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Abstract

Let Q be a smooth bounded simply connected domain in R%. We inves-
tigate the existence of critical points of the energy E (u) = 1/2 fQ |Vu|? +
1/(4¢2) fQ(l —|u|?)?, where the complex map « has modulus one and pre-
scribed degree d on the boundary. Under suitable nondegeneracy as-
sumptions on 2, we prove existence of critical points for small €. In
particular, we prove existence of critical points of prescribed degree one
in domains close to a disc.

1 Introduction

Let Q < R? be a smooth bounded simply connected domain. Let a map u belong
to the space

& :={ue H'(Q,0); |tr ul =1},

where tr u denotes the trace of u on the boundary 6C2. Then the trace tr u
of u on 8Q belongs to the space HY2(0Q;S'), and therefore we can define its
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winding number or degree, which we denote by deg(u,0Q2) (see [10, Appendix];
see also [5, Section 2] for more details). This allows us to define the class

Eq ={u € H{(Q;0); [tr ul =1, deg(u,0Q) = d}.

In this paper we study the existence of critical points of £, in &4, i.e., of critical
points with prescribed degree d. The prescribed degree boundary condition is
an intermediate model between the Dirichlet and the Neumann boundary con-
ditions. The asymptotic of minimizers of the Ginzburg-Landau energy E . with
Dirichlet boundary condition was first studied by Bethuel, Brezis and Hélein
in their classical work [8]. In particular, it was shown in [8] that minimizers
u. have zeros “well-inside” (2, and that these zeros approach the singularities
(vortices) of the limit u, of the u,’s as € — 0. In contrast, the only minimiz-
ers of E. with no boundary condition are constants. The same holds even for
stable critical points of E, with Neumann boundary conditions [18]. The anal-
ysis of the prescribed degrees boundary condition (in domains which may be
multiply connected) leads to a richer global picture [2], [14], [4], [3], [6], [12],
[5]. More specifically, in multiply connected domains minimizers of E, may
exist [14], [4] or not [3]. However, in such domains critical points of E. always
exist [6], [12]. In simply connected domains, minimizers never exist [4]. More
involved is the study of the existence of critical points in simply connected
domains; this is our purpose. Typical methods in absence of absolute mini-
mizers consist in constructing local minimizers, or constructing critical points
by minimax methods. The first approach proved to be successful in multiply
connected domains [6], but the arguments there do not adapt to our case. The
latter approach led in [5] to the proof of the existence of critical points in sim-
ply connected domains for large €; but again we were unable to implement it
in our case.

Our paper is devoted to the existence of critical points for small € and thus
complements [5]. Our approach is based on singular perturbations techniques.
We explain this approach in the special case where the prescribed degree is
d = 1. We first recall the main result in [8]. Consider the minimization of E,
with Dirichlet boundary condition:

min{E .(u); tr u =g on 0Q}.

Here, g :0Q — S! is smooth, and we assume that deg(g,0Q) = 1. Then there
exists some a € Q such that, possibly up to a subsequence, minimizers u,
satisfy u, — u., with

z—a

Z " e with H = H, g harmonic. (1.1)

U(2) = Uy g,g(2) =
|z —al

In (1.1), the function H is uniquely determined (mod 27) by the condition

U, =g onoQ. (1.2)



The point a is not arbitrary: it has to be a critical point (actually, a point of
minimum) of the “renormalized energy” W(-,g) associated with g.

In order to explain our main results in the case of prescribed degree bound-
ary condition, we perform a handwaving analysis of our problem when d = 1.
Assume that u, is a critical point of E. in &1. Then u, has to vanish at some
point a., and up to a subsequence we have either

(1) ag—acQ)

or
(i) a, — a €0QQ.

Assume that (i) holds. Assume further, for the purpose of our discussion, that

a¢ is the only zero of u.. Then the analysis in [8] suggests that the limit u ., of
|e . Formally, the fact that
a

the u,’s should be again of the form u.(z) =

u. is a critical point of E. leads, as in [8], to the conclusion that the limiting
point a is a critical point of a suitable renormalized energy W(-). Some basic
properties of the energy W are studied in [15]; we will come back to this in
Section 2. Of interest to us is the fact that W is smooth and does have critical
points.

Let a be a critical point of W, and let u, be as in (1.1)-(1.2). We plan to con-
struct critical points u. of E. in &1 such that u, — u,. as € — 0. Our approach
is inspired by the one of Pacard and Riviere [16]. In [16], critical points of E,
with Dirichlet boundary condition g are constructed under a nondegeneracy
assumption for the corresponding renormalized energy W(., g). We encounter
a similar situation in our problem: we are able to construct critical points of
E; under some nondegeneracy assumptions that we explain below.

To start with, we will see in Section 2 that we may associate with each
point a € 2 a natural boundary datum g“, solution of the minimization prob-
lem

min{W(a,g); g:0Q — S', deg(g,0Q) = 1}.

It turns out that, if a is a critical point of W, then a is also a critical point of
W(-,g%) (Section 2). Since W has a global maximum (this is easily seen from
the explicit formula (3.9) of W), W has critical points, and thus there exists
some a € ( critical point of W(-,g%). Our first nondegeneracy assumption is

(ND1) there exists some a € ) nondegenerate critical point of W(-,g%).

Assuming that (ND1) holds, set g¢ := g%. Then we may prove that, for each
g “close” to g¢ in a suitable sense, W(-,g) has a critical point a(g) close to a
(Section 5). Thus, to such g € C+%(0Q;S!) we may associate the function

ou 4

ov’

T.(g)€ C*OR), Tu(@) :=u. A
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where u, = U, 4(g),¢ 1s given by (1.1)-(1.2). One may prove that the map g —
T.(g)is C! near g, and that its differential L at gg is a Fredholm operator of
index one (Section 10). Our second nondegeneracy assumption is

(ND2) L is onto.

We may now state our first result.

1.1 Theorem. Assume that (ND1) and (ND2) hold. Then, for small €, E; has
critical points u, with prescribed degree one.

The conditions (ND1) and (ND2) seem to be “generic”.! However, it is not
clear whether the assumptions (ND1) and (ND2) are ever satisfied. Therefore,
our next task is to exhibit nondegeneracy situations.

Loose Theorem. Assume that Q is “close” to a disc. Then (ND1) and (ND2)
hold. In particular, for small ¢, E, has critical points of prescribed degree 1.

The above theorem applies to the unit disc D. However, no sophisticated ar-
gument is needed for a disc. Indeed, when Q =D it is possible to construct
explicit hedgehog type critical points of E. by minimizing E. in the class of
the maps of the form f(IzI)%.

Our paper contains the proof of the two above theorems, as well as gen-
eralizations to higher degrees d. The plan of the paper is the following. In
Section 2, we recall the definition and the main properties of the renormal-
ized energies corresponding to either Dirichlet or prescribed degree boundary
condition, and establish few new properties. In Sections 3 and 4, we derive
new useful formulas for the renormalized energies. In Section 5, we prove
that nondegeneracy of critical points of W(., g) is stable with respect to small
perturbations of g. Section 6 is devoted to the proof of a variant of the Pacard-
Riviere [16] construction of critical points with Dirichlet condition; this is a
key step in our proof. We prove Theorem 1.1 (for arbitrary degrees d) in Sec-
tion 8. The proof relies on a Leray-Schauder degree argument, and the corre-
sponding key estimate is obtained in Section 7. In Section 9, we prove that the
couple of conditions (ND1)-(ND2) is stable with respect to small perturbations
of the domain. This and the fact that Q2 =D satisfies (ND1)-(ND2) (Section 10)
implies the Loose Theorem.

Notation

1. Points in R? are denoted z in the Sections 3 and 4 relying on complex
analysis techniques, and x or y elsewhere.

LCritical points of smooth functionals are “generically” nondegenerate, and Fredholm op-
erators of index one are “generically” onto.



2. D(z,r), D(z,r) and C(z,r) denote respectively the open disc, the closed

disc and the circle of center z and radius . We let D = (0, 1) denote the
unit disc and set D, = D(0, 7). S! is the unit circle.

3. A stands for the vector product of complex numbers or vectors. Ex-

amples: (w1 +tug) A(v1 +1ve) = ujve — ugvy, (w1 +1ug) A(Vui +1Vug) =
u1Vve —ugVui, (Vui+1Vug) A(Vvi +1Vug) =Vui-Vvg —Vug - Vug.

4. If A is a set and £ an integer, then we let

At ={a=(a1,...,ap) €A% a; #a;,V j #1).

5. When £ =1, we identify a collection a = (a1) with (the point or number)

ai.

6. Additional indices emphasize the dependence of objects on variables.

E.g.: ¥4 =y, recalls that ¥ depends not only on a, but also on g.
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2 Renormalized energies and canonical maps

In the first part of this section, we follow [8] and [15].

We fix % € N and a collection d = (d1,...,dp) € 7% and weletd :=dq+---+dp.
The bounded domain Q c R? is assumed to be simply connected and C1¢.

We consider a collection of mutually distinct points in Q, a = (a1,...,az) €
QF (the prescribed singularities), and also a boundary datum g € H"2(0Q;S1),
of degree d.

For small p > 0, we define the open set Q, = Q\ U?Zlﬁ(aj, p), and the
classes of functions

Fpg ={v e H(Qp;S); tr v =g, deg(v,Claj, p) = d,}, (2.1)
5'7\9 ={ve Hl(Qp;Sl); deg(v,0Q) =d, deg(v,C(a;,p)) =d,}. (2.2)

The functions in these classes have prescribed winding number d; around
each a;, and prescribed boundary condition g (respectively prescribed degree
d) on 0. Of course, although we do not make this dependence explicit, the
above classes depend not only on p and g, but also on a.

In [8] and [15], minimization of the Dirichlet energy 1/2 f |Vv|? over these
spaces is studied, and the following asymptotic expansions are obtained as
p—0:

1 k 1

inf< — |Vv|2;v€3p,g :”(Z djz) log—+ W(a,g)+ O(p), (2.3)
2Ja, =1 p
1 9 = Eooo), 1

infq — IVul*;veF,r=m Zdj log— + W(a)+ O(p). (2.4)
2 Qp j=1 p

In the above expressions, W(a,g) and W(a) are the so-called renormalized
energies. These quantities depend not only on a and g, but also on d and Q.

Explicit formulae for the above renormalized energies can be found in [8]
and [15], and involve the functions ®, , and @, defined as follows. @, ¢ is the
unique solution of

A®y g =21Y" d;j6,;, inQ

AN — 0Q
T on > (2'5)

while @, is the unique solution of

(2.6)

~

AD, =27 d;6,;  inQ
®,=0 on Q)

For further use, let us note that, if @ € S1, then Dy g = Dy,qg. Therefore, we
may naturally define ®, , when g is an equivalence class in H 12(0Q; Sty/st.
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We also define the regular parts R, ; and ﬁa of ®, , and @, as follows:

k

Rog(x)=®q 4(x)— ) djloglx—a;l, YxeQ, (2.7)
j=1
respectively
R . k
Ra(x):(Da(x)—Zdjloglx—ajl, VxeQ. (2.8)
j=1

The expressions of W and W are

1 0
W(a,g):—nZdjdlloglaj—alH—/ q)a,g(g/\—g
2 0Q ot

k
-7 Z d]Ra,g(aj), (2-9)
j=1

J#l
respectively
—_ k AN
W(a):—nZdjdlloglaj—all—nZdJ-Ra(aj). (2.10)
J#l J=1

The next result was proved in [15].

2.1 Proposition. We have
W(a) =inf (W(a,g); g € &4, (2.11)
and the infimum is attained in (2.11).

Recall that &; := {g € HY2(0Q;S'); deg(g,0Q) = d}.
We present here an alternative proof of Proposition 2.1, in the course of
which we exhibit a formula of the form

W(a,g)= W(a)+ non negative terms ,

which will be useful in the sequel.

Proof of Proposition 2.1. We identify a map v € HY?(0Q;R) with its harmonic
extension to Q, still denoted y. Given v € H 12(5Q); R), we define its (normal-
ized) harmonic conjugate y* € HY2(0Q;R) as follows. The harmonic extension
of y* (still denoted y*) is the unique solution of

{1// + 1™ is holomorphic in Q,

(2.12)
*=0.
Jo®

Note that the Cauchy-Riemann equations imply
oy _ oy

] 0wt _ow
ov ot

and = ,
ot ov

(2.13)



oy oy”*
at least when v is smooth. When v is merely H2, the distributions a—w, ;V €
v’ ov
H 12 are respectively defined as the trace on 0Q2 of the normal derivatives of
w and y*, and the equalities in (2.13) are to be understood as equalities of
distributions in H~ 12,

We consider the space

HY2(0Q;R/R = H2(0Q;R) := {1// e HV2(0Q; R); / W= 0} : (2.14)
0Q

which is endowed with the natural norm

2 2 q2_ [ oyt . [ oy
|w|H1/z—/QIVw| —/lewl —/m Y= /m A (2.15)

If ¢ not smooth, then the two last integrals are to be understood as H~V2—H1?2
duality brackets.
Given a € Q% we define the canonical boundary datum associated with a
as the unique element g = g% € H2(0Q; S')/S! such that deg(g,dQ) =d and
dg® 09,
ap 96 _ _ 2.16
& " or T oy (2.16)

Our first observation is that g¢ is well-defined and smooth. (It would be
more accurate to assert that every map in the equivalence class defining g¢ is

0
smooth.) Indeed, existence of a smooth g :0Q — S! satisfying g A d_g = h (with
T

given h) is equivalent to A~ smooth and
/ h=2nd. 2.17)
0Q

InAaddition, g (if it exists) is unique modulo S!. In our case, we have A =
0D,

, which is smooth (since @, is smooth near 9Q). In addition, using the

v
equation (2.6), we see that (2.17) holds. If we compare the definition of g% to
the one of @, 5, we see that the canonical datum g is the unique g (modulo
multiplication by a constant in S') such that

Dy =Dy g (2.18)

Given g € HY2(0Q;S') with deg(g,dQ) = d, we have deg(g/g®,dQ) = 0. There-
fore, we may find v =y, o€ H 126Q: R), unique modulo a constant, such that

[9]
g=g%"Y =g%"azs. (2.19)
Thus we have

A[®@yg—D,] =0 in Q

~ oy
a— [(Da’g - (I)a] = a_‘l,' on 0(2 . (2_20)
(q)a,g _&)a) =0

0Q



Combining the above with the definition of the harmonic conjugate, we find
that

Dgg =D —y* =Dy -y} . (2.21)

Plugging (2.21) into the expression of W(a, g) given by formula (2.9), we find

1 - o[ o 08° 61//)
Wa,g)=-nY d;dlogla;—ail+= | (Be- ==
(8 ”j; sduloglay al|+2/ag( v )(g Nor Tar
k AN
-7 Z dj(R(aj)— w*(aj)) (2.22)
J=1

_1v7, 1 x| _a aga 1 *61'[/ u ¥ (o
=W(a) 2/091// (g A 61) 2/601// o +7rjzzld]u/ (a;).

In the last equality we used the fact that @, = 0 on Q. Furthermore, using
the definition of g* and the fact that ¢* is harmonic, we obtain

dg® ) / 0D,
* a A= |= *
/%) w (g ot Q 1,[/ ov

- i (2.23)
:/ ;” ®a+/ yAD, =21 Y djyt(a)).
o oV Q j=1
Using (2.15), (2.22) and (2.23), we finally obtain
1
W(a,8)=W@)+ 2 |Yalze. (2.24)

In particular, we recover the conclusion of Proposition 2.1 in the following
stronger form: the minimum of W(a,-) is attained (exactly) when g = g% (mod-
ulo S1Y). O

2.2 Remark. The canonical boundary datum g will play a crucial role in
our subsequent analysis. We emphasize here the fact that g is the (unique
modulo S') solution of

dg® 0D,
ot ov

a

on 0Q). (2.25)

The limit (as p — 0) of the variational problem (2.3) is also connected to the
so-called canonical harmonic map u . 4 ¢ associated to prescribed singularities
ac€ Q’;f and to the Dirichlet condition g € H 12(5Q; $1). In fact, in [8, Chap-
ter I] it is proved that the unique solution u, ¢ of the minimization problem
inf{[|Vul?;u € F, g} tends to u. 4 g, in CfOC(Q\ {a;}) as p—0.2

2 Actually, in [8, Chapter I] the map g is supposed smooth, but the argument adapts to a
general g € H2(0Q;S1).



The canonical harmonic map is defined by the formula

H ¢
U=Usgg=e" H(Iz = |) in Q
J

AH =0 in Q
u=g on 0f2

(2.26)

The fact that deg(g,0Q2) = d = Y} d; guarantees that H = H, is well defined.
Indeed, there exists ¢ € H 12(0); R) such that

_d4
Z2—Qaj J
1) -

|z —ajl

and then we can simply let H be the harmonic extension of 1. On the other
hand, we note that H is uniquely defined up to a multiple of 2.
Equivalently, u in (2.26) is characterized by [8, Chapter I]

lul =
ou 0D, ¢
“n 0x1 - Ox
2
1 aul 0Dq 4 . (2.27)

AN—=—2=
“ 0xo O0x1
u =g on 05

In particular, we have

Uy ag _ 0D, 4

= 0Q 2.28
ov ot on ( )

Usx,a,g N

and

Uy g g
Unagh ——E =, (2.29)
AQ e ov

2.3 Remark. For the minimization problem (2.4), the situation is similar. As
established in [15], the solution v, to inf { f IVul2;v Effp} converges (in an
appropriate sense) as p — 0, t0 Vi 4 := Uy g ge. Since g is defined modulo
St U+,q 18 also defined modulo S!. Therefore, in this context the convergence

actually means that subsequences of (v,) converge to representatives (modulo
shofv va

We end this section with the definition of the following quantity, which will
play a very important role in what follows. For a € Qﬁ and ge H 1250 $1),
we set
OUsgg B 0D, o

ov ot

N(@,8):=Usgg A e H2(00;R). (2.30)
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3 Transport of formulas onto the unit disc

Let f : D — Q be a conformal representation. The assumption Q € C1% ensures
that f and its inverse ¢ := f~1: Q — D are C>® up to the boundary.

The goal of this section is to understand how the objects defined in Sec-
tion 2 are transported by ¢ and f.

We will stress the dependence on the domain by using superscripts (e.g.
Wk: W), For a € D*, the notation a = f(a) stands for a := (f(a1),...,f(ap)) €
QF.

First of all, for a € Q*, we have

Q D
Dy g = q)tp(a),gOf op+C, 3.1

where C = C(a,8,f) = - [« (DB(a),goﬂf/" Indeed, (3.1) is justified as follows.
By a direct calculation, both sides of (3.1) satisfy the same Poisson equation,
with the same Neumann boundary condition. The constant C comes from the
normalization condition | 20 Pa,g = 0. The same argument applies to show that

=B, 0. (3.2)

Here there is no renormalization constant since @, satisfies a Dirichlet bound-
ary condition.

Normal and tangential derivatives transform in the following way. If v :
D — C, then

2 0
—[vop]@)= |(p'(2)|6—:((p(z)), 2 €00, (3.3)
2 3
P [vog|(2)= |(p’(z)|a—z (p(2)), ze€dQ. (3.4)

Using (3.2), (3.3), (3.4) together with formula (2.16) characterizing g%, we
find, for a € QF,

glof =g?®. (3.5)

On the other hand, we claim that

ug’a,g - ”[B,w(a),gof °YP. (3.6)
Indeed, this follows from the observation that the two sides of (3.6) agree on
0Q2, combined with (2.26) and with the fact, when H is harmonic in D, we may
write

p(2)—p(a) ptHopz) — 274 K@)

= ,  with K harmonic in Q.
lp(2) — p(a) |z —al

11



As a consequence of (3.6) and (3.4), we obtain, recalling the definition (2.30) of
N,

N%a,g)=1¢'IN®(@p(a),go f)og. (3.7

The formulas of the renormalized energies W and W transport in a more
complicated way.

3.1 Lemma. Let a € D*, a:=f(a) and g:0Q — S'. Then
Wa,) =W (a,gof)+n)y_ diloglf'(aj)l, (3.8)
j

’Wﬂ(a):WD(a)+nZd§10g| fl(a)l. (3.9)
J
Proof. Using definition of R, 4 (2.7), together with (3.1), we compute, for z € D,

k
Ry (f(2) = @p . 1(2) - l_Zldl loglf(2) - f(ap)|+C

(3.10)
f(2)—f(ar)

Z2— Q]

+C.

k
:RE’ygof(z)—l:Zidllog'

The above is well-defined when z # a, and extends by continuity at z = a;. In
particular,

'f(aj)—f(al)
-

(f(aJ)) Ragof(aj)—Zdllog —djloglf'(a)+C. (3.11)

I#£]

Finally, we plug (3.1) and (3.11) into formula (2.9) expressing W in terms of
®, ; and R, . We obtain, using also the fact that deg(g,0Q2)=d =3} d;,

1
WQ(a g)——nZd dilogla;—ag|+— / CDDgOf 7
J#l 0Q)

og
+—C/ gnE_ nZdC nZdR'D of(a])+n2d210g|f(a])|
2 0Q ot @8

:—n;d idiloglaj—apl+ = /Dq)"igof(gof)/\a—T(gOf)

k
—nz djRy . p(a))+m Y dZloglf'(a)))
j=1

a,go

= W'D(a,gof)+nZd?log|f’(aj)l-
J

Formula (3.9) can be proved following the same lines (the calculations are
even simpler than for (3.8)). Alternatively, we can obtain (3.9) via the relation
W(a) =W(a,g%). O

12



4 Explicit formulas in the unit disc

In this section we derive explicit formulas for WD, WP and NP.
We start by recalling the explicit formulas for <D[al’ and WP [15]: for a € [D)’j,
we have

k
Do)=Y dj(loglz—a;l-logll-a;zl), VzeD, (4.1)
j=1
WD(a) = —nZdjdlloglaj—all +nZdjdllog|1—a_jal| 4.2)
7l J#l

+nzd§10g(1—|aj|2).
J

The formulas for W and N are more involved.

4.1 Lemma. Let o® € I]J)Ii be fixed, and g° := g“o : S — S! be an associated
canonical boundary map. (Recall that g° is defined up to a multiplicative
constant.) Then it holds:

(i) For a € D* and for Ve HY2(SLR),

Iy 1 2
WD(a,gOe’”’):WD(a)+§/‘V(u/;go+1//*) (4.3)
D b
and, for z€D,
k ai(l-a;z) aQ(l—E?z)
Vo' J(2)=2Y d;|L— S € C~R2 (4.4)
17Ua,g0 J;l J( |1—C¥JZ|2 |1_agz|2
(ii) For a € D* and for v € H2(SL;R),
a; Nz
NP(a,g% ") = ——+2) d; J 4.5
(a,g"e'") = Z i a0|2 Z le el (4.5)

Proof of (i). Since we will always work in the unit disc, we drop the superscript
D.
We know from (2.24) that for g € HY2(S1;S1),

W(a,g) = W(a)+ % Wag|oe, (4.6)
where 1/, ¢ is defined (modulo a constant) in (2.19) by

g=gVs. 4.7)
Taking g = g%'¥, and using g° = g%'+4°, we find

g=g% Vel eV = gte'Vust*V) (4.8)

13



so that it holds

Vag=Vag0 V. (4.9)
This leads to

2
, (4.10)

— 1 _ 1
W(a,g%") = W@+ vz syl = W(a)+§/D ‘v (w7 o w)

i.e., (4.3) holds. In order to complete the proof of (i), it remains to compute

*

Vwa,go.
Recall that w; 20 is characterized by

Aau/;go -0 in D
T Vag0 = "3 Vag onS, (4.11)

0 T
/S/l Va0 = 0

v

Since e'¥2® = g¥/g% we have

OWago o 0g° 0g”
—= =g A——-g%A
ot £ ot o ot

(4.12)

By definition of g% and g° = g“o, and using (4.1), we obtain

g% od 0 —
A= = Yy ogle o] ogi -]

0, ag° _ 0D 40
ot ov

(4.13)

a _
_ ;ozja [log|z—a§?| “log|1- a(]).zl] .
We also note the identity

0
lza—[logll—EzHloglz—al], VaeD. (4.14)
v

Combining (4.12))-(4.14), we obtain

Wog e 0
ov ot ov

. (4.15)

2y d; (log|1 - a%| - log|1 - @z)
7

Therefore, there exists a constant c(a) € R such that

v o@)=2Yd; (1og|1—a§?z| —1og|1—ajz|) tela), VxeD. (4.16)
J

Indeed, the right-hand side of (4.16) satisfies (4.11), and so does w; 20" The

constant c(a) is determined by the normalization condition [ w; 0= 0. From
(4.16) we immediately obtain (4.4). O
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Proof of (i1). In view of formula (2.26), we have

oH*

0H 0
Na,g"")=——+—- :——Zd [loglz—ajl],(4.17)

Zdj@(Z—OLJ
J

where H* is the harmonic conjugate of H, characterized (up to a constant) by

AH* =0 in D
0H*  O0H sl (4.18)
av ot Y
On the boundary S!, we have
-d,; -d;
LH z a]) T (Z_aj) / 0 1y
= e, (4.19)
1_[(Iz a;jl g l;[ |z —ajl &
so that
0H _ oy dg° 0
+g8 AN—-) di—|0(z—-qa;
ot or g ot Jar[(z aJ)]
0
- O‘Vv “O—Zd — [loglz - al] (4.20)
6 *

4 .i ¥ —Toel1-a%l] = . 2 Ca
i +;djav[log|z a;l-logl|1 ajzl] ;djav[loglz ajl.]

Here we have used the definition of g° = g“o and the explicit formula (4.1) for
®,. Using (4.14), we obtain

o0H 0
5= "3y v +Zd (21og|1 -] 92| -logll-a;zl)|. (4.21)
We deduce that there exists a constant ¢ = c(y, @) such that
=y +Zd (2log|1 - | log|1-@;z|)+ec. (4.22)

From (4.22) and (4 17) we obtain

N(a,g%") =

[2log|1 @%2| - log|1- ;2| - loglz - a;l| . (4.23)

Using the fact that for every a € D we have

anz

e VzeS!, (4.24)
Z2—Qq

a[1 | |]_6[1 I1-az|]=
5, Hoglz—all= ——[log|1-@z|] =
we finally obtain

ajnz

N(a,g%")= L (4.25)

/\
Iz ocOI2 Z le a;

as claimed. O
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5 Nondegeneracy of W is stable

In this section we show that, if a® € (Qo)ﬁf is a nondegenerate critical point of
W(., go), with gg : Q¢ — S, then for Q “close to” Qo, and for g:0Q — S!
“close to” g, there exists a unique nondegenerate critical point a of WE(., g)
“close to” a®. Unlike the analysis we perform in subsequent sections, smooth-
ness (of the domain or of the boundary datum) is not crucial here. In order
to emphasize this fact, we first state and prove a result concerning rough
boundary datum (Proposition 5.1). We next present a “smoother” variant of
the stability result (Proposition 5.3).

The notion of closeness will be expressed in terms of conformal represen-
tations. Let us first introduce some definitions. Let X be the space

X :={f eC*(D;C); f is holomorphic in D}, (5.1)

which is a Banach space with the | - | o1 norm. In X we will consider the open
set

V :={f € X; f is bijective and f ' € X}. (5.2)

Every f € V induces a conformal representation f : D — Q := f(D), which is
C! up to the boundary. In what follows, we denote by f~! both the inverse of
f:D—Qand of fis1 st —60.

Similar considerations apply to the space

Xq:={f¢€ che (D;C); f is holomorphic in D}, (5.3)
and to the open set

Vo :=1{f € X; f is bijective and f ' € X,}. (5.4)
Here,0<a < 1.

5.1 Proposition. Let Qg be a smooth bounded simply connected C1* domain
and fo : D — Qg be a conformal representation. Assume that there exists a° € D*
and go € HY2(S1;S') such that a° := fo(a®) is a nondegenerate critical point of
W, goofo ).

Then there exist a neighborhood V of (fo,0) in V x HY2(S1;R), a smooth map
a:V — D~ and some & > 0, such that the following holds.

Let (f,yv) € V and consider the domain Q := f(D) together with the boundary
datum g = (goe¥)o f~1 e HY2(0Q;S'). Then W(., g) admits a unique critical
point a € QF satisfying |f1(a) — a®| < 8. This a is given by the map a(f,y) =
f (a(f ,w)). Furthermore, a is a nondegenerate critical point of W(-, g).

Before proving Proposition 5.1 we state as a lemma the following smooth-
ness result.
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5.2 Lemma. The map W :D* x V x HY2(SY;R) — R, defined by

Wia,f,9)=W'® (f(a),(goe)o 1), (5.5)
is smooth.
Similarly, the map Wy : Ile; x Vg x CL¥(SL;R) — R, defined by
Wola,f,w) =W (f(a),(goe)o f 1), (5.6)
is smooth.

Proof of Lemma 5.2. The idea is to rely on the formulas derived in Sections 3
and 4 in order to obtain an explicit formula for W, from which it will be clear
that W is smooth.

To start with, formula (3.8) gives

W(a, f,y)=W"(a,goe'V)+ 7y d?loglf'(a;)l. (5.7)
J

Using the fact that for holomorphic f all derivatives can be estimated lo-
cally using only | f|ls, it can be easily shown that the maps

D* x V 3 (a, f)—loglf'(a;)| (5.8)

are smooth.
Therefore the second term in the right-hand side of (5.7) is smooth, and in
order to complete the proof of Lemma 5.2 it suffices to prove that

D* x HY2(SY;R) 3 (@, w) — WP(a, goe'?) := Py, (a, ) (5.9)

is smooth. Clearly, if g € HY2($1:$1) is such that deg(g,S') = deg(go,Sh),
then we may write g = goe'¥? for some o € H/2(S';R), and then we have
Pg(a,y) = Pgo(a,y + o). This implies that the smoothness of Pz, does not
depend on the choice of go. Therefore, we may assume that g¢ = g“o for some
a® € D*. This assumption allows us to use Lemma 4.1. Using (4.3), we obtain

— 1 1
WD(a,gOeW):WD(aH—/|Vu/;go|2+—/|Vw*|2
2 Jp! Vaed T |

+/DV1//;’gO -Vy*.

We examine the smoothness of the four terms on the right-hand side of (5.10).
The first term depends only on a and is smooth thanks to formula (4.2). The
second term depends only on a and is smooth thanks to formula (4.4). The
third term depends only on 1 and is a continuous quadratic form, hence it is
smooth. The fourth and last term depends linearly on 1 and is smooth thanks
to formula (4.4) again.

Hence the map (5.9) is smooth, and the proof of the H2 part of the lemma
is complete.

The proof of the C1® part of the follows the same lines and is left to the
reader. O

(5.10)

17



Proof of Proposition 5.1. Let us first remark the following fact. Fix f € V and
w € HV?(0D;R) and consider the domain Q = f(D) together with the boundary
datum g = (gge’¥)o f 1. Then, for any a € D*, f(a) is a nondegenerate critical
point of W(., ) if and only if a is a nondegenerate critical point of W, f,v).
This is a simple consequence of the fact that f induces a diffeomorphism from
D* to QF.

We consider the map F : D* x V x HY2(S1;R) — R2*,

F:(a,f,w)— VeW(a,f,v). (5.11)

Lemma 5.2 ensures that F is smooth. Moreover, the assumption that a° is a
nondegenerate critical point of W0(-, ggo f 1) ensures that a° is a nondegen-
erate critical point of W(-,fO,O). Therefore F(a®,fy,0) = 0, and D F(a®, fo,0)
is invertible.

This enables us to apply the implicit function theorem: there exist of a
neighborhood 7 of (fo,0) in V x HY2(S1;R), a smooth map a : 7 — D, and
5 >0, such that, for (f,%)€ ¥ and |a - a®| <4,

Fla,f,u)=0< a=alf,vp). (5.12)

We may also assume that D F(a(f,w),f,y) is invertible, so that a(f,y) is a
nondegenerate critical point of W(-, f,v). This implies that a := f (a( f ,w)) is a
nondegenerate critical point of W(-, g), where Q = f(D) and g = (gge'¥)o f L.
In view of (5.12), a is the unique critical point of W(-, g) satisfying |f 1(a) -
al| < 6.

The proof of Proposition 5.1 is complete. O

In what follows, we will use the following smoother version of Proposition
5.1.

5.3 Proposition. Let Qg be a smooth bounded simply connected C1% domain
and fo: D — Qg be a conformal representation. Assume that there exists a® € D*
and gy € CH¥(ST;SY) such that a® := fy(a®) is @ nondegenerate critical point of
W(, ggofoh).

Then there exist a neighborhood V of (fo,0) in V, x CL4(SL:R), a smooth
map a:V — IDI:, and some 6 > 0, such that the following holds.

Let (f,y) € V and consider the domain Q) := f(D) together with the boundary
datum g = (goe¥)o f~1 e CL%0Q;SY). Then W(.,g) admits a unique critical
point a € QF satisfying |f (a)— a®| < 8, given by the map o(f,w)=f (alf,w)).
Furthermore, a is a nondegenerate critical point of W(-, g).

Here, V, is given by (5.4). The proof of Proposition 5.3 is identical to the one
of Proposition 5.1 and is left to the reader.

We will need later the following special case of Proposition 5.3, where Q2 is
fixed.
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5.4 Corollary. Let a® € Q be a nondegenerate critical point of W(-,go), for
some g € C1*(0Q;SY). Then, for g in a small CY%neighborhood 2 of go,
W(,g) has, near a°, a unique nondegenerate critical point a(g). In addition,
the map v — a(goe'V), defined for v in a sufficiently small neighborhood of the
origin in CL*(0Q;R), is smooth.

We note here that Corollary 5.4 allows us to define a map

Ol + a(g),g

FIVR (5.13)

To =T, %= C*OAR), Tu(g) = NHa(2),8) = U (g N

Since W(.,g) does not depend on the class of g modulo S$', neither do a(g)
and T'.. Moreover, in view of (2.28) and (2.29) we have

/u Aau*,a,g_/ OCDa,g_O
0Q B ov 0Q ot )

We find that the map T. induces a map, still denoted T, from 0/S! into
C%0Q;R). Here, we define

C*(0Q;R) := {w € C*(0Q;R); / Y= o}.
0Q

It is also convenient to consider, in a sufficiently small neighborhood B of the
origin in C1*(dQ;R), the maps (both denoted U,.)

U, =U2 0, B — CHOQR), U.y) = T.(goe') (5.14)
and
U, =U2,, . BR— COQR), U.(y) = T.(goe™). (5.15)

The above U.’s are smooth. Indeed, this is obtained by combining (3.7) with
(4.5) and with the fact that v — a(goe'¥) is smooth.

6 A uniform version of the Pacard-Riviere con-
struction of critical points

We start by explaining how the results established in this section compare to
the existent literature.

Let us first briefly recall the Bethuel-Brezis-Hélein analysis of critical
points of the Ginzburg-Landau energy E. with prescribed Dirichlet boundary
condition g € C*(0Q;S') [8, Chapter X]. Consider a fixed boundary condition
g € C®(0Q;S1), with deg(g,0Q) =d = zf.:ldj. Givena € QF of W(-,d1,...,d}, 8),
consider the canonical harmonic map given by (2.26). The fact that a is a
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critical point of W(-,d1,...,d,g) is equivalent to the fact that the harmonic
function H}, defined near a; by

d4

z—a; \Y

u, =eti (—J) , (6.1)
|z —ajl

satisfies VH j(a;) = 0 [8, Chapter VII].

The main result in [8, Chapter X] asserts that, when Q is starshaped crit-
ical points of E. converge, as € — 0 (up to subsequences and in appropriate
function spaces), to a canonical harmonic map u. = u. 4 associated with a
critical point a € Qfﬁ of W(-,d1,...,d,2).

Granted this result, one can address the converse: given a critical point
ac€ Q’: of W(-,d1,...,dp,g), does there exist critical points u, of E. with pre-
scribed boundary condition g, such that u, — u, 4 as € — 0? Here we will
be interested in the answer provided by Pacard and Riviere [16].

6.1 Theorem ([16, Theorem 1.4]). Assume that g € C>*(0Q;S') and d; € {+1}.
Let a € Q]j be a nondegenerate critical point of W(-,d1,...,dz, Q).

Then there exists €y > 0 such that for every € € (0, &), there exists u, a criti-
cal point of E . with u. = g on 0L}, and

Ug — u*’a(g)’g as € — O (6.2)

in C2%(Q\{a1,...,ax.

The purpose of this section is to establish a variant of Theorem 6.1, in
which g is assumed to be merely C1% and is not fixed anymore. In addition,
we will obtain a uniform existence theorem, and uniform convergence rate.
More specifically, we fix integers d1,...,d;. Since these integers do not de-
pend on the boundary datum g we consider, we will omit the dependence of
W with respect to d1,...,d: we write W(-,g) instead of W(-,d1,...,dz,g). We
consider ag € Qf a nondegenerate critical point of the renormalized energy
W(-,g0) associated with go € C1*(0Q;S?). By Corollary 5.4, we know that, for
g in a small C1%-neighborhood 2 of gg, W(-,g) has, near a¢, a unique nonde-
generate critical point a(g).

In this section, we establish the following variant of Theorem 6.1.

6.2 Theorem. Let d1,...,d; € {—1,1}. Let ay be a nondegenerate critical point
of W(-,g0). Then there exist § >0 and £y > 0 such that the following holds. For
every g € CL%(0Q;SY) satisfying |lg — 8ollcre =6, and for every € € (0,¢&p), there
exists ug = ug g a critical point of E. with prescribed boundary condition g,
such that

Ugg — Usa(g),g aSE—0 (6.3)

in C2%Q\{ay,...,az)).

loc
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As announced, the difference with Theorem 1.4 in [16] is that we merely
assume that g € C1%; in addition, we prove that £y can be chosen independent
of g. Theorem 6.2 allows us to define a map F, : g — u, ¢ for every € € (0, o).

Theorem 6.2 is obtained by following the proof of Theorem 6.1 in [16]. All
we have to check (and we will do in what follows) is that the estimates in
[16] are uniform in g; we also have to modify some arguments relying on the
regularity assumption g € C%®,

Proof of Theorem 6.2. For the convenience of the reader, we recall the main
steps of the proof of Theorem 6.1 in [16], and examine the crucial points where
the estimates depend on g, respectively where the regularity of g plays a role.

The general strategy in [16] is to construct an “approximate solution” u,
of the Ginzburg Landau equation

Ne(w)=0, where AN(u):= Au+%(1—|u|2), (6.4)
€

using the fairly precise knowledge we have of the form of solutions for small
€. Then, using a fixed point argument, one can prove that some perturbation
of &, is in fact an exact solution of (6.4). The main difficulty lies in finding the
good functional setting that makes the linearized operator L. = D4, around
¢ invertible, uniformly with respect to €. This is achieved in [16] in the frame
of appropriate weighted Holder spaces.

In [16] the proof of Theorem 6.1 is divided into five chapters: Chapters 3
through 7. In what follows, we detail the content of these chapters and explain
how to adapt the arguments for the need of Theorem 6.2.

Chapters 3 and 4 in [16]

[16, Chapter 3] is devoted to the study of the radially symmetric solution
u(re'?) = f(r)e'? of the Ginzburg-Landau equation in C satisfying lim, .o, f(r) =
1. In particular, [16, Chapter 3] characterizes the bounded solutions of the lin-
earized equation about this radial solution. This characterization is used in
[16, Chapter 4] in the study of the mapping properties of the linearization of
the Ginzburg-Landau operator (at the radial solution) in the punctured unit
disc D\ {0}. In particular, it is shown that the linearized operator is invertible
between appropriate weighted Holder spaces.

These two chapters (3 and 4) are independent of the boundary condition g,
so that they can be used with no changes in the proof of Theorem 6.2.

Chapter 5 in [16]

The next step, in [16, Chapter 5], consists in constructing and estimating the
approximate solution #.. This approximate solution looks like . = 4 g 4(g)
away from its zeros (which are close to the singularities of u.), and like the
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radial solution studied in [16, Chapter 3] near its zeros. Since u, is built upon
u ., the estimates satisfied by @, involve u ., and thus g.

More specifically, in [16, Chapter 5], various quantities are estimated in
terms of constants c(u ) depending on u. and its derivatives. An inspection of
the proofs there combined with (2.26) shows that these constants depend only
on a(g), on the harmonic function H = H,; and on the derivatives of H,.

We claim that the constants c(u.) can be chosen independent of g satisfy-
ing

lg—go ”CL“(@Q) <6. (6.5)
Here, 6 is sufficiently small in order to have the conclusion of Corollary 5.4.

Indeed, the key observation is that there exists a constant C > 0 independent
of g such that

||H||Cl,a(§) < C, (66)

this follows from the fact that H is harmonic and [|H | ¢c1.agq) < C.
In particular, we have

IH | k() < C(k,w) for k€N and w <. (6.7)

Estimate (6.7) implies that all the interior estimates in [16, Chapter 5] are sat-
isfied uniformly in g € C1® satisfying (6.5). This settles the case of estimates
(5.8), (5.9), (5.33), (5.42) and (5.43) in [16, Chapter 5].

It remains to consider the global and boundary estimates (5.29), (5.32) and
(5.41) in [16]. These estimates rely on bounds on the solution ¢ of the problem

9, 1-¢8° .
Af—IVu*|£+ 82 é =0 ll’lQ(g/z
& =Se+wj, ondDgpela)) (6.8)
¢ =1 on 0Q

Here, Q; := Q\U;Dy(a;) (for sufficiently small o > 0), and 6 := €2. The auxil-
iary function S, is independent of g and is defined in [16, Section 3.6]. Finally,
w; ., defined in [16, (5.7)], depends only a(g) and on the restriction of H; to
compacts of (2; therefore, the estimates involving w; , are uniform in g.

In [16, Lemma 5.1] the following estimates (numbered as (5.29) in [16])
are shown to hold:

1-ce?<é<1  inQ,, (6.9)
1-ce’r;?<é<1  inDya;)\Dep(a,)), (6.10)
VR < cre®r77% inDygola)\Dslay) (k=1). (6.11)

Here o > 0 is fixed, and r; = r (x) denotes the distance from x to a ;. Estimates
(6.10) and (6.11) are interior estimates, and therefore they hold uniformly in
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g € CL% satisfying (6.5), as explained above. We claim that the same conclu-
sion applies to (6.9). Indeed, an inspection of the proof in [16] shows that the
constant ¢ in (6.9) is controlled by supg_[Vu.|. The latter quantity is uni-
formly bounded, thanks to (6.6), whence the conclusion. This settles the case
of the estimate (5.29) in [16].

We next turn to the estimate (5.32) in [16, Lemma 5.2]. Under the assump-
tion that g € C%®, this lemma asserts that

sup|V*é| <ece?*, E=1,2. (6.12)
o

In our case, we only assume g € C1®. The corresponding estimates are given
by our next result.

6.3 Lemma. Assume that (6.5) holds. Then we have

sup|V¢| < ce and |Véla o, < ce' ™. (6.13)
Qg

Here, | -|¢,0, denotes the C% semi-norm in Q,:

lu(x) —uly)l

|u|aQJ :zsup{ 7x7y€Q(T}'
’ lx —yl¢

Proof. We apply Lemma 10.3 in the Appendix with w =¢—-11in G := Q4/9, and
find that

sup Vel < C (lwlfZ o, Ml g, + lwlcraea,), (6.14)
Qg
IV¢la,0, = C (1wl 2 8310w IF2E3 + lwll e, (6.15)

The conclusion then follows by combining (6.14)-(6.15) with the equation (6.8)
and with with estimates (6.9) and (6.11). O

Finally, we examine estimate (5.41) in the last section of [16, Chapter 5];
this is a global estimate for A:(z.). Recall here that .4; is the Ginzburg-
Landau operator, and that #. is the approximate solution of (6.4) constructed
in [16, Chapter 5]. The estimate [16, (5.41)] involves an interior estimate and
a boundary estimate. As above, the interior estimate is settled with the help
of (6.7). We now turn to the boundary estimate, which is the following:

I Ae (@)l cacqy,) < ce* . (6.16)

The proof of (6.16) in [16] relies on the estimates (6.12) above (see[16, Proof
of Lemma 5.2]). In our case, (6.12) need not hold, since we only assume that
g € CH%. However, we still obtain (6.16) as follows. We note that

Ne(Ue) =2Vu,-V¢ in Q4 (6.17)
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(this is formula (5.46) in [16]). By (6.17), we have

| Ae(@e)lcaq,) = cllVusllcanlVEllcaq,)- (6.18)

We obtain (6.16) as a consequence of (6.6) and of Lemma 6.3.

As a conclusion of this inspection, we find that all the estimates in [16,
Chapter 5] are uniform in g satisfying (6.5); the arguments there need only
minor changes. The most relevant change is that [16, Lemma 5.2] has to be
replaced by Lemma 6.3.

Chapter 6 in [16]

We now turn to [16, Chapter 6], which deals with the conjugate linearized
operator %, around the approximate solution. The main result of this chapter
is [16, Theorem 6.1], which states that z is invertible for € € (0, &p), with the
norm of its inverse bounded independently of €. In order to adapt this theorem
to our situation, we need to check that this ¢, and the bound on ftz_l, can be
chosen independently of g satisfying (6.5).

The proof of [16, Theorem 6.1] is divided into three parts:

(a) The “interior” problem, consisting in the study of the linearized operator
%, near the zeros of u, [16, Section 6.2].

(b) The “exterior” problem, requiring the study of the linearized operator :%vg
away from the zeros of z. [16, Section 6.3].

(c) The study of the Dirichlet-to-Neumann mappings [16, Section 6.4]. (These
mappings are used later in order to “glue” the two first steps together.)

The interior and the exterior problem rely on the estimates obtained in
[16, Chapter 5]. An inspection of the proofs shows that all the estimates ob-
tained there are uniform in g, with one possible exception: the estimates in
[16, Proposition 6.2]. Indeed, these estimates rely on [16, Lemma 5.2], and
more specifically on (6.12) (which does not hold in our setting). However, a
closer look to [16, Proof of Proposition 6.2] shows that the conclusion of [16,
Proposition 6.2] still holds if we replace (6.12) by Lemma 6.3. In conclusion,
the first two steps can be carried out with uniform estimates, provided (6.5)
holds.

The third step (Dirichlet-to-Neumann mappings) requires more care. In
[16, Section 6.4], the following two operators are defined, for fixed small { > 0
and for sufficiently small e:

k k
DNinte, DNext e : H c>® (C((, aj)) — H che (C((, aj)) . (6.19)
j=1 j=1

(These are the interior and exterior Dirichlet-to-Neumann mappings.) The
crucial result in part (c) is [16, Proposition 6.5], which states the existence of
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some £¢ such that DN;,;  —D N,y is an isomorphism for € € (0,&¢). The proof
of this fact goes as follows. First the convergence

DNint,e _DNext,E - DNint,O _DNext,O ase—0 (6.20)

is shown to hold in operator norm. The proof of (6.20) relies on the interior
estimate (6.7). Therefore, the convergence in (6.20) is uniform in g satisfying
(6.5).

We now return to the proof in [16, Chapter 6]. Once (6.20) is established,
it remains to prove that the limiting operator DN,,; o — DN, is invertible.
This is done in [16, Proposition 6.5]; this is where the nondegeneracy of a as
a critical point of W(-,g) comes into the picture. In order to extend the con-
clusion of [16, Proposition 6.5] to our setting, and to obtain a uniform bound
for the inverse of DN;pt e — DN,y ¢, it suffices to check that DN, 0 — DNyt 0
depends continuously on g. Indeed, this will lead to a uniform bound for the
inverse of DN;pt e —DNey o provided ¢ is sufficiently small, uniformly in g
satisfying (6.5) (possibly with a smaller §). For this purpose, we examine the
formulas of DNy o and DN;,:0. The definition of DN,y is given in [16,
Proposition 6.4], and it turns out that that DN,,; o does not depend on g. As
for DNy 0, it is a diagonal operator of the form

DNint (1,88 = (DN, o@1), ... DNE, (1), (621)
with DN7, - C*%(C({,a)) — C1*(C(C,a)), V.j € [1,k]. |
Furthermore, from [16, Proposition 6.3] we know that DN{ntO further
splits as
. T, - +inf N +inf
DNI  =TyeTs, with { L0 5P Josp = sPAR ™™g o)
wnt, Ty :span{e*’} — span {e*'?}

Here, the operator T'; does not depend on g. Therefore, we only need to check
that T'9 depends continuously on g. As a linear operator on a two-dimensional
space, T’ is represented by a 2 x 2 matrix. It is clear from [16, Proposition 6.3]
that the coefficients of this matrix are smooth functions of V2H(a 7). In turn,
V2H(a 7) depends smoothly on g, by Corollary 5.4.

Hence DN;pt0 — DN,y 0 depends continuously on g, as claimed.

This allows us to choose £) independent of g satisfying (6.5) in [16, Propo-
sition 6.5] and in [16, Theorem 6.1], and to obtain a uniform estimate for the
inverse of z

Chapter 7 in [16]

Finally, in [16, Chapter 7] the results and estimates in [16, Chapters 3-6] are
combined in order to prove Theorem 6.1. Our above analysis shows that these
estimates are uniform, and therefore lead to the uniform version Theorem 6.2
of Theorem 6.1.
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Conclusion
As a conclusion of our analysis, Theorem 6.2 holds. O

For further use, we record two additional properties of the maps u, »; these
properties are immediate consequences of the construction in [16]. Let 6 be as
in Theorem 6.2. We consider the set

2A:={ge CH*0Q;Sh); g - gollcra < 5} (6.23)

6.4 Lemma. Let K € Q\ {a;}. Then we have |u; gl — 1 as € — 0, uniformly in
K andin geXl.

Proof. This follows by an inspection of the construction in [16]. Formulas
(5.36) and (5.37) in [16] ensure that, for small ¢, the approximate solution z,
satisfies |t¢| = |{| in K. The convergence then follows from the estimates on
¢, and from formula (7.1) in [16] connecting the approximate solution to the
exact solution. m

For the next result, it may be necessary to replace § by a smaller value.

6.5 Lemma. Let gcAand weS'. If wg €, then Ugwg = Wle g.

Proof. We have W(-,g) = W(-,wg). Therefore, if a is a nondegenerate critical
point of W(-,g), then a is also a nondegenerate critical point of W(-,wg). By
Corollary 5.4, we find that a(wg) = a(g). Using this equality, an inspection of
the construction in [16] shows that

ﬁg’wg = wiig,g. (6.24)

Thanks to (6.24), we obtain that wu, s has all the properties satisfied by the
solution u, 44 constructed from #, ., via the inverse function theorem. Since
the solution provided by the inverse function theorem is unique, we find that
Ugwg = WUe g, as claimed. O

7 Convergence of the normal differentiation op
erators

In this section, we fix integers d1,...,d; € {—1,1} as in Section 6. We assume
that a° is a nondegenerate critical point of W(-,go). Let g € 2, where 2 is
given by (6.23), and let 0 < £ < &g. For such g and ¢, we define u, = u. ¢ as
in Section 6. We also define u. g := U 4(g) g, Where a(g) is the unique critical
point of W(-, g) close to a( (see Corollary 5.4). We consider the operators

Oug g dT.(2)
* EUs g N—/—
ov an g g ov

The main result of this section is the following

Te, Ty :A— CUOQR), Te(g):i=ueg A
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7.1 Proposition. Let 0 < f < 1. Then (possibly after replacing 6 by a smaller
number) we have

hmsup”T (&)= Tl espq) =0. (7.1)
Ogte

In particular, given p > 0 there exists some g9 > 0 such that, for 0 < € < €,
Te—T, :A— C*0Q;R) is compact and satisfies

ITe(8)—T«(@lcapay s 4, Ve<ey, Ygel

Proof. The last part of the proposition follows from the fact that the embed-
ding CPOQ;R) — C*(0Q;R) is compact when B> a.

Whenever needed in the proof, we will replace 6 by a smaller number. Let
a =a(g), g €, be such that V,W(a,g) =0 and a is close to a’ = (a(l), .. .a%). Let
t >0 be a small number and set

w:= {er; |x—a3|>t, VjE[[l,k]]}.

We may assume that |a(g)—a®| < /2, V g € 2. In view of Theorem 6.2, we have
Ueg — Us g in CEP(K) as € — 0, for every g € 2 and for every K compact set
such that K < w \ Q). In addition, by Lemma 6.4 we have |u, 4| —1ase—0
uniformly in w and in g € 2.

Let 6 = 0, be the multi-valued argument of

ﬁ (e-ajg ))
J=1 | —a;(g )|
We note the that V0, is single-valued and that we have
IVOgllcrawy=C, Vgell (7.2)
For small ¢ (independent of g), we have deg(u, ) = deg(u. ) =d; on C(a?.,t),
and thus we may write, locally in o,

1(6+y) 1Og+yeg)
b

Ueg =pe'? =pgge'Ps =pe = Pege

and similarly

— el(9+1//* z(9g+1//*,g).

u*g ):e

We may choose v/, ¢ in order to have
||1,U*7g ”Cl"”(w) < C, Vg € 52[, (7.3)

and we normalize . o by the condition

Weg=Wig on oL (7.4)
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In terms of p, ¢ and v, the Ginzburg-Landau equation reads
div(p?Ve) = div(p2(@ + ) =0
1
~Ap=—p(1-p") - pIVyl*
Step 1. We have

IV@e gl <Cp, ,Ve<egVgel, V1<p<oo.

Indeed, we start by noting that we have |[VOgll1rw) < Cp; therefore, it suffices
to prove that ||V, ¢l 1r(w) < Cp. Using the equation div(pZV(p) =0, we see that
V¢ g satisfies

Ay g =div((1- pg’g) VOg+(1- pz,g) Vyeg) ino. (7.5)
We obtain

IVWeg L) < C (1Wegllwi-vpnow) + 11 = p2 VO Lo(w) + (1= p2 Ve ¢ Lo (w)
<Cp+Cl1-pZ Gl I Ve gl Lr(w)-
Since p; ;s — 1 as € — 0 uniformly in w and in g € 2, the second term in the

right-hand side of the above inequality can be absorbed in the left-hand side
and we obtain the announced result.

Step 2. For 1< p <oo we have Vp, o — 0 in L?(w) as € — 0, uniformly in g € 2.
This is obtained as follows. Let 17:=1n, o := 1 - p o €[0,1], which satisfies

1 .
—A17+E—zp(l+p)n:pIV(pI2 in w
n=0 on 02 ’ (7.6)
n—0in C2 on 0w \ 0Q)

the latter convergence being uniform in g € 2.
We may assume that p = 2. Multiplying (7.6) by n?~! and using Step 1 and
Holder’s inequality we find that, for small €, we have

1 1
B/ﬂ)n”ﬁg—z/wp(l+p)np
_ _40 _
=/pIV<pI217p 1+/ nP 1—"—(17—1)/17" 2|vp?
W 0w\0Q) ov W

on (p—1/p
S/plvwlznp'1+/ n"'la—sC(/np) +C,
w dw\oQ v w

||175,g||Lp(w)SCp, Ve<eyg, Vgell, Vp <oo. 7.7

and thus
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Inserting (7.7) into (7.6), we find that An is bounded in L?(w), Vp < co. By
standard elliptic estimates, we find that 1 (and thus p) is bounded in W22 (w),
V p < co. We conclude via the compact embedding W2? — WP and the fact
that, by Lemma 6.4, we have p — 1 uniformly in w.

Step 3. For every <1, we have ¥, g — ¥4 4 in CLA(w) as € — 0, uniformly in
gel
Indeed, v, g — . 4 satisfies

2 .
A(’l//g,g_/[l/*,g): _p vpgyg'v(eg'i'wE,g) m w

&8
wt"g - W*’g = 0 on 69 ’ (7.8)

Weg—Weg— 0in C2 on dw \ 0Q
the latter convergence being uniform in g. By Steps 1 and 2, we have
IA(We g =W g)lLrw) — 0 ase— 0, uniformly in g.

Using (7.8), we find that v, s — ¥, ¢ — 0 in W2P(w). We conclude via the em-
bedding W22 (w) — C1-P(w), valid when p >2 and f=1-2/p.

Step 4. Conclusion.

We have
Oueg O0@eg 005 OWegq
T = 2 = 2 = d
(@) =teg N ov ov ov - ov '’

L 00g 0V, .

and similarly T.(g) = v + 6— Using Step 3, we find that
v v
0 Ye,g —Vig)

T.(g)-T.(g)= —01in CP(6Q) as e — 0, uniformly in g € A.0

ov

8 Existence of critical points in nondegenerate
domains

Before stating the main result of this section, let us recall the definition (5.15)
of the operator U, in Section 5. Given a° a nondegenerate critical point of
W(-,g), we first define, in a C1'® neighborhood of g, the operator T = T, 40
Then U, is defined in a neighborhood B of the origin in C>%(0Q;R) by

U, @) =U, g0 ;) = T(ge") =T, 40 4(ge™).

We still denote by U, the induced map U, : B/R — C*(0Q;R), and recall that
U, is smooth.

29



8.1 Theorem. Let dq,...,dp€{-1,1} and set d :=d1+...+dp.
Let Q be a bounded simply connected C% domain satisfying the two fol-
lowing nondegeneracy conditions:

(ND1) There exists a® € QF such that a® is a nondegenerate critical point of
W(,g% =We(,dq,...,dr, &%), with g° = g"0 the canonical boundary data
associated with a® and d1,...,d}.

(ND2) The corresponding operator U, 40 40 : B/R — C¥0;R) is a local diffeo-
morphism at the origin, i.e., the differential

DU.(0): CH*(0Q;R)/R — C*(0Q;R)
i1s invertible.

Then there exists €y > 0 such that, for € € (0,¢€q), there exists u, € &g a critical
point of E. with prescribed degree d.

8.2 Remark. It will be clear from the proof of Theorem 8.1 that the nonde-
generacy condition (ND2) can actually be replaced by the following weaker
condition:
(ND2’) U, is a local homeomorphism near the origin.

However in what follows it will be more convenient for us to consider the
condition (ND2). The main reason for this is that (ND2) is stable under small
perturbation of the domain, while it is not clear that (ND2’) is stable.

8.3 Remark. We connect here the hypothesis (ND2) in Theorem 8.1 to the
hypothesis (ND2) presented in the introduction. It is easy to see that DU, (0)
is a Fredholm operator of index zero.® Thus the above hypothesis (ND2) is
equivalent to the fact that DU.(0) is onto. Is it not difficult to see (but will
not be needed in what follows) that the surjectivity of DU (0) is equivalent to
the hypothesis (ND2) in the introduction, and that the index of the operator L
that appears in the introduction is

indL =indDU,(0)+1=1.

Proof of Theorem 8.1. Since Q satisfies (ND1), the results of Section 6 and 7
apply. We consider, as in Section 7, the operators

Ty, Ty : A — CAQ;R)
and

U, :B/R — C*0Q;R),

3When Q is the unit disc, this follows from the explicit formula (10.13). The general case
is obtained by transport onto the unit disc, as in Section 3.
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where 2 = {g € CL¥Q,SY); g - g°l < 8} and B = {y € CL*OQ;R); |y < 8.
Here, 6 and ¢ are sufficiently small. We note that T, takes its values in
C%0Q;R). Indeed, u = U g satisfies

d 2.1
/ u/\—u:/div(u/\Vu):/u/\Au:/ lul 5 unu=0.
0 0V Jo Q Q €

By Lemma 6.5, we may also consider the induced operators

U, : B/R — C*(0Q;R), Up(y) = T(g% ).
By definition of the canonical boundary datum, it holds

OU , 40 g0 _ 0D 0 go _ 0D,

=0. 8.1
ov ot ot 8.1

U(0) =, g0 g0 A

Thanks to (ND2), by considering a smaller 6 if necessary, we may assume that
U. is a homeomorphism onto its image. By (8.1), there exists some 1 > 0 such
that

U.(B/R) > {y € C* O R); 1yl capoy <1} := By, (8.2)

Recall the result of Proposition 7.1: for sufficiently small €, U, — U, is compact
and we have

lim sup {|1Ue(y) - U (W)l ceo; w € B} = 0. (8.3)

Using (8.2), (8.3) and standard properties of the Leray-Schauder degree, we
find that

U(B/R) > {y € C*OQR); IWlcso < 3| =B, (8.4)

for sufficiently small €. Indeed, the argument goes as follows. We start from
U:(B/R) = (1d+ U, - U)oU) (U.(B/R) > (Id + U, - U)o U; 1) (B). (8.5)

Here, Id denotes the identity map in C*(0Q;R).
Let L, :=(U,-U,)oU;'. Then L, : B, — C*(3Q;R) is compact and, by (8.3),
there exists £y > 0 such that

sup {IL:(¥)llceon); ¥ € By} <n/2, Vee(0,e0). (8.6)

We complete the proof of (8.4) by showing that B;s < (Id+L¢)(B;) for £ € (0, o).
For this purpose, we let y¢ € B2 and consider the compact operator T': B;) —
CY(;R), T(y):= L (y)—vyo. We claim that

(Id+sTXyw)#0, Vsel0,1], Vy €0B,,. (8.7)
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Indeed, (8.7) is obtained by contradiction. Otherwise, using (8.6), we obtain,
for some  such that [[yllcepq) =n:

n/2 <n—slL:(W)lce@q) < Il +sL:(Y)lcaoa) = Iswollcapn) < n/2.

By (8.7), the Leray-Schauder degree deg(ld +sT,B;,0) is well defined. By
homotopy invariance, we find that

deg(Id+sT,B;,0) = deg(ld, B;,0) = 1.

As a consequence, the equation (Id+7)(y) = 0 admits at least a solution y € B;,.
This v satisfies (Id + L. )(y) = wo. The proof of (8.4) is complete.

Let € € (0,€¢9). Then, by (8.4), there exists some v € ‘5 such that U.(y) =
0. Let g = g%. Then u, = Ueg € Eq is a solution of the Ginzburg-Landau
equation, and it satisfies the semi-stiff boundary condition

0
e A auf = To(g)=Uc(y)=0 on Q.
%
Therefore, u, is a critical point of E, with prescribed degree d. O

9 Nondegeneracy of domains is stable

In this section we show that, if a domain )¢ satisfies the nondegeneracy condi-
tions (ND1)-(ND2) required in Theorem 8.1, then a slightly perturbed domain
Q = Q) still satisfies these nondegeneracy conditions.

9.1 Theorem. Assume that Qg satisfies (ND1)-(ND2). Fix a conformal rep-
resentation fo_: D — Qq. There exists 6 > 0 such that, for every holomorphic
map f € CH¥(D) satisfying |If - fo lc1 <8, the domain Q := f(D) satisfies (ND1)-
(ND2).

Proof. Let V, be as in (5.4). We let g° € C1%(S!;S')/S! denote the canonical
boundary datum associated with a? := fo L(a9), so that g° = g% 5.

Since g satisfies (ND1), we know from Proposition 5.3 that there exist:
a neighborhood 7; of fy in V,, a neighborhood 7; of the origin in CLo(sl:R),
and a smooth map a : 7% x % — D*, such that the following holds. For f € %
and ¥ € 7, let Q = f(D) and g = (§%'¥)o f~1. Then a(f,v):= f (a(f,y)) is a
nondegenerate critical point of W(-, g).

By the above, we may define, as in (5.13), the smooth operator U, ; =

Us a(f,0,3%f 1>

U.r(w)=N(a(f,wof),@cfHe¥) for small y e CH*(OQ;R)/R. (9.1)
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The spaces between which U, r is defined vary with f. In order to deal with
fixed spaces, we consider the linear isomorphisms

Of : C*(OR) — C*(SHR), w— If|wof, 9.2)

Ef: CHH(0Q;RVR — CHUSY;RVR, v — wof, (9.3)
and we let

U(f,9)=OpoU. o E:(y) for (f,y) e x (Ja/R), 9.4)

so that U, r is a local diffeomorphism if and only if U(f,-) is a local diffeomor-
phism.
Moreover, if we express N using (3.7), then we obtain

U(f,y) = NP(a(f,yp),&0e™"). (9.5)

By combining (9.5) with the explicit formula (4.5) for N®, we find that U :
¥ x (Fo/R) — C*(SL;R) is smooth.

On the other hand, using the definition (2.16) of the canonical boundary
datum, we have

A Ousage  0Page 0D,
u a = =
w8 v o1 ot

so that U(fy,0) = 0.

Moreover, since g satisfies (ND2), U(fy,) is a local diffeomorphism near
the origin, i.e., DyU(f9,0) is invertible. By the implicit function theorem,
possibly after shrinking 77, for every f € 77 there exists w(f) € 75 such that

=0,

U(f,y(f)=0. (9.6)

In addition, the map f — y(f) is smooth and we can assume that D, U(f,w(f))
is invertible.

Let f € 77 and set Q := f(D). We claim that Q satisfies (ND1)-(ND2). As-
suming the claim proved for the moment, we complete the proof of Theorem
9.1 by taking any § > 0 such that

{feXa; If = follgra <8} 7.

We next turn to the proof of the claim. Let gq := (8oe¥)o f~1 e C12(0Q; SY),
and aq :=a(f,y(f)) € QF. By the definition (9.6) of w(f) and the definition
(9.4) of U, we obtain

U, pp(f)of 1 =0. (9.7)
By combining (9.7) with the definition (9.1) of U, ¢, we find that

OUsango  0Pag.gq

Q
N (aq,80) = Usag,gq0 N 5 - o =0. (9.8)
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The normalization condition in (2.5) combined with (9.8) implies that @, ¢, =
0 on 0Q2, and thus

Dag,g0 = (/I\)aﬂ' 9.9)

In turn, (9.9) implies that gg = g%2 is the canonical boundary data associated
with aq. Since, by definition of the map (f,w) — a(f,v), the configuration ag
is a nondegenerate critical point of W(:,gq), we find that the nondegeneracy
condition (ND1) is satisfied by Q.

On the other hand, since Dy U(f,y(f)) is invertible, U,  is a local diffeo-
morphism near y(f)of 1, which means that U, 4, ¢, is a local diffeomorphism
near the origin. We find that Q satisfies (ND2).

The proof of Theorem 9.1 is complete. O

10 The radial configuration is nondegenerate

In this section we let d =1, £ =1, di =1, and prove that the unit disc D
satisfies (ND1)-(ND2). As a consequence, domains close to the unit disc satisfy
the nondegeneracy conditions whend =1,k =1,d; =1.

10.1 Proposition. Assume Q =D, k=1, d =1. Then a =0 is a nondegenerate
critical point of W(-,g%), and DU,  ,0(0) is invertible.

Proof. Step 1. 0 is a nondegenerate critical point of W(-,g°).

Indeed, by combining (2.25) and (4.1), we easily obtain that the canonical
boundary datum g° : S' — S! corresponding to a = 0 is given by g%z) = z.
From (4.10) we know that

— 1 2
0y _ - *

W(a,g% = Wa) + 2/D’w“’g° (10.1)

On the other hand, (4.16) leads to
. _ jalax-1)

Vwa’go(x) = —ZW, Vxe |D, (102)
and therefore

1 2 dx

| vy =9al? | ———. 10.3

2/@\ Vog| =20 [ 52 (10.3)

Thanks to the |a|? factor, if we differentiate (10.3) with respect to a, and next
let a =0, we obtain

1 . |2
va[é/ﬂ)‘vwa’go

=0. (10.4)
a=0
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If we differentiate twice (10.3) with respect to a, and next let a = 0, then we
are left with only one non zero term (thanks to the |a|? factor again). More

specifically, we obtain
1 / ‘V . |2 _4 / dx
2 ol Yael || =% Joi1—ax?

By combining (10.1) with (10.4) and (10.5), we find that

2
va

12:4/dx12:47r12. (10.5)
a=0 D

Vo W(0,8% =VW(0), VZW(0,g°%) = VZW(0)+4nl,. (10.6)

We next compute VW(0) and VZW(0). When £ =1 and d = 1, formula (4.2)
reads

W(a)=rnlog(1-lal?), VaeD. (10.7)

Identifying the complex number a with a vector in R?, the two first derivatives
of W are respectively given by:

—_~ 2
VW= T L eR? (10.8)

al2-1
27 47

Iy +
a2-1""" (jg2-1)

V2W(a) = sa®aeMsR). (10.9)

In particular, we obtain VW(0) = 0 and VZW(0) = —2715. Plugging this into
(10.6) yields

V. W(0,g% =0, VZW(0,g°%) =2xnI,, (10.10)

so that @ = 0 is indeed a nondegenerate critical point of W(-, g°).

Step 2. DU, (0) is invertible.
In our case, formula (4.5) becomes

*

5
N(a,g%"V)= 9 212 (10.11)
ot |z —al
Therefore
oy* A
Uy = 2 g 0Nz (10.12)

ot lz—a(y)?’

where ¥ — a(y) is smooth, a(0) = 0 and a(y) is a nondegenerate critical point
of W(-,g%").
Using (10.12) together with the fact that a(0) =0, we obtain that

oy*

DU.(Oyy = —

—2(Da(0)y) Az. (10.13)
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In (10.13), v is either a function in C1%(S%;R), or a class in CL%(S!;R)/R. Thus
the linear operator DU, (0) : CL%(S1;R)/R — C*(S';R) can be written DU, (0) =
L —K, where

*

and K(y) :=2DaO)p) Az, YyeCL4SLRIR.

oy
L =
(y) P

The operator L is an isomorphism, and K is compact since it has finite range.
As a consequence, DU, (0) is Fredholm of index zero and, in order to complete
Step 2, it suffices to prove that DU, (0) is injective. For this purpose, we com-
pute Da(0) using the implicit equation

F(a(),w) =V W(a(y),g%¥)=0 (10.14)

satisfied by a. By differentiating (10.14) with respect to ¥ we obtain (via
(10.10))

Da(0)yy = —ViW(O,gO)DwF(O,O)u/ =—2nl2DyF(0,0)y. (10.15)
Let us compute D F(0,0). Recalling (4.3), we find that
]

+V,

F(a,y) =VW(a)+ V, [1/‘%//* o+ Vu
2 D a.8

(10.16)

— 1 . |2 * *
=VW(a)+V, [g/D(Wa,go /Dvwa,go.Vu/

The two first terms do not depend on v, and the last term depends linearly on
w. Hence we obtain

Dy F(a,0y =V, [/w; g().w*]. (10.17)
oV,

Integrating by parts, using the explicit formula (4.16) for W: £0° and the fact

that
/ oy* oy 0
sl 6V a (S 61 o

we find that

*

0
/le:go-vw*:—Z/ log|1l—az| ;/j . (10.18)
D » S v

If we first plug (10.18) into (10.17) and next let a = 0, then we obtain

*

oy

D,F — 2 10.1
JFO,0 /§1z L (10.19)
and finally
0 *
DaO)y = -4 / . (10.20)
sl 6'\/
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We are now in position to prove that DU.(0) is injective. Let ¢ € ker DU ..(0).
Then we have

a *
;” — 2DaO)y)Az=aAz, (10.21)
T
where
6 *
o= —Sn/ z v eC. (10.22)
sl v

Since y* is harmonic and has zero average on S!, we may write

prre?)=Y a,rte™. (10.23)
n#0

Hence (10.21) yields

_ ou
%e‘a - %e‘le = a—wT(e“g) = Z ina,e™. (10.24)

n#0

Identifying the Fourier coefficients, we obtain

a a
a,=0for|n|>1, aj=—-—, a_1=-—, (10.25)
2 2
so that (10.23) becomes
v*(re) = 20 Lo, (10.26)
2 2
By (10.26), we have
v’ 1 21 )
/ o A ——/ e(@e” + ae)d0 = —na. (10.27)
sl Ov 2 0

Plugging (10.27) into (10.22) we obtain a = 8n2a, so that @ = 0 and conse-
quently v* = 0. Therefore, we have ¥ = 0 modulo R, and thus DU,(0) is in-
vertible. O

10.2 Corollary. If a domain Q is sufficiently close to the unit disc, in the
sense that there exists a conformal representation f : D — Q such that ||f —
Id|lg1e < & for sufficiently small 8, then, for small €, E. admits critical points
with prescribed degree one.

Appendix

The following is a C1® variant of [7, Lemmas A1, A2].
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10.3 Lemma. Let G c R" be a bounded open set of class C1%. Assume that

Aw =f inG
{ w =@ ondG (10.28)
Then
sup|Vu| < C (1712 (10112 + 12 ) + Il oo ) (10.29)

Vwlo.wc = C (IFIF22 (1wl 22 + 1pIE2ER) + 1@l crage),  (10.30)

for a constant C depending only on G. In addition, when G = Q,, where g1 <
o <09 and 01, 02 are fixed small numbers, we may take C independent of o.

Proof. We write w = u + v, where

{2 20 o
and

{ AZ } (’; j)?l(ga . (10.32)
By standard elliptic estimates [13, Theorem 8.33] we have

lullgre = cll@llgra. (10.33)
Therefore we only need to prove that v satisfies the estimates

sup V| < ClIfIEIvIz2, (10.34)

IVolo.ag < CIFIFE 2 vl 272, (10.35)

Estimate (10.34) is proved in [7, Lemma A.2] by combining an interior es-
timate with a boundary estimate. Estimate (10.35) can be obtained follow-
ing exactly the same lines. In order to see this, we detail for example the
proof of the interior estimate corresponding to (10.35). Proceeding as in [7,
Lemma A.1], we first show that

1
12+a/2), 1 1/2-a/2
IVulo,a,cy = C|IfllLs ““lvlips ™ "‘W”U”Lw ) (10.36)

where, for d > 0, we let G4 := {x € G; dist(x,0G) > d}. In order to prove (10.36),
we let xg € G4 and 1 € (0,d], and define

va(y):=v(xg+Ay), yeB1(0). (10.37)
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Then the function v, satisfies the equation
Avy = fiin B1(0), with fa(y):= A2f(xo + Ay). (10.38)

Standard elliptic estimates [13, Theorem 8.33] yield

1+
AT VV0,0,B 15(00) = IVUAl0,a,B150) < C (lvallLee + | fall L)

(10.39)
<C(llvllge +/12||f||L°°) .

We next discuss the two following cases.

Case 1. lollze <d>2.
£ llzeo
In this case, we apply (10.39) with A = (|v ||/l f ll)2. We find that

V010,08 ) < 2CIVIEE 2| FlIEZ 2] (10.40)

so that (10.36) is satisfied.
Case 2 ol > d2.

Nl
In this case, we apply (10.39) with A =d. We obtain

—1- 1—
IVUl0,a,B5(x0) < C(d Nollgeo +d “llfllLoo)

(10.41)

so that in both cases (10.36) is satisfied.

Once (10.36) is established, we easily obtain the interior estimate corre-
sponding to (10.35). Indeed, standard elliptic estimates [13, Theorem 3.7]
imply [[v]z~ < C| fllL~, so that from (10.36) we obtain

IVoloax < CIFIFZ 2|0 122, (10.42)

for every compact set K c G.

The proof of the boundary version of (10.42) is also a straightforward adap-
tation of the corresponding estimate established in [7, proof of Lemma A.2],
and we omit it here. O
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