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of a ballistic random walk in a random
environment

Mikael FALCONNET™ Dasha LOUKIANOVAT Catherine MATIAS*

February 2, 2013

Abstract

We consider a one dimensional ballistic random walk evolving in a para-
metric independent and identically distributed random environment. We
study the asymptotic properties of the maximum likelihood estimator of
the parameter based on a single observation of the path till the time it
reaches a distant site. We prove an asymptotic normality result for this
consistent estimator as the distant site tends to infinity and establish that
it achieves the Cramér-Rao bound. We also explore in a simulation setting
the numerical behaviour of asymptotic confidence regions for the param-
eter value.

Key words : Asymptotic normality, Ballistic random walk, Confidence regions,
Cramér-Rao efficiency, Maximum likelihood estimation, Random walk in ran-
dom environment. MSC 2000 : Primary 62M05, 62F12; secondary 60]25.

1 Introduction

Random walks in random environments (RWRE) are stochastic models that al-
low two kinds of uncertainty in physical systems: the first one is due to the het-
erogeneity of the environment, and the second one to the evolution of a particle
ina %iven environment. The first studies of one-dimensional RWRE were done

by M) with a model of DNA replication, and by @) in
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the field of metallurgy. From the latter work, the random media literature in-
herited some famous terminology such as annealed or quenched law. The lim-
iting behaviour of the particle in’s model was successively investigated
by Kozlov (1973); [Solomon (1975) and [Kesten et al! (1975). Since these pioneer
works on one-dimensional RWRE, the related literature in physics and proba-
bility theory has become richer and source of fine probabilistic results that the

reader may find in recent surveys including |H.l.1gh.€§ (1996) and Zeitouni (2004).

The present work deals with the one-dimensional RWRE where we investigate
a different kind of question than the limiting behaviour of the walk. We adopt
a statistical point of view and are interested in inferring the distribution of the
environment given the observation of a long trajectory of the random walk. This
kind of questions has already been studied in the context of random walks in
random colorings of Z (Benjamini and Kesten, 1996; Matzinger, 1999; Lowe and Matzinger,
) as well as in the context of RWRE for a characterization of the environ-
ment distribution (Adelman and Enrlquej U)DA Comets et al .| U)j) Whereas
|A.d.elmaILan.d.Enn.qu.ezl deal with very general RWRE and present a procedure
to infer the environment distribution through a system of moment equations,
provide a maximum likelihood estimator (MLE) of the parame-
ter of the environment distribution in the specific case of a transient ballistic
one-dimensional nearest neighbour path. In the latter work, the authors estab-
lish the consistency of their estimator and provide synthetic experiments to as-
sess its effective performances. It turns out that this estimator exhibits a much
smaller variance than the one of Adelman and iquez. We propose to estab-
lish what the numerical investigations of m suggested, that is, the
asymptotic normality of the MLE as well as its asymptotic efficiency (namely,
that it asymptotically achieves the Cramér-Rao bound).

This article is organised as follows. In Section 2.1} we introduce the framework
of the one dimensional ballistic random walk in an independent and identi-
cally distributed (i.i.d.) parametric environment. In Section 2.2} we present the
MLE procedure developed by Comets etall to infer the parameter of the en-
vironment distribution. Section 23] recalls some already known results on an
underlying branching process in a random environment related to the RWRE.
Then, we state in Section[2.5]our asymptotic normality result in the wake of ad-
ditional hypotheses required to prove it and listed in Section [Z4] In Section 3]
we present three examples of environment distributions which are already in-
troduced in|Comets et all (2012), and we check that the additional required as-
sumptions of Section[Z4]are fulfilled, so that the MLE is asymptotically normal
and efficient in these cases. The proof of the asymptotic normality result is pre-
sented in Section 4l We apply to the score vector sequence a central limit the-
orem for centered square-integrable martingales (Section 4.J) and we adapt to
our context an asymptotic normality result for M-estimators (Section [4.2). To
conclude this part, we provide in Section[4.3] the proof of a sufficient condition
for the non-degeneracy of the Fisher information. Finally, Section Hlillustrates




our results on synthetic data by exploring empirical coverages of asymptotic
confidence regions.

2 Material and results

2.1 Properties of a transient random walk in a random environment

Letusintroduce a one-dimensional random walk (more precisely a nearest neigh-
bour path) evolving in a random environment (RWRE for short) and recall its el-
ementary properties. We start by considering the environment defined through
the collection w = {w}yez € (0,1)% of i.i.d. random variables, with parametric
distribution v = vy that depends on some unknown parameter 6 € ©. We further
assume that ® c R? is a compact set. We let Pf = ng be the law on (0, 1)Z of the
environment w and E? be the corresponding expectation.

Now, for fixed environment w, let X = {X;}seny be the Markov chain on Z starting
at Xy = 0 and with (conditional) transition probabilities

Wy ify=x+1,
PyXem1=ylX;=x)=1{ 1-w, ify=x-1,
0 otherwise.

The quenched distribution P,, is the conditional measure on the path space of X
given w. Moreover, the annealed distribution of X is given by

Pl()= f Py,(-)dP? ().

We write E,, and E? for the corresponding quenched and annealed expectations,
respectively. In the following, we assume that the process X is generated under
the true parameter value 0*, an interior point of the parameter space 0, that
we aim at estimating. We shorten to P* and E* (resp. P* and E*) the annealed
(resp. quenched) probability PY" (resp. P?") and corresponding expectation EY”
(resp. E? *) under parameter value 0*.

The behaviour of the process X is related to the ratio sequence

1-—wy
Ox = , xeZ. (D
Wy

We refer to m (@) for the classification of X between transient or re-
current cases according to whether E? (log py) is different or not from zero (the
classification is also recalled in |C_0m&tS_QLalJ. ). In our setup, we consider
a transient process and without loss of generality, assume that it is transient to
the right, thus corresponding to E? (logpo) < 0. The transient case may be fur-
ther split into two sub-cases, called ballistic and sub-ballistic that correspond to




a linear and a sub-linear speed for the walk, respectively. More precisely, letting
T, be the first hitting time of the positive integer n,

T,=inf{teN : X; = n}, 2)

and assuming E? (log po) < 0 all through, we can distinguish the following cases

(al) (Ballistic). If EY (po) <1, then, PY-almost surely,

Tn 1+E%(po) @
n n—oo 1-E9(pg)’

(a2) (Sub-ballistic). If E? (po) = 1, then Ty,/n — +oo, P?-almost surely when n
tends to infinity.

Moreover, the fluctuations of T, depend in nature on a parameter x € (0,00],
which is defined as the unique positive solution of

E’ (pf) = 1

when such a number exists, and ¥ = +oco otherwise. The ballistic case corre-

sponds to k¥ > 1. Under mild additional assumptions, Kesten et all (1975) proved
that

(al) if x = 2, then T}, has Gaussian fluctuations. Precisely, if ¢ denotes the limit
in @), then n‘”z(Tn—nc) when x > 2, and (nlogn)‘”z(Tn—nc) whenk =2
have a non-degenerate Gaussian limit.

(all) ifx <2, then n~Y ¥(T,—d;) has anon-degenerate limit distribution, which
is a stable law with index «.
The centering is d,, = 0 for x < 1, d,, = anlogn for x = 1, and d,, = an for
K € (1,2), for some positive constant a.

2.2 A consistent estimator

We briefly recall the definition of the estimator proposed inlComets et all (2012)
to infer the parameter 6, when we observe Xjo7,) = {X; : £ =0,1,...,T,}, for
some value n = 1. It is defined as the maximizer of some well-chosen criterion
function, which roughly corresponds to the log-likelihood of the observations.
We start by introducing the statistics {L?} ez, defined as

T,—1

LY== ) LiX=x Xy=x-1b
s=0

namely L is the number of left steps of the process X|o, 7} from site x. Here, 1y,
denotes the indicator function.



Definition 2.1. Let ¢y be the function from N? toR given by
1
Po(x,y) = logf a1 (1 - a)Ydvg(a). (4)
0

The criterion function 0 — ¢,(0) is defined as

n—1
Cn0) =) po(Ll, LY. (5)
x=0

We now recall the assumptions stated in |C_0m.e_ts_e_LalJ dZQlj) ensuring that the
maximizer of criterion ¢, is a consistent estimator of the unknown parameter.

Assumption 1. (Consistency conditions).

i) (Transience to the right). For any 8 € ©,E%|log po| < co and E? (log p) < 0.
ii) (Ballistic case). For any® € ©, E? (po) < 1.

iii) (Continuity). Forany(x,y) € N2, the map 0 — ¢g(x, y) is continuous on the
parameter set ©.

iv) (Identifiability). For any (0,0") € ©%, vg #vg <> 0 #0'.
v) The collection of probability measures {vg : 0 € ©} is such that

inf E? [log(1 — ~o0.
Jnf [log(1 —wp)] > —o0

According to Assumption [l point [{i7)] the function § — ¢,(0) is continuous on
the compact parameter set ©. Thus, it achieves its maximum, and the estimator
0,, is defined as one maximizer of this criterion.

Definition 2.2. An estimator@, of 0 is defined as a measurable choice

6, € Argmax?,,(6). (6)
0O

Note that 5,1 is not necessarily unique. As explained in |C_0m.e_ts_e_t_alJ dZQlj).
with a slight abuse of notation, 6,, may be considered a MLE. Moreover, under

Assumption[I] |C_0me_[s_e_t_al] dZQ]_j) establish its consistency, namely its conver-
gence in P*-probability to the true parameter value 6*.

2.3 Therole of an underlying branching process

We introduce in this section an underlying branching process with immigration
in random environment (BPIRE) that is naturally related to the RWRE. Indeed, it



is well-known that for an i.i.d. environment, under the annealed law P*, the se-

quence Ly, L7 _,,..., L(’)‘ has the same distribution as a BPIRE denoted 7%, ...,Z,,
and defined by
Z
Zyp=0, andfork=0,...,n-1, Zg=) & .1s @)
i=0

with {& ;C i} kens;ien independent and

VmeN, Py, =m=0-w) "o,

(see for instanceKesten et all,1975; Comets et al},2012). Let us introduce through

the function ¢ defined by @) the transition kernel Qy on N? defined as

1
Qo(x,y) = (x ; y)ed)e(x,y) _ (x + y)f a* ' (1-a)Ydvy(a). 8
0

X

Then for each value 0 € ©, under annealed law P? the BPIRE {Z,} ey is an ir-
reducible positive recurrent homogeneous Markov chain with transition ker-
nel Qg and a unique stationary probability distribution denoted by 7y. More-
over, the moments of 1g may be characterised through the distribution of the
ratios {px}xez. The following statement is a direct consequence from the proof
of Theorem 4.5 in/Comets et all (2012) (see Equation (16) in this proof).

Proposition 2.3 (Theorem 4.5 in|Comets et all (2012)). The invariant probabil-
ity measure my is positive on N and satisfies

n i+1
vj=o0, Y k(k—l)...(k—j)ng(k)=(j+1)![E9[(Z Hpk)]+ ]
k=j+1 nz1k=1

In particular, mg has a finite first moment in the ballistic case.

Note that the criterion ¢, satisfies the following property

n—1
0,0) ~ Y $o(Z, Z+1) under P*, ©9)
k=0
where ~ means equality in distribution. For each value 6 € ©, under annealed
law P? the process {(Z, Zn+1)}nen is also an irreducible positive recurrent ho-
mogeneous Markov chain with unique stationary probability distribution de-
noted by 77y and defined as

fig(x,y) = ma(x)Qp(x,¥), V(x,y) €N (10)

For any function g : N*> — R such that ¥ y70(x,1)1g(x, y)| < oo, we denote by
7g(g) the quantity

Fe(@) = Y. Felx,)8(x, ). (11)
(x,y)EN?



We extend the notation above for any function g = (g1,...,g4) : N> — R? such
that 7 (llgll) < oo, where ||-| is the uniform norm, and denote by 77y (g) the vector
(7To(g1),-..,9(ga)). The following ergodic theorem is valid.

Proposition 2.4. (Theorem 4.2 in Chapter 4 ﬁom@, ). Under pointi) in
Assumption[l, for any function g : N> — R?, such that 7ig(| gll) < oo the following
ergodic theorem holds

n—-1

1
lim = Y g(Zk, Zk+1) = 719(8),
S

P* -almost surely and in L' (P*).

2.4 Assumptions for asymptotic normality

Assumption [l is required for the construction of a consistent estimator of the
parameter 0. It mainly consists in a transient random walk with linear speed
(ballistic regime) plus some regularity assumptions on the model with respect
to 0 € ©. Now, asymptotic normality result for this estimator requires additional
hypotheses.

In the following, for any function gy depending on the parameter 6, the symbols
£p or Oggp and gy or 65 gp denote the (column) gradient vector and Hessian ma-
trix with respect to 8, respectively. Moreover, YT is the row vector obtained by
transposing the column vector Y.

Assumption II. (Differentiability). The collection of probability measures {vg :
0 € O} is such that for any (x, y) € N, the map 6 — ¢g(x, y) is twice continuously
differentiable on 9.

Assumption III. (Regularity conditions). For any 0 € ©, there exists some q > 1
such that

7o o 127) < +oo. (12)
Forany x €N,
Y Qolx,y)=0p ) Qolx,y)=0. (13)
yeN yeN

Assumption IV. (Uniform conditions). For any6 € ©, there exists some neighbor-
hoodV (0) of 0 such that

ﬁ'@( sup ||(b9r||2)<+oo and ﬁ'@( sup ||(ﬁ9r||2)<+oo. (14)
'€V () 0'€V (0)

Assumptions[[Mland [ are technical and involved in the proof of a central limit
theorem (CLT) for the gradient vector of the criterion ¢, also called score vector



sequence. Assumption[[Vlis also technical and involved in the proof of asymp-
totic normality of 6, from the latter CLT. Note that Assumption[[Illalso allows us
to define the matrix

%o =9 (b3 ) (15)

Combining the definitions (@), (T0),(I1) and with Assumption [[II} we obtain
the equivalent expression for Zg

So=) Y me(X)———

Qo(x,¥)Qg(x, )T

xeN yeN Q ( Y )
1
=YY wpx) | Qplx,y) - 0ol Qe(x ¥)Qp(x, )7
xeN yeN
=— g (o). (16)

Assumption V. (Fisher information matrix). For any value 0 € ©, the matrix Zg
is non singular.

Assumption [Vl states invertibility of the Fisher information matrix Zy~. This as-
sumption is necessary to prove asymptotic normality of 8,, from the previously
mentioned CLT on the score vector sequence.

2.5 Results

Theorem 2.5. Under Assumptionsll tolIIl, the score vector sequence 0,0%)/ Vnis
asymptotically normal with mean zero and finite covariance matrix X .

Theorem 2.6. (Asymptotic normality). Under Assumptions(l to[W, for any choice
of 0,, satisfying (6), the sequence {\/n(60, —0*)},en converges in P* -distribution
to a centered Gaussian random vector with covariance matrix 25}.

Note that the limiting covariance matrix of /720, is exactly the inverse Fisher
information matrix of the model. As such, our estimator is efficient. Moreover,
the previous theorem may be used to build asymptotic confidence regions for 6,
as illustrated in Section Bl In this section, we also explain how to estimate the
Fisher information matrix Xg~. Indeed, Xy« is defined via the invariant distribu-
tion 779~ which possesses no analytical expression. To bypass the problem, we
rely on the observed Fisher information matrix as an estimator of Xy-.

Remark 2.7. We observe that the ﬂuctuations of the estimator 0, are unrelated
to those of T, or those of X;, see[(al){(all] Though there is a change of limit law
from Gaussian to stable asE? (p ) decreases from larger to smaller than 1, the MLE
remains asymptotically normal in the full ballistic region (no extra assumption is
required in Examplell introduced in Sectionl3). We illustrate this point by consid-
ering a naive estimator at the end of Subsection[3.1l



We conclude this section by providing a sufficient condition for Assumption [V]
to be valid, namely ensuring that X4 is positive definite.

Proposition 2.8. For the covariance matrix Xy to be positive definite, it is suffi-
cient that the linear span inR% of the gradient vectors ¢g (x, y), with (x, y) € N? is
equal to the full space, or equivalently, that

Vect{dg[Ee @M A -wp)"): (x,p) € NZ} = R4,

Section[lis devoted to the proof of Theorem 2.6l where Subsections [4.1]and [4.3]
are concerned with the proofs of Theorem[Z.5land Proposition 2.8} respectively.

3 Examples

3.1 Environment with finite and known support

Example I. Fix a) < az € (0,1) and let vy, = pbg, + (1 = p)bg4,, where b, is the
Dirac mass located at value a. Here, the unknown parameter is the proportion
p€®c[0,1] (namelyB = p). We suppose that a,, a; and © are such that points[i)]
and([ii)|in Assumptionll are satisfied.

This example is easily generalized to v having m = 2 support points namely vg =
Z;’il pia;, where ay,...,a, are distinct, fixed and known in (0,1), we let p,, =
1- Zl’.’i‘ll pi and the parameter is now 0 = (p1, ..., Pm-1)-

In the framework of Example[l, we have
x+1

bp(x,y)=loglpa; ™ 1 —a))? + 1 - p)a3t' (1 - az)”], (17)

and

n-1 n n n n
Cn(p)i=0,0)= Y log[paf'““Jrl(l—al)L'“ +(-paya-ap™]. a8
x=0

Comets et all (2012) proved that p, = Argmax,.q £ »(p) converges in P* -probability
to p*. There is no analytical expression for the value of p,,. Nonetheless, this es-
timator may be easily computed by numerical methods. We now establish that
the assumptions needed for asymptotic normality are also satisfied in this case,
under the only additional assumption that ® c (0, 1).

Proposition 3.1. In the framework of Examplell, assuming moreover that © c
(0,1), AssumptionslIl tollV are satisfied.



Proof. The function p — ¢,(x, y) given by (I7) is twice continuously differen-
tiable for any (x, y). The derivatives are given by

$px,y) =e N a1 - a)? - a3 (1 - a)?),

Pp(x,y) = —p(x, )%

Since exp[¢pp (x, )] = par*1(1-a1)? and expl¢,(x, )] = 1 - p)ag' (1 - ap)?, we
obtain the bounds

lpp (x, y)| < Ly 1
KPS —+——.

P p 1-p

Now, under the additional assumption that ® c (0, 1), there exists some A€ (0,1)

such that ® c [A,1 — A] and then

. 4
and  sup [Ppp(x,NI<—, (19)
(x,)EN? A

SR

sup |, (x, )l <
(x,y)EN?

which yields that and (I4) are satisfied.

Now, noting that
) X+
Qo(x,y) = ( xy) (a7 (1 -a)? - a3 (1 - a)),

and that

Z(x+y)“x+1(1—a)y=1. VxeN, Vae (0,1), (0)
y=o\ *

yields (I3). O

Proposition 3.2. In the framework of Examplell, the covariance matrix Xq is pos-
itive definite, namely Assumption[Wis satisfied.

Proof of Proposition[3.2 We have
EP (wo) = play — az) + ay,

with derivative a; — a, # 0, which achieves the proof thanks to Proposition 2.8l
O

Thanks to TheoremZ.6and PropositionsB.IlandB.2] the sequence {y/n(p,—p*)}
converges in P*-distribution to a non degenerate centered Gaussian random
variable, with variance

X

=l X np*(x)(

x+y) (@i (1-a)? — a3t (1 - ap)?)? }—1
(x,y)EN? p

*aft (1-a)? + (1 -pHazt (1 - ap)?

10



Remark 3.3. (Temkin model, cf. M )) With a € (1/2,1) known and
0 = p € (0,1) unknown, we consider vg = pd4+ (1 — p)b1-4. This is a particular
case of Examplell It is easy to see that transience to the right and ballistic regime,
respectively, are equivalent to

p>1/2, p>a,
and that in the ballistic case, the limit c = c(p) in ) is given by
a+p-2ap
Ra-Dp-a)

We construct a new estimator p,, of p solving the relation c(p,) = T,/ n, namely

c(p) =

a 2a-1)T,+n
X .
2a—1 T,+n

Pn=

This new estimator is consistent in the full ballistic region. However, foralla> 1/2
and p > a but close to it, we havex € (1,2), the fluctuations of T, are of order n''*,
and those of p,, are of the same order. This new estimator is much more spread

out than the MLE p,.

3.2 Environment with two unknown support points

Example II. We let vg = pd,, + (1 — p)6,, and now the unknown parameter is
0 =(p, a1, ay) € ©, where© is a compact subset of

(0,1) x {(ay, az) € (0,1)% : a; < az}.

We suppose that © is such that points[D) and[ii)]| in Assumptionll are satisfied.

The function ¢g and the criterion ¢,,(-) are given by (I7) and (I8), respectively.

dZQlj) have established that the estimator @n is well-defined and
consistent in probability. Once again, there is no analytical expression for the
value of 8,. Nonetheless, this estimator may also be easily computed by nu-
merical methods. We now establish that the assumptions needed for asymp-
totic normality are also satisfied in this case, under a mild additional moment
assumption.

Proposition 3.4. In the framework of Examplelll, assuming moreover thatE? (pg) <
1, Assumptions(l tollVl are satisfied.

Proof. In the proof of Proposition 3.1} we have already controled the derivative
of 0 — ¢y (x, y) with respect to p. Hence, it is now sufficient to control its deriva-
tives with respect to a; and a, to achieve the proof of and (I4). We have

04, P0(x,y) =€ PV pat(1—a)’ x+ D1 -a) - yal,
0a,pp(x, ) =€~ PN 1 = p)az (1 - ax)? ' [(x+ 1)1 - az) - yay].

11



Since

1
o (X,¥) o, X1 _ y-1 -
e a;(1—ap) < )
P ar(l-ay)
and )
—Po(x,¥) (1 _ X1 _ y-1
e 1-pla;(Q—ap)’ " < )
P 01— a)
we can see that there exists a constant B such that
x+1 vy .
|aaj¢9(x,y)|s'—— |SB(x+1+y), for j=1,2. @)
aj 1- aj

Now, we prove that is satisfied with g = 3/2. From (21), it is sufficient to
check that

Y KPmp(k) < oo,
keN

which is equivalent to

Y k(k—1)(k - 2)mg (k) = 6[E9[( ”f[ pk)s] < oo,
=1

k=3 n=

where the last equality comes from Proposition 2:3] From Minkowski’s inequal-
ity, we have

[EH

(11 ]={Z

n=1

()] ") -{ £ ).

n=1

where the right-hand side term is finite according to the additional assumption
that E? (pg) < 1. Since the bound in (2I) does not depend on 6 and 7y possesses
a finite third moment, the first part of condition (I4) on the gradient vector is
also satisfied.

Now, we turn to (I3). Noting that

aﬂ] Q@ (x) J/) =

x;y)pai‘(l —a)’ Hx+1)A-ay) - yayl,

04,Qp(x,y) = (x : y) 1-pla;1-a)’ Hx+1)(1-a) - yal,

that
00 1-
> y(x+ y)ax“(l —a) = (x+1)—2, vVxeN, Yae (0,1), (22)
y=0 \ ¥ a

and using yields (I3).

12



The second order derivatives of ¢g are given by
Oyptbo (x, ) = ~[0p 0 (x, )T,
0p0a, o (x,y) = (04,0 (x, Y)] x (% —0po(x, y)),
04,0a,$6 (%, y) = =104, o (x, )] x [04,P0(x, Y)],

621 (PB(x»y) = [aal(pg(x; _V)] X

3 x+1+y ]
x+DA-a)-ya

y—-1
1-a;

X
—0a,Po(x, y) + — =
a

and similar formulas for a, instead of a,. The second part of (I4) on the Hessian
matrix thus follows from the previous expressions combined with (I9), ZI) and
the existence of a second order moment for 7. O

Proposition 3.5. In the framework of Examplelll, the covariance matrix Xy is
positive definite, namely Assumption[Wis satisfied.

Proof of Proposition[3.3. We have
Elwg™ (1 - wo) ] = pai™ (1 - a)* + (1- p)a3*' (1 - a)”.

The determinant of (69[E‘9 [w’o“rl (1- wo)k]) is given by
X

k=0,1,
ai-ay ai(l-a)-a;(1-ap) ai ' 1-a)*-a3t (1-a)*
p pa(2—-3ay) par(l—a)* 'x(1-2a)+1-ai]

1-p 1-plax2-3a)) (1-plai(1-ax)* ' [x(1-2a2)+1-ay]

and we denote it by Det. As we have a; # az and p € (0,1), we show that this de-
terminant is non zero for large x. This will complete the proof, thanks to Propo-
sition 2.8l

We first consider the case of a; (1—a;) # a>(1—ay), i.e. of ar # 1—a; since a; < a.
Without loss of generality, we assume a;(1 — a;) < ax(1 — ap). In this case, the
leading terms as x — oo in Det are

Det=p(1 - p)af(l—az)x_1 X

a—a, ai(l-ay)—as5(1-ap) —ap(1-ap)
1 d1(2—36l1) 0
1 a»(2—-3ayp) (x(1-2ap)+1—ay]

+o(a; (1-ax)”).

The sign of Det is determined by that of the above, new determinant. By tran-
sience of the walk to +oo, it holds a, > 1/2, and we see in this new determinant

13



that the coefficient of x, namely (a, — a1)*(1 = 2a,)(1 —2a; — a»), and the con-
stant term a,(a> —1)(ax — a1)[2—3a1 —3a» + (a, — a1) (1 —2a; — a)] do not vanish
simultaneously. Therefore, Det # 0 for large x.

In the case ay = 1 — a;, with some algebra we find
Det=p(1-plai(1-a))*(a— a1)* (1 -2a)a1ax + G (a; (1 - ay)”),

with a nonzero leading term. Hence Det # 0 for large x. a

Thanks to Theorem and Propositions B.4] and under the additional as-
sumption that E (03) < 1, the sequence {y/71(0,,—0*)} converges in P* -distribution
to a non degenerate centered Gaussian random vector.

3.3 Environment with Beta distribution

Example III. We letv be a Beta distribution with parameters (a, ), namely

dv(a) =

1
a-11 _ p-1 — a-11 _ np-1
B(a,ﬁ)“ (1-af~'da, B(a,p) for (1-nPdr.

Here, the unknown parameter is 0 = (a, ) € © where® is a compact subset of
{(a, ) € (0,+00) : @ > B +1}.

AsE9(pg) = B/(a—1), the constraint a > B+ 1 ensures that points[)] and[i1) in
Assumptionll are satisfied.

In the framework of Example[[II] we have

Bx+1+a,y+p)
) =1 23
¢Po(x,y) =log Ba,p) (23)

and

n-1
¢,0) =-nlogB(a,f)+ ) logB(LY ;+a+1,L} + )
x=0
n=l o (L +a@)(L"  +a-1)...ax (LP+-1)(L"+6-2)...8

— Zlog X+l x+1
=0 (LY, +Li+a+p-1 (LY, +Li+a+-2)...(a+f)

In this case, |C_om_e_ts_e_t_alJ dZQ]_j) proved that §n is well-defined and consistent
in probability. We now establish that the assumptions needed for asymptotic
normality are also satisfied in this case.

Proposition 3.6. In the framework of Examplellll, AssumptionslIl tol[V are satis-

fied.
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Proof of Proposition[3.8. Relying on classical identities on the Beta function, it
may be seen after some computations that

xX+y

X y-1
$o(x,y) =) loglk+a)+ ) loglk+p)— ) logk +a+p).
k=0 k=0 =0

As a consequence, we obtain

X X+y 1
a“¢9(x’y):gok+a_gok+a+ﬂ 24)
IS N
o k+a)k+a+p) [Zk+x+a+p

The fact that © is a compact set included in (0, +o0)? yields the existence of a
constant A independent of 6, x and y such that both

p 5 p

o k+a)k+a+p) oy (k+a)k+a+p) =

4

and
4 1 4 1
— < — < Alog(1+y).
,;k+x+a+,6 kg’lk+a+ﬁ 0g1+y)
The same holds for 6ﬁ<p9 (x,y). Hence, we have
10a¢g(x,y)| < A'log(1+y) and [0ppg(x,y)| < A'log(1+x), (25)

for some positive constant A’. Since there exists a constant B such that for any
integer x
log(1+x) < BV/x,

we deduce from that there exists C > 0 such that
0a¢0(x,)?7<Cy and |0p¢pg(x,y)*7 < Cx, (26)

where g = 2. From Proposition [2:3] we know that g possesses a finite first mo-
ment, and together with (26), this is sufficient for to be satisfied. Since the
bound in does not depend on 6, the first part of condition (I4) on the gradi-
ent vector is also satisfied.

Now, we prove that it is possible to exchange the order of derivation and sum-
mation to get (I3). To do so, we prove that

Y 11Qo(x, I < oo, 27)
y

for any integer x. Define 8 = (g, Bo) with

ap = inf(proj, (®)) and Py = inf(proj,(®)),
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where proj;, i = 1,2 are the two projectors on the coordinates. Note that 8y does
not necessarily belong to ©. However, it still belongs to the ballistic region {a >
B+ 1}. For any a € (0,1) and any integers x and y, we have

ax+1+a—1(1_a)y+ﬁ—1 < ax+1+a0—1(1_a)y+ﬁ0—1,

which yields
Blx+1+a,y+pB) <Bx+1+aoy+Po)
as well as B(ao, fo)
Qop, Po
Qo(x,y) = Ba, ) Qp, (x, ).

Using the fact that the beta function is continuous on the compact set © yields
the existence of a constant C such that

Qo(x,y) =CQq,(x,¥),

for any integers x and y. Now recall that Qy(x,y) = Qg(x, y)dg(x,y). Hence,
using the last inequality and (28), it is sufficient to prove that

Y ¥Qp,(x,¥) <00, 28)
¥y
to get (27). We have

> (ZJ’QBO(X, y))ﬂeo (x) =) ymg,(y) <oo,
y y

X

where the last inequality comes from the fact that 6 lies in the ballistic region
and thus mg, possesses a finite first moment. Hence, is satisfied for any
integer x which proves that (27) is satisfied.

The second order derivatives of ¢g are given by

02¢e(x,y)=—i ! +)§ L
* oo k+a)? o (k+a+ p)?
X+y 1

R Ny

and similar formulas for § instead of a. Thus, the second part of condition (I4)
for the Hessian matrix follows by arguments similar to those establishing the
first part of (I4) for the gradient vector. O

Proposition 3.7. In the framework of Examplellll, the covariance matrix Xy is
positive definite, namely AssumptionWis satisfied.
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Proof of Proposition[37. One easily checks that

1 gl v 1
) a+x = a+x-1 a  a+f+2x  a+pf+2x-1 a+p
o (x,x) =
D SIS SIS S S 1 e L
B+x-1 + B+x-2 Tt B a+pf+2x  a+p+2x-1 a+f

Hence, (bg(0,0) is collinear to (8,—a)T and (bg(x, x) — (—log2,-log2)T as x —
oco. This shows that ¢ (x, x), x € N, spans the whole space, and Proposition 28]
applies. O

Thanks to Theorem.6land PropositionsB.68land[3.7 the sequence {y/'n (5 n—0%)}
converges in P*-distribution to a non degenerate centered Gaussian random
vector.

4 Asymptotic normality

We now establish the asymptotic normality of 0,, stated in Theorem The
most important step lies in establishing Theorem [Z.5] that states a CLT for the
gradient vector of the criterion ¢,, (see Section[4.T). As a consequence, we obtain
the asymptotic normality of §,,, following the proof of Theorem 5.23 inlvan der Vaar(

). This latter reference deals with i.i.d. observations only, but may be easily
generalized to our context as explained in Section[4.2] Finally Section[4.3]estab-
lishes the proof of Proposition [2.8 stating a condition under which the Fisher
information matrix is non singular.

4.1 A central limit theorem for the gradient of the criterion

In this section, we prove Theorem[Z.5] that is, the existence of a CLT for the score
vector sequence ¢, (6*). Note that according to @), we have

1 . 1 n—l'
—0,0*) ~— (Zi, Zies1), 29
NG 6*) \/ﬁlcz::0¢9( k> Zi+1) (29)

where {Z;}o<k<n is the Markov chain introduced in Section 2.3l First, note that
under Assumption[[Illthis quantity is integrable and centered with respect to P*.
Indeed, recall that (bg (x,y)= Q@ (x, )/ Qg(x,y), thus we can write for all x e N,

. Qo (x, )
E* (o (Zi, Zki D)1 Zk = X) = ). ———""—Qps(x,) =0 '
(o i Zes1 == 32 4 e Qo o =00 32 Qo)
=0y(m|, . =0, (30)

where we have used (I3) to interchange sum and derivative. Then,

E* (do+ (Zk, Zk+1)) = 0.
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Now, we rely on a CLT for centered square-integrable martingales, see Theorem

3.2 in|HalLan.d.H.e;Ld.d dl9.8d). We introduce the quantities

1, k
—¢or(Zk-1,Zx) and S, k= Uy, i,
as well as the natural filtration &, = # := 0(Z},j < k). According to (30D,
{Syu,k,1 < k < n,n=1} is a martingale array with differences U,, i. It is also cen-
tered and square integrable from Assumption [Ill Thus according to Theorem

3.2 in|Hall and Heydd dl%ﬁ), as soon as we have

Visk=sn, U,i=

. : *_ 7.
llgigl”Un,;ll — 0 in P*-probability, &)
n
Z U”JU;IZ-J' oo T+ in P* -probability, (32)
i=1

and {E* (lmax Un,iU} Dtnen is a bounded sequence, (33)
<I<n !

with Xy~ a deterministic and finite covariance matrix, then the sum S, , con-
verges in distribution to a centered Gaussian random variable with covariance
matrix g+, which proves Theorem 25l Now, the convergence is a direct
consequence of the ergodic theorem stated in Proposition [Z4] Moreover the
limit Zg+ is given by and is finite according to Assumption [[Ill Note that
more generally, the ergodic theorem (Proposition [2.4) combined with Assump-
tion [Tl implies the convergence of {Y.1<;<, Uy :l1?}, to a finite deterministic
limit, P*-almost surely and in L;(P*). Thus, condition (33) follows from this
L, (P*)-convergence, combined with the bound

n
IE* (max Uy, iU} )l < 3 E* (1, 1),
si= ’ i=1

Finally, condition (31) is obtained by writing that for any € > 0 and any g > 1, we
have

P*(max Uyl = &) = P*(max gg+ (Zi-1, Z)| = £v/n)

* b (7 1 71124
7B (max g (Zi1, Z) 1)

=

n
Y E* (o (Ziz1, ZDI*),
nde?d i3

where the first inequality is Markov’s inequality. By using again Assumption [l
and the ergodic theorem (Proposition[2.4), the right-hand side of this inequality
converges to zero whenever g > 1. This achieves the proof.
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4.2 Proof of asymptotic normality

We follow the proof of asymptotic normality result for M-estimators stated in
Theorem 5.23 in d19_9_d) in a i.i.d. context. Indeed, our estima-
tor 0, maximizes the function 8 — £,(0) = Y=L ¢g(L" ,,L™) and converges in

P*-probability to 8*. Moreover, it is shown inlComets et all (2012) that the nor-
malised criterion ¢,,/ n satisfies

1
;fn(Q) — 0(0) := g+ (o),

in P*-probability and the limiting function ¢ has a unique maximum at 6* (see
Theorem 4.1 and Section 4.4 in|Comets et alJ, 21212). Under Assumption [T} we
obtain the following

1) The function 0 — ¢y (x, y) is differentiable at 6* for all (x, y) and there ex-
ists some positive function ¢ : N> — R? such that

fge(PPT) < +oo
and for any 61,6 in a neighborhood of 0, for any (x, y) € N?, we have

g, (x, ) — g, (x, V)| < lp(x, Y1 - 101 — 02

2) The map 8 — ¢(0) admits a second order Taylor expansion at its maxi-
mum 0*.

If we moreover assume that the Fisher information matrix g« = —7tg« (g~) is
non singular, then we have

=N 1 n-1
Vn@,-60%) = zgi—n Y dor (L1, L) +0p(1), (34)
x=0

where op(1) is a remainder term that converges in P* -probability to 0. The proof
of the latter factis a simple rewriting of the proof of Theorem 5.23 inm
) and is therefore omitted. The main point is that the usual empirical pro-
cess G, appearing in the original proof should be replaced here by its counter-
part in our framework, namely the operator

N I~ PR

Gat@)i= 7= X {# LD - T @),
for any ¢ : N? — R or R? such that 7y (]|¢|) < +co. Combining the equality in
distribution between Lg,LZ_l,...,Lg and the positive recurrent Markov chain
{Z}o<k<n With the ergodic theorem (Proposition2:4) applied to this latter Markov
chain, the operator G,, satisfies

1

@n = 1»
NG (@) =op(1)
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which is the main ingredient of the proof.

Finally, combining (34) with Theorem[235] we obtain the convergence in P* - dis-
tribution of {4/n(0,,—0™)} to a centered Gaussian random vector with covariance
matrix 2! 2.2, = 501,

4.3 Non degeneracy of the Fisher information

We now turn to the proof of Proposition 2.8l Let us consider a deterministic
vector u € R?. We have
~ H 2
uT2gu=mg(luTdel).

We recall that according to Proposition[2.3] the invariant probability measure 7y
is positive as well as 77y . As a consequence, the quantity uTZgu is non negative
and equals zero if and only if

vx,yeN, uT(bg (x,y)=0.

Let us assume that the linear span in R of the gradient vectors ¢y (x, ), (x, y) €
N? is equal to the full space, or equivalently, that

Vect{dg[Eg (wg“(l —wo)?): (x,p) € NZ} = R4,

Then, the equality uT ¢y (x, y) = 0 for any (x, y) € N? implies u = 0. This concludes
the proof.

5 Numerical performances

In/Comets et al| (2012), the authors have investigated the numerical performances
of the MLE and obtained that this estimator has better performances than the
one proposed by|A.d.elmaILan.d.Enquu.e2| (2004), being less spread out than the
latter. In this section, we explore the possibility to construct confidence regions
for the parameter 6, relying on the asymptotic normality result obtained in The-
orem[Z6l Indeed, the limiting covariance 25} may be approximated by the ob-
served Fisher information matrix

. 1=l
Sp==— 3 by LR, LY. (35)
ni,=o o

The consistency of 0,, combined with Proposition[2.4] Theorem[2.6land Slutsky’s
Lemma first gives the convergence of 3, to Zy+ and then the convergence in
distribution

VnEl2@, -6%) — N;(0,Id) under P*,
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where A4;(0, Id) is the centered and normalised d-dimensional normal distri-
bution. When d = 1, we thus consider confidence intervals of the form

(s  D-yi2 5 . Gi—y2
fcg%n - [6" \/ﬁzyz’ nt \/ﬁz%/z ]’

where 1 -y is the asymptotic confidence level and g, the z-th quantile of the
standard normal one-dimensional distribution. In higher dimensions (d = 2),
the confidence regions are more generally built relying on the chi-square distri-
bution, namely

(36)

Ryn=10€0: 01220, -0 < x1-}, (37)

where 1—v is still the asymptotic confidence level and now y is the z-th quantile
of the chi-square distribution with d degrees of freedom y?(d). Note that the
two definitions and (37) coincide when d = 1. Moreover, the confidence
region (37) is also given by

Ryn=10€0:n0,-0)72,0,-0) < y1-y}.

We present three simulation settings corresponding to the three examples de-
veloped in Section [3 and already explored in IComets et all (2012). For each of
the three simulation settings, the true parameter value 6* is chosen according
to Table[Iland corresponds to a transient and ballistic random walk. We rely on
1000 iterations of each of the following procedures. For each setting and each
iteration, we first generate a random environment according to vg~ on the set of
sites {—10%,...,10%}. Note that we do not use the environment values for all the
10* negative sites, since only few of these sites are visited by the walk. However
this extra computation cost is negligible. Then, we run a random walk in this
environment and stop it successively at the hitting times T}, defined by (@), with
ne {103k : 1 < k < 10}. For each stopping value n, we compute the estimators
0,,,%,, and the confidence region %y, , for y = {0.01;0.05;0.1}.

Simulation | Fixed parameter Estimated parameter
Examplell | (a1,az) = (0.4,0.7) p*=03
Example[ - (p*,af,a})=1(0.3,0.4,0.7)
Example[ITl - (a*,p*) =(5,1)

Table 1: Parameter values for each experiment.

We first explore the convergence of £, when 7 increases. We mention that the
true value Zg+ is unknown even in a simulation setting (since 7+ is unknown).
Thus we can observe the convergence of £, with n but cannot assess any bias
towards the true value Zg+. The results are presented in Figures[I] 2l and 8] cor-
responding to the cases of Examples [} [I and [T} respectively. The estimators
appear to converge when 7 increases and their variance also decreases as ex-
pected. We mention that in the cases of Examples[land[Il, we have 1% and 1.3%
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respectively of the total 10 * 1000 experiments for which the numerical maximi-
sation of the likelihood did not give a result and thus for which we could not
compute a confidence region.

175
|

170
|

1.65
|

155
|

Figure 1: Boxplot of the estimator £, obtained from 1000 iterations and for val-
ues n ranging in {103k : 1 < k < 10} in the case of Example[ll

Now, we consider the empirical coverages obtained from our confidence re-
gions %y, in the three examples and with y € {0.01,0.05,0.1} and 7 ranging in
{103k : 1 < k < 10}. The results are presented in Table[2l For the three examples,
the empirical coverages are very accurate. We also note that the accuracy does
not significantly change when n increases from 103 to 10%. As a conclusion, we
have shown that it is possible to construct accurate confidence regions for the
parameter value.

Examplelll Example[ll Example[Il
n 0.01 0.05 0.1 0.01 0.05 0.1 0.01 0.05 0.1
1000 | 0.994 0.952 0.899 | 0.992 0.953 0.909 | 0977 0.942 0.901
2000 | 0989 0.952 0.903 | 0.994 0.953 0.910 | 0.978 0.928 0.884
3000 | 0.988 0.942 0901 | 0.990 0.938 0.886 | 0.981 0.940 0.889
4000 | 0.991 0.944 0.896 | 0.991 0.951 0.894 | 0.988 0.945 0.900
5000 | 0.990 0.942 0.896 | 0.993 0.942 0.891 | 0.986 0.941 0.883
6000 | 0.983 0.948 0.901 | 0.987 0.951 0.888 | 0.988 0.937 0.897
7000 | 0.986 0.950 0.900 | 0.992 0.951 0.900 | 0.986 0.942 0.898
8000 | 0.987 0.956 0.898 | 0.988 0.950 0.903 | 0.981 0.946 0.903
9000 | 0.990 0.959 0.913 | 0.990 0.949 0.893 | 0.985 0.939 0.901
10000 | 0.987 0.954 0.908 | 0.990 0.949 0.899 | 0.983 0.944 0.892

Table 2: Empirical coverages of (1 —y) asymptotic level confidence regions, for
Y €10.01,0.05,0.1} and relying on 1000 iterations.
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Figure 2: Boxplots of the values of the matrix £, obtained from 1000 iterations
and for values n ranging in {103k : 1 < k < 10} in the case of Example[[ll The
parameter is ordered as 6 = (61,602,03) = (p, a1, a2) and the figure displays the
values: £,(1,1);£,(2,2);2,(3,3);2,(1,2);£,(1,3) and £,(2,3), from left to right
and top to bottom.

Acknowledgments. The authors warmly thank Francis Comets and Oleg Loukianov
for sharing many fruitful reflexions about this work.

References

Adelman, O. and N. Enriquez (2004). Random walks in random environment:
what a single trajectory tells. Israel J. Math. 142, 205-220.

Benjamini, I. and H. Kesten (1996). Distinguishing sceneries by observing the
scenery along a random walk path. J. Anal. Math. 69, 97-135.

Chernov, A. (1967). Replication of a multicomponent chain by the lightning
mechanism. Biofizika 12, 297-301.

Comets, F, M. Falconnet, O. Loukianov, D. Loukianova, and C. Matias (2012).

23



-002

e

+ 7

0020
I

004

0015
I

006
+

0010

008

0005
L

010

sssssssssssssssssssssssssssssssss

Figure 3: Boxplots of the values of the matrix 3,, obtained from 1000 iterations
and for values n ranging in {103k : 1 < k < 10} in the case of Example [l The
parameter is ordered as 8 = (01,62) = (a, B) and the figure displays the values:
2,(1,1);£,(2,2) and £,(1,2), from left to right.

Maximum likelihood estimator consistency for ballistic random walk in a
parametric random environment. Technical report, arXiv:1210.6328.

Hall, P and C. C. Heyde (1980). Martingale limit theory and its application. New
York: Academic Press Inc. [Harcourt Brace Jovanovich Publishers]. Probability
and Mathematical Statistics.

Hughes, B. D. (1996). Random walks and random environments. Vol. 2. Oxford
Science Publications. New York: The Clarendon Press Oxford University Press.
Random environments.

Kesten, H., M. V. Kozlov, and E Spitzer (1975). A limit law for random walk in a
random environment. Compositio Math. 30, 145-168.

Kozlov, M. (1973). Random walk in a one-dimensional random medium. Theory
Probab. Appl. 18, 387-388.

Lowe, M. and H. Matzinger, III (2002). Scenery reconstruction in two dimen-
sions with many colors. Ann. Appl. Probab. 12(4), 1322-1347.

Matzinger, H. (1999). Reconstructing a three-color scenery by observing it along
a simple random walk path. Random Structures Algorithms 15(2), 196-207.

Revuz, D. (1984). Markov chains (Second ed.), Volume 11 of North-Holland
Mathematical Library. Amsterdam: North-Holland Publishing Co.

Solomon, E (1975). Random walks in a random environment. Ann. Probability 3,
1-31.

24



Temkin, D. E. (1972). One-dimensional random walks in a two-component
chain. Soviet Mathematics Doklady 13, 1172-1176.

van der Vaart, A. W. (1998). Asymptotic statistics, Volume 3 of Cambridge Series in
Statistical and Probabilistic Mathematics. Cambridge: Cambridge University
Press.

Zeitouni, O. (2004). Random walks in random environment. In Lectures on prob-
ability theory and statistics, Volume 1837 of Lecture Notes in Math., pp. 189-
312. Berlin: Springer.

25



	Introduction
	Material and results
	Properties of a transient random walk in a random environment
	A consistent estimator
	The role of an underlying branching process
	Assumptions for asymptotic normality
	Results

	Examples
	Environment with finite and known support
	Environment with two unknown support points
	Environment with Beta distribution

	Asymptotic normality
	A central limit theorem for the gradient of the criterion
	Proof of asymptotic normality
	Non degeneracy of the Fisher information

	Numerical performances

