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SEMICLASSICAL MEASURE FOR THE SOLUTION OF THE HELMHOLTZ
EQUATION WITH AN UNBOUNDED SOURCE

JULIEN ROYER

ABSTRACT. We study the high frequency limit for the dissipative Helmholtz equation when
the source term concentrates on a submanifold of R™. We prove that the solution has a unique
semi-classical measure, which is precisely described in terms of the classical properties of the
problem. This result is already known when the micro-support of the source is bounded, we
now consider the general case.

1. STATEMENT OF THE RESULT
We consider on R" the Helmholtz equation
(Hp — Ep)up, = Sp,  where Hy, = —h*A + Vi(z) — ihVa(z). (1.1)

Here Vi and Vs are smooth and real-valued potentials which go to 0 at infinity. Thus for any
h €]0,1] the operator Hj, is a non-symmetric (unless Vo = 0) Schrodinger operator with domain
1

H?(R"™). The energy Ej will be chosen in such a way that for ~ > 0 small enough, § > 5

and Sj, € L?°(R™) the equation (1.1) has a unique outgoing solution uj, € L?>~°(R™). Here we
1
denote by L>9(R™) the weighted space L?((z)* dz), where (z) = (1 + |z[*)?.
The source term S}, we consider is a profile which concentrates on a submanifold I' of dimension

d € [0,n — 1] in R™, endowed with the Lebesgue measure or. Given an amplitude A € C>°(T)
and S in the Schwartz space S(R™) we set, for h €]0,1] and x € R™:

Sp(x) = b5 /FA(z)S (‘”” = Z) dor(2) (1.2)

(this definition will make sense with the assumptions on I and A given below). Our purpose
is to study the semiclassical measures for the family of corresponding solutions (u;) when the
submanifold I' is allowed to be unbounded.

This work comes after a number of contributions which deal with more and more general
situations. The first paper about the subject is [BCKP02], where I' = {0} (see also [Cas05]).
The result was generalized in [CPR02] to the case where I' is an affine subspace of R", under
the assumption that the refraction index is constant (V3 = 0). This restriction was overcome
in [WZ06]. In [Fou06] the source term concentrates on two points and in [Fou06] the refraction
index is discontinuous along an hyperplane of R™. All these papers study the semiclassical
measure of the solution using its Wigner transform.

The approach in [Bon09] is different. The semiclassical measures are defined with pseudo-
differential calculus (see (1.14)) and the resolvent is replaced by the integral over positive times
of the propagator (as in [Cas05]). We used this point of view in [Roy10] to deal with the case of a
non-constant absorption index (V5 # 0, Vo > 0) and a general bounded submanifold I". We also
considered in [Royll] an absorption index V5 which can take non-positive values. The purpose
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2 JULIEN ROYER
of this paper is now to allow a general unbounded submanifold I'.

Let us now state more precisely the assumptions. The potentials V; and V5 are respectively
of long and of short range: there exist constants p > 0 and ¢, for @ € N such that

Va € N" Vo € R", |0°Vi(z)| < ca (2)"71°1 and  |0°Va(2)| < ca () 177710 (1.3)

Then we introduce the hamiltonian flow ¢! corresponding to the classical symbol p : (z, &)
€]> + Vi(z) on the phase space R?". For all w € R?", ¢ — ¢'(w) = (X (t, w),E(t, w)) € R2" is
the solution of the system

WX (t,w) = 25(t, w),

OQE(,w) = —=VVi (X (t,w)), (1.4)
¢*(w) = w.
For I C R we set
() = {w cp () : igﬂ};|X(t,w)| < oo}

We also denote by
Hyq ={p,q} = Vep- Vg = Vap - Veq
the Poisson bracket of p with a symbol ¢ € C°°(R?").

We now consider an energy Ey > 0 such that
T
Yw € Q({Eo}),3T > 0, / Vo (X (t,w)) dt > 0. (1.5)
0

Let § > 1. We know (see [Roy11]) that under Assumption (1.5) there exist an open neighborhood
J of Ey, hg > 0 and ¢ > 0 such that for
z2€Cjy={2€C:Reze JImz>0}

and h €]0, ho] the operator (Hp, — z) has a bounded inverse on L?(R™) and
(@)™ (= )7 (@)™

Here £(L?(R")) denotes the space of bounded operators on L?(R™). Moreover for any A € J the
limit

C
< =
L(L2(R™))  h

(Hp — (A +1i0))"" = (Hp— (A +1i8)~"

lim
B—0+
exists in £L(L?°(R™), L»~9(R™)).

Now let us be more explicit about the source term S; we consider. We recall that I is a
submanifold of dimension d € [[0,n — 1] in R™, endowed with the Riemannian structure given by
the restriction of the usual structure on R", and the corresponding Lebesgue measure op. We
assume that there exist Ry > 0 and oy €]0, 1] such that

NFﬂZ_(Rl,O,—al):(Z), (16)

where NT' = {(2,£) e I x R™ : £1T.T'} is the normal bundle of T' and Z_(R;,0,071) is an
incoming region: for R > 0, v > 0 and o € [—1, 1] we set

Zi(R,v,0) = {(2,€) € R™ : |z[ > R,[¢] > v and (z,€) Z o |z][¢]}.
Note that Assumption (1.6) is satisfied for any bounded submanifold of R™. When d = 0, it
actually implies that I" is bounded, but this is not the case in higher dimension: this assumption

holds for instance for any affine subspace of dimension d € [1,n— 1] in R™. Now that o7 is fixed,
we can choose a smaller neighborhood J of Ey and assume that

1+O’1

2
J C [El,EQ], were F; >0 and ( ) FEs < Ej. (17)

We assume that
Vz € Fv Vl(z) > EO) (18)
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and we define

Ngl'= NT'Np~ ' ({Eo}).

NgT is a submanifold of dimension (n — 1) in R?", endowed with the Riemannian structure
defined as follows: for (z,£) € NgI' and (Z,2),(Z,E) € T(, ¢yNpgl' C R*" we set

9:0(2.9),(2,9) = (2,2)  +(21.5.)

)
R™

where 2,2 are the orthogonal projections of =, Z € R" on (T.T ®RE)L (see the discussion in
[Roy10]). We denote by oy, the canonical measure on NgI' given by g, and assume that
onpr ({(2,€) € NgI' : 3t > 0,¢'(2,£) € NgT'}) = 0. (1.9)
We now introduce the amplitude A € C*°(T"). We assume that there exist § > % and ¢ > 0
such that

/F () (JA()| + [d=A]l + |A(=)| |TL ) dor(2) < +oo.

(1.10a)
Moreover for all r €]0,1] and = € R™ we have

/ ()" (1AG)] + [l Al + |A(z)] L) dov () < er
B(z,r)nI

(1.10b)
Here B(x,r) is the ball of radius r and centered at z, d,A : T.I' — R is the differential of A

at point z and II is the second fundamental form of the submanifold I'. For any z € T', II, is a
bilinear form from 7.T" to N,I' (see Appendix A), and

ML = sup

ML (X, Y) [y, -
Xl o =1l p=1

Note that all these estimates hold when A € C§°(T"). Here A is allowed to have a non-compact
support, but it still has to stay away from the bundary of I":

V0 € C5°(R™), =z A(2)0(z) € C5°(I). (1.11)
Then it remains to consider S € S(R™) and define the source term Sy by (1.2).

Let (En)nejo,ne be a family of energy in Cj 4 U J such that
En=Ey+hE+ o (h) (1.12)
h—0
for some E € Cy. Since for all h €]0, ko] the source term Sj, given by (1.2) belongs to L*%(R™)
(see Proposition 2.2) we can define
up, = (Hp — (Ep, +140)) 1S, € L»>7°(R™). (1.13)
Here (Hy, — (Ep, +40))~! stands for (Hy, — Ep,)~! when Ej, € Cj 4.

Our purpose is to study the semiclassical measures for this family (un)nejo,n,]- In other words,
non-negative measures 4 on the phase space R?" ~ T*R™ such that

Vg € C3°(R*"),  (Op}, (q)un,,, un,,) P /2 qdp, (1.14)
m [ R2n
for some sequence (hq),,cn €]0, ho]™ such that h,, — 0 (see [Gér91]). Here Opy'(¢) denotes the
Weyl quantization of the symbol ¢:

w 1 iz Tty
Opy, (q)u(z) = W/n /n€h< y’£>Q( 5

We will also use the standard quantization:

Onn(@)ule) = s [ [ eHe g, uty) g

We denote by Cp°(R?™) the set of smooth symbols whose derivatives are bounded. For § € R,
we also denote by S( (z}a) the set of symbols a € C°°(R?") such that

€)uly) dy de.

Va,B € N" Jeq 3 > 0,¥(2,§) € R?",

020 a(w,€)| < cap ()’
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and by S5(R?") the set of symbols a € C*°(R?") such that

VYo, B € N",3eq 5 > 0,¥(z, £) € R*",

0207a(2, )| < cap ()1

We can similarly define the sets of symbols S( <§>5) for 6 € R. We refer to [Rob87, Zwo12] for
more details about semiclassical analysis.

For (z,€) € NgI' we set
“n 2 =114 2
K(z,€) = w(2m) " AR IE SO
where $ is the Fourier transform of S. The theorem we want to prove is the following:

Theorem 1.1. Let Sy, and Ej, be given by (1.2) and (1.12), and up, defined by (1.13). Assume
that the assumptions (1.3), (1.5), (1.6), (1.7), (1.8), (1.9), (1.10) and (1.11) hold.

(i) Then there exists a non-negative Radon measure ji on R*™ such that for all ¢ € C§°(R?*™)
we have
(Opy (q)up,up) — qdu. (1.15)
h—0 R2n
(i) This measure is characterized by the following three properties:
a. p is supported in p~ ({Eo}).
b. Forallo €]oy, 1] there exists R > 0 such that u is zero in the incoming region Z_(R,0,—0).
c. 1 satisfies the following Liouville equation:

(Hy +2Im E + 2Va)pu = K oy
This means that for all ¢ € C§°(R*™) we have

/ (—H, +2Im E + 2V)qdy = / q(z,8)k(z,&) dongr(z,€).
R2" N

gl

(iii) These three properties imply that for any q € C§°(R*™) we have
/ qdp = / / k(2 €)q(¢! (2,€))e M E-2fg VeX (2D ds gy (2, €) e, (1.16)
R2n ]R+ NgIl

This result is known when A is compactly supported on I" (see [Roy10, Roy11]). The idea for
the proof is to write the resolvent as the integral of the propagator over positive times, and to
approximate up by a partial solution which only takes into account finite times:

uf = 3/ XT(t)ef%(thEh)Sh dt.
h Jo
Here xr(t) = x(t = T'), where x € C*(R, [0, 1]) is equal to 1 in a neighborhood of | — oo, 0] and
supported in | — 0o, 7p] for some well-chosen 7y €]0, 1]. Note that for all h €]0, 1] the semi-group
it

t — e~ wHr is well-defined for all £ > 0. However this is not a contractions semi-group since Vo
is not assumed to be non-negative (see for instance Corollary 3.6 in [ENO00])

The idea will be the same to deal with the case of an amplitude A whose support is not
bounded. Let © € C§°(R™, [0, 1]) be equal to 1 on B(0,1). For any R > 0 we set Agp:z €T
A(2)O(z/R) and

SE(z)=h""%" /ZEF Ar(2)S (‘"” - Z> dor(z). (1.17)

Given any R > 0, the proof of [Royl0, Roy11] applies for the source term S{¥. Since the
choice of x mentionned above depends on the support of Ar, we denote it by xo,zr. Moreover
Xo,r can be chosen non-increasing. Then for any T' > 0 we set x7.r : t — Xo,r(t —T') and for
any h €]0, hol:

. 0o
(3 i
w, " = E/ xr.r(t)e” =) i dt.
0

The key point is to prove that in some suitable sense uZ’R is a good approximation of u for
large T and R, and h > 0 small enough.
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Let R > 0. For h €]0, ho] we set
aft = (Hy — (Ey +i0))7'SE € L>~°(R™).

Since Ap is compactly supported on I', we know that Theorem 1.1 holds for ﬂf In particular
there exists a non-negative Radon measure jir on R?" such that

Vq S C(())o (RQn)a <OPZJ(¢1)1~L§7@§> — qdﬂR-
h—0  Jp2n
Moreover, according to (1.16), fi is supported on the classical trajectories coming from NET =
{(2,6) € NgT' : z € supp Ar}. Let K be a compact subset of R?". Assumption (1.6) ensures
that for Rx > 0 large enough and R > Ry, the trajectories coming form NET \ N}I;KI‘ do not
meet K (see Proposition 3.1), and hence figr = fig, on K. This is the idea we are going to use

to prove existence of the semiclassical measure . And as expected, p will coincide with jig, on
K.

The plan of this paper is the following. In section 2 we give some estimates for the source term
Sh, and in Section 3 we show that UZ’R is a good approximation of uy, in order to prove Theorem
1.1. In Appendix A we recall some basic facts about differential geometry, and in particular the
second fundamental form which appears when integrating by parts on I'.

2. ESTIMATES OF THE SOURCE TERM

In this section we prove that Sj, and Sf* for R > 0 are (uniformly) of size O(v/h) in L>(R"),
where § > 1 is given by (1.10). Then we use Assumption (1.6) to prove that if w_ € Sp(R?")
is supported in Z_(R,0,—0c) for some R > Ry and o €loy, 1], then Op¥(w_)S, = O(h?) in
LQ"S(R”). Since we even have an estimate of size O(h™) when w_ is compactly supported, this
proves in particular that S, is microlocally supported outside an incoming region.

Lemma 2.1. Consider B € C*(T'), a family (f}).er.nejo,1] of functions in L22H0+d/2(R™) | and
assume that for some C1 > 0 we have

vh €01, [ (@ 1B (1 1l Eamssrarneny) doe() < O (2.1)

and

Vo € R",V¥r €]0,1], / (2)° | B(2)| dor(z) < Cy 1. (2.2)
B(z,r)n

For h €]0, 1] we consider

Spiz b /FB(z)f,f (x_;z) dor(z).

Then Sy,(z) is well-defined for all h €]0,1] and = € R", and there exists a constant C' > 0 which
only depends on C1 and such that

< CVh.

vh €]0,1], HSh‘
LQV‘S(]R"')

The idea of the proof is the same as for a compactly supported amplitude but we now have
to be careful with the decay at infinity for functions on I'.

Proof. We first remark that Assumption (2.2) holds for all » > 0 since for 2 € R™ and r > 1
Assumption (2.1) gives

A()Jﬁ@@ww@<ﬁ<ﬁa. 23)
x,r)N



6 JULIEN ROYER

Let h €]0,1] and = € R™. According to Cauchy-Schwarz inequality and (2.3) we can write

(o (552 0) = (3 Lm0 (57) )

<e Y m)? ( Lo BN (5] dUF(Z)>2

meN

<caunt Y [ )~ 1B
mh<|z—z|<(m+1)h
where ¢ > 0 stands for different universal constants. Now using (2.1) we obtain

meN

<cCih <m>2+d/ /m<y<m+1 (z+ hy)™ ()7 B i )] dy dov(2)

meN

<cein Y ™ [ ()15 | [ ) dydor ()

meN m<|yl<m+1

<cC?h.

2
dor(z),

[EA

<ccint = [ @ 3w [ ()7 1B(2)

meN mh<|z—z|<(m+1)h

2
dor(z) dx

Applied with f7 =S and B = A or Ar for R > 0 this proposition gives:
Proposition 2.2. There exists a constant C > 0 such that
Vh €]0,1,YR > 0, [1Sn]l 2.5 gy + ([l 205 ) < CVh.
For z € T and ¢ € R™ we denote by ¢7 the orthogonal projection of £ on T,T', and ¢V = ¢ —¢7.
Proposition 2.3. Let ¢ € C5°(R*™) and assume that for some & > 0 we have
V(z,§) € suppq,Vz €supp A, (|lz—z|>¢e or |§ZT| >e).
Then we have

HOPh(‘J)Sh”LM(Rn) = hQO (hi)

Proof. ¢ We have

n n

On(@1(0) = e [ [ [ et ya a0 (12 ) dor(yande

We recall that this is defined in the sense of an oscillatory integral. After a finite number of

1J5Té'§y we can assume that ¢ € S( (5)7("“) ). Then

we can use Fubini’s Theorem and make the change of variables y = z 4+ hv for any fixed z. Let
x1 € C§°(R™,[0,1]) be supported in B(0,e) and equal to 1 on a neighborhood of 0. We set
X2 =1—x1. For x € R™ and h €]0, 1] we can write

Opy(q)Sn(x) = Ii(x, h) + Iz (x, h),

partial integrations with the operator

where for j € {1,2}:

1—n—d

(x :h; 2)vqi(z — 2z e (@=2.8) o =i(v,8) (4 v or(z
L) = o [Aene=a [ [ (e, )8(0) do d dor (=)
e Let N € N and

Bz, z,h) = X”_Z/n/neh”f )LN( ’@(x«f))dvd&

where for f € C>®°(R™ x T" x R"x]0, 1]) we have set

Lv: (‘Tazagah) — _Zhd1V£ (('T_Z)f(.%',z’f,h)) )

|z — 2|
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Then there exists a constant ¢ such that
Vh €)0,1],Vz e R"Vz €[, |B(z,zh)| <ch™ (x—2)"",

and hence
2

| o, h)|* = Bt

/A(z)B(ac,z, h) dor(z)
r

<en ot ([ @ e dn@) ([ @7 4R - 27 dota))

where ¢ depends neither on x € R™ nor on h €]0, 1] We obtain

HI2( )”LH(RTL < e p2N+1-—n— d//n < >25 <z—z>72N dzda(z)
< chPNF1-n—d /F / () AR (@ — 2% (. — 2) 72N dzdo(z)

and finally, if N was chosen large enough:
2
HIQ(h)”Llé(Rn) = hgo (hg)

e We now turn to I. Let ,& € R™. The function z +— &I € T.T' defines a vector field on T,
which we denote by (7, and the norm of ¢ in T.T' is the same as in R". By assumption, if
A(2)q(z,€)x1(z — z) # 0 then [¢T| > e. And we remark that when £ 5 0 we have

et {z— z,ﬁ)f1h|§ |7 et (@=2.8)

)

where £I' - f(2) is the derivative of f € C*°(T") at point z and in the direction of (1. For any
z € supp A N B(z,e) (which is compact according to Assumption (1.11)) there exists an open

neighborhood V, of z in T which is orientable, and we can find z1, ..., zx € supp ANB(x, &) such
that supp ANB(x,¢) C Uszl V.,. We consider (1, ..., x € C5°(T, [0, 1]) such that Zszl =1
in a neighborhood of supp A N B(z,¢) in I' and ¢ is supported in Vj, for all k € [1, K]. Let
k € [1, K]. According to Green’s Theorem A.1 we have

[ div (ke - (A6 || €E) dov(z) =0
r
and hence

/F e+ @2 (AG) (2)x1 (z — 2) dor(2)

7

=i [ dive? ()| ek O (A0 e - ) dor(z)
T

—ih/Fei'(I*Z’g)EZT' ((AG) (2)xa(x — 2)) €] ‘_QdUr(Z)

|—4

tih / R0 (AG) (2 ( — 2)|€7) €T €T dor(2).

Taking the sum over k € [1, K] gives

Li(h) = —ih(I1 1 (h) + I 2(h) + I1 3(h))

where, for instance,

1111(56 h)
h@ﬂ / W*Z/ /ndwéT €T | eh o280 =00 g (2, €) S (v) dv d€ dor (2)
h@) / A(z) ([T 1) XlSC*Z/ /n a8 =10y (1, €)S(v) dv de dor(2)

1-n—d

= n [ AR e = ) (Opalan )9) (

Here we have set

r—z

) dor(2).

g1, (2,€) = (LI  diveT (2)[€7| g (a, ©).
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e We recall that the Levi-Civita connection V' on the submanifold I' at point z is given by the
orthogonal projection on T,T" of the usual differential on R™ (see Appendix A). Let z € T'. Let YV’
be a vector field on a neighborhood of z in I and let Y be an extension of Y on a neighborhood
of z in R"™. Using (A.1) we see that on a neighborhood of z in I we have

<VY‘£T’Y>TF =Y <‘£T’Y>TF - <§T’ vYY>TF =Y <€’7>R” - <§T’ vYY>TF
= (& VyY + 1Y, Y))p. — (€7, VyY), .
= (VYY) -

Now if Y7, ..., Yy are vector fields such that (Y1(z),...,Ya(z)) is an orthonormal basis of T,T" we
obtain

d
dive™(z) = Tr (V = Ve (2)) = Y (€N TL(Y;(2),Y5(2))) g »
Jj=1

and hence

|dive™ ()] < d[¢X] L]
We can apply Lemma 2.1 with B = A (||IL,||) and f7(z) = x1(hx)(Op}) (¢1,-)5)(x). Indeed, since
¢ is assumed to be in S((€) 1), ¢ is in C°(R?™) uniformly in z € T', and hence for all k € N

the operator Op}’(q1..) belongs to £(L**(R™)) and the norm is uniform in z (see [Wan88]). This
proves that

Hll,l(h>HL2,5(Rn): O (\/E)

h—0
e We have
& (A (e - 2) = xale — DdAED) + AR € e — 2).
We set
Bya(z) = [|d:Al and 4 B22(2) = A(2)
G221 (2, €) = x1(ha)d. AET) ||d- A ™" q(x, &) Gz,2,2(x,€) = q(,&)d(x1)na (E])

(dA(ET) ||d.A| ™" can be replaced by |¢| when [|d.A|| = 0). As above, applying Lemma 2.1 with
By j and fi 5 ; = Op}(gz,2,7)S for j € {1,2} gives then

HILQ(h)HLz,S(Rn) = hQO (\/E)

e  We now deal with I; 3(h). For any vector field Y on I' we have

Y. <§T’§T>TF =Y <§’§T>]Rn

(& Vy T +I1(Y, 7)) = (€7, Vv &) o + (€Y, Y, 7))
1

= 3V (€760 ) o+ (€N (Y. €T )g

and in particular:
gT ' <§Ta §T>TF =2 <§N7 It (é.Ta &T) >Rn
Thus we can estimate I1 3(h) as 1 1(h), and this concludes the proof. O

We now check that according to (1.6) the assumptions of Proposition 2.3 are satisfied for a
symbol ¢ supported in an incoming region:

Proposition 2.4. Let o9 €]o1,1], Re > Ry and vy > 0. Then there exists € > 0 such that for
all (z,€) € Z_(Rz, vy, —02) and z € T" we have

lz—zl2c or |¢f|>e
Proof. Let (z,£) € Z_(Ra,vp,—02), z € I', and assume that

Ry (o2 — 01)) .

|z — 2| < min <R2R1, 1
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In particular |z| > Ry and hence, according to (1.6), we have
|Z| ‘63‘ 2 - <Za€Z> = <Za€év _€> = <z’§i\/> - <.’L',§> + <-T - Za€>

X xr—z
> 14162+ oalal el ~ o = 2116] > (o1 + o % = E2E) sl

T —z
> (0201(1+02)| o |)|z|1/0

vo(o2 — 01)
> |z —
O
Now we can estimate the solution uj; in an incoming region. We recall the following result:

Proposition 2.5. Let R > 0,0< 7P <vand —1~< 6 < o < 1. Then there exists R > R
such that for w € So(R*™) supported outside Z_(R,0,—G) and w_ € So(R?™) supported in
Z_(R,v,—0), we have

sup () ™ Opy (w-) (H — 2) 7 Opy () (@) ™|

2€Cy 4

Moreover the estimate remains true for the limit (Hp, — (A +140))~!, A € J.

O (h™).

LR hS0

This theorem is proved in [RT89] for the self-adjoint case and extended in [Roy10, Roy11] for
our non-selfadjoint setting. Before giving an estimate of uj in an incoming region, we recall that
it concentrates on the hypersurface of energy Fy. For h €]0, hg], t = 0 and z € C we set

Up(t,z) = e~ (Hn=2)

Proposition 2.6. Let g € C;°(R*™) be a symbol which vanishes on p~'(I) for some neighborhood

I C J of Ey. Let T > 0. Then there exists C > 0 such that for h €]0,1], z € Cr 4 and

X € C§° (R, [0,1]) non-increasing and supported in [0,T + 1] we have

i oS

P [ xwont@U e <c
0 (L2 @)

and
HOPZJ(Q)(Hh - Z)_l"L(Lz,é(Rn)’Lz,fa(Rn)) <C.
In particular if g € C§°(R?*™) is supported outside p~({Eo}) we have

(Opy, (@)un, up) —— 0.
h—0

This is Proposition 2.11 in [Roy10]. Note that the same holds if Op},'(¢) is on the right of the
propagator or the resolvent.

Proposition 2.7. Let o €]o1,1[. Then there exists R > 0 such that for ¢ € C§°(R?"™) supported
in Z_(R,0,—0) we have

(Opy (@Q)un, up) — 0.
h—0

Proof. Let 02,03 be such that 01 < 02 < 03 < 0, Ry > Ry and vy €]0, (inf J)/3[. Let w_ €
So(R?™) be supported in Z_(Rg, 19, —02) and equal to 1 on Z_ (2R, 21, —03). Let R > 2R3 be
chosen large enough and consider q_, G— € C§°(R?") supported in Z_ (R, 0, —c)Np~1(J) and such
that ¢_ = 1 on a neighborhood of supp ¢_. If R is large enough we have Z_(R, 0, —o)Np~1(J) C
Z_(R, 31y, —0), so according to Propositions 2.3 and 2.5 we have

||OPZJ(‘17)(Hh - (Eh + iO))ilShHIp(Rn)
< HOP;LU(Q—)(H}I - (Eh + io)rlHz:(LM(Rn),LZ(Rn)) HOph(W—)ShHLN(Rn)
+ i e ) — (B +i0)) (1~ Opy () ()|

= 0 (Vh).

h—0

S 2 n
im0 2253

The same applies to ¢— and this finally gives
[{OPR (g-)un, un)| < 0Py (g-)unll [OPL (-)unll + O (%) ——0. O

h—0
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3. CONTROL OF LARGE TIMES AND OF THE SOURCE TERM FAR FROM THE ORIGIN

As mentionned in introduction, we expect that the semiclassical measure of (up) hel0,ho] O
some bounded subset of R?" does not depend on the values of the amplitude A(z) for large |z|.
When restricting our attention to finite times, this is a consequence of Egorov’s Theorem and
the following proposition, proved in [Royl1] (Proposition 2.1):

Proposition 3.1. Let By > E; > 0, J C [E4, Eo] and o3 € [0,1] such that 03E> < Ey. Then
there exist R > 0 and co > 0 such that

vt > 0,Y(x,8) € Z4(R,0,F03) Np~ (), X (£t 2,6)| > colt + ).
For r > 0 we set
By(r) = {(z,€) : |z <r} CR*™

With Proposition 3.1 we can check that on a bounded subset of R?" we can ignore the
contribution of the source far from the origin:
Proposition 3.2. Let r > 0. There exists Ry > 0 such that for T > 0, R > Ry, Imz > 0 and
q € C§°(R*™,[0,1]) supported in By (r) we have
i

P [ xre@0n @Ui (s - T d

L2(R™) h—0
where the size of the rest depends on T but not on z, g or R > Ry.

We recall that xr.r € C*(R, [0, 1]) is non-increasing, equal to 1 on ] — oo, T] and equal to 0
on [T+ 1,400l

Proof. Let R and ¢ be given by Proposition 3.1 applied with o3 = (1 4 01)/2 (which is allowed
according to Assumption (1.7)). Let R > max(R,2r/co, R1) be so large that
vg i=infJ — sup |Vi(z)] > 0.
lz|>R

Let oy €]o1,03]. We consider w € C°(R?") supported in 24 (R,0, —03) and equal to 1 in
a neighborhood of Z;(2R,0,—02). Given 6 € C5°(R) supported in J and equal to 1 on a
neighborhood of Ejy we prove that

3

>

Jj=1

P [ xR @0B U 2) B () (S~ E) d

L2(Rn) h—0
where
Bi(h) = Opy (1 —0op), Ba(h)=O0p;(00op)Op;(w), Bs(h)=Opy(0op)Op;(l—w).

The first term is estimated with Propositions 2.6 and 2.2. The function x7 r depends on R, but
since it is non-increasing and always vanishes on [T+ 1, +o0][, we can check that the estimate is
actually uniform in R > 0. According to Proposition 3.1 and Egorov’s Theorem (see Theorem
7.2 in [Roy11]), the second term is of size O(h*°), again uniformly in R > 0. For the third term
we set Ry = 3R and choose R > Ry. The symbol (0 op)(1 — w) is supported in

B,(2R) U Z_(2R,0,—02) Np~1(J) C B.(2R) U Z_(2R, vy, —03).
Since A — Ap is supported outside B(0,3R) and according to Propositions 2.3 and 2.4 (applied
with A — A instead of A) we obtain that ||Opj,(1 — w)(S, — S’?)HLZ(R") = O(h%) uniformly in
R. O

We know that (1.15) holds for some measure pff when wy, is replaced by UZ’R (see Theorem

4.3 in [Roy10]). We now check that ug’R is actually a good approximation of uj (in some sense)
when h > 0 is small and 7, R are large enough:

Proposition 3.3. Let r > 0 and Ry > 0 given by Proposition 3.2. Let K be a compact subset
of B.(r)Np~t(J) and ¢ > 0. Then there exists Ty > 0 such that for ¢ € C5°(R*") supported in
K, T>1Ty and R > Ry we have

timsup (P (), un) — (OB (@)™ i )| < < gl
'S
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This proposition relies on the following consequence of the non-selfadjoint version of Egorov’s
Theorem (see [Royll, Prop.7.3]):

Proposition 3.4. Let J be a neighborhood of E such that Assumption (1.5) holds for all X € J.
Let K1 and Ko be compact subsets of p~1(J). Let e > 0. Then there exists Ty > 0 such that for
T > Ty and q1, g2 € C5°(R*™) respectively supported in K1 and K> we have

tim sup [|Opy, (q1)Un(T)OPy (@2) | £ 22 mn)) < € llanlloo 122loo
N

We also need the following result about the classical flow:

Proposition 3.5. Let Ey, E; € RY be such that Ey < E3, and o € [0,1[. If R is chosen large
enough then for any compact subset K of p~([E1, Ea]) there exists Ty > 0 such that

Vw e KVt > Ty, ¢ (w) € B,(R)U Z+(R,0,+0).

This is slightly more general than Lemma 5.2 in [Roy10]. We recall the idea of the proof:

Proof. We consider Ry such that

FE
YrER" [z|>Re = |Vi(@)|+]a| [VVA(@)| < 5 (1= o).

Let 7> 0 be such that [ % ds > 0. We set R = Ro + 47vEs and Us. = B,(Ro) U

Z4(R,0,+0). We first prove that for any w € K, if ¢**(w) € Us for some t,, > 0, then
¢t (w) € Bx(R)U Z4(R,0,+0) for all t > t,,. Since ¢*(*~tw) maps Z. (R,0,+0) into itself for
all t > t,,, we can assume that | X (t,, w)| = Ro, | X (£t,w)| = R and | X (+s,w)| € [R, Ro] for
5 € [tw,t]. Assume by contradiction that ¢**(w) ¢ Z+(R,0,+0) when s € [t,,t]. Then we can
check that

0 X(Es,w)-Z(£s,w) < (1-o*)VEr

95 TX (25, W) [E(Es,w)] ~ V3(Ro + 45— to)VE3)’
which gives a contradiction. Then it only remains to check that if Ty is chosen large enough,
then for all w € K we can find t,, € [0, Tp] such that ¢**= (w) € Us. For this we use compactness
of K and the fact that any trajectory has a limit point in Qy([E71, E2]) C B.(Rg) or goes to
infinity and meets Z4 (R, 0, £0) when ¢ is large enough. O

Let 03 < 03 < 04 < 05 €|o1, 1] and vy €]0,Vinf J/4[. Let R be given by Proposition 2.5
applied with (R, 7,5) = (3R1,2up,03) and (v,0) = (319, 04) . Choosing R larger if necessary,
we can assume that || > 4up if p(x,€) € J and |z| > R. We can also assume that 2R satisfies
the conclusion of Proposition 3.5 applied with [Ey, Es] D J.

Lemma 3.6. Let r > 4R and Ry > 0 given by Proposition 3.2. Let Q € C§°(R?",[0,1]) be
supported in B, (r)Np~1(J) and equal to 1 in a neighborhood of B,(3R)Np~L(I) for some open
neighborhood I of Eg. Let K be a compact subset of B, (r)Np~1(J) and § > 0. Then there exists
To = 0 such that for T > Ty, R > Ry and q € C§°(R?*™) supported in K we have

tisup | O a) (s — ¥ = A3 (0)OBE (@ )|
h—0

<0 ;
oy <0l

where A.(h) is a bounded operator such that

< 0.

. 5
VT = To, hr}?_fgp HAT(h)Hz:(LZ(Rn)) =

For the proof we follows the same general idea as in [Roy10]:

Proof. « We consider ¢ € C§°(R*") supported in B, (r) N p~!(J) and equal to 1 on a neigh-
borhood of K. Let § € C§°(R™) be supported in B(0,3R) and equal to 1 on B(0,2R). Let
w_ € Sy(R?") be equal to 1 on Z_ (2R, 41y, —05) and supported in Z_(R,3vg, —04). Let
q € C§°(R?™) be supported in K, h €]0,hol, T > 0 and z € Cy  (ho > 0 was fixed small enough
in the introduction). Since z is not in the spectrum of Hj, we can consider (H,—2)~1S), € H*(R")
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and write:

Oy, (@) (Hy, — 2)~"Sh — Opy, (¢)Un (T 2) (Hy, — 2) ™" Sh (3.1)

= / Oy (q) (x1.r(t) = x0,rR()Un(T, 2))Un(t, z) Sy dt
- 5/0 Op}, (a) (x7.x(t) _XO,R(t)Uh(T’Z))Uh(t,z)sf?dt+hgo(\/ﬁ),

where the rest is estimated in L?(R™) uniformly in R > Ry but not in 7' (see Proposition 3.2).

e We have
Opy (0)Un(T, 2)(Hy, — )~ S = Op}, (@)Un(T’ 2)Opy (Q)(Hy, — 2) ™Sy,
+0p}, () Un(T, 2)Opy, (1 — Q)0() (Hy, — 2) ™" S
+0p}, () Un(T, 2)Opy (1 — Q)(1 — 0(x))Opy, (w-) (Hp — 2) ™" Sh
+Op}, (@)Un(T, 2)0p} (1 — Q)(1 — 6(2))Opy, (1 — w- ) (Hp, — 2) ™" Sh.
The second term of the right-hand side is of size O(v/h) uniformly in z € Cr . according

to Proposition 2.6. Let w € Sy(R?*) be supported in Z_(2R1,1p, —02) and equal to 1 in
Z_(3R1,2v9,—03). According to Propositions 2.3, 2.4 and 2.5 we have

10Dy (9)Un(T, 2)Opy, (1 = Q)(1 — 8(x))Opy, (w-) (Hp — 2)~ S|
< a7 | Opy (w-) (Hn = 2)7 (1 = Opy(@))Sh | 12 s gy + 0 (V)

= o0 (Vh),

h—0

uniformly in z € Cy 4 (|Op¥(q)Un(T, 2) (z)° || = O(1) uniformly in z € C,) but not in 7.
Finally the last term is of size O(h™) according to Egorov’s Theorem and Proposition 3.5 if
T > Ty, Ty being given by Proposition 3.5 applied with o5. We consider ¢, Q € Cse (R, [0,1])
supported in p~1(J) and equal to 1 respectively on a neighborhood of supp ¢ and supp @, and
we set

A2, ) = Op (@)U (T, 2)0pi ().
According to Proposition 3.4 we have

)

lim sup sup HA z,h) HC(LZ(R")) <

h—0 z€eCy,

when T" > Ty, if Ty was chosen large enough. We finally obtain

Op}y (9)Un(T, 2)(Hy, — 2)~"Sn = Oy (9) A7 (2, h)Op}y (Q) (Hp, — 2) ™ Sh + hgo(\/ﬁ)

in L?(R™) where the size of the rest is uniform in z € Cy .

3. For h €]0,ho] and T' > Tj, we can take the limit = — Ej, in (3.1) (E), € Cy 4 if hg is small
enough). This gives in L?(R"):

Opit(a)u. = O} (g)uf ™ — Opf (@)UF ()" + Op () AG(En OB (Qun + O (V).

Let ¢1 € C§°(R?™,[0,1]) be equal to 1 on a neighborhood of {gbt(z,f),t €10,1],(2,¢) € Ng’”F}.

Using the results about the contribution of small times (see in particular Corollary 4.4 in [Roy10]),
we know that

lim sup HOPZJ(‘I)Uf;E( Ju 2RU
h—0

= hmsup HOph Uh (T)Opy, (ql) it

L2(R) L2(R™)

< Chmsup ||Oph ql)Uh (T)Op;lz](ql)Hﬁ(Lz(]Rn)) )
h—0
for some constant C' which does not depend on h, T or R . According to Proposition 3.4, this

limit is less than § ||q||, for any T > T if Ty was chosen large enough. Since for any T > T we
have

o~ (suppq) N {qﬁt(z,f),t €[0,1],(2,€) € NET\ Ngol"} =10
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Egorov’s Theorem also gives

limsupHOph VUL (T) (u,) 0.7 quU) =0,

h—0

L2(Rm)
which concludes the proof. O

Then Proposition 3.3 is proved exactly as in [Roy10] (see Proposition 5.5), and we can show
existence of a semiclassical measure:

Proposition 3.7. There exists a non-negative Radon measure p on R>™ such that for q €
Cs°(R*™) we have

dp= i dpkt 3.2
/R%qu ram | adur (32)

and

(Opy (q)un, up) — qdp.
h—0 RZn

Proof. The result is clear outside p~({Ey}), so we focus on symbols supported in p~*(J). Let
K be a compact subset of p~1(J) and € > 0. Let Ty and Ry given by Proposition 3.3. For
T, Ty > Ty, R1,R2 > Ry and ¢ € C§° (R?") supported in K we have

/ qdpz; */ qdpz;
R2n R2n

= Jim |(Opf (qu ™ "™ ) — (Opf @)y, "™ )| < 2¢ gl
%

This proves that (T, R) — [ qdpft has a limit at infinity, which we denote by L(q). The map
g+~ [ qduf is a nonnegative linear form on C§°(IR?") for all T, R > 0, and hence so is ¢ — L(q).
Let Ty be as above for e = 1 and Ck be a constant such that for all ¢ € C§°(R?") we have

‘ / g dpgy
R2n

< Ok [lglloo

Then we have

|L(q)| < ‘L(Q) - qdpg® ‘/ qdpg®
]RQn
< i dpkt — dufel + C
pAm /Rzﬂq o /Rz qdpgy) |+ Ck [lall o

<2+ Cx)llall

which proves that the linear form L on C§°(R?") can be extended as a continuous linear form
on the space of continuous and compactly supported functions on R?”. The first assertion is

now a consequence of Riesz” Lemma. And the second can be proved as in [Roy10], using the

fact that (Opy (q)un,un) is close to <Oph( Ju, T.R uZR> in the sense of Proposition 3.3, and

<Op}f(q)u£’R, u£R> goes to [ gdult as h goes to 0. O

It is now easy to prove the remark about the measures jiz mentionned in introduction:

Proposition 3.8. Let r > 0, Ry given by Proposition 3.2 and R > Ry. Then the measures p
and fig coincide on By (r).

To prove this assertion, we only have to apply Proposition 3.3 with wj, and @ff. Let ¢ €

C§°(R?™) be supported in B, (r)Np~1(J). Since for large T and small h the quantity <Oph (Q)uy,

is a good approximation both for (Opj; (¢)un, us) and {Opy (q)af, alt), these two quantities have

the same limit as h goes to 0.

It only remains to prove the properties given in Theorem 1.1:

T.R | T,R

» Up,

)
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Proof. The first two properties are direct consequences of Propositions 2.6 and 2.7. Let » > 0
and Ry given by Proposition 3.2. Property (c) is already known for the compactly supported
amplitude Ag,, and hence for any ¢ € C5°(R?*") we have

/Dw(pr +2Im E + 2Va)q djig, = 7r(27r)d_"/ a(2,€) | A, (=) ¢ ‘S(g)f dowgr(z,€).

NgI'

Now assume that g, and hence (H, 4+ 2Im E + 2V3)q, are supported in B, (r). According to
Proposition 3.8 we have

/R%(—Hp +2Im E + 2Va)q dfir, = /}R%(—HP +2Im E + 2V,)q dp.

On the other hand, according to Proposition 3.1 trajectories comming from the points of NgI"\
Ng”l" never reach B, (r), so we also have

wCn [ o 1AGE ~ [Ang )P I SO dower(,6) =0

This proves that Property (c) holds when ¢ € C§°(R?") is supported in B,(r). Since this holds
for any r > 0, the theorem is proved. O

APPENDIX A. SHORT REVIEW ABOUT DIFFERENTIAL GEOMETRY

We briefly recall in this appendix the basic results of differential geometry we have used.
Detailed expositions can be found for instance in [dC92] and [Spi99).

Let M be a differential manifold. We denote by X' (M) the set of vector fields on M. An
affine connection on M is a mapping

v X(M)x X(M) — X(M)
(X,Y) = VxV
which satisfies the following properties (for X,Y, 7 € X (M) and f,g € C®°(M)):

(i) Vix4gvZ = fVxZ +gVyZ,
i) Vx(Y+2)=VxY +VxZ,
(iii) Vx(fY) = fVxY + (X - f)Y.

The Levi-Civita connection on M is the unique connection V on M which is
(i) symmetric:
VX, Y e X(M), VxY-VyX=[XY]=XY -YX,
(ii) and compatible with the Riemannian metric:
VX, Y, Ze X(M), X -(Y,Z)=(VxY,Z),, +(Y,VxZ),,. (A1)

The Levi-Civita connection on R"™ endowed with the canonical metric is the usual differential.
Now let I' be a submanifold of R™, endowed by the Riemannian structure defined by restriction
of the scalar product of R™. For X, Y € X(T'), z € T, and X,Y € X(R") such that X = X and

Y =Y in a neighborhood of z in I" we set
T

2t

ViY(z) = (V]R%TLY(Z))

This definition does not depend on the choice of X or Y and defines the Levi-Civita connexion
on I

Let X € X(T'). The divergence div X (z) at point z € T" is defined as the trace of the linear
map Y — VL X (2) on T.T'. If X € X(T) and f € C*°(T) then we have

div(fX)=X-f+ fdivX. (A.2)

The main theorem we have used in Section 2 is the following:



HELMHOLTZ EQUATION WITH UNBOUNDED SOURCE 15

Theorem A.1 (Green’s Theorem). If M is an oriented Riemannian manifold and X € X (M)
s compactly supported, then

/ div X dVy, =0,
M
where dV,, denotes the volume element on M.

We finally recall the basic properties of the second fundamental form onT'. Given X,Y € X(T')
and z € T we set

— _ N
IL(X,Y) = VEV(z) - VY (2) = (V%Y(z))z e N.T,

where X and Y are extensions of X and Y on a neighborhood of z in R®. We can check that
II,(X,Y) is well-defined and actually only depends on X (z) and Y (z). Moreover the bilinear
form II, is symmetric.

Acknowledgement. This work is partially supported by the French National Research Project
NOSEVOL, No. ANR 2011 BS01019 01, entitled Nonselfadjoint operators, semiclassical analysis
and evolution equations.

REFERENCES

[BCKPO02] J.-D. Benamou, F. Castella, T. Katsaounis, and B. Perthame. High frequency limit of the Helmholtz
equations. Rev. Mat. Iberoam., 18(1):187-209, 2002.

[Bon09]  J.-F. Bony. Mesures limites pour I’équation de Helmholtz dans le cas non captif. Annales Fac. Sc.
Toulouse, 18(3):459-493, 2009.

[Cas05] F. Castella. The radiation condition at infinity for the high-frequency Helmholtz equation with source
term: a wave-packet approach. J. Funct. Anal., 223(1):204-257, 2005.

[CPRO2] F. Castella, B. Perthame, and O. Runborg. High frequency limit of the Helmholtz equation. II: Source
on a general smooth manifold. Comm. Part. Diff. Equations, 27(3-4):607-651, 2002.

[dC92] M. do Carmo. Riemannian Geometry. Birkhduser Boston, 1992.

[ENO0O] K.J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations. Springer, 2000.

[Fou06] E. Fouassier. High frequency analysis of Helmholtz equations: case of two point sources. SIAM J.
Math. Anal., 38(2):617-636, 2006.

[Gér91] P. Gérard. Mesures semi-classiques et ondes de Bloch. Sémininaire E.D.P. de [’école Polytechnique,
XVI, 1991.

[Rob87] D. Robert. Autour de lapporimation semi-classique, volume 68 of Progress in Mathematics.
Birkhauser, 1987.

[Roy10] J. Royer. Semiclassical measure for the solution of the dissipative Helmholtz equation. Jour. Diff.

Equations, 249:2703-2756, 2010.

[Roy11] J. Royer. Resolvent estimates for a non-dissipative Helmholtz equation. 2011. Preprint,
arXiv:1303.3868.

[RT89] D. Robert and H. Tamura. Asymptotic behavior of scattering amplitudes in semi-classical and low
energy limits. Annales de I’I. H.P., section A, 39(1):155-192, 1989.

[Spi99] M. Spivak. A Comprehensive Introduction to Differential Geometry, volume 4. Publish of Perish, 3rd
edition, 1999.

[Wan88] X. P. Wang. Time-decay of scattering solutions and resolvent estimates for semiclassical Schrodinger
operators. Jour. Diff. Equations, 71:348-395, 1988.

[WZ06] X. P. Wang and P. Zhang. High-frequency limit of the Helmholtz equation with variable refraction
index. Jour. of Func. Ana., 230:116-168, 2006.

[Zwol2] M. Zworski. Semiclassical Analysis, volume 138 of Graduate Studies in Mathematics. American Math-
ematical Society, 2012.

INSTITUT DE MATHEMATIQUES DE TOULOUSE
118, ROUTE DE NARBONNE

31062 TouLoUSE CEDEX 9

FRANCE

julien.royer@math.univ-toulouse.fr



	1. Statement of the result
	2. Estimates of the source term
	3. Control of large times and of the source term far from the origin
	Appendix A. Short review about differential geometry
	Acknowledgement

	References

