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Borel summation of the small time expansion of
the heat kernel with a vector potential*!

Thierry Hargé
January 22, 2013

Abstract

Let p: be the heat kernel associated to the Laplacian with a vector
potential. We prove under rather strong assumptions on this potential
that the small time expansion of p; is Borel summable. An explicit formula
for p; plays a central role. In the periodic case, a Poisson’s formula is
introduced.

1 Introduction

Let v > 1. Let ¢, ..., c, be regular square matrix-valued functions on R”. Let
H be the operator defined by

H:=—(82 4 +02) +2(ci(2)0s, + -+ ¢ (2)00,) +

(0,01 4+ + 0p,00) — co(x). (1.1)

Let py(z, y) be the heat kernel associated to this operator. Let pS®(z,y) be the
conjugate heat kernel given by

_x (z —y)? ~
pile,y) = (4nt) % exp(—E0 )pi ™ a,).
In a previous work about the scalar potential case (¢; = 0,...,¢, = 0), we

found conditions on ¢y providing Borel summation of the small time expansion
of the conjugate heat kernel. We also studied the partition function on the
torus. In this paper, similar questions are considered in the vector potential
case. A general motivation for this work is a question asked by Balian and
Bloch in [B-B]. Can quantum quantities be exactly recovered with the help
of classical quantities? Indeed, coefficients of the small time expansion are

*This paper has been written using the GNU TEXMACS scientific text editor.
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classical quantities and then Borel summation gives a positive answer to this
question for the quantum quantity <y|e’tH |x> = pi(x,y). See [Had] for partial
comments about these questions and references therein. Another motivation is
the introduction and the use of a so-called deformation formula which gives an
“explicit” expression of the conjugate heat kernel (see Proposition 3.2). Note
also that we always work in a complex setting (¢ € C, z,y € C¥).

Let us now introduce more precisely our results. The following asymptotic
expansion (Minakshisundaram-Pleijel expansion) is well known

conj

pt (:C,y) :ao(l', y) + al(xvy)t +-+ a”"*l(xvy)tril + trot%0+(1)'

We shall prove, under rather strong assumptions on co, ..., c,, that this expan-
sion is Borel summable and that its Borel sum is equal to p;™(z,y).

Assume now that co,...,c, are defined on the torus (R/Z)” with values
in a space of d X d matrices and that ¢y is Hermitian whereas c1,...,c, are
anti-Hermitian. Let Ay < g < -+ < A\, < -+, A\, = 400 be the eigenvalues
of the operator H acting on periodic C%valued functions. We shall prove the

Poisson formula: for small ¢t € C, Ret > 0,

400 5
D et = (4rt) 5 Y e Tuy(t), (1.2)
n=1 qelyr
where, for ¢ € Z¥
ug(t) = aoq +ar gt +---+ ar—l,qtr_l +oe (1.3)

In (1.3), each expansion is Borel summable and u, denotes the Borel sum of
such an expansion.

Let us compare the scalar and the vector potential cases. We consider in
[Ha4] perturbations of —(97 + ---+ 02 ) + a(xf + --- + x}) with & € R. For
the vector potential case, we prefer to consider only perturbations of 7(821 +
-+++ 82 ), and then focus on the perturbation term. This allows us to work
easily with the Borel transform of the conjugate heat kernel. The proofs are
then simplified as already remarked in [Ha4]. In what follows, we prove that this
Borel transform is analytic on the complex plane and is exponentially dominated
by the Borel variable on parabolic domains which are symmetric with respect
to the positive real axis. One can expect that this result can be improved (in
the scalar case, the Borel transform is exponentially dominated by the square
root of Borel variable on the same domains).

Our choice of notation in (1.1) is imposed by our deformation formula with-
out any reference to a Hermitian product. Now, let o1, ..., 0, be Dirac matrices
(0jok + 0koj = &j;). Then a Halmitonian like (o - 9, — ia(x))2 is covered by
our results both in an Abelian setting (electromagnetic field) and a non-Abelian
setting (Yang-Mills field).

In the scalar potential case, the deformation formula is considered by E.
Onifri [On] in a heuristic way and can be obtained with the help of Wiener’s



(or Feynman’s) formula and Wick’s theorem [Ha4, Appendix]. In the vectorial
potential case, this connection also exists but it seems more difficult to exhibit it.
In [F-H-S-S], an algorithm, using Wick’s theorem, is proposed for computing, in
a covariant invariant way, the coefficients of the small time expansion of p;(z, ).

2 Notation and main results

For z = |z|e? € C, 0 €] — 7, @], let 2/2 := |2|"/2e®/2. Let T > 0. Let
C* = {z € C|Re(z) > 0}, Dy := {z € C||z| < T}, DF := Dr N C* and
Dr = {z € C|Re(L) > L}. Dr is the open disk of center £ and radius £. Let
k> 0. Let S, == {z € C|d(z, [0, 4+00[) < s} and

1
Sy :={z € Cl|Imz'?]> < k} = {z € C|Rez > EImQZ — K}

S, is the interior of a parabola which contains S, (see figures 2.1 and 2.2 in
[Had]).

We work with finite dimensional spaces of square matrices. We always con-
sider multiplicative norms on these spaces (|AB| < |A||B|, for A and B square
matrices) and we assume that |1| = 1. For A = (a;,j)1<i,j<d With a; ; € C, we
set A* = (@j,i)1<i,j<d- For A, u € C¥, we denote A - p := Apiq + -+ + Ao fh,
Ni= (AL, N, ImX = (ImAy, ..., ZmA,), X2 = X\, [N\ = (- N)Y2 (if
AeRY, A\ = VA2). Later, we shall extend these notations to operators and
measures.

Let Q be an open domain in C™ and let F' be a complex finite dimensional
space. We denote by A(2) the space of F-valued analytic functions on €, if
there is no ambiguity on F'.

Let 9 denote the collection of all Borel sets on R". An F-valued measure p
on R™ is an F-valued function on ‘B satisfying the classical countable additivity
property (cf. [Ru]). Let |- | be a norm on F. We denote by |u| the positive
measure defined by

ll(E) = SUPZ [(Ej)I(E € B),

the supremum being taken over all partitions { E;} of E. In particular, |u|(R™) <
0o. Note that du = hd|u| where h is some F-valued function satisfying |h| = 1
|pt|-a.e. In the sequel, we shall consider vector spaces FV and F**! with the
following norms (depending on the norm of F). For f = (fo,...,f,) € F¥*L,
we set f = (f1,..., fo) and |f[* := max(|f],|fol). I f = (fo,...,[f,) is an

F¥*l_valued function on R™ and 6 is a positive measure such that

/ |f0|d9<oo,...,/ 1f,1d8 < oc,
R~ R~

one can define an F”-valued (respectively F'”T!-valued) measure X (respectively
A) by setting d\ = fdf (respectively d\ = fdf). Then d|A| = |f|df and



dIA* = |f|*df. Let 0 be a positive measure, w be a positive function and p
be a normed vector space valued measure. The notation |du| < wdf means
that |u(E)| < [pwdd (or |u|(E) < [pwdf) for every E € B. Equivalently,
there exists a vector-valued function h such that du = hdf and |h| < w 6-a.e.
For instance, let uq, ... .,u, be measurable C-valued functions and A{,..., A, be
F-valued measures. Then |u-dA| < |u|d|A| (where w-dX := urdA1+- - -+u,dA,).

We refer to [Had] for a rigorous definition of Borel and Laplace transform.
Roughly speaking, assuming that f (respectively f ) is a function of a complex
variable t (respectively 7), f is the Laplace transform of f if

oo - dr
ﬂo=A fre i (2.1)

t

whereas f is the Borel transform of f = ag + a1t + -+ - + ant™ 4+ - -+ if

HOED

r=0

With suitable assumptions, these two transforms are inverse each to other. In
the whole paper, sums indexed by an empty set are, by convention, equal to
Z€ro.

Theorem 2.1 Let e > 0. Let \g,...,\, be measures on R¥ with values in a
complex finite dimensional space of square matrices verifying for g € {0,...,v}

[ expleg)dla(€) < . (22)
Let

cqlz) = /exp(z':c -€)dAg(£).

Let c(z) == (c1(z),...,co(x)) and Oy - € := Dyyc1 + -+ + Dy ¢ . Let u' be the
solution of
dyu= 9%u — 2¢(z) - pu + (co(x) — 05 - €)u
(2.3)
u|t:0+ = (Szzyl

(z—y)?

Let v be defined by u:(47rt)_”/2e_ 7 v. Then v admits a Borel transform v
(with respect to t) which is analytic on C'T2¥. Let k, R > 0. Let C be defined

by

R E 2 2_” *
C = /RU exp(5E7+ (L4 R)lEl+ 2 ) A ©)
Then, for every (,2,y) € Sk x C* such that |Imx| < R and |Imy| < R,

|’0(7‘,$,y)| < eClz—y|€C(|T|+2|T|l/2)_ (24)

1Since co, ..., cy are analytic and bounded on R, (2.3) admits a unique analytic solution

on Rt x R?v.



Remark 2.2 By (2.4) and (2.1), the solution u of (2.3) through ¥ is meaningful
fort e C,’Re(%) > % Since S, contains Sy, (2.4) implies that the small time
expansion of v is Borel summable and that v is equal to the Borel sum of this

expansion (cf. [Ha4)).

Remark 2.3 One can expect that (2.4) can be improved. Let us assume that
v = 1, that the measure A\; takes its values in C and satisfies (2.2) where € is
replaced by 2e. Let

&(x) = / exp(iz - €)dA(€)

where X is a C-valued measure on R satisfying (2.2). Let us choose co = ¢4 +¢.
Then ¢y is the Fourier transform of a measure satisfying (2.2) and the system
(2.8) is equivalent to

du= (0, — 1 (x))Qu + é(z)u

u|t:0+ = 6z:y

Performing the substitution

u= exp(/ym cl(z)dz)ﬂ (2.5)

in the previous system allows one to use the scalar case Borel summation result
[Ha4, Theorem 3.1]. Therefore (2.4) can be improved as follows:

[o(7, 2z, y)| < eCrlz=yl Clr|*/?

where

Oy = /ReR|5|d|)\1|(£),

9 N 1/2
¢ =2 /R Cexp(Z 4 26+ RIENAANE)

In particular, unlike in the general case (see Remark 2.2), the solution u of (2.3)
through © is meaningful for t € CT, which is more natural. Actually the proof
of Theorem 2.1 uses a deformation formula which does no take into account the
fondamental notion of magnetic field (or curvature). The substitution (2.5) is
efficient because the magnetic field vanishes in the one-dimensional case.

Corollary 2.4 Let € > 0 and d € N*. For every (j,q) € {0,...,v} x Z", let
cjq be square matrices acting on C? such that co_, = Chq and cj_q = —C
for every j € {1,...,v}. Assume that

Z €4ﬂ—26q2|0j1q| < o0
o/

*
7,4



or every j € {0,...,v}. Let cj(z) = L i g€2™IT . Let Ay < Ag < -+ be
J qe?r Cia
the eigenvalues of the operator

H:=—-92+2¢c(z) 0y + (0: - ¢ — co(x))

acting on C?-valued functions defined on the torus (R/Z)". For each q € 7V,
there exists a function w(q,.) analytic on C satisfying

o Forevery k > 0, there exists T, K > 0 such that, for everyq € Z and T € S,

lal Il

|w(g,7)| < KeTeT.
o There exists T such that for every t € ﬁf

+OO q2 +OO ol dT
Ze‘A"t = (4mt)"V/? Z e_ﬂ/ e_Tw(q,T)T. (2.6)
n=1 quV 0

Remark 2.5 Let us consider the usual Hermitian product on L*((R/Z)”,C?) .
By our assumptions on the coefficients c;j 4, H can be viewed as a self-adjoint
operator with compact resolvent. The proof of Corollary 2.4 is similar to the
proof of Corollary 3.3 in [Ha4] and is therefore omitted.

Remark 2.6

o Formula (2.6) can be viewed as a Poisson formula (see also [Ha4]): for
each g € 7V, there are numbers ag q,a1,q, ... € C and functions Ry ¢, R1,q, ... €
A(D4#) such that, for everyr >0 and t € D

400 5
Z e~ Mt = (4t) /2 Z e~ (ao,g +argt+- -+ ar—1,4t" "+ Ry g(t)),
n=1 quV

(2.7)
and for k small enough, there exist M > 0 such that

o
R0 < M

for everyr > 0,q € 77t € DT~.

e One can easily check, using the deformation formula (5.3), that

1
a9, = / Tr (Texp (/ q-clx+ sq)ds)) dx.
[0,1]» 0

with the following definition for the ordered exponential

1
l—l—/ q-c(m—l—slq)dsl—i—/ q-c(x+829)q-c(x+s1q)dsidsa + - - -
0 0<s1<582<1



3 Proof of the theorems

Our proofs use the following deformation formula which gives a representation
of the heat kernel. First, we need

Notation 3.1 Let Ay, ..., \, be measures on R” with values in a complex finite
dimensional space of square matrices. Let us assume that for every R > 0 and

q€{0,...,v}
[ explRIEDIN|(E) < +oc. (31)

Let ¢ and cq as in Theorem 2.1. For t,xy,...,Zn,y1,...Yn € C*"l and 0 <
§1< - < 8y < 1, let

Valt, z1,91,...) == [(mn —yn) - €(yn + Sn(@n — yn)) +tco (Yn + Sn(zn — yn))} e

[(301 —y) - C(y1 + s1(z1 — y1)) + tcO(y1 + s1(z1 — yl))}

Let P, be the operator acting on A(C?*™) defined by

n
P, = E aﬂﬁjm 'aijw
J.k=1

where j Ak :=min(j,k) and jV k := max(j, k). Finally, for £ = (&1,...,&,) €
R¥™, let
€ o= &l + -+ [&nl,

and let | A|| be the measure on R¥™ defined by
A" [[ANI(E) = A" (€n) - - AAI(&1)-
Proposition 3.2 Let \g,..., A\, be as in Notation 3.1. Let v be defined by

v=1+) v, (3.2)

nz=1

where

v (t, 2, y) = / [exp(tP)Va(t, 1, y1, - )| oy —wgy =y d"s
0<s1<<sp <1 .

Tpn =Ty Yn = Y
(3.3)
Let R >0 and let T := {(x,y) € C*||Zmx| < R,|Imy| < R}. Let

:m:(éfmm+mmwwwﬁl.

z—y)2
Then v € A(D}FR x Tgr). The function u := (47rt)_”/26_(4—t)v is a solution of

(2.3).



Let us give another useful expression of the function v. Let Z = (Z1,...,2,) €
C"" and & = (&,...,&) € R"™. Let uz be the measure defined on R*™ by

Let s = (81,...,8,) such that 0 < $1 < -+ < s, < 1. Let P, be the operator
defined by

Pn =1 (1 - Sjvk)'fjvk : aszk - Sj/\k'fjAk : azjvk -2 Z azj : azk-

n
G k=1 1<j<k<n

Let

n

S(1=5) €96 = Y il = e -6

G k=1
(y+s(x—y) -&=Wy+sitz—y) &+ + (y+salz—y)  &n

Remark 3.3 The following identity holds

vy, = / / ei(erS(r*y))fX
0<s1 < <8, <1 yn

e ta1=5) @8 [P gy (6)]| d"s. (3.4)

Zi=zT—y
Eap—

Remark 3.3 and Proposition 3.2 will be proved together; we shall need the
following remarks and lemma. Remark 3.4 will partially explain the shape of

the operator P, in (3.3). Remark 3.5 (cf. Lemma 4.1 in [Had]) is crucial for the
proof of the convergence of the integrals in (3.4) and for Theorem 2.1.

Remark 3.4
o B m] = (L) - (S0

Remark 3.5 Let £ €c RV and 0 < s1 < --- < s, < 1. Then
0<s(1—s) nE@E<nE +---+&2). (3.5)

Lemma 3.6 Let \g,..., A\, be as in Notation 3.1. Then, form,n € N, m < n,
there exist measures iy m defined on R¥™ which are polynomial with respect to
(x,y) and which do not depend on t such that

[etﬁ"dmﬂz(f)] ’ i=z—y Z £ i, m () (36)

m<n
Zn = —Y



where

1|z —y| e

A" i (€)] < nlelélt x A A E— a3} 3.7
@ (6) DD o KA L (G H CX
ptg=m
2p+qgsn
P,q 20
Proof Let

by(§) = =i > s 4i Y (=858

1<5<y v<j<n

Then .
Po=> b8 0z, -2 > 0z, -0z
y=1 1<a<fn

For a,3,v = 1,...,n, a < B, let a, := b,(§) - 0z, and Ayp = Oz, - 0z
be the operators acting on linear combinations of monomials such as [] e %
where J C {1,...,n}. Since a? = A7 5 = 0, a,Aap = 0 if v € {a, 4} and
AnpAy g =0if {a, B} N{c/, 8’} # @, one gets

1, . P
ﬁ (Z aV_Q Z Aa,ﬂ) = Z (_2)p H Ay H Amin(lk),max(lk)' (38)
y=1

1<a<pf<n I,..., I,,J yeJ k=1

Here, p > 0 and the sum runs over all collections of pairwise disjoint subsets

L,...,I,,J of {1,...,n}, such that |[;| = --- = |[,| = 2 and |[J| +p = r,
without ordering on Iy, ..., Ip.

Expanding e/t using (3.8) implies that the left hand side of (3.6) is equal
to

> (2t HEIP G Gk (3.9)
Iy p LK
where
P,y = H
{e.B}v.0.e

{ (A7) - dX () (0,(O) - aN(E)) (=~ v) - dAE) dho(&) | . (310)

Here we use the following convention:

First,pe N, I1,...,I,, J, K are subsets of {1,...,n} such that || =--- =
I, = 2 and Ih,...,I,,J, K are pairwise disjoint (hence 2p + |J| + |K| < n).
The sum (3.9) runs over all such subsets without ordering as far as Iy,..., I,
are concerned.

Second, if Iy,...,1I,,J, K satisfy the previous assumptions, the product in
(3.10) runs over all {a,8} = Ii,...,I,, v € J, ¢ € K and ¢ lying in the
complementary of 1 U--- U, UJUK.

Third, the symbol {-}_ means that the terms of the product are ordered.
For instance, if n =6, p=1, I, = {1,5}, J = {3} and K = {2,4},

Piryak = 3 —y) - dA(&)dAe(&5)dNo(€4)bs(€) - dA(Es)dNo(2)dNe (&)

(=1

Y



Then (3.6) holds with

A" pn,m (€)= Z (=2)"Pyry,0.x-
Ny Iy K
p+JI+[K[=m

Let p,j,k € N such that 2p + j + k < n. There are 2pp!j!k!(n’i!2p7j7k)! subsets

L,...,I,, J K such that |J| = j and |K| =k in (3.9). Moreover

105(&) - dA(&)] < [€l1d[A| (&)
Then

vn n! j n—2p—j—k jvn
(@€ o ey P
t+titk=m
§p+]j+k<n

Since, for g > 0,

5l < €|€|1, (3.11)
one gets (3.7). O

We can now prove Proposition 3.2.

Proof We claim that the right hand side of (3.4) is well defined and analytic
on C* x C?”. Let |A| as in Lemma 3.6. For n > 1 and (t,z,y) € CT x C? let

0" Walt,,y) i= o (0o 0) Cmtatonacos [P gy ()] | L _,
Ba=a—y
and
O (t, 2, 7) == / / d"Wa(t,z,y). (3.12)
0<s1<-<s,<1JRvn

Let R > 0 and suppose now that (z,y) € Tr. By (3.5) and Lemma 3.6

. 1 |z — y|r—20-a
0 Wty )] < nte®riien 5™ LU oy )

'(n—2p—
2p+qg<n b (n b q)
p,q 20
Let
A= [ expl(1+ RENAN©)
Then
o 1 _ y|n—2p—¢q
/ / |d Wn(t,z,y)| < An Z _'|xy|7'|t|17+q.
0<s1<-<s,<1JRyn 2p+gsn I (n=2p =)

10



Therefore

Q:= 1+Z/ / A Wt 2, y)]
0<s1<-- <5, <1 yn

n>1

Alz— 2p+
< elryIE:qu
p,q20

|t|p+q

p!

since, for p,q € N,
|z —y[n2Pa

— eAlz—yl.
(n—2p—q)!

> a
n=2p+q
Hence Q < +oo if Alt| < 1. Set Ty := %. Then 9,, and hence
bi=14 i,

nz=1

are well defined on D}FR X Tr. By dominated convergence theorem, one can

also check that v is analytic on DJTFR X TR.
Let us now prove that v,, = v,,. One has

Vot z1,91,...) = /Rv ’ eXP(i(lerSl(iEl*yl))flJr' : '+i(yn+5n(zn*yn))'§n) X

[(xn —Yn) - dA(&n) + td/\O(fn)] T [(xn —Yn) - dA(&n) + td}‘O(fn)]-
Then

Ozo - Oy Vnlt, x1,01,...) = /R exp(i(yl +s1(z1— 1)) - & _|_...)><

[+ 11+ 1D 1 (©)]| ooy -
En=z—y
where
I:=—s4(1=55)¢a-&p, 11 := =0z, - 0z,

IIT:=i((1—s3)€p - Oz, — Sala - Oz,).

This proves that v, = v, and therefore Remark 3.3. Then v = ¥ and v €
A(D7,, x Tg). We claim that the function

(z—y)?

u = (4mt) V2T v, (3.13)

where v is given by (3.2), is a solution of (2.3). Indeed, any solution u of (2.3)
is obtained, using (3.13), from a solution v of the conjugate equation

(0 + 22 - 0, )v = 020 + L@y 4 (eo(a) — 0, - e(2))v — 2¢(x) - v

U|t:0+,m:y =1

11



Let vg = 1. It is then sufficient to verify that v, satisfies

(0 + =72 - 0y) vy = 020y + %U,@_l +(cog— O - €)Up—1 — 2¢ - Opp_1

Un|t:0+,x:y =0
(3.14)
for (t,z,y) € D;R x Tgr, n > 1. It suffices to check (3.14) for (¢,z,y) €
]O,TR[XTR. By (33)

’U’ﬂ(taxay) = / [exp(tpn)vj(ta Z1,Y1,-- )} | T1 =T,Y1 =Y dns
0<s1< <85, <t .

Tn = T, Yn =y
(3.15)
where

Vﬁ(tv'rlvyla' ) = |:

Ty — Ty — Ly —
ntyn'c(yn+5n n yn)+co(yn+5n ntyn)}

r1 — Y1

T — T —
[ ! tyl- )+ co(yr + s1 1ty1)}-

One has (8t + =2 az)vn = I + II where I is obtained by differentiating the
domain of the integral in (3.15) whereas II is obtained by differentiating the
integrand. Then

c(y1 + 1

I= / [exp(tPn)Vﬁ(t, T1,Y1,--.)] ‘ JR— d" s,
0<s1< - <8sp—1<t

1 =%,Y1 =Y
Tn =2,Yn =Y

Note that

Tn — Yn
VAt 21,91, )]syt = (% ~c(xn) + Co($n))V75—1(ta$1,y1a o)

Since .
Pp=0x, - 0y, + 20> 0x,) - Oy, + Po1,
j=1
one gets

I = (w + CO(ZC))’Un_l — az . C(,CC)’Un_l — 20(;5) . azvn—l- (316)

Let us evaluate I/. By Remark 3.4

n

eSS B, o (s B o

j=1 j=1

Let j € {1,...,n} and o € {1,...,v}. Denoting by z;. the a-coordinate of
zj € C¥, one has

Ti—Yi Tjo — Yja\ _
(0 + g, (e ) — 0, (3.18)

12



Then .
T — vy,
(8t+zl_3 . j .amj)VTE(t,xl,yl,___) = 0. (3.19)
=

Hence, by (3.17) and (3.19)

(atJF z;y aﬂﬁ*aﬁ) [exp(tpn)vvf(tvxlvyl"")” T1 =291 =Y =0.

Inp = TyYn =Y

Then
II = d2v,,. (3.20)
Hence, by (3.16) and (3.20), we have checked (3.14) (the second line is trivial).
O

For the proof of Theorem 2.1, we need [Ha4, Lemma 4.9]:

Lemma 3.7 Letm > 1. For B € C, let T — K,,,(B, 7) be the Borel transform
of the function t — t™ exp(—Bt). Then, for 7 € C and B > 0

||m

| K (B, 7)| < T—!exp(2\/§|1m(rl/2)|). (3.21)

m
Let us now prove Theorem 2.1.

Proof First, let us define 0. Remark 3.3 and Lemma 3.6 suggest the following
construction. Let d“"F,,, 0,0 be defined by

@y i= Y exp(i(y+s(e—y))-€) Ko (s(1 =) nE@E,7) A i m(€), (3.22)

m<n
O (T, 7,y) == / / A E,d"s, (3.23)
0<51<"'<5n<1 vn
bi=1+ ) . (3.24)
n>=1

Let us check that ©,, and © are well defined. Let k, R > 0. Let (z,y) € T and
T € Sk. By (3.7) and (3.21)
A

A" E,| < eUHRIEl )
| | Z plp+q)l(n —2p—q)!

2p+q<sn

exp (261/2/5(1 — 5) o € @ €)d" | A (€).
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By (3.5)

25 1/2 s(1—8)né®E< 2,1/2 (€ 4 --- 4 £2)

2 1/2
< 2x (E) xS+
2/<m
< (51 +&).
€
Hence 5
[ £ KN
|d,an|<€XP((1+R)|§|1+§(§f++§i)€+?)x
+ _ |n—2p—
IS D L TR V1)
sprain PP+ @) (n = 2p — q)
Let )
K € 4 ) .
= —+ = 1 d|X .
Ci= [ ew(Z 4+ 5+ (14 RIE)AN'©
Then
~ pt+q _ n—2p—q
0<s1<<sn <1 JRen sprain PP+ @) (n = 2p = q)!
Then

Q:= 1+Z/ / & E,|d" s
0<s1< <5, <1 L

nz=1

< Ll Z Tt o2+

a0 P pl(p+q)!

since, for p,q € N,

Z Cn—%—qW = Clz—yl
i (n—2p—q)!

Hence Q < oco. This proves that ©,, and © are well defined on C'*2" since s and
R are arbitrary. By dominated convergence theorem, one can also check that
On, hence 9, are analytic on C!'+2¥,

Since p!(p + q)! > plplg! > B¢
0< oCla—yl 20| |'2 C|r|
Then ¢ satisfies (2.4). By (3.12), (3.23) and the definition of K,, (Lemma 3.7),

Oy, is the Laplace transform of v,, = ¥,,. Then v defined by (3.2) is the Laplace
transform of 9. Hence Proposition 3.2 implies Theorem 2.1. O

REFERENCES

14



[B-B] R. Balian and C. Bloch, Solutions of the Schrédinger equation in terms
of classical paths, Ann. of Phys. 85 (1974), 514-545.

[F-H-S-S] D. Fliegner, P. Haberl, M. G.Schmidt, C. Schubert, The higher
derivative expansion of the effective action by the string inspired method II,
Annals of Physics 264-1 (1998), 51-74.

[Had] T. Hargé, Borel summation of the small time expansion of the heat
kernel. The scalar potential case (2013).

[On] E. Onofri, On the high-temperature expansion of the density matrix,
American Journal Physics, 46-4 (1978), 379-382.

[Ru] W. Rudin, Real and complex analysis, section 6.

Département de Mathématiques, Université de Cergy-Pontoise, 95302 Cergy-
Pontoise, France.

15



