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Abstract

In this paper, we give new solutions of the focusing NLS equation
as a quotient of two determinants. This formulation gives in the case
of the order 3, new deformations of the Peregrine breather with four
parameters.

This gives a very efficient procedure to construct families of quasi-
rational solutions of the NLS equation and to describe the apparition
of multi rogue waves. With this method, we construct the analytical
expressions of deformations of the Peregrine breather of order N = 3
depending on 4 real parameters and plot different types of rogue waves.

1 Introduction

The first results concerning the nonlinear Schrédinger equation (NLS) date
from the Seventies. Precisely, in 1972 Zakharov and Shabat solved it using
the the inverse scattering method [21, 22]. The first quasi-rational solutions
of NLS equation were constructed in 1983 by Peregrine [20]. In 1986 Eleon-
ski, Akhmediev and Kulagin obtained the two-phase almost periodic solution
to the NLS equation and obtained the first higher order analogue of the Pere-
grine breather[3]. Other families of higher order were constructed in a series
of articles by Akhmediev et al. [1, 2] using Darboux transformations.

It has been shown in [8] in 2010, that rational solutions of the NLS equation



can be written as a quotient of two Wronskians. Recently, it has been con-
structed in [11] a new representation of the solutions of the NLS equation in
terms of a ratio of two Wronskians determinants of even order 2N composed
of elementary functions; the related solutions of NLS are called of order N.
Quasi-rational solutions of the NLS equation were obtained by the passage
to the limit when some parameter tended to 0.

These results can be compared with those obtain recently by Akhmediev et
al. in [5] with Darboux dressing method and numerical approach.

Recently, an other representation of the solutions of the focusing NLS equa-
tion, as a ratio of two determinants has been given in [14] using generalized
Darboux transform.

A new approach has been done in [19] which gives a determinant representa-
tion of solutions of the focusing NLS equation, obtained from Hirota bilinear
method, derived by reduction of the Gram determinant representation for
Davey-Stewartson system.

A little later, in 2012 one obtained a representation in terms of determinants
which does not involve limits [13]. But, these first two formulations given
in [11, 13] did depend in fact only on two parameters; this remark was first
made by V.B. Matveev. Then, in the middle of the year 2012, one deter-
mined multi-parametric families of quasi rational solutions of NLS in terms
of determinants of order N (determinants of order 2N) dependent on 2N-2
real parameters. They are similar to those previously explicitly found by V.B
Matveev and P. Dubard by the method given in [2], for the first time in the
case N = 3.

With this method, we obtain news deformations at order 3 with 4 real pa-
rameters. With this representation, one finds at the same time the circular
forms well-known, but also the triangular forms put recently in obviousness
by Ohta and Yang [19], and also by Akhmediev et al. [17].

The following orders will be the object of other publications.



2 Wronskian representation of solutions of NLS
equation and quasi-rational limit

2.1 Solutions of NLS equation in terms of Wronskian
determinant

We consider the focusing NLS equation
iy + Ve + 2|v]|?v = 0. (1)

From the works [11, 10], the solution of the NLS equation can be written in
the form
_det(] + Asz(z,1))

v(x,t) = dct(T + A (z.0)) exp(2it — ip). (2)

In (2), the matrix A, = (ay,)1<ppu<en (7 =3, 1) is defined by

e = (—1) TT | 2222 explinene — 20,8 + 2y + ). (3)
A M= Y
Ku, 0., 7V, are functions of the parameters \,, v = 1,...,2N satisfying the
relations
0</\j<1, >\N+j:_>\j7 1<5< N (4)

They are given by the following equations,

ke =20/1=22, 6, =K\, = T (5)
and
FNtj = Ky Onaj = =05, neg=1/7, j=1...N. (6)
The terms x,, (r =3, 1) are defined by
ey = (r— 1)l 1< j<aN, (7)
' Yo 1
The parameters e, are defined by
e; =ia; —b;, enyj=1ta;+0b;, 1<j<N, (8)



where a; and b;, for 1 < j < N are arbitrary real numbers.
The terms €, are defined by :

We use the following notations :
O, = K& /2 +i0,t — iz, /2 + Yy —ie,, 1 <v <2N.
We consider the functions

QSTJ’(y) = sin @r,uy 1 S 1% S N, (9)
Grw(y) = c0osO,,, N+1<v<2N.

W (y) = W(dr1,- .., ¢ran) is the Wronskian

Wr(?/) = det[(a{jilqbr,u)u,ue[l ..... 2N]]- (10)

Then we get the following link between Fredholm and Wronskian determi-
nants [12]

Theorem 2.1

det([ + Ar) = kr(()) X Wr((br,l; ER ¢r,2N)(0)7 (11>

where v -

22N exp(1>..",6,,)
L2 I (=)
In (11), the matrix A, is defined by (3).

It can be deduced the following result :

k(y) =

Theorem 2.2 The function v defined by

v(x,t) = gjég; exp(2it — ip). (12)

is solution of the NLS equation (1)

Vg 4 Ve + 2[0]?v = 0.



2.2 Quasi-rational solutions of NLS equation

In the following, we take the limit when the parameters \; — 1for1 <j < N
and \; — —1for N +1<j <2N.
We consider the parameter A\; written in the form

N=1-2%¢ 1<j<N. (13)

When € goes to 0, we realize limited expansions at order p, for 1 < 7 < N|
of the terms
K = 4je(1 — 25212 §; = 4je(1 — 2e252) (1 — €252)1/2,
. 9N jei(l1—e242)—1/2
v = je(l — 62]2) 2, Tr;=(r—1) 1“%7
fineg = 4ge(1 = €792, dnyy = —4je(1 — 2¢25%) (1 — €5%) /2,
. . iei(1—e242)—1/2
Wi = 1/GE) 1 = )2, 2y vy = (r— 1) In{Hu=ghr
Then we get quasi-rational solutions of the NLS equation given by :

Theorem 2.3 With the parameters \; defined by (13), a; and b; chosen as
in (?7), for 1 < j < N, the function v defined by

v(x,t) = exp(2it — ip) ll_rf% gﬁgg;, (14)

is a quasi-rational solution of the NLS equation (1)

0y 4 Ve + 2[0]?v = 0.

3 Expression of solutions of NLS equation in
terms of a ratio of two determinants

We construct here solutions of the NLS equation which is expressed as a
quotient of two determinants.
For this we need the following notations :
A, = k,x/2 +i0,t —ixs, /2 —le,/2,
B, = k,x/2 +i0,t —ix1,/2 —ie,/2,
for 1 <v <2N, with &,, 6,, x,, defined in (5), (6) and (7).
The parameters e, are defined by (8).
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With particular special choices of the parameters a; and b;, for 1 < N, we get
new deformations depending on four parameters. Below we use the following
functions :

_ A1 _ Y
f4j+1,k =7 S A, f4j+2,k; =7 COs Ag,

o 4541 . o 4542
f4j+3,k = =7, S Ag, f4j+4,k = =7, COS Ap, (15>
for 1 <k <N, and
_ 2N-4j-2 - IN—4j—-3 .
Jajrie =V cos Ag,  fajron = N sin Ay,
_ 2N —45—4 _ _2N-4j-5 .
f4j+3,k = V% cos Ay, f4j+4,k =V sin Ay, (16>

for N+1<k<2N.
We define the functions g;; for 1 < 7 < 2N, 1 < k < 2N in the same way,
we replace only the term A, by By.

4§11 . _ Y
9aj+1k = Vg sin By, 94542k = 7 COS By,

o 45+1 . . 4542
9aj4+3k = —7 Sl By, Jaj+4k = —7  COS By, (17>
for 1<k <N, and
2N—45—2 IN—4j-3 .
9a4j+1.k = Vi cos By, 9442k = — Vb sin By,
o 2N—4j—4 _ _9N-4j-5 .
94j+3.k = — Vg cos By, 94j+4.k = Vg, sin By, (18>

for N+1<Ek<2N.
Then we get the following result :

Theorem 3.1 The function v defined by

y det((njk;)j,ke[l,zm )
det((d;

v(x,t) = exp(2it — ip) (19)

k) jken,an )

is a quasi-rational solution of the NLS equation (1)
Vg 4 Ve + 2J0)%v = 0,

where

an—2fj’1

nj1 = fj,l(xatao)a 1<j<2N Njk = Oe2k—2

(2,6,0),2<k<N,1<j<2N



O =2 fi N1

an+1:fj,N+1<x7tao)7 1§j§2N NiN+E = (x7t70)72§k§N7 1SJS2N

a€2k—2
) 8%_29'1 .
d o ) B 82k729j7N+1 »
iny1 = gin1(2,t,0), 1 <j<2N  djnig = W(%t,o), 2<kE<N,1<j<2N

The functions f and g are defined in (15),(16), (17), (18).

We don’t give here the proof of this result in order to not weight down the
text. We postpone the redaction of the proof to a next publication.
The solutions of the NLS equation can also be written in the form :

v(x,t) = exp(2it —ip) x Q(x,t)
where Q(z,t) is defined by :

fl,ll:o] P f171|:N - 1] f17N+1|:O:| PR f17N+1[N - 1]

faal0] o for[N=1]  fanval0] 0 foanp[N 1]
Q1) — fona[0] oo fona[N =1 fonnt1[0] ... fonngr [N —1] (20)

91,1[0] 91,1[N - ] 91,N+1[0] 91,N+1[N - ]

92:1[0] . [N —=1]  gans[0] Go.n+1[N —1]

gan1[0] . : 92N,1[N —1] gQN,]\;-i—l[O] : : g2N,N+1'[N — 1]

4 Quasi-rational solutions of order 3 with four
parameters

Wa have already constructed in [11] solutions for the cases N =1, 2, 3 , and
in [13] with two parameters.

4.1 Analytical expressions of the solutions of NLS equa-
tion with Four parameters

Here, we give the expression v of the solution of NLS equation with four
parameters; it is defined by

n(x,t)
d(zx,t)

Gs(2, 4) + i Hy (2, 4t)
Q3(2I, 4t)

vs(x,t,a,b) =

exp(2it) = (1 —4 )e2t



with

G3(X,T) =) g(T)X*, Hy(X,T)=> m(T)X*, Qs(X,T) =) aq(T)X".

go=0, g1=0, go=6 g =0 gs=907"+90, gr=0,

g6 = 3007 — 36072 — 960 Th; + 1260, g5 = —14407T2a; — 1440 a; + 18 ay,

gy = 4207 — 900 T* — 2400 T3b; + 2700 T2 + 3600 a;> — 1200 b, + (—2490 b,
—30by)T — 2700, g3 = —4800T*a; — 19200 T'a;b; + (—28800 a; + 60 ay) 1>
+14400a; +60ay, gy = 270T® + 2520 7% + 40500 T* 4 (57060 b, — 180 by)T?
+(—=7200 a;? + 21600 b > — 81000)T2 — 7200 a;% — 7200 b, + (—58140 b, — 180 by)T
—4050, g; = —3360 7%, + 19200 T3a;by + (7200 a; — 150 ap)T* + 9600 a;® + 9600 a; b,
+(—21600 a1 — 540 az)T? + (19920 a1by + 240 a;by — 240 ash, )T + 21600 a; + 90 as,
go = 66 T'0 42970 T® 4 1440 T7b; + 13140 T6 + (17886 by + 42 by)T° + (8400 a,>
+3600 by — 45900) 7% + (—44340 by + 420 by) T3 + (7200 a; % + 240 a1az

—30480 b1% 4 240 by by — 12150)T2 + 18000 a2 + 240 ajay + as? + 10489 b,

4166 byby 4 ba? + (—9600 ay2by — 9600 by + 7470 by + 90 by)T + 4050

hi, =0, h;; =0, hy=67, hy=0hg=307°-90T —60b;, h;=0,

he = 6075 — 840 T — 480720y — 900 T — 305b1 + 5by, hy = —480T3a; + 960 a1by
+(1440 a; + 18 a)T, hy =60T7 — 12607T° — 600 T*b; — 2700 T2 + (—1245b; — 15by)T?
+(3600 a;2 — 1200 b,* — 8100)T — 555b; + 15by,  hz = —960 T%a; — 9600 T%a;b,
+(—9600 ay + 20 CLQ)TB + 3320 a161 + 40 albg — 40 a2b1 -+ (]_44:00 ay — 60 CLQ)T,

hy = 307° — 360 77 + 10260 T° 4 (21465 by — 45 by)T* 4 (—2400 a;? + 7200 by >
—37800)T2 4 4800 a12b; + 4800 b1 + (—14130 by + 90 by) T2 + (7200 a1% 4 7200 b,
+28350)T + 22005 by + 135 by, hy = —480 T"ay + 4800 T*a, by + (10080 a; — 30 ay)T?
+(21600 a1 — 60 az)T? + (9960 a1b; + 120 ayby — 120 aghy)T? + 4440 a;by — 120 a1 by

4120 agby + (9600 a1® 4 9600 aib? + 64800 a; + 450 as)T, hg = 6T + 150 T 4 180 T%h,
—5220T7 + (101 by + 7by)T® + (1680 a1% 4 720 b, > — 57780)T° + (—63975 by + 75 by)T*
+(—12000 CL12 + 80 a1a9 — 24560 512 + 80 b1b2 — 14850)T3 — 7760 a12b1 + 80 a1262

—160 aragb; — 1840 b1® — 80 b1%by + (—4800 a12b; — 4800 b1® — 41085 by — 495 by) T2
+(—25200 a;% — 240 ayay + ay® — 14951 1> — 314 byby + by® + 28350)T + 11835 by + 45 by



=1, qu=0, qo=6T%+6, qy=40a;, qs=15T*—907?% —120Th,
+135,q7 = —2ay,qs = 20T°% — 180 T* — 320 T3b; + 54012 + 240 a,? + 560 b, >
+(350 b1 + 10 bg)T -+ 2340, qs — —240 T4CL1 + 1920 Ta1b1 + (1440 a, + 18 CL2>T2
—2160 a1 + 18 ag, qu = 15T% + 60T — 240 T°b; — 1350 T* 4 (—5630 by — 10 by)T?
+(3600 a;% — 1200 b, + 13500)T2 + 3600 a;> — 40 aay + 280 by* — 40 byby
+(3330b; — 90by)T + 3375, qs = —320T%a; — 6400 T3ayby + (—14400 a,
+10as)T* — 3200 a;® — 3200 a; by + (—43200a; — 60 ay)T? + (—31760 ay b,

+80 albg — 80 agbl)T + 14400 a; + 90 asg, qQ2 = 6 Tlo + 270 T8 + 13500 T6
+(11466 by — 18 by)T® + (—1200 a;2 4 3600 b, > 4 78300)T + (114660 b
—180by)T® + (7200 a2 + 64800 b, — 36450)T2 — 10800 a1 + as® — 9431 b,
—T4b1by 4 bo® + (9600 a1 by 4+ 9600 by — 58950 by — 450 by)T + 12150,

q; = —120 T8a1 + 1920 T5a1b1 + (—480 a; — 10 CLQ)TG + (10800 a; — 270 CLQ)T4
+(45040 ayby + 80 arby — 80 ashy )T + 9600 a1® + 160 a1%ay — 2240 a,b,”

4320 ayb1by — 160 aghi® 4 (9600 a;® + 9600 a1b,> — 108000 a; — 990 ay) T
+(—26640 a1b1 + 720 ale — 720 a2b1>T — 27000 a; — 90 a9, qo = T12 + 126 TlO
+40 T, + 3735 T8 + (2086 by + 2bo)T7 + (560 a1 + 240 b, + 15300)76
+(—5214 bl + 102 bg)T5 + (3600 &12 + 40 a1y — 12280 b12 + 40 b1b2 + 143775)T4
46400 ay* + 12800 a,2b,* + 6400 by* + (—3200 a1%b; — 3200 b,* + 179730 by

—90 by)T? + (32400 1% — 240 ayag + az® + 100249 by* — 314 b1by + by

+93150)T2 4 39600 a12 + 360 ayay + ag? 4+ 27649 by + 286 byby + by + (22880 a,%b,
4160 a;2by — 320 araghy + 34720 b, — 160 by *by 4 96750 by + 450 by)T' + 2025

4.2 Plots of the solutions of NLS equation with four
parameters

Conversely to the study with two parameters given in preceding works [10,
11, 13], we get other type of symmetries in the plots in the (z,¢) plane, in
particular we obtain beside already known circular shapes, triangular config-
urations. We give some examples of this fact in the following.

4.2.1 Peregrine breather of order 3

If we choose a1 = 51 =Qy = 52 = 0, we obtain the classical Peregrine breather



Figure 1: Solution of NLS, N=3, a; = b; = ao = by = 0.

With other choices of parameters, we obtain all types of configurations :
triangular with 6 peaks, circular with 6 peak, different cases with 1 until 6
peaks.

4.2.2 Variation of one parameter

If we choose a; = 10%, by = 0, @, = 0, by = 0, we obtain :
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Figure 2: Solution of NLS, N=3, a; = 10%, b; = 0, o = 0, by = 0.

If we choose a; = 0, 61 =10%, @y = 0, l~72 = 0, we obtain :
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Figure 3: Solution of NLS, N=3, a; = 0, b; = 10%, ay = 0, by = 0.

If we choose a; = 0, 51 =0, ay = 10*, l~)2 = 0, we obtain :
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Figure 4: Solution of NLS, N=3, a1 = 0, b; = 0, o = 104, by = 0, .

If we choose a; = 0, 51 =0, ay, =0, l~)2 = 10°, we obtain :

We obtain circular shapes in the case as = by = 0, and triangular con-
figurations for a; = by = 0. In the following we present the apparition of
different configurations with 1 until 6 peaks.

13



Figure 5: Solution of NLS, N=3, a; = 0, b; = 0, a» = 10°.

4.2.3 Apparition of 1 until 6 peaks

If we choose a; = 0, by = 107, Gy = 0, by = 107, we obtain :
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Figure 6: Solution of NLS, N=3, a; = 0, b; = 107, ay = 0, by = 10.

If we choose a; = 10%, by = 10°, @y = 10°, by = 0, we obtain :
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Figure 7: Solution of NLS, N=3, a; = 10°, b; = 10°, dy = 105, by = 0.

If we choose @1 = 0, by = 105, ay = 10%, by = 0, we obtain :
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Figure 8: Solution of NLS, N=3, a; = 0, b; = 10%, ay = 106, b, = 0.

If we choose a; = 0, 51 =0, @y = 10°, l~)2 = 0, we obtain :
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Figure 9: Solution of NLS, N=3, a; = 0, b; = 0, a = 10°, by = 0.

If we choose a1 = 104, by = 10%, @y = 10, by = 10%, we obtain :
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Figure 10: Solution of NLS, N=3, @; = 10%, b; = 10%, @, = 10%, by = 10%.
If we choose a; = 0, 61 =0, @y = 10*, l~)2 = 0, we obtain :

4.2.4 Circular and triangular configurations

In general we obtain generically circular shapes in the case ay = by = 0, and
triangular configurations in the case a; = by = 0. We present here some
examples.

If we choose a1 = 0, by = 107, ay = 0, by = 0, we obtain :
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=0 =

Figure 11: Solution of NLS, N=3, @, = 0, by = 0, @ = 10%, by = 0.

If we choose a; = 0, 51 =0, ay, =0, l~)2 = 103, we obtain :

20



Figure 12: Solution of NLS, N=3, @, = 0, by = 107, G = 0, by = 0.

5 Conclusion

The method described in the present paper provides a new tool to get ex-
plicitly solutions of the NLS equation.

The introduction of new parameters gives the appearance of new forms in con-
formity with those presented by Ohta and Yang [19], , and also by Akhmediev
et al. [17]. As it was already noted in previous studies with two parameters,
one finds Peregrine breathers in the case where all the parameters are equal
to 0.

We chose to present here the solutions of the NLS equation in the cases N = 3
only in order not to weigh down the text. We postpone the presentation of
the higher orders in another publications.
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Figure 13: Solution of NLS, N=3, d; = 0, by = 0, @y = 0, by = 103.
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