula (4.1) for
@,. Using (4.14), we obtain

o0H 0
5= "3 v* +Zd (2log|1 - | logll-a;z])|. (4.21)
T
We deduce that there exists a constant ¢ = c(y, @) such that
=y +Zd (2log|1 - zl—logll a;z|)+c. (4.22)
From (4.22) and (4.17) we obtain
N(a,goe“f") = +Zd [2log|1 a zl log|l-ajz| -loglz —a;,||. (4.23)
Using the fact that for every a € D we have
0 0 A
2 Noglz —all= ~Mog|l -a@zl]= —22_ vzes!, (4.24)
ot ot |z —al?
we finally obtain
aiNz
N(a,g%") = W d; L (4.25)
¢ Z Tz - a°|2 Z Ne-a;?
as claimed. O
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5 Nondegeneracy of W is stable

In this section we show that, if a® € (Qo)ﬁf is a nondegenerate critical point of
W(., go), with gg : Q¢ — S, then for Q “close to” Qo, and for g:0Q — S!
“close to” g, there exists a unique nondegenerate critical point a of WE(., g)
“close to” a®. Unlike the analysis we perform in subsequent sections, smooth-
ness (of the domain or of the boundary datum) is not crucial here. In order
to emphasize this fact, we first state and prove a result concerning rough
boundary datum (Proposition 5.1). We next present a “smoother” variant of
the stability result (Proposition 5.3).

The notion of closeness will be expressed in terms of conformal represen-
tations. Let us first introduce some definitions. Let X be the space

X :={f eC*(D;C); f is holomorphic in D}, (5.1)

which is a Banach space with the | - | o1 norm. In X we will consider the open
set

V :={f € X; f is bijective and f ' € X}. (5.2)

Every f € V induces a conformal representation f : D — Q := f(D), which is
C! up to the boundary. In what follows, we denote by f~! both the inverse of
f:D—Qand of fis1 st —60.

Similar considerations apply to the space

Xpg:= {f eclP (ﬁ;(ﬁ) ;  is holomorphic in [D} , (5.3)
and to the open set

Vp:={f € X; f is bijective and f ' € Xg} . (5.4)
Here, 0< < 1.

5.1 Proposition. Let Qg be a smooth bounded simply connected CYP domain
and fo: D — Qq be a conformal representation. Assume that there exists a® € D*
and go € HY2(S1;S1) such that a® := fo(a®) is a nondegenerate critical point of
W(,goo o).

Then there exist a neighborhood V of (fo,0) in V x HY2(S1;R), a smooth map
a:V — D, and some 6 >0, such that the following holds.

Let (f,y) € V and consider the domain Q := f(D) together with the boundary
datum g = (goe¥)o f~1 e HY2(0Q;S'). Then W(.,g) admits a unique critical
point a € QZ‘; satisfying |f (@) — a®| < 8. This a is given by the map a(f,y) =
f (a(f ,1//)). Furthermore, a is a nondegenerate critical point of W(-, g).

Before proving Proposition 5.1 we state as a lemma the following smooth-
ness result.
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5.2 Lemma. The map W :D* x V x HY2(SY;R) — R, defined by

W(a,f,9)= WP (f(@),(goe)of ), (5.5)
is smooth.
Similarly, the map LR IDI: x Vg x CLA(SL;R) — R, defined by
Wha,f,w)=W'® (f(a),(goe")of1), (5.6)
is smooth.

Proof of Lemma 5.2. The idea is to rely on the formulas derived in Sections 3
and 4 in order to obtain an explicit formula for W, from which it will be clear
that W is smooth.

To start with, formula (3.8) gives

W(a,f,9)=W"(a,goe'")+m)_d?loglf'(a;)l. (5.7)
J

Using the fact that for holomorphic f all derivatives can be estimated lo-
cally using only ||f ||, it can be easily shown that the maps

D* xV 3 (a, ) — log|f'(a;)| (5.8)

are smooth.
Therefore the second term in the right-hand side of (5.7) is smooth, and in
order to complete the proof of Lemma 5.2 it suffices to prove that

D* x HY2(SY;R) 3 (@, w) — WP(a, goe'?) := Py, (a, ) (5.9)

is smooth. Clearly, if g € HY2(S1;S1) is such that deg(g,S') = deg(go,S?),
then we may write g = goe'¥? for some vy € H 12(g1.R) and then we have
Pg(a,y) = Pgo(a,y + o). This implies that the smoothness of Pg, does not

depend on the choice of go. Therefore, we may assume that g¢ = g“o for some
a® € D*. This assumption allows us to use Lemma 4.1. Using (4.3), we obtain

W'D(a:,goe“l/):WD(a)+—/|V1//Zg0|2+—/|Vw*|2
2 Jp ’ 2 /b

+/DV1//;,gO -Vy*.

We examine the smoothness of the four terms on the right-hand side of (5.10).
The first term depends only on a and is smooth thanks to formula (4.2). The
second term depends only on a and is smooth thanks to formula (4.4). The
third term depends only on 1 and is a continuous quadratic form, hence it is
smooth. The fourth and last term depends linearly on 1y and is smooth thanks
to formula (4.4) again.

Hence the map (5.9) is smooth, and the proof of the H2 part of the lemma
is complete.

The proof of the C1P part of the follows the same lines and is left to the
reader. O

(5.10)
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Proof of Proposition 5.1. Let us first remark the following fact. Fix f € V and
w € HV?(0D;R) and consider the domain Q = f(D) together with the boundary
datum g = (gge’¥)o f 1. Then, for any a € D*, f(a) is a nondegenerate critical
point of W(., ) if and only if a is a nondegenerate critical point of W, f,v).
This is a simple consequence of the fact that f induces a diffeomorphism from
D* into QF.

We consider the map F : D* x V x HY2(S1;R) — R2*,

F:(a,f,w)— VeW(a,f,v). (5.11)

Lemma 5.2 ensures that F is smooth. Moreover, the assumption that a° is a
nondegenerate critical point of W0(-, ggo f 1) ensures that a° is a nondegen-
erate critical point of W(-,fO,O). Therefore F(a®,fy,0) = 0, and D F(a®, fo,0)
is invertible.

This enables us to apply the implicit function theorem: there exist of a
neighborhood 7 of (fo,0) in V x HY2(S1;R), a smooth map a : 7 — D, and
5 >0, such that, for (f,%)€ ¥ and |a - a®| <4,

Fla,f,u)=0< a=alf,vp). (5.12)

We may also assume that D F(a(f,w),f,y) is invertible, so that a(f,y) is a
nondegenerate critical point of W(-, f,v). This implies that a := f (a( f ,w)) is a
nondegenerate critical point of W(-, g), where Q = f(D) and g = (gge'¥)o f L.
In view of (5.12), a is the unique critical point of W(-, g) satisfying |f 1(a) -
al| < 6.

The proof of Proposition 5.1 is complete. O

In what follows, we will use the following smoother version of Proposition
5.1.

5.3 Proposition. Let Qg be a smooth bounded simply connected CYP domain
and fo: D — Qg be a conformal representation. Assume that there exists a® € D*
and go € CLP(S1;SY) such that a° := fo(a®) is a nondegenerate critical point of
W(, ggofoh).

Then there exist a neighborhood 7 of (fo,0) in Vg x CLA(SL;R), a smooth
map a:V — IDI:, and some 6 > 0, such that the following holds.

Let (f,y) € V and consider the domain Q) := f(D) together with the boundary
datum g :=(goeV)o f~ e CLP(0Q;St). Then W(.,g) admits a unique critical
point a € QF satisfying |f (a)— a’| < 8, given by the map o(f,w)=f (alf,w)).
Furthermore, a is a nondegenerate critical point of W(-, g).

Here, Vg is given by (5.4). The proof of Proposition 5.3 is identical to the one
of Proposition 5.1 and is left to the reader.

We will need later the following special case of Proposition 5.3, where Q2 is
fixed.
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5.4 Corollary. Let a® € Q be a nondegenerate critical point of W(-,go), for
some go € CLP(0Q;SY). Then, for g in a small CYP-neighborhood 2 of g,
W(,g) has, near a°, a unique nondegenerate critical point a(g). In addition,
the map v — a(goe'V), defined for v in a sufficiently small neighborhood of the
origin in CYP(OQ;R), is smooth.

We note here that Corollary 5.4 allows us to define a map

Ol + a(g).g

FIVIR (5.13)

T. =T, % — CPOQR), Tu(g) = Na(g),8) = . a(g)g A

Since W(.,g) does not depend on the class of g modulo S$', neither do a(g)
and T'.. Moreover, in view of (2.28) and (2.29) we have

/u Aau*,a,g_/ OCDa,g_O
0Q B ov 0Q ot )

We find that the map T. induces a map, still denoted T, from 0/S! into
CP(0Q;R). Here, we define

CP(O;R) := {weCﬁ(OQ;R);/ w:o}.
0Q

It is also convenient to consider, in a sufficiently small neighborhood B of the
origin in C1#(8Q;R), the maps (both denoted U.)

U, =UL 0, B — CPOOR), U.(y) = T.(goe™) (5.14)
and
U, =U2,, . BR— CPOQ;R), U.(y) = T.(g0e™). (5.15)

The above U.’s are smooth. Indeed, this is obtained by combining (3.7) with
(4.5) and with the fact that v — a(goe'¥) is smooth.

6 A uniform version of the Pacard-Riviere con-
struction of critical points

We start by explaining how the results established in this section compare to
the existent literature.

Let us first briefly recall the Bethuel-Brezis-Hélein analysis of critical
points of the Ginzburg-Landau energy E. with prescribed Dirichlet boundary
condition g € C*(0Q;S') [8, Chapter X]. Consider a fixed boundary condition
g € C®(0Q;Sh), with deg(g,0Q)=d = Zé‘?:l dj. Given a critical point a € Qﬁ of
W(,d,...,ds,g), consider the canonical harmonic map given by (2.26). The
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fact that a is a critical point of W(-,d1,...,d,g) is equivalent to the fact that
the harmonic function H, defined near a; by

1H;

Uys==e J(

—a: \%
Z—afl) 6.1)

lz—aj

satisfies VH j(a;) = 0 [8, Chapter VII].

The main result in [8, Chapter X] asserts that, when Q is starshaped crit-
ical points of E. converge, as € — 0 (up to subsequences and in appropriate
function spaces), to a canonical harmonic map u. = u. 4 associated with a
critical point a € Qfﬁ of W(-,d1,...,d,2).

Granted this result, one can address the converse: given a critical point
ac€ Q’: of W(-,d1,...,dp,g), does there exist critical points u, of E. with pre-
scribed boundary condition g, such that u, — u, 4 as € — 0? Here we will
be interested in the answer provided by Pacard and Riviere [18].

6.1 Theorem ([18, Theorem 1.4]). Let 0 < 8,y < 1. Assume that g € C>P(6Q;St)
and dje{£l}. Leta€ Q’f; be a nondegenerate critical point of W(-,d1,...,d, ).

Then there exists €y > 0 such that for every € € (0, &), there exists u, a criti-
cal point of E . with u. = g on 0L}, and

Ug — u*’a(g)’g as € — O (6.2)

. A2,
in Cl ¥
ocC

Q\az,...,arh.

The purpose of this section is to establish a variant of Theorem 6.1, in
which g is assumed to be merely C# and is not fixed anymore. In addition,
we will obtain a uniform existence theorem, and uniform convergence rate.
More specifically, we fix integers d1i,...,d;. Since these integers do not de-
pend on the boundary datum g we consider, we will omit the dependence of
W with respect to d1,...,d;: we write W(-,g) instead of W(-,d1,...,d,g). We
consider ag € Qf a nondegenerate critical point of the renormalized energy
W(-,go) associated with go € C1P(6Q;S?). By Corollary 5.4, we know that, for
g in a small C 1"B-neig.j,fhborhood 20 of g9, W(-,g) has, near a(, a unique nonde-
generate critical point a(g).

In this section, we establish the following variant of Theorem 6.1.

6.2 Theorem. Let 0 < B,y < 1. Let go € CLP(Q;SY). Let dy,...,ds € {—1,1}.
Let ag be a nondegenerate critical point of W(-,g9). Then there exist 6 > 0
and &g > 0 such that the following holds. For every g € C1P(0Q;S') satisfying
lg —gollcrs <06, and for every € € (0,¢&¢), there exists us = u, g a critical point of
E . with prescribed boundary condition g, such that

Ugg — Usa(g),g aSE—0 (6.3)

. 2
in Cl d
ocC

Q\azy,...,ar}h.
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As announced, the difference with Theorem 1.4 in [18] is that we merely
assume that g € C1P; in addition, we prove that &g can be chosen independent
of g. Theorem 6.2 allows us to define a map F, : g — u, ¢ for every € € (0, o).

Theorem 6.2 is obtained by following the proof of Theorem 6.1 in [18]. All
we have to check (and we will do in what follows) is that the estimates in
[18] are uniform in g; we also have to modify some arguments relying on the
regularity assumption g € C%¥.

Proof of Theorem 6.2. For the convenience of the reader, we recall the main
steps of the proof of Theorem 6.1 in [18], and examine the crucial points where
the estimates depend on g, respectively where the regularity of g plays a role.

The general strategy in [18] is to construct an “approximate solution” u,
of the Ginzburg Landau equation

Ne(w)=0, where AN(u):= Au+%(1—|u|2), (6.4)
€

using the fairly precise knowledge we have of the form of solutions for small
€. Then, using a fixed point argument, one can prove that some perturbation
of &, is in fact an exact solution of (6.4). The main difficulty lies in finding the
good functional setting that makes the linearized operator L. = D4, around
¢ invertible, uniformly with respect to €. This is achieved in [18] in the frame
of appropriate weighted Holder spaces.

In [18] the proof of Theorem 6.1 is divided into five chapters: Chapters 3
through 7. In what follows, we detail the content of these chapters and explain
how to adapt the arguments for the need of Theorem 6.2.

Chapters 3 and 4 in [18]

[18, Chapter 3] is devoted to the study of the radially symmetric solution
u(re'?) = f(r)e'? of the Ginzburg-Landau equation in C satisfying lim, .o, f(r) =
1. In particular, [18, Chapter 3] characterizes the bounded solutions of the lin-
earized equation about this radial solution. This characterization is used in
[18, Chapter 4] in the study of the mapping properties of the linearization of
the Ginzburg-Landau operator (at the radial solution) in the punctured unit
disc D\ {0}. In particular, it is shown that the linearized operator is invertible
between appropriate weighted Holder spaces.

These two chapters (3 and 4) are independent of the boundary condition g,
so that they can be used with no changes in the proof of Theorem 6.2.

Chapter 5 in [18]

The next step, in [18, Chapter 5], consists in constructing and estimating the
approximate solution #.. This approximate solution looks like . = 4 g 4(g)
away from its zeros (which are close to the singularities of u.), and like the
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radial solution studied in [18, Chapter 3] near its zeros. Since &, is built upon
u ., the estimates satisfied by @, involve u ., and thus g.

More specifically, in [18, Chapter 5], various quantities are estimated in
terms of constants c(u ) depending on u. and its derivatives. An inspection of
the proofs there combined with (2.26) shows that these constants depend only
on a(g), on the harmonic function H = H,; and on the derivatives of H,.

We claim that the constants c(u.) can be chosen independent of g satisfy-
ing

lg—8o ”Cl,ﬂ(aQ) <9. (6.5)
Here, 6 is sufficiently small in order to have the conclusion of Corollary 5.4.

Indeed, the key observation is that there exists a constant C > 0 independent
of g such that

this follows from the fact that H is harmonic and [|H || c1.650) < C.
In particular, we have

IH | k) < C(k,w) for keNand w < Q. (6.7)

Estimate (6.7) implies that all the interior estimates in [18, Chapter 5] are sat-
isfied uniformly in g € C1# satisfying (6.5). This settles the case of estimates
(5.8), (5.9), (5.33), (5.42) and (5.43) in [18, Chapter 5].

It remains to consider the global and boundary estimates (5.29), (5.32) and
(5.41) in [18]. These estimates rely on bounds on the solution ¢ of the problem

9, 1-¢8° .
Af—IVu*|£+ 82 é =0 ll’lQ(g/z
& =Se+wj, ondDgpela)) (6.8)
¢ =1 on 0Q

Here, Q; := Q\U;Dy(a;) (for sufficiently small o > 0), and 6 := €2. The auxil-
iary function S, is independent of g and is defined in [18, Section 3.6]. Finally,
w; ., defined in [18, (5.7)], depends only a(g) and on the restriction of H; to
compacts of (2; therefore, the estimates involving w; , are uniform in g.

In [18, Lemma 5.1] the following estimates (numbered as (5.29) in [18])
are shown to hold:

1-ce?<é<1  inQ,, (6.9)
1-ce’r;?<é<1  inDya;)\Dep(a,)), (6.10)
VR < cre®r77% inDygola)\Dslay) (k=1). (6.11)

Here o > 0 is fixed, and r; = r (x) denotes the distance from x to a ;. Estimates
(6.10) and (6.11) are interior estimates, and therefore they hold uniformly in

23



g € CLP satisfying (6.5), as explained above. We claim that the same conclu-
sion applies to (6.9). Indeed, an inspection of the proof in [18] shows that the
constant ¢ in (6.9) is controlled by supg_[Vu.|. The latter quantity is uni-
formly bounded, thanks to (6.6), whence the conclusion. This settles the case
of the estimate (5.29) in [18].

We next turn to the estimate (5.32) in [18, Lemma 5.2]. Under the assump-
tion that g € C%#, this lemma asserts that

sup|V*¢| <ce?*, k=1,2. (6.12)
Q4

In our case, we only assume g € C1. The corresponding estimates are given
by our next result.

6.3 Lemma. Assume that (6.5) holds. Then we have

sup|V¢| < ce and |Vélpq, <ce' P, (6.13)
Qg

Here, |-|s,0, denotes the C% semi-norm in Q,:

lu(x) —u(y)l
lula,0, :=sup —ﬁ; ) Qo -
lx — I

Proof. We apply Lemma 11.5 in the Appendix with w =¢—1in G := Q,/9, and
find that

sup|V¢| < C (Iwl}2q, ) 1w g, + 1wl crrea,)) (6.14)
Q4

1/2—p/2 1/2+p/2
V¢lp0, < C (IwlpadalAwl ey + wlciren,)) - (6.15)

The conclusion then follows by combining (6.14)-(6.15) with the equation (6.8)
and with with estimates (6.9) and (6.11). O

Finally, we examine estimate (5.41) in the last section of [18, Chapter 5];
this is a global estimate for .A.(z.). Recall here that .4; is the Ginzburg-
Landau operator, and that #, is the approximate solution of (6.4) constructed
in [18, Chapter 5]. The estimate [18, (5.41)] involves an interior estimate and
a boundary estimate. As above, the interior estimate is settled with the help
of (6.7). We now turn to the boundary estimate, which is the following:

| Ae@lena,) < ce' P (6.16)

The proof of (6.16) in [18] relies on the estimates (6.12) above (see[18, Proof
of Lemma 5.2]). In our case, (6.12) need not hold, since we only assume that
g € C1P. However, we still obtain (6.16) as follows. We note that

Ne(Ue) =2Vu,-V¢ in Q4 (6.17)
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(this is formula (5.46) in [18]). By (6.17), we have

||</Ve(ﬁg)||cﬁ(gg) =clVu. ”Cﬁ(Qg) I Vf”cﬁ(go)- (6.18)

We obtain (6.16) as a consequence of (6.6) and of Lemma 6.3.

As a conclusion of this inspection, we find that all the estimates in [18,
Chapter 5] are uniform in g satisfying (6.5); the arguments there need only
minor changes. The most relevant change is that [18, Lemma 5.2] has to be
replaced by Lemma 6.3.

Chapter 6 in [18]

We now turn to [18, Chapter 6], which deals with the conjugate linearized
operator %, around the approximate solution. The main result of this chapter
is [18, Theorem 6.1], which states that z is invertible for € € (0, &p), with the
norm of its inverse bounded independently of €. In order to adapt this theorem
to our situation, we need to check that this ¢, and the bound on ftz_l, can be
chosen independently of g satisfying (6.5).

The proof of [18, Theorem 6.1] is divided into three parts:

(a) The “interior” problem, consisting in the study of the linearized operator
%, near the zeros of u, [18, Section 6.2].

(b) The “exterior” problem, requiring the study of the linearized operator :%vg
away from the zeros of z. [18, Section 6.3].

(c) The study of the Dirichlet-to-Neumann mappings [18, Section 6.4]. (These
mappings are used later in order to “glue” the two first steps together.)

The interior and the exterior problem rely on the estimates obtained in
[18, Chapter 5]. An inspection of the proofs shows that all the estimates ob-
tained there are uniform in g, with one possible exception: the estimates in
[18, Proposition 6.2]. Indeed, these estimates rely on [18, Lemma 5.2], and
more specifically on (6.12) (which does not hold in our setting). However, a
closer look to [18, Proof of Proposition 6.2] shows that the conclusion of [18,
Proposition 6.2] still holds if we replace (6.12) by Lemma 6.3. In conclusion,
the first two steps can be carried out with uniform estimates, provided (6.5)
holds.

The third step (Dirichlet-to-Neumann mappings) requires more care. In
[18, Section 6.4], the following two operators are defined, for fixed small { >0
and for sufficiently small e:

k k
DNinte, DNows e : [ C*P (C(,a ) — T] CHP (C(C,a)). (6.19)
Jj=1 j=1

(These are the interior and exterior Dirichlet-to-Neumann mappings.) The
crucial result in part (c) is [18, Proposition 6.5], which states the existence of
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some £¢ such that DN;,;  —D N,y is an isomorphism for € € (0,&¢). The proof
of this fact goes as follows. First the convergence

DNint,e _DNext,E - DNint,O _DNext,O ase—0 (6.20)

is shown to hold in operator norm. The proof of (6.20) relies on the interior
estimate (6.7). Therefore, the convergence in (6.20) is uniform in g satisfying
(6.5).

We now return to the proof in [18, Chapter 6]. Once (6.20) is established,
it remains to prove that the limiting operator DN,,; o — DN, is invertible.
This is done in [18, Proposition 6.5]; this is where the nondegeneracy of a as
a critical point of W(-,g) comes into the picture. In order to extend the con-
clusion of [18, Proposition 6.5] to our setting, and to obtain a uniform bound
for the inverse of DN;pt e — DN,y ¢, it suffices to check that DN, 0 — DNyt 0
depends continuously on g. Indeed, this will lead to a uniform bound for the
inverse of DN;pt e —DNey o provided ¢ is sufficiently small, uniformly in g
satisfying (6.5) (possibly with a smaller §). For this purpose, we examine the
formulas of DNy o and DN;,: 0. The definition of DN,y is given in [18,
Proposition 6.4], and it turns out that that DN,,; o does not depend on g. As
for DNy 0, it is a diagonal operator of the form

DNint 0@t ¢%) = (DN}, o(@0),.... DNE, (), (6.21)
with DN7, - C*P (C((,a)) — CYP (C(C,a;), ¥ j € [1,k]. |
Furthermore, from [18, Proposition 6.3] we know that DN{ntO further
splits as
. T, - +inf N +inf
DNI  =TyeTs, with { L0 5P Josp = sPAR ™™g o)
wnt, Ty :span{e*’} — span {e*'?}

Here, the operator T'; does not depend on g. Therefore, we only need to check
that T'9 depends continuously on g. As a linear operator on a two-dimensional
space, T’ is represented by a 2 x 2 matrix. It is clear from [18, Proposition 6.3]
that the coefficients of this matrix are smooth functions of V2H(a 7). In turn,
V2H(a 7) depends smoothly on g, by Corollary 5.4.

Hence DN;pt0 — DN,y 0 depends continuously on g, as claimed.

This allows us to choose £) independent of g satisfying (6.5) in [18, Propo-
sition 6.5] and in [18, Theorem 6.1], and to obtain a uniform estimate for the
inverse of z

Chapter 7 in [18]

Finally, in [18, Chapter 7] the results and estimates in [18, Chapters 3-6] are
combined in order to prove Theorem 6.1. Our above analysis shows that these
estimates are uniform, and therefore lead to the uniform version Theorem 6.2
of Theorem 6.1.
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Conclusion
As a conclusion of our analysis, Theorem 6.2 holds. O

For further use, we record two additional properties of the maps u, 4; these
properties are immediate consequences of the construction in [18]. Let é be as
in Theorem 6.2. We consider the set

2= {ge CMP00;8"; g - goll o <5} (6.23)

6.4 Lemma. Let K € Q\ {a;}. Then we have |u;g| — 1 as € — 0, uniformly in
K and in geXl

Proof. This follows by an inspection of the construction in [18]. Formulas
(5.36) and (5.37) in [18] ensure that, for small ¢, the approximate solution z,
satisfies || = |¢] in K. The convergence then follows from the estimates on
¢, and from formula (7.1) in [18] connecting the approximate solution to the
exact solution. O

For the next result, it may be necessary to replace § by a smaller value.

6.5 Lemma. Let g Aand weS'. If wg €, then Ugwg = Wleg.

Proof. We have W(-,g) = W(-,wg). Therefore, if a is a nondegenerate critical
point of W(-,g), then a is also a nondegenerate critical point of W(-,wg). By
Corollary 5.4, we find that a(wg) = a(g). Using this equality, an inspection of
the construction in [18] shows that

le g = Wi g. (6.24)

Thanks to (6.24), we obtain that wu, s has all the properties satisfied by the
solution u, .4 constructed from #, ., via the inverse function theorem. Since
the solution provided by the inverse function theorem is unique, we find that
Ugwg = WUe g, as claimed. O

7 Convergence of the normal differentiation op
erators

In this section, we fix integers d1,...,d; € {—1,1} as in Section 6. We assume
that a° is a nondegenerate critical point of W(-,g¢). Let g € 2, where 2 is
given by (6.23), and let 0 < € < 9. For such g and ¢, we define u, = u,, as
in Section 6. We also define u. g := 4 4(g),g, Where a(g) is the unique critical
point of W(-, g) close to ag (see Corollary 5.4). We consider the operators

0 Ou
“°£ and Ti(g):i=usgN i’

ov ov
The main result of this section is the following

Te, T : A — CPOLR), Te(g) = ue g A
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7.1 Proposition. Let 0 <y < 1. Then (possibly after replacing 6 by a smaller
number) we have

hmsup ||T (g) T (g)ncy(ag) 0. (71)
Ogte

In particular, given p > 0 there exists some g9 > 0 such that, for 0 < € < €,
T, — T, :A — CP(OQ;R) is compact and satisfies

ITe(@)~ To(@)llopaoy < 11 Ve <eo, Vg €.

Proof. The last part of the proposition follows from the fact that the embed-
ding C7(0Q;R) — CA(0Q;R) is compact when y > B.

Whenever needed in the proof, we will replace 6 by a smaller number. Let
a =a(g), g €, be such that V,W(a,g) =0 and a is close to a’ = (a(l), .. .a%). Let
t >0 be a small number and set

w:= {er; |x—a3|>t, VjE[[l,k]]}.

We may assume that |a(g)—a®| < /2, V g € 2. In view of Theorem 6.2, we have
Ueg — Us g in CEV(K) as € — 0, for every g € 2 and for every K compact set
such that K c w \ 0Q). In addition, by Lemma 6.4 we have |u, 4| —1ase— 0
uniformly in w and in g € 2.

Let 6 = 0, be the multi-valued argument of

ﬁ (e-ajg ))
J=1 | —a;(g )|
We note that V0, is single-valued and that we have
IVOgllicrpy <C, Vgel (7.2)
For small ¢ (independent of g), we have deg(u, ) = deg(u. ) =d; on C(a?.,t),
and thus we may write, locally in o,

1(6+y) 1Og+yeg)
b

Ueg =pe'? =pgge'Ps =pe = Pege

and similarly

— el(9+1//* z(9g+1//*,g).

u*g ):e

We may choose v/, ¢ in order to have
Ve gllosm=C, Yge, (7.3)

and we normalize . o by the condition

Weg=Wig on oL (7.4)
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In terms of p, ¢ and v, the Ginzburg-Landau equation reads
div(p?Ve) = div(p2(@ + ) =0
1
~Ap=—p(1-p") - pIVyl*
Step 1. We have

IV@e gl <Cp, ,Ve<egVgel, V1<p<oo.

Indeed, we start by noting that we have |[VOgll1rw) < Cp; therefore, it suffices
to prove that ||V, ¢l 1r(w) < Cp. Using the equation div(pZV(p) =0, we see that
V¢ g satisfies

AV/e,g =div ((1 - pg,g) Veg + (1 - pz,g) V%,g) in . (7'5)
We obtain
IVWeg L) < C (1Wegllwi-vpnow) + 11 = p2 VO Lo(w) + (1= p2 Ve ¢ Lo (w)
<C,+CJ|1- pigIILm(w)vaE,g Zp(w)-

Since p; ;s — 1 as € — 0 uniformly in w and in g € 2, the second term in the
right-hand side of the above inequality can be absorbed in the left-hand side
and we obtain the announced result.

Step 2. For 1< p <oo we have Vp, o — 0 in L?(w) as € — 0, uniformly in g € 2.
This is obtained as follows. Let 17:=1n, o := 1 - p o €[0,1], which satisfies

1

—An+=p(1+p)n=plVe® i

n+ zpd+pn=plVel" inw (7.6)
n=0 on 0Q).

Moreover, we have

1 1 9
—n<—p(1+pn=pIVp|"+An<C on dw\0dQ, (7.7)
4e2 " " g2

since Uy g — U4 g in C%Y(K) for any compact K c @\ 0Q, uniformly in g € 2.
We may assume that p = 2. Multiplying (7.6) by n?~! and using Step 1,
Holder’s inequality and (7.7) we find that, for small £, we have

: / 1/
2| "== [ p+pn”
4e2 |, e/,
_ _40 _
=/p|V(p|2np 1+/ nP 1—"—<p—1>/np 2|
w 0\0Q ov »

on (p-D/p )
s/pIV<p|2np_1+/ P12 SC(/ 17”) + 2P,
) 0w \oQ ov w
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and thus
1Ne.gllLew) < Cpe?, Ve<ep, VgelA, Vp <oo. (7.8)

Inserting (7.8) into (7.6), we find that An is bounded in L?(w), Vp < co. By
standard elliptic estimates, we find that ) (and thus p) is bounded in W22(w),
V p < co. We conclude via the compact embedding W2? — WP and the fact
that, by Lemma 6.4, we have p — 1 uniformly in w.

Step 3. For every y <1, we have 9, g — ¥« g in C1Y(w) as € — 0, uniformly in
gel.

Indeed, v, ; — ¥« ¢ satisfies

2
AWeg—Wsg)= —p—VpE,g-V(Hg +YPeg) Inw
€8

w‘g,g - W*,g = O on 09 ’ (7'9)

Veg—Wig— 0in C2 on dw \ 02
the latter convergence being uniform in g. By Steps 1 and 2, we have
IAWe g =Y g)llLrw) — 0 ase— 0, uniformly in g.

Using (7.9), we find that v, g — ¥, ¢ — 0 in W2P(w). We conclude via the em-
bedding W2P(w) — C1Y(w), valid when p >2 and y = 1-2/p.
Step 4. Conclusion.
We have
Oueg 0peg 004 N 0Ye g
v~ dv v v’

OV g
ov
a(@”s,g - '(V*,g)
ov

Tg(g) = ug,g N

00
and similarly 7. (g) = O_g + . Using Step 3, we find that
%

T.(g)-T.(g)= —01in CY(0Q) as e — 0, uniformly in g € 2(.[]

8 Existence of critical points in nondegenerate
domains

Before stating the main result of this section, let us recall the definition (5.15)
of the operator U, in Section 5. Given a° a nondegenerate critical point of
W(-,g), we first define, in a C1"f neighborhood of g, the operator T = T, 40
Then U, is defined in a neighborhood B of the origin in C1A(0Q;R) by

U*(U’) = U*,ao,g(w) = T*(ge”//) = T*,ao,g(gelw)-

We still denote by U, the induced map U, : B/R — CP(0Q;R), and recall that
U. is smooth.
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8.1 Theorem. Let dq,...,dp€{-1,1} and set d :=d1+...+dp.
Let Q be a bounded simply connected CYP domain satisfying the two fol-
lowing nondegeneracy conditions:

(ND1) There exists a® € QF such that a® is a nondegenerate critical point of
W(,g%=We(,dq,...,d, &%), with g° = g“o the canonical boundary data
associated with a° and d1,...,d}.

(ND2) The corresponding operator U, 40 40 : B/R — CPOQ;R) is a local diffeo-
morphism at the origin, i.e., the differential

DU,(0): C*P0Q; RYR — CPOQ;R)
is invertible.

Then there exists €9 > 0 such that, for € € (0,¢€q), there exists u, € &4 a critical
point of E. with prescribed degree d.

8.2 Remark. It will be clear from the proof of Theorem 8.1 that the nonde-
generacy condition (ND2) can actually be replaced by the following weaker
condition:
(ND2’) U, is a local homeomorphism near the origin.

However in what follows it will be more convenient for us to consider the
condition (ND2). The main reason for this is that (ND2) is stable under small
perturbation of the domain, while it is not clear that (ND2’) is stable.

8.3 Remark. We connect here the hypothesis (ND2) in Theorem 8.1 to the
hypothesis (ND2) presented in the introduction. As we will see in Section 11,
DU.(0)is a Fredholm operator of index zero. Thus the above hypothesis (ND2)
is equivalent to the fact that DU, (0) is onto. It is not difficult to see (but will
not be needed in what follows) that the surjectivity of DU (0) is equivalent to
the hypothesis (ND2) in the introduction, and that the index of the operator L
that appears in the introduction is ind L =ind DU,(0)+ 1= 1.

Proof of Theorem 8.1. Since Q satisfies (ND1), the results of Section 6 and 7
apply. We consider, as in Section 7, the operators

T.,T.: A — CAOQ;R)
and

U, :B/R— CP(OQ;R),

31n the special case where d = 1 and % = 1, but the arguments there adapt to the general
case.
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where 2 = {g € CLP(Q,SY); |lg - g°ll < 6} and B = {y € CLPOQYR); vl < 6).
Here, 6 and ¢ are sufficiently small. We note that T, takes its values in
CP(OQ;R). Indeed, u = U g satisfies

d 2.1
/ u/\—u:/div(u/\Vu):/u/\Au:/ lul 5 unu=0.
0 0V Jo Q Q €

By Lemma 6.5, we may also consider the induced operators

U, : B/R — CP(OQ;R), U (y) = T:(g"™).
By definition of the canonical boundary datum, it holds

OU , 40 g0 _ 0D 0 go _ 0D,

=0. 8.1
ov ot ot 8.1

U(0) =, g0 g0 A

Thanks to (ND2), by considering a smaller 6 if necessary, we may assume that
U. is a homeomorphism onto its image. By (8.1), there exists some 1 > 0 such
that

U.(B/R) > {y € CPOQ;R); 1yl cooy <} =By (8.2)

Recall the result of Proposition 7.1: for sufficiently small ¢, U, — U, is compact
and we have

Using (8.2), (8.3) and standard properties of the Leray-Schauder degree, we
find that

UL(B/R) > {w € CPOMR); Il cron < 3} = By (8.4)

for sufficiently small €. Indeed, the argument goes as follows. We start from
Ue(B/R) = (1d+ U, - U)oU) (U(B/R) > (Id + U, - U)o U; 1) (B). (8.5)

Here, Id denotes the identity map in CP(0Q;R).
Let L, :=(U,-U,)oU;'. Then L, : B, — CP(3Q;R) is compact and, by (8.3),
there exists £y > 0 such that

sup{IIL: (W)l csay; W € Bpt <n/2, Vee(0,&). (8.6)

We complete the proof of (8.4) by showing that B;; < (Id+L.)(B) for £ € (0, £9).
For this purpose, we let y¢ € B2 and consider the compact operator T : B;) —
CPOQ;R), T(y):= L (w)—vyo. We claim that

(Id+sTXy)#0, Vsel0,1], Vy €0B,,. (8.7)
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Indeed, (8.7) is obtained by contradiction. Otherwise, using (8.6), we obtain,
for some y such that [yl ¢peq) =1

n/2<n- S||Lg(1ll)||cﬁ(aQ) <lly+ SLE(W)”cﬁ(aQ) = |lsyo ||Cﬁ(aQ) <n/2.

By (8.7), the Leray-Schauder degree deg(ld +sT,B;,0) is well defined. By
homotopy invariance, we find that

deg(Id +sT,B;,0) = deg(ld, B;,0) = 1.

As a consequence, the equation (Id+7)(y) = 0 admits at least a solution y € B;,.
This v satisfies (Id + L. )(y) = wo. The proof of (8.4) is complete.

Let € € (0,€¢9). Then, by (8.4), there exists some v € ‘5 such that U.(y) =
0. Let g = g%. Then u, = Ueg € Eq is a solution of the Ginzburg-Landau
equation, and it satisfies the semi-stiff boundary condition

0
e A auf = To(g)=Uc(y)=0 on Q.
%
Therefore, u, is a critical point of E, with prescribed degree d. O

9 Nondegeneracy of domains is stable

In this section we show that, if a domain )¢ satisfies the nondegeneracy condi-
tions (ND1)-(ND2) required in Theorem 8.1, then a slightly perturbed domain
Q = Q) still satisfies these nondegeneracy conditions.

9.1 Theorem. Assume that g satisfies (ND1)-(ND2). Fix a conformal repre-
sentation_fo :D — Qq. There exists § > 0 such that, for every holomorphic map
fe CcLA(D) satisfying IIf — follcis < 6, the domain Q := f(D) satisfies (ND1)-
(ND2).

Proof. Let Vg be as in (5.4). We let 2% e CLA(S1;S1)/S! denote the canonical
boundary datum associated with a? := fo L(a9), so that g° = g% 5.

Since g satisfies (ND1), we know from Proposition 5.3 that there exist:
a neighborhood 77 of fo in Vg, a neighborhood 72 of the origin in C Lb(sL;R),
and a smooth map a : 7% x % — D*, such that the following holds. For f € %
and ¥ € 7, let Q = f(D) and g = (§%'¥)o f~1. Then a(f,w):= f (a(f,y)) is a
nondegenerate critical point of W(-, g).

By the above, we may define, as in (5.13), the smooth operator U, ; =

Us a(f,0,3%f 1>

U.rw)=N(a(f,wof),@cf1e¥) for small y e CHF(0Q;RIR. (9.1)
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The spaces between which U, r is defined vary with f. In order to deal with
fixed spaces, we consider the linear isomorphisms

0y : CPOQ;R) — CPA(SHR), w— If Iy of, (9.2)

Ep: CYPOQ;RVR — CHASLRVR, ¢ — o f, (9.3)
and we let

U(f,y)=OpoU. po =7 (y) for (f,y) €74 x (J/R), 9.4)

so that U, r is a local diffeomorphism if and only if U(f,-) is a local diffeomor-
phism.
Moreover, if we express N using (3.7), then we obtain

U(f,w)=N"(a(f,y),80e""). (9.5)

By combining (9.5) with the explicit formula (4.5) for N®, we find that U :
71 x (Fo/R) — CP(S1;R) is smooth.

On the other hand, using the definition (2.16) of the canonical boundary
datum, we have

Osage 0Pgge 0D,
ov ot ot
so that U(fy,0) =0.
Moreover, since g satisfies (ND2), U(fy,-) is a local diffeomorphism near

the origin, i.e., DyU(fy,0) is invertible. By the implicit function theorem,
possibly after shrinking 71, for every f € 77 there exists w(f) € 73 such that

Ux,a,ge N 0,

U(f,w(f)=0. (9.6)

In addition, the map f — y(f) is smooth and we can assume that D, U(f,w(f))
is invertible.

Let f € 77 and set Q := f(D). We claim that Q satisfies (ND1)-(ND2). As-
suming the claim proved for the moment, we complete the proof of Theorem
9.1 by taking any 6 > 0 such that

{f eXp; If = follgrs <6} = 71.

We next turn to the proof of the claim. Let gq := (§oe“/’(f))o flecbhQ;sh),
and aq = a(f,¥(f)) € QF. By the definition (9.6) of w(f) and the definition
(9.4) of U, we obtain

U, s@y(flof H=0. (9.7
By combining (9.7) with the definition (9.1) of U, ¢, we find that

OUsaggqa  0Pag.gq

Q
N*(aq,80) = Usag,gq0 N 5 - o =0. (9.8)
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The normalization condition in (2.5) combined with (9.8) implies that @, ¢, =
0 on 0Q2, and thus

Dag,g0 = (/I\)aﬂ' 9.9)

In turn, (9.9) implies that gg = g%2 is the canonical boundary data associated
with aq. Since, by definition of the map (f,w) — a(f,v), the configuration ag
is a nondegenerate critical point of W(:,gq), we find that the nondegeneracy
condition (ND1) is satisfied by Q.

On the other hand, since Dy U(f,y(f)) is invertible, U,  is a local diffeo-
morphism near y(f)of 1, which means that U, 4, ¢, is a local diffeomorphism
near the origin. We find that Q satisfies (ND2).

The proof of Theorem 9.1 is complete. O

10 The radial configuration is nondegenerate

In this section we let d =1, £ =1, di =1, and prove that the unit disc D
satisfies (ND1)-(ND2). As a consequence, domains close to the unit disc satisfy
the nondegeneracy conditions whend =1,k =1,d; =1.

10.1 Proposition. Assume Q =D, k=1, d =1. Then a =0 is a nondegenerate
critical point of W(-,g%), and DU,  ,0(0) is invertible.

Proof. Step 1. 0 is a nondegenerate critical point of W(-,g°).

Indeed, by combining (2.25) and (4.1), we easily obtain that the canonical
boundary datum g° : S' — S! corresponding to a = 0 is given by g%z) = z.
From (4.10) we know that

— 1 2
0y _ - *

W(a,g% = Wa) + 2/D’w“’g° (10.1)

On the other hand, (4.16) leads to
. _ jalax-1)

Vwa’go(x) = —ZW, Vxe |D, (102)
and therefore

1 2 dx

| vy =9al? | ———. 10.3

2/@\ Vog| =20 [ 52 (10.3)

Thanks to the |a|? factor, if we differentiate (10.3) with respect to a, and next
let a =0, we obtain

1 . |2
va[é/ﬂ)‘vwa’go

=0. (10.4)
a=0
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If we differentiate twice (10.3) with respect to a, and next let a = 0, then we
are left with only one non zero term (thanks to the |a|? factor again). More

specifically, we obtain
1 / ‘V . |2 _4 / dx
2 ol Yael || =% Joi1—ax?

By combining (10.1) with (10.4) and (10.5), we find that

2
va

12:4/dx12:47r12. (10.5)
a=0 D

Vo W(0,8% =VW(0), VZW(0,g°%) = VZW(0)+4nl,. (10.6)

We next compute VW(0) and VZW(0). When £ =1 and d = 1, formula (4.2)
reads

W(a)=rnlog(1-lal?), VaeD. (10.7)

Identifying the complex number a with a vector in R?, the two first derivatives
of W are respectively given by:

—_~ 2
VW= T L eR? (10.8)

al2-1
27 47

Io—
a-1""" (jg2-1)

V2W(a) = sa®aeMsR). (10.9)

In particular, we obtain VW(0) = 0 and VZW(0) = —2715. Plugging this into
(10.6) yields

V. W(0,g% =0, VZW(0,g°%) =2xnI,, (10.10)

so that @ = 0 is indeed a nondegenerate critical point of W(-, g°).

Step 2. DU, (0) is invertible.
In our case, formula (4.5) becomes

*

5
N(a,g%"V)= 9 212 (10.11)
ot |z —al
Therefore
oy* A
Uy = 2 g 0Nz (10.12)

ot lz—a(y)?’

where ¥ — a(y) is smooth, a(0) = 0 and a(y) is a nondegenerate critical point
of W(-,g%").
Using (10.12) together with the fact that a(0) =0, we obtain that

oy*

DU.(Oyy = —

—2(Da(0)y) Az. (10.13)
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In (10.13), v is either a function in CLA(SL;R), or a class in CLA(SL:R)/R. Thus
the linear operator DU..(0) : CLA(ST;R)/R — CP(S;R) can be written DU, (0) =
L —K, where

*

and K(y) :=2DaO)yp) Az, YVyeCLP(SLRIR.

oy
L =
(y) P

The operator L is an isomorphism, and K is compact since it has finite range.
As a consequence, DU, (0) is Fredholm of index zero and, in order to complete
Step 2, it suffices to prove that DU, (0) is injective. For this purpose, we com-
pute Da(0) using the implicit equation

Fla(),w) =V W(a(y),g%¥)=0 (10.14)

satisfied by a. By differentiating (10.14) with respect to ¥ we obtain (via
(10.10))

Dy F(0,0)y = —VgW(O,gO)Da(O)u/ =-2nDa(0)y. (10.15)
Let us compute D, F(0,0). Recalling (4.3), we find that
]

+V,

F(a,y) =VW(a)+ V, [1/‘%//* o+ Vu
2 D a.8

(10.16)

— 1 . |2 * *
=VW(a)+V, [g/D(Wa,go /Dvwa,go.Vu/

The two first terms do not depend on v, and the last term depends linearly on
w. Hence we obtain

Dy F(a,0y =V, [/w; g().w*]. (10.17)
oV,

Integrating by parts, using the explicit formula (4.16) for W: £0° and the fact

that
/ oy* oy 0
sl 6V a (S 61 o

we find that

*

0
/le:go-vw*:—Z/ log|1l—az| ;/j . (10.18)
D » S v

If we first plug (10.18) into (10.17) and next let a = 0, then we obtain

*

oy

D,F(0,0)y =2 10.19
wF(0,0)y /§12 5 ( )
and finally, using (10.15),
1 oy*
Da(O)w:——/ o (10.20)
T Js1 OV
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We are now in position to prove that DU.(0) is injective. Let ¢ € ker DU ..(0).
Then, recalling (10.13), we have

a *
;” — 2DaO)y)Az=a Az, (10.21)
T
where
2 [ oy
a:——/ 2V cc (10.22)
T sl 01/

Since y* is harmonic and has zero average on S!, we may write

v*(re) = Y anrte’™. (10.23)
n#0

Hence (10.21) yields

10 —10 7 i 10 § 1nf
l l ( ) n;éOL ( )

Identifying the Fourier coefficients, we obtain

a,=0forn|>1, aj=-—, a_lz—g, (10.25)

|||

so that (10.23) becomes

v (re'?) = —grelg - gre_lg. (10.26)
By (10.26), we have
6 * 1 21 .
/ z (;V = —5/ e @e” + ae™?)d6 = -na. (10.27)
st oV 0

Plugging (10.27) into (10.22) we obtain a = 2a, so that a =0 and consequently
w* = 0. Therefore, we have ¢ = 0 modulo R, and thus DU.(0) is invertible. [J

10.2 Corollary. If a domain Q is sufficiently close to the unit disc, in the
sense that there exists a conformal representation f :D — Q such that ||f —
Idll o1 < & for sufficiently small 6, then, for small €, E. admits critical points
with prescribed degree one.

11 In degree one, “most” of the domains are non
degenerate

In this section, we assume that 2 =1 and d = 1, and we prove that every

domain can be approximated with domains satisfying the nondegeneracy con-
ditions (ND1)-(ND2). More specifically, we establish the following result.
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11.1 Theorem. Assume that k =1 and d = 1. Let Qg < R? be a simply con-
nected bounded domain with CYP boundary, and fix a conformal representa-
tion fo:D — Q.

Then, for every n > 0, there exists a conformal representation f :D — Q :=
f(D) such that ||fo—fllc1s <n and such that the corresponding domain (2 sat-
isfies (ND1)-(ND2).

The main idea of the proof of Theorem 11.1 is to use transversality. Among
other ingredients, we will rely on the following abstract transversality result
[19, Theorem 3].

11.2 Theorem. Let X, A, Y be smooth separable Banach manifolds. Let ® :
X x A=Y be a smooth map.

Assume that:
1. for every Ae A, ®; :=®(-,1): X — Y is Fredholm.*
2. ®is transverse to {0}, i.e., for every (x, ) such that ®(x, ) = 0, the differential
D®(x, ) is onto.

Then the set {1; ®, is transverse to {0}} is dense in A.

Note that, if X and Y are finite dimensional, then condition I. is automat-
ically satisfied.

Another ingredient of the proof is the following fact, which relates non
degenerate critical points of W to non degenerate critical points of W(-, g%).

11.3 Proposition. Assume that k =1 and d = 1. Let ag € Q2 be a non degener-
ate critical point of W Then aq is a non degenerate critical point of W(-,g®).

Proof. Let us first remark that a is automatically a critical point of W0(., g@0).

Indeed, using (2.24), in which each term is smooth thanks to the formulas in
Sections 3 and 4, and the fact that (by definition) we have y, g« =0, we find
that

VoW(a,8)lg=gs = VW(a). (11.1)

It remains to prove that ag is non degenerate as a critical point of W(-, g%0).

N Let f : D — Q be a conformal representation and set ag := f (ao). Then
f(0) =ag, where

z2+ao

f(z):f(

1+ apz

Therefore, by replacing f with f, we may actually assume that £(0) = ao. In
view of (3.5) and of the fact that, in the unit disc, we have g° = 1d, we obtain

gWof=g"=1d. (11.2)

4That is, the linearized operator D,®(x, 1) is Fredholm for every x and every A.
5This is not specific to the case where 2 =1 and d = 1, but holds for arbitrary % and degrees
dj, J € [[l,k]].
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Recall that, by Lemmas 3.1 and 4.1 and by (4.2) we have

W (f (@) =WP(a) + P(a, ), (11.3)

W (f(a),8) = WP(a,8°) + Pla, f), (11.4)
where

WP(a) = nlog(1 - |al?), P(a,f):= nlogl|f'(a)| (11.5)
and

WP(a,g) is given by (4.3) with y = 0. (11.6)

By (11.3)-(11.6) and the discussion at the beginning of the proof of Proposi-
tion 5.1, the assumption that ag is a non degenerate critical point of W< is
equivalent to the fact that 0 is a non degenerate critical point of WP +P(, f).
Similarly, the desired conclusion (that a( is a nondegenerate critical point of
WE(., g%)) is equivalent to the fact that 0 is non degenerate as a critical point
of WP(-, g%+ P(, ).
Since
"
—-2na f"(a) .

77D . =
V[W + P( ,f)](a) 1-|al? +7Tf,(a)

([::IRZ’ (117)

and since 0 is a critical point of WP + P(-, f), we have f"(0) = 0.
In order to calculate the Hessian of P(-, f) at the origin, we find the second
order Taylor expansion of P(-, f):
2)
f(3)(0) 9

(3)
=P0,f)+ g 2Re (ff’((O(;) a2) + o(IaIz))

3)
=P0,f)+n (fﬂ)a) ca+o(al?).
f'(0)

P(a,f)= nlog( £10) + FD0)a? + o(lalz)‘

f(3)(0) 9

1+ 70) a +o(|a|2)

— nlogl|f'(0)] + glog(

:P(O,f)+glog(1+2Re(

In the last equality, z-w stands for the real scalar product of the complex
numbers z and w (identified with vectors in R?). As a consequence, we have

V2P0, ) =1tM ;0y50), (11.9)

where, for a complex number z € C, M, denotes the matrix corresponding to
the R-linear map

T:C—C, 528,
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ie.,

Rez -Imz
—Imz —-Re:z

M,=
Recall that, from (10.9) and (10.10), it holds

V2WP(0) = —27I; and VZW(0,g%) =2xls. (11.10)
By combining (11.9) with (11.10), we obtain

V2 [WD +P(', f)] (0) = 7[Mf(3)(0)/f/(0) - 277:[2, (1111)
V2 [WP(, 8% +P(, /)] (0) = TM to gy 10 + 22 (11.12)

We claim that the two Hessian matrices (11.11) and (11.12) have the same
determinant. In fact, for every z € C, we have

Rez -2 —Imz

= - _ 2
“Imz —Rez-2 =(2-Rez)(Rez+2)-(Imz)

det(M, —2I5) =

2+Rez —-Imz

“Imz 2-Rez =det(2I2+M,).

The Hessian matrix in (11.11) being non degenerate by assumption, so is the
Hessian in (11.12). Therefore 0 is a non degenerate critical point of WP(-, g%) +
P(-,f), which means that a is a non degenerate critical point of W(-, g%). O

Before proceeding to the proof of Theorem 11.1, we introduce some nota-
tion. For a €D and f € Vg, let

F(a,f)=Vq [WP(a)+rlog|f'(@)l], (11.13)

so that F : D x Vg — R2 is smooth (thanks to the computations in Lemma 5.2),
and, by Lemma 3.1, a point a = f(a) € 2 = f(D) is a non degenerate critical
point of W< if and only if « is a non degenerate zero of F(-, f).

Similarly, g¢ € C1A(S1;S!) being fixed, we define, for a €D, f € Vs and
v e CLA(SLR),

F(a,y,f) =V, [WP(a,g0e™) +mloglf (a)l], (11.14)

sothat F : DxCLA(S!; R)xVp — R2 is smooth. By Lemma 3.1 and the discussion
at the beginning of the proof of Proposition 5.1, a point a = f(a) € Q = f(D) is
a non degenerate critical point of W(-,(gge'¥)o f~1) if and only if « is a non
degenerate zero of F (-, v, f).

Using (4.3), we may split

F(a,f)=Fi(a)+Fa(a,f) (11.15)
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and
F(a,y,f)=F1(a)+Fala,f)+Fs(a,y), (11.16)

where the smooth maps F'1, Fg and F3 are respectively given by

Fi(a)=VW2(a), (11.17)
Fo(a,f)= Vg [nloglf ()] :nil“) eC=R?, (11.18)
(@)
1
Fs(a,w) =V, §/|V(w2,g0+w*)|2 ) (11.19)
D

Proof of Theorem 11.1. The proof is divided into two steps. In each step we
apply the abstract transversality result (Theorem 11.2) in order to prove that
a certain nondegeneracy is generic.

Step 1. We may assume that W has a non degenerate critical point ag € Qo.
Indeed, we claim that F is transverse to {0}. This will follow if we prove that
D fﬁ(a, f) is surjective for every (a, ). In turn, surjectivity is established as
follows. For every h € X we have

f'@h"(a)— f"(a)h'(a)
—2
f'(a)

If f"(«) # 0, then the choice A(z) = —Az (with A € C arbitrary constant) leads to

D¢F(a,f)-h=D¢Faa,f)-h=n eC=R? (11.20)

f”(a)
Fila)

so D¢F(a,f) is surjective. If f”'(a) = 0, then we take h(z) = A2% and obtain

A€ rangeDfﬁ(a, ),

v/

2r — ~
" AerangeDF(a,f),

f'(a)
and thus the claim is proved.

Therefore we can apply the transversality theorem: we can choose f ar-
bitrarily close to fy, such that F(.,f) is transverse to {0}. Thus, by slightly
perturbing fy, we may actually assume that F(-, f) is transverse to {0}.

Since

W (fo(a) = WP(a) + log | ()]

5 ) (11.21)
=mlog(1-lal”) +mlog|fy(a)l — —oco as |a| — 1,

there exists some ag € €2, such that WQ(ao) =maxq, W<, Hence ag is a critical
point of W which is equivalent to the fact that ag := fo Yayp) is a zero of
F(, fo). Since the map F(-, fo) is transverse to {0}, its differential is surjective
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at ag. Therefore, a( is a non degenerate zero of F(-, fo0), which means that a
is a non degenerate critical point of W0. The proof of Step I is complete.

Step 2. There exists f arbitrarily close to fo, such that Q = f(D) satisfies
(ND1)-(ND2).

Thanks to Step I and Proposition 11.3, possibly after slightly perturbing fo,
we may assume that there exists some ag = fo(@g) € Qo, which is a non degen-
erate critical point of both W and W(., go) (with go = g%0).

Since F(ao, fo) =0, and since Daﬁ(ao, fo) is invertible, we can apply the
implicit function theorem to F. There exists an open neighborhood 7 of f in
Vg, and a smooth function a : 71 — D, such that, for every f € 71 and for every
a sufficiently close to ag, we have

F(a,f)=0< a=a(f). (11.22)

By Proposition 5.3 and by the invertibility of D ,F(aq, fo), we may choose the
open neighborhood 7; such that, for every f € 77, the point a = a(f) = f(a(f)) €
Q = f(D) is doubly non degenerate, that is: non degenerate as a critical point
of W2 and non degenerate as a critical point of W(-,g%). In particular, every
domain Q = f(D), with f € 7, satisfies (ND1).

Again by the second nondegeneracy property of every f € 71, we may con-
sider the map U, 4 ge, defined as in (5.15), and corresponding to a = a(f). In
order to complete Step 2, we have to find some f arbitrarily close to fj, such
that the map U, 4 ge is a local diffeomorphism at the origin. To this end we
will again rely on the transversality theorem. More specifically, we define,
exactly as in formula (9.4) in the proof of Theorem 9.1, the smooth map

U : 7 x ¥/R — CP(SL;R). (11.23)

Recall that 77 is an open neighborhood of fo in Vj, that 7; is an open neigh-
borhood of the origin in C#(S1;R), and that

U(f,w):ND(&'(w,f),goe“/’) Y (f,y)eT) x Va/R. (11.24)
Here, a is the smooth implicit solution of
F@wy,f),y,f)=0 (11.25)

obtained in Proposition 5.1. We recall the following fact established in the
proof of Theorem 9.1: the map U, ,) un is a local diffeomorphism at the
origin if and only if U(f,-) is a local diffeomorphism at —y4f) g,-

Recalling the formula (4.5) for N©, we obtain the following explicit formula
for U:

*

oy N agNz a(y,fINz

- . 11.2
ot lz—aol?2 lz—ay,)? (11.26)

Ulf,p)=
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Hence, for every (f,y) € 71 x 75/R, we have

ot (Dy@y,f) ) Nz

DWU(fJ/J)'( P |2_&(Waf)|2
(z— @, ) (Dyawy,f)-{) _
I T R A

In particular D, U(f,vy) is a Fredholm operator of index zero, since it can be
written as L — K, where

L:CYASLR/R — CASLR), (& if
T

is invertible and K has finite range. Hence U(f,) is a smooth Fredholm map
for every f € 71.

We want to apply the transversality theorem to U. We already know that
assumption 1. of the transverality theorem is satisfied. It remains to check
that U is transverse to 0. To this end we compute the differential of U at some
point (f,v), using (11.26):

o, (Day,f)-(h,O)nz

DU(f,y)-(h,{) =

_ ~ 2
_4(2—a(w,f))-(Da(u/,f)-(h,())&( nz
|2 — a(y, )14 v '

Let us show that DU(f,v) is onto. Let ¥ € C#(S';R). Then there exists some
{ € CHP(ST;R)/R such that

o
or
We claim that there exists & = h; € X3 such that

Y. (11.28)

Da(y,f)-(h¢,0)=0. (11.29)
Then, plugging (11.29) and (11.28) into (11.27), we obtain
DU(f,y)-(he,O) =Y,

and thus DU(f,v) is onto.
In order to complete Step 2, it remains to prove the existence of 4;. From
the implicit equation (11.25) satisfied by @, we obtain

Da(y,f)-(h,0{) (11.30)
= —DaF(aZ(W7f),w’f)_1 [DfF(&(W>f)’W7f)h+DwF(&(w7f)’w7f)(] : .

Since D¢F(a,y,f)=D fﬁ(a, f) is surjective (by Step 1), we may clearly choose
h¢ such that (11.30) holds.
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Therefore we can apply the transversality theorem to U: the set of f such
that U(f,-) is transverse to {0} is dense.

Let n > 0. We can choose f € 71, such that ||f - follc1s <1, and U(f,-)
is transverse to {0}. In particular, the differential of U(f,-) at —y () g, is
onto, which implies that the differential is invertible (since it is a zero in-
dex Fredholm operator). Hence U(-,f) is a local diffeomorphism at —v () g,
which is equivalent to U, ) sa being a local diffeomorphism at the origin,
i.e. Q= f(D) satisfies (ND2).

Step 2 and the proof of Theorem 11.1 are complete. O

11.4 Remark. In Theorem 11.1 we have established that nondegeneracy of
the domain is generic in the case of prescribed degree d = 1. Some, but not all,
of the ingredients of our proof can be generalized to arbitrary d. For example,
it is possible to adapt our arguments and obtain the transversality of F' to 0
when d is arbitrary. However, this does not lead to the conclusion that (ND1)
is generically true. The reason is that when d # +1, we cannot rely on (11.21)
anymore, and we actually do not know whether W< does have critical points.
A similar difficulty occurs in Step 2. Indeed, the first ingredient in Step 2 is
Proposition 11.3, yielding the existence of a non degenerate critical point ag
of W(-,g%°). Clearly, our proof of Proposition 11.3 is specific to the case d = 1.

However, it is plausible the the transversality arguments extend to an
arbitrary degree d, and thus the main difficulty arises in the existence of
critical points of W<. It would be interesting to investigate, e.g. by topological
methods in the spirit of [1], whether such points do exist.

Appendix
The following is a C LA variant of [7, Lemmas A1, A2].

11.5 Lemma. Let G c R” be a bounded open set of class C1P. Assume that

Aw =f inG
{ w =g ondG (11.31)
Then
sup| Vel < C (IF1F2 (Il + 19112 6)) + 19l crooc ) (11.32)
G

1/2+ /2 1/2-p/2 1/2—-p/2
Vwlopa < C(If17e? (lwlpe P2+ gl e + 19lcrsae),  (11.33)

for a constant C depending only on G. In addition, when G = Q,, where 01 <
o <09 and 01, 09 are fixed small numbers, we may take C independent of o.
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Proof. We write w = u +v, where

{0
and

o of e
By standard elliptic estimates [14, Theorem 8.33] we have

lullous < cllellcs. (11.36)
Therefore we only need to prove that v satisfies the estimates

sup Vol < ClIfIF21vIF2, (11.37)

IVulo,pc < CIf e 1vlj= P2, (11.38)

Estimate (11.37) is proved in [7, Lemma A.2] by combining an interior es-
timate with a boundary estimate. Estimate (11.38) can be obtained follow-
ing exactly the same lines. In order to see this, we detail for example the
proof of the interior estimate corresponding to (11.38). Proceeding as in [7,
Lemma A.1], we first show that

_ 1
IVolopa, < C|IFIL " 101" + —5 iz, (11.39)

where, for d > 0, we let G4 := {x € G; dist(x,0G) > d}. In order to prove (11.39),
we let xg € G4 and A € (0,d], and define

va(y):=v(xo+Ay), yeBi(0). (11.40)
Then the function v, satisfies the equation

Avj = f1 in B1(0), with f1(y):= A2f(x0 + Ay). (11.41)
Standard elliptic estimates [14, Theorem 8.33] yield

/11+ﬁ|Vv|0,ﬁ,Bw(x0) =|Voualo,g,B10) < Clvallze + 1 fallLee)

9 (11.42)
<C(llvligeo + AN fliLe).
We next discuss the two following cases.
Case 1. Tollze <d>.
£ 1l oo
In this case, we apply (11.42) with A = (Jv ||/l f lz)"2. We find that
/2—p/ 12+ P/
IV0lopB st < 2C IVl P2 Il P, (11.43)
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so that (11.39) is satisfied.

Case 2. M > d>2.
£ 1l Lo
In this case, we apply (11.42) with A =d. We obtain

[V010,6.84n20) = C (& Plwllzoe +d* P f o)

(11.44)
<C(d ol + ol e P2 1),

Loo Loe

so that in both cases (11.39) is satisfied.

Once (11.39) is established, we easily obtain the interior estimate corre-
sponding to (11.38). Indeed, standard elliptic estimates [14, Theorem 3.7]
imply [[v]lze < C| flL~, so that from (11.39) we obtain

IVulo,px < CIFI 2 P2 101272, (11.45)

for every compact set K  G.

The proof of the boundary version of (11.45) is also a straightforward adap-
tation of the corresponding estimate established in [7, proof of Lemma A.2],
and we omit it here. O
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