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Nabile.Boussaid@univ-fcomte. fr

Abstract— This paper is concerned with the controllability
of quantum systems in the case where the standard dipolar
approximation, involving the permanent dipole moment of
the system, has to be corrected by a so-called polarizability
term, involving the field induced dipole moment. Sufficient
conditions for controllability between eigenstates of the free
Hamiltonian are derived and control laws are explicitly given.
As an illustration, the results are applied to the planar rotation
of the HCN molecule.

I. INTRODUCTION
A. Control of quantum systems

The state of a quantum system evolving on a Riemannian
manifold €2 is described by its wavefunction 1, an element of
the unit sphere of L?(2, C). When the system is submitted
to an electric field, the time evolution of the wavefunction is
given by the Schrodinger equation

i = (A + V(@)Y + plu, 2)9(t),

where A is the Laplace-Beltrami operator on 2, V : @ — R
is a potential describing the system in absence of control, u
is the scalar (time variable) intensity of the electric field and
2 x R — R describes the effect of the external field. In
the dipolar approximation we expand u to the first order in
u and we then represent u(u,x) as uW (x), where W is a
real function.

Although the dipolar approximation usually gives excel-
lent results, it is sometimes necessary (see [1], [2]) to
consider a better approximation of g involving the first
two terms of its expansion in u. We approximate p(u,x)
with uWi(x) + u?Wa(x) for two real functions Wi (z)
and W (). An example of this approximation is given by
problem of orienting a rotating HCN molecule as presented
in Section IV.

The aim of this work is to derive controllability properties
for the controlled Schrodinger equation, by means of the
dipolar term uW, and the polarizability term u?W5.

This question has already been tackled by various authors
in [3], [4] (for finite dimensional approximations) and in [5]
(for the infinite dimensional version of the problem, when €2
is a bounded set of R™ and Wy, W5 are smooth functions).
All these contributions rely on Lyapunov methods.

The novelty of our contribution is that we are able to
deal with some unbounded or not continuous potentials
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Wi and Ws. Moreover, when considering the physically
relevant problem of transferring the quantum system from
an energy level to another in the case where W is bounded,
all our methods are constructive and allow easy numerical
simulations.

B. Framework and notations

We set the problem in a more abstract framework. In
a separable Hilbert space H, endowed with the Hermitian
product (-, -), we consider the following control system

%1/} = (A+u(t)B +u*(t)C), (1)

where (A, B, C, k) satisfies Assumption 1 for some k.

Assumption 1: k is an integer and (A, B, C) is a triple of
(possibly unbounded) linear operators in H such that

1) A is skew-adjoint with pure point spectrum (—i\;) ;en

with A\; # 0, A\j — 003
2) for every (u1,us) in R?, A+u; B+usC is essentially
skew-adjoint with domain D(A);

3) for every (up,us) in R2, |A + u1 B + usC|*/? has

domain D(|A|*/2));
wp  [RUAFY BY)| | [R(AFY.Co)
ven(an{oy [([AlF, )| [([A[F, ¥)|

5) there exist d > 0 and 0 < r < k such that || By| <

d|A]"/2]| and [|C9 < dll|A"/29]| for every 1 in
D(JAl"?).
If (A, B,C, k) satisfies Assumption 1, we define C(A,B,C,k)
as the lower bound of the set of every real c such that for
every v in D(|A[F), [R(IA[*%, BY)| < cl(|A[*, )] and
[RUA[F4p, Co)| < el(| 4], )]

From Assumption 1, we deduce that there exists an Hilbert
basis (¢r)ren of H made of eigenvectors of A. For every
j, Ap; = iX;¢;. As A is skew-adjoint and diagonalizable,
|A| is self-adjoint positive and diagonalizable in the same
basis as A. The eigenvalues of |A| are the moduli of the
eigenvalues of A. We define the k-norm of an element v of
D(AF) as [|¢||x = ||| A|*%||. When € is a compact manifold
and A = iA, the k-norm is equivalent to the H 2k norm on
Q.

If (A, B,C, k) satisfies Assumption 1, for every u in R,
A 4+ uB + u?C generates a group of unitary propagators
t —» et(A+uB+u’C) By concatenation, one can define the

4)
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solution of (1) for every piecewise constant w, for every
initial condition ¥y given at time ty. We denote this solution

t— T?,to Po.
We define PC, the set of piecewise constant functions u
such that there exists two sequences 0 = t; < fo < ... <

tp+1 and ug, ug,. ..,

U= 2 :uﬂ [tjti+1)

Set T = tj+1 — tj, we write u = (Uj,Tj)lgjgp.
The operators B and C can be seen as infinite dimensional
matrices in the basis (¢;);jen. For every j,I € N, we denote
bji = (¢;,B¢;) and c;; = (¢;,C¢;). For every N, the
orthogonal projection wy : H — H on the space spanned
by the first N eigenvectors of A is defined by

up > 0 with

N

= (d1,x)n

=1

7 (x) for every x in H.
Let £y be the range of wx. The compressions of A, B and
C at order N are the finite rank operators AWN) = TNA Ly
BW) = 7xBizy and CWY) = 7xC, ., respectively. The
Galerkin approximation of (1) of order N is the system in
Ly

i= (AN 4 uBW) 2y, ()

A couple (j,1) in N? is a non-degenerate transition of
(A, B,C) if |bji|+]|cji| # 0 and, for every m,n, |A; — N\ =
[An. — Am| implies {j,1} = {m,n} or {m,n} N {j,1} =0
or |bmn| + ‘Cmn| =0.

A subset S of N2 is a chain of connectedness of (A, B, C)
if there exists a in R such that, for every m,n € N, there
exists a finite sequence p1,po,...,pr € S such that p; =
m, pr = n, and (¢, ,, (B + aC)g¢,,) # 0 for every | =
1,...,7—1. A chain of connectedness S of (A, B, C) is non-
degenerate if every (m,n) in S is a non-degenerate transition
of (A,B,C).

C. Main results

Theorem 1: Assume that (A, B,C) admits a non-
degenerate chain of connectedness. Then, for every ¢ > 0,
for almost every ¢ > 0, for every 1,11 in the Hilbert unit
sphere of H, there exists u. : [0,7:] — {0,d} such that
18 gt — ] < e

Theorem 2: Assume that (1,2) is a non-degenerate tran-
sition of (A, B, C). Then, for every € > 0, for almost every
d > 0, there exists u. : [0,T;] — {0,d} such that

om d ||T5e
l[uellr < m and [T gp1 — daf <e.
This result is constructive when C' is bounded (see Section
III-D for the construction of wu).

D. Content of the paper

The first part of the paper (Section II) concerns the
proof of some finite dimensional preliminary results. In
Section III, we first give some consequences of Assumption
1 in term of approximation of the system (1) by its finite

dimensional Galerkin approximations (Section III-A). Then,
we use an infinite dimensional tracking result (Section III-
B) to prove Theorems 1 and 2 (Section III-C). For the
physically important case of quantum transfer between two
eigenstates when C' is bounded, an explicit construction of
control law is proposed in Section III-D, using averaging
theory. Finally, we present in Section IV a case study inspired
by the rotational state of the HCN molecule.

II. FINITE DIMENSIONAL PRELIMINARY
RESULTS

We consider the finite dimensional control problem in
‘CN - Span(¢l> D) ¢N)

i = (AW 4 u(t) BNz 3)

Since B™Y) is bounded, for every locally integrable u, we

can define the solution (in the sense of Carathéodory) t —

X (“N) (t,to)xo of (3) with initial condition, at time tg, xo in
N-

A. Time reparametrization

We define the mapping P : PC' — PC' by
1
P ((ujs jhi<i<p) = (

L uiT
uj ]) 1<j<p
for every u = (UJ,TJ) _, in PC.
The mapping P is a reparametrization of the time with
the L' norm of the control. Indeed, benoting by X (v )(t, s)

the propagator of & = uA™)z + BWN)g, then, for every u

in PC,
T
X(N) </0 |u(r)|dT, O) :X(“N)(T, 0).

Indeed, for a > 0,

exp(t(A™) + aBWM))) = exp ( ( AN 4 B(N)>>

B. A tracking result

Proposition 3: For every a < 0, b > 0, for every T' >
0, for every piecewise constant function u* with support
in [0,7], there exists a sequence (un)nen Of piecewise
constant functions ., [0,7,] — {a,0,b} such that
XZLJ(; (T}, 0) tends to X(“]\*,)(T7 0) as n tends to infinity and
Hunle < ||Ju*||g1. If, moreover, u* is nonnegative, the
sequence (u,)neN can be chosen such that w,, takes value
in {0,b} for every n.

Remark 1: The approximation result in Proposition 3 is
classical and it can be obtained, for instance, with Lie groups
techniques, see [6]. The novelty of Proposition 3 is that
the approaching sequence (u.), is uniformly bounded in
L'(R,R). This point is crucial for the derivation of the
infinite dimensional results of the next Section.

Proof: Define v* as the cumulative function of P|u*|
vanishing at 0, that is v*(t) = fJP|u*|(s)ds. The solution
of

y = sign(u* o ’U*)e_v*(t)A(N)B(N)ev*(t)A(N)y’



with initial condition y(0) = 1) satisfies

v* (N) Tsign(u*ov®)Plu*|, «
e WA () = XEA P (0 (1), 0y

for every t > 0.
For every w in PC, define the time-varying N x [N matrix
t — M, (t) whose entry (4, k) is given by

Myt sign(u o v) )by et AIvE)

where v is the inverse of the non-decreasing function t +—>

t
fo |u(T)|dT.
Consider, for every n > 0 and r € R,

B,(r) = {v € R | [0 — l0s=2v) <
for every 1 < j,k < N}.

For every r € R, E,,(r) is open and nonempty. The mapping

2 2
pP: TV - TV
(€ ) 1gjeen = (AT ey

is a volume preserving flow on the N? dimensional torus.
By Poincaré recurrence theorem, for almost every point
elXi=2)v in the ball centered in e/~ %)™ with radius
7, there exists an increasing sequence of integers (7, )neN
such that el(*i =*)7? also belongs to the ball centered in
el =)™ with radius 7 for every n in N. In other words,
for every 7 > 0 and every r € R, the set E,(r) is not
bounded from above. The same argument shows that E, (1)
is not bounded from below.

For every [ > 0, there exists v;" = >-00, vijX[t, ;1,,1) @
piecewise constant function at distance less than [ of v* for
the L>°-norm on [0, ||u*||z1] such that the sign of u* o v} is
constant on every interval [t; ;,¢; j+1). For every n > 0, there
exists a (possibly discontinuous) piecewise affine function v}
defined on every interval [t; ;,1; j11) by

W= 1/b if u*(vy;) > 0,
0] = 1/a if u*(vy;) <0,
U?(t) c En(vl,j) for t € [tlﬁjatl,jJrl)a

such that v} is increasing (respectively decreasing) on
(t1,5,t1,5+1) if w*(vy;) > 0 (respectively u*(vi;) < 0), see
Figure 1.

By construction, the function vl" is injective on
(t1,5,t1,j+1). Its reciprocal on (¢, 1) is a (possibly
discontinuous) piecewise affine function, whose derivative
;' is a piecewise constant function taking value in {a,0, b}
and is such that ||u; |1 = ||u*| 1.

For every t, fg M, (7)d7 tends to fot M- (7)dT as n
tends to zero, uniformly on every compact of [0,400).
By [7, Lemma 8.2], the solution y, of y = M,1(t)y
with initial condition y(0) = v tends uniformly on every
compact of [0,400) to the solutions of § = M, (t)y with
initial condition y(0) = 1)o. Hence, ¥, converge toward
Yy as 7 tends to zero. For the conclusion, we still need
to show that ev”(Jo [w" (MDA ap pe approached by
evn (o 1w (M1 A™ 1 follows as above from the Poincaré
recurrence theorem. The control term is taken to be zero in

=

—

N

Fig. 1. Construction of the function v}, when u*(v; ;) < O (left) and

u*(vy,;) > 0 (right). The set Ey(v;, ;) is coloured. The piecewise affine
function vln is discontinuous, with derivative equal to 1/a < 0 (left) or
1/b > 0 (right). Notice that vl" is injective in both cases. The derivative
u? of the reciprocal function of vl" is piecewise affine and takes value in

{a,0,b}.

the meantime, what does not affect y nor the L' norm of
Finally, notice that if u* > 0, then u*(v; ;) is always non
negative. Then v]] is increasing and u;) takes value in {0,b}.
||

ITI. INFINITE DIMENSIONAL SYSTEMS
A. Weakly-coupled quantum systems

If (A, B,C,k) satisfies Assumption 1, (A, B,C) is k-
weakly-coupled. We present here some properties of theses
systems and refer to [8] for further details.

The notion of weakly-coupled systems is closely related
to the growth of the k/2-norm (|A|¥w), ). For k = 1, this
quantity is the expected value of the energy of the system.
Next result can be found in [8, Proposition 2].

Proposition 4: Let (A, B,C,k) satisfy Assumption 1.
Then, for every 1o € D(|A[*/?), K > 0, T > 0, and u
piecewise constant such that [ju ;1 + [Ju[3. < K, one has
15 (o)l o < e HECRE lgbg 2.

Next Proposition is in [8, Proposition 4].

Proposition 5: Let k in N and (A, B,C, k) satisfy As-
sumption 1. Then for every ¢ > 0, s < k, K > 0, n € N,
and (j)1<j<n in D(|A|*/2)" there exists N € N such that
for every piecewise constant function u

lull g2 1wl 2r <K = [T (15) = Xy (8, 0)mneds s 2 <e,

foreveryt>0and j=1,...,n.

Remark 2: Notice that, in Propositions 4 and 5, the upper
bound of the |A|*/2 norm of the solution of (1) or the bound
on the error between the infinite dimensional system and
its finite dimensional approximation only depend on the L'
norm of the control, not on the time.

B. An infinite dimensional tracking result

Next result can be seen as a Bang-Bang Theorem for
infinite dimensional systems.

Lemma 6: Let (A, B, 0, k) satisfy Assumption 1 with k in
N, T be a positive number, a, b be two real numbers such that
a < 0 < b, u* be a piecewise constant function with support
in [0, T, and g be in H. Then, for every € > 0, there exists



a piecewise constant control u. : [0,7:] — {a,0,b} such
that || T4 o(tb0) — T5e(%0)]| < & and Juclp < [u] 1.
Moreover, if ©* is positive, then u. may be chosen with
value in {0, b}.

Proof: Let € > 0. By Proposition 5, there exists N in
N such that, for every piecewise constant function wu,

Jullr < flu*llze = [T (o) = Xy (&, 0)mnthol| <&

From Proposition 3, there exists u. : [0,7¢] — {a,0,b}
piecewise constant such that |luc||z: < ||u*||z1 and

| Xt (T,0) = X15,(T.0)]| <.
Then

1T o (o) — Yo (4o

< T o(W0) — X5y (8, 0)mnbo|
+H X (T, 0)mntho — X (T, 0)mnido |

*

T (o) — Xy (T, 0)mn o
< 3e.

The same proof shows that, if u* is positive, u. can be chosen
with values in {0, b}. |

C. Proof of the main results

We recall results dealing with approximate controllability
for bilinear systems, i.e. when C' = 0. Their proofs are given
in [9, Theorem 2.6] and [9, Proposition 2.8] respectively.

Theorem 7: Let (A, B,0,0) satisfy Assumption 1. If there
exists a non-degenerate chain of connectedness of (A4, B, 0)
then, for every v, in the Hilbert unit sphere of H, for
every € > 0, for every § > 0, there exists 7' > 0 and a
piecewise constant function u : [0,7] — [0,d] such that
7T, 0)0 — i | < e.

Theorem 8: Let (A, B,0,0) satisfy Assumption 1. If
Yo = ¢1, Y1 = ¢ and (1,2) is a non-degenerate
transition of (A, B,0), then for every ¢ > 0 and for
every 0 > 0, there exists 77 > 0 and a piece-
wise constant function u [0,7] — [0,6] such that
|W%ﬂ®%—¢ﬁ<amdwm;§ﬂ£;

We now proceed to the proof of the Theorem 1. Assume
that (A, B, C, k) satisfies Assumption 1 for some & in N and
admits a non-degenerate chain of connectedness. Then, there
exists a > 0 such that (A, B + aC,0) satisfies Assumption
1 and admits a non-degenerate chain of connectedness. By
analyticity, this property is true for almost every « in R.
From Theorem 7, for every 19, ¥; in the Hilbert unit sphere
of H, for every € > 0, and for every § > 0, there exist T" > 0
and a piecewise constant function w : [0,7] — [0, 4] such
that the solution of Y : ¢ — Y (¢t) € H of

%w:Aw+mmB+am¢

with initial condition Y (0) = vy satisfies ||Y (T') — 1] < e.
By Lemma 6, there exists @ : [0,7;] — {0, a} such that
H'r%ﬂ’o’(ﬁ() - Y(T)” < €. Thus ||T%~“077ZJU - @/JlH < 2e. To
conclude the proof of Theorem 1, it is enough to notice that,

for every t, u(t)B + @*(t)C = a(t)(B + aC) as u takes
only the values 0 and o.

Similarly we can prove Theorem 2 using the result of
Theorem 8 instead of Theorem 7.

D. Controllability between eigenstates when C' is bounded

In this Section, we use averaging techniques to provide
explicit expressions of control laws steering one eigenstate
of the system to another.

In quantum mechanics, averaging theory has been exten-
sively used (under the name of “Rotating Wave Approxima-
tion”) since the 60’s, for finite dimensional systems. It has
recently been extended to the case of infinite dimensional
systems [10, Theorem 1]. We recall this result in the follow-
ing proposition. Let Y, : t — Y,,(t) € H be the propagator
of

4= (a0 20)e

Proposition 9: Let (A, B,0,0) satisfy Assumption 1. As-
sume that (1,2) is a non-degenerate transition of (A, B, 0).
Define N' = {n € N| there exists (I1,l2) with b, ;, #
0 and |3 —la] = n|A1 — A2|}. If w is 27/| A2 — Aq|-periodic
and satisfies, for every n in N,

2r /[ A2 =A1|
/ em\xz—xlltu(t)dt #0 ifn=1
0
and
2m/|A2—A1|
/ ety ()dt =0 ifn > 1
0

then there exists 7* > 0 such that |(¢2, Y, (nT*,0)¢1)| tends
to 1 as n tends to infinity.

Our aim is to extend the result of Proposition 9 to the case
where C # 0 is bounded.

Proposition 10: Let (A, B,C,0) satisfy Assumption 1.
Assume that C' is bounded and that (1, 2) is a non-degenerate
transition of (A, B,0). Define N' = {n € N| there exists
(ll,lQ) with bll,l2 75 0 and |l1 - l2| = n\)\l - )\2‘} If u is
27 /|A2 — A1| periodic and satisfies, for every n in N,

27 /| A2 — A1 .
/ emurhltu(t)dt #0 ifn=1
0
and
21 /| A2 —A1|
/ em\Ag—Alltu(t)dt =0 ifn>1
0

u/n

then there exists 7 > 0 such that |(¢2, T, 7. o#1)| tends to
1 as n tends to infinity.

Proof: The proof relies on the Duhamel formula. For
every t > 0 and n € N,

T b1 — Ya(nt, 0)¢; =
1 nt

2 u? ()Y, (nt, S)C'TZ/anﬁlds.
0



Since Y,, and Y are unitary propagators and that w is
27 /| A2 — A1] periodic, one gets

Tol61 = Ya(nt, 0001 <
M (t|>\2 — /\1| I 1> /I>\1—)\2\ |u(s)|2d5, (4)
0

n 2T

which, for every fixed ¢, tends to zero as n tends to infinity.
Proposition 10 follows from Proposition 9 by taking ¢t = 7™
in (4). |

E. Controllability in higher norms

Up to now, we have considered approximate controllability
of (1) in the norm of H. When H = L*(Q,C), for
instance, we have convergence in L? norm. In this Section,
we consider approximate controllability of (1) in k-norm.

Theorem 11: Let (A, B,C, k) satisfy Assumption 1 and
d # 0 such that (1,2) is a non-degenrate transition
of (A,B + 6C,0). Then, for every ¢ > 0, for every
s < k/2, there5 exists u. : [0,7.] — {0,6} such that

™ u.

m and ||T 6,0(]51 — (]52”8 < E.

Proof: 1f s = 0, the result is just a rewriting of Theorem
2. To conclude for general s, we use a classical interpolation
argument: if a sequence (z,), in H tends to zero for the
r1-norm and is bounded for the ro-norm, then (z,), tends
to zero for the “£"2-norm. Proposition 4 and the uniform
bound on the L' norm of the control ensures that T“(t, 0)tq
is bounded in s-norm for every s < k. [ ]

lJuellr <

IV. EXAMPLE:ALIGNMENT DYNAMICS OF HCN

A. Modeling

We consider a linear molecule with fixed length and center
of mass. This is the case for instance of the HCN molecule
considered in [2]. We assume that the molecule is constrained
to stay in a fixed plane and that its only degree of freedom is
the rotation, in the plane, around its center of mass. The state
of the system at time ¢ is described by a point 6 — (¢, ) of
L?(Q, C) where Q = R/27Z is the one dimensional torus.
The Schrédinger equation reads

i%f = — Ay + u(t) cos(0)Y + u*(t) cos(20)y)  (5)
where A is the Laplace-Beltrami operator on 2. The self-
adjoint operator —A has purely discrete spectrum {k? k €
N}. All its eigenvalues are double but zero which is simple.
The eigenvalue zero is associated with the constant functions.
The eigenspace associated with the double eigenvalue k2 for
k > 0 is spanned by the two eigenfunctions 6 — ﬁ cos(kd)

and 0 — #sin(k@). The Hilbert space H = L?*(Q,C)
splits in two subspaces H, and H,, the spaces of even and
odd functions of H respectively. The spaces H, and H,
are invariant under the dynamics of (5), hence no global

controllability is to be expected in H.

B. Theoretical analysis

We consider the restriction of (5) to the space H,. The
function ¢ : 6 — sin(kf)//m is an eigenvector of the
skew-adjoint operator A = 1Ay, . The family (¢y)ken is
an Hilbert basis of H,. Here, B and C are the restriction
to H, of the multiplication by —icos(f) and —icos(26) re-
spectively. The skew-adjoint operators B and C' are bounded,
we can then consider controls that are in the intersection
L([0, +00), R)NL?(]0, +00), R) and not necessarily piece-
wise constant.

The N x N matrices in the basis (¢;)i<j<n of the
compressions of A, B and C' of order N restricted to H,
are

A | 0 4 7
. 0
0 -+ 0 N%

0 1/2 0 0

/2 0 1/2

B™M=—| o . o -~ o |

. /2 0 1/2
0 - 0 1/2 0

—-1/2 0 1/2 0
0 0 0 1/2

and CNM =—i| 1/2 0o o0
0 1/2 0 0

The system (A, B, C, k) satisfies Assumption 1 for every k
in N ([8, Section III-C]).

Let us illustrate Theorem 2 with the transition between
the first and the second eigenlevel. The transition (1,2) is
non-degenerate for the system (A4, B + «C,0) for every
a in R. Hence, it is possible to induce, with arbitrary
precision, a transition from the first to the second eigenlevel
while using controls taking value in {0, a} for any « > 0.
Following Proposition 10, we consider control laws of the
form wuy : t — cos®(3t)/10 for k in N. When k is even,

f02 /3 cosk (t)e'3tdt = 0. Hence, we will consider odd k only.

C. Numerical simulations

Proposition 5 claims that the error done when replacing
the original infinite dimensional system by the Galerkin
approximation of order N tends to zero as NV tends to infinity.
To estimate this error, one can use a method similar the
one used in [8, Section IV-C]. If fOT |u(T)|dT < K; and
fOT |u(7)|?dT < K3, then, with a computation similar to [8,
Lemma 11 ], one has

(K1 + Ko)V

(65, Thhon) <

for j =2N +1,2N + 2.



TABLE I
NUMERICAL RESULTS

Control law w | n | Time T | Error 1 — |(¢2, XZ‘G/;)L(T, 0)¢1)
1 6.80 < 2.76 10~1
t +— cos(3t) 10 62.30 <3.131073
30 | 187.95 < 3.48 10~
1 7.85 < 2301071
t — cos®(3t) | 10 83.25 < 2771073
30 | 250.80 < 3.09 1074
1 9.95 < 2571071
t > cos®(3t) | 10 | 100.00 <3.16 1073
30 | 301.05 < 3.52107%

Hence, by [8, Equation (5)],

. (Kl +K2)N+1
7 %061 = Xt (T, 0)en]| < 22—

All the controls we consider are such that K7 < 4 and Ky <
4. This is enough to guarantee that the error made when
considering the Galerkin approximation of order 62 instead
of the original infinite dimensional system is less than ¢ =
1075 for initial data the first eigenstate.

Simulations are straightforward with a standard desktop
computer. We sum up some results in Table I.

V. CONCLUSIONS AND FUTURE WORKS
A. Conclusions

In this paper, we present a general approximate controlla-
bility result for infinite dimensional quantum systems when
some polarizability term has to be considered in addition to
the standard dipolar one. For the important case of transfer
between two eigenstates of the free Hamiltonian, simple
periodic control laws may be used. All our results are
constructive. Numerical simulations on an physical example
support our theoretical results.

B. Future Works

Many questions concerning the controllability of infinite
dimensional quantum systems are still open. Among many
other topics, one can cite the extension of the controllability
results to systems involving higher power of the control, or

the existence (and the estimation) of a minimal time needed
to steer a quantum system from a given source to a given
neighborhood of a given target.
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