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Abstract: This paper is devoted to study a model of individual clustering with two
specific reproduction rates in two space dimensions. Given ¢ > 2 and an initial condition
in W14(Q), the local existence and uniqueness of solution have been shown in [6]. In this
paper we give a detailed proof of existence of global solution.

1 Introduction

In the present work, we deal with a model of individual dispersing of individual with an
additional aggregation mechanism introduced in [5]. Given a sufficiently smooth function
E, parameters § € (0,1), € > 0 and r > 0, the equations take the form

oy = 0Au—V-(vw)+ruFEu), xeQt>0 (1)
—c Aw+w = VE(u), ret>0

in an open bounded domain  C R? where u(t,z) > 0, w(t,z) € R? and E denote the
population density, the average velocity of dispersing individuals, and the individual net
reproduction rate, respectively. In this model, the individuals are assumed to disperse ran-
domly in space (6 Au) with a bias —V - (v w) in the direction of increasing reproduction
rate, the term ¢ Aw acting as a mollifier to smooth out any sharp local variation in VE(u).

In [5], we supplement (1) with no-flux boundary conditions
Opu=mn -w=0, xe€d, t>0, (2)

where n is the outward unit normal of 92 and 0,u = n - Vu. However, to guarantee the
well-posedness of the elliptic system for w in two space dimensions, we should append the
following condition given in [3, 4, 7]

Opwxn=0, z€dQ, t>0, (3)

where Opw = (Opwi, Opw2) = (N - Vwi, n - Vws) for the vector field w = (w1, ws2). in other
words, (3) means that d,w is parallel to n, where v X u = v1 us — ug vo.

Given ¢ > 2, and an initial condition ug € W19(Q), the existence and uniqueness of
a nonnegative and maximal solution of (1), (2) and (3) have been shown in [6], and the
purpose of this paper is to prove the global existence of solution when E(u) has the two
specific forms suggested in [5], namely

E(u) = (1 -wu) (u—-a) (4)



for some a € (0,1), or
E(u)=1-u. (5)

For these choices of reproduction rates, global existence has been shown in [6] in one space
dimension and the purpose of this work is to prove that the solutions are global as well in
two space dimensions. As in the one-dimensional case, the starting point of the analysis
is an L>(L?) estimate on u and an L? estimate on V - w. Combining the latter with
Gagliardo-Nirenberg inequality gives L*°(LP) estimates on u for any p > 2. This then
allow us to obtain an L*°(L?) bound on Vu which in turn gives an L* bound on w by
elliptic regularity.

The paper is organized as follows. In section 2, we state the global existence results,
and focus on the two specific forms of E: The “bistable case” (4) see Theorem 2.2, and
the “monostable case” (5), see Theorem 2.3. In section 3, we recall the local existence
result obtained in [6] and we give some properties of the elliptic system for w. In section
4, we turn to the global existence issue in the bistable case. The proof starts from the
L>(L?) estimate for u, an L? estimate for w and an L? estimate on V - w obtained from
a suitable cancellation between the coupling terms in the v and w equations, then, for
p > 2, we derive an L>°(LP) estimate for u. Then we use Lemma A.1 of [8] to derive an
L estimate of u and we end the proof by an L>°(L?) estimate on Vu. This ensures global
existence. In section 5, we prove the global existence in the monostable case. The proof
is quite similar to that of the previous case, except for the first estimate.

2 Main result

We first define the notion of solution to (1)-(3) to be used in this paper.

Definition 2.1. Let T > 0, ¢ > 2, and an initial condition ug € WH4(Q) . A strong
solution of (1)-(3) on [0,T) is a function

ue C([0,7),WH(Q)) N C((0,T), W),

such that
O = 0Au—V-(uw)+ruFEu), ae in0,T) xQ
u(0,z) = wo(z), a.e. in 2 (6)
On = 0, a.e. on [0,7") x 01,

where, for all t € [0,T), w(t) is the unique solution in W>9(2) of

—cAw(t) + w(t) VE(u(t)) ae.in Q .
w(t) n=0pw(t)xn = 0 a.e. on 0f) (™)

In the following theorem we give the global existence of solution to (1)-(3) in the
bistable case, that is when F(u) = (1 — u)(u — a), for some a € (0,1).

Theorem 2.2. Let ¢ > 2, and assume that ug is a nonnegative function in W5H4(Q),
and E(u) = (1 —u)(u — a) for some a € (0,1). Then (1)-(3) has a global nonnegative
solution w in the sense of Definition 2.1.

The proof starts with a suitable cancellation of the coupling terms in the two equations
which gives an estimate for v in L>°(L?) and for V-w in L?. Using the Gagliardo-Nirenberg



inequality (13) we derive, for p > 2 an L*(LP) estimate for u. Then by the regularity
properties of the second equation in (1) we obtain an L bound of w. Combining these
estimates and Lemma A.1 of [8] provide us with an L estimate for w which is used to
show an L>°(LY) estimate for Vu. This proves that the solution cannot explode in finite
time.

Next, we turn to the global existence issue in the monostable case, that is when F(u) =
1— .

Theorem 2.3. Let q > 2, and assume that ug is a nonnegative function in W14(Q),
and E(u) = (1 —u). Then (1)-(3) has a global nonnegative solution u in the sense of
Definition 2.1.

The proof of the previous theorem follows the same lines as that of Theorem 2.2. As
in the bistable case, there is a cancellation between the two equations which provide us an
L>®(Llog L) bound on u and an L? bound for V - w as a starting point.

3 Well-posedness
Throughout this paper and unless otherwise stated, we assume that
5€(0,1), e>0,r>0.
We first recall some properties of the strong solution of the following system,
—cAw+w = f, in,
w-n = 0, on 09, (8)
Opw XN = 0, on 012,

where f € (LP(2))? and p > 1. The strong solutions of (8) is solving (8) a.e. in Q. In this
direction the existence and uniqueness of the strong solution to (8) are proved in [7]:

Theorem 3.1. For f € (LP(Q))? with 1 < p < 00, (8) has a unique solution in (WP (£2))?
such that
K(p)

£

lwllwar <

[l 9)
where K (p) = K(p, ).

In other words, the strong solution has the same regularity as elliptic equations with
classical boundary conditions.

Thanks to [6] we recall the existence and uniqueness result of the maximal solution of

(1)-(3)-

Theorem 3.2. We assume that E € C%(R), let p > 2 and a nonnegative function
ug € WHP(Q). Then, for some Tyax € (0,00], there is a unique nonnegative mazimal
solution

w € C ([0, Tinax), WHP(Q)) N C ((0, Tnax), WP(Q)) (10)

to (1)-(3) in the sense of Definition 2.1. Moreover, if for each T > 0, there is C(T') such
that
lu(t)||wie < C(T), for all t € [0,T] N[0, Timax),



then Thax = 00. In addition, u satisfies

u(t,z) = (etw A) uo(m)> + /Ot =0 B) -7 . (u w) + 7 u E(uw)] (s, ) ds, (11)

for (t,z) € [0,Tmax] X 2, where (et © A)) denotes the semigroup generated in LP(S) by
& A with homogeneous Neumann boundary conditions.

We recall that there is C' > 0 such that
le" @ Djlyre < C lJollwrs, and [[Ve! € Dol, < C 672 172 |[o],. (12)
Also in several places we shall need the following Gagliardo-Nirenberg inequality

0 . pP—4q
lully < C llullfyre llully™, with 6 = — € W (Q) (13)

which holds for all p > 1 and ¢q € [1, p]. Also we use the following singular Gronwall lemma
(see [1, Theorem 3.3.1]).

Lemma 3.3. Given o, € [0,1) , there exists a positive constant ¢ := c(«, 3) such that
the following is true:

If f: (0,T) — R satisfies

[tr—>t6 f(t)} e L ((0,T),R), (14)
and . .
—B _— s) ds, a.a.
FH <At P 1B /0 G /) ds, aate©T) (15)

where A and B are positive constants, then f(t) < C(T), for all t € (0,T), where C
depends only on T, «, (B, and ~.
4 Global existence

4.1 The bistable case: E(u) = (1 —u)(u — a)
We recall the system

Oru = 0Au—-V-(vw)+ru(l—u)(u—a), z€Qt>0
—cAw+w = [-2u+(a+1)] Vu, xet>0 (16)
Onu =0 , w'n=0hwxn=20, x e dNt>0

u(0, x) = wuo(z), x €.

for a some a € (0,1), and up € W14(Q) for some ¢ > 2.

Since E € C?(R), Theorem 3.2 ensures that there is a maximal solution of (16) in
C ([0, Trax), WH(€2)) N C ((0, Trax), W>4(Q)) for g > 2.

We begin the proof by the following lemmas which gives some estimates on u and w.



Lemma 4.1. Let the same assumptions as that of Theorem 2.2 hold, and u be the non-
negative maximal solution of (16). Then for all T > 0 there exists C1(T) > 0, such that
u and w satisfy the following estimates

t
|u(t)|[3 +/ [[Vu(s)||5 ds < CL(T), for all t € [0,T] N[0, Tnax), (17)
0

and
[ V-0l + o)) ds < CT) for all t €0.TIN0.To). (19)

Proof. We multiply the first equation in (16) by 2 v and integrate it over €2, to obtain
i/ lu? do = —2 5/ |Vul* dr + 2 / uw-Vudr+2r /u2 E(u) dx. (19)
dt Q Q Q Q

We multiply now the second equation in (16) by w and integrate it over 2. We note that
the boundary conditions for w guarantee that w is tangent to 02 while d,,w is normal to
09). Consequently, 0w - w = 0 on J2 and it follows from an integration by parts that

—s/Aw cwdr = s/|V-w|2d:1:—5/ [ (Vwi-n) wi+ (Vwa-n) wy | do
Q Q o9

= ¢ / V- wl|? da.
Q
We thus obtain

s/|V-w|2 da:+/|w|2 dr = -2 /uw-Vudx+(a+1)/w-Vudx. (20)
Q Q Q Q

At this point we notice that the cubic terms on the right hand side of (19) and (20) cancel
one with the other, and summing (20) and (19) we obtain

d
Gl + 2 117wl + el +26 [Vul =27 [ o Bw) do+(a+1) | w-Tuda.
Q Q
We integrate by parts and use Cauchy-Schwarz inequality to obtain

(a+1)2
2¢

(a+1) /w-Vudxz—(a—l—l)/uV-wda;ﬁ lll3 4+ 2 119 - w3
Q Q
On the other hand, u? E(u) <0 if u ¢ (a,1) so that
/ u? B(u) de < |9Q| (1 —a).
Q

The previous inequalities give

d £ (a+1)2
gz + 5 IV-wllz+ llwllz +2 6 [[Vull; < = [lullz + 29 r (1 - a).
Therefore, for all T' > 0 there exists C(7") such that (17) and (18) hold. O

Lemma 4.2. Let the same assumptions as that of Theorem 2.2 hold, and u be the non-
negative mazimal solution of (16). Then for all T > 0 there exists Co(T,p) > 0, such that
forp>2

llu(t)||, < Co(T,p) for all t €[0,7]N [0, Timax), (21)

t
/ ||Vu§(s)||§ ds < Cy(T,p) for all t € [0,7] N [0, Tyax)- (22)
0



Proof. We multiply the first equation in (16) by p uP~!, integrate with respect to x, and
integrate by parts. The boundary terms vanish and we obtain

d _45(]9_1) )
— ||| £ — —(p—1 . P
el < S IvusiE = >/Qv w uP dx

+ rp/ uP™t BE(u) da.
Q

By Cauchy-Schwarz inequality we obtain

d —46(p—1)
gy < 22221

+ rp(1—a)lQ

p p
V2|3 + (p = 1) IV - wll2 |Juz][] (23)

Using the Gagliardo-Nirenberg inequality (13) we have

D P i P+
[uz]ls < C [uz|[f12 [luz]]3. (24)

Substituting (24) in (23), and by Young inequality we obtain

d —45 p—l P 2 2
iy < % IVaBI3+C (0= 1) IV - wllz by [lub

+ rp(l—a)lQ

—4 4 —1 29 —1
< =D out g+ 20020 kg,
p p

L e IV-wl} BB+ o)

< M v 212 C P v 2 Py

< 2202 vt 3+ o) [l +C) V-l [l +C0)

Next, integrating the above inequality in time, and using (18) yield that there exists
Cy(T, p) such that (21) and (22) hold. O

Lemma 4.3. Let the same assumptions as that of Theorem 2.2 hold, and u be the non-
negative maximal solution of (16). Then for all T > 0 there exists C3(T) > 0, such
that

[|Vu(t)||2 < C3(T") for all t € [0,7] N[0, Tiax)- (25)

Proof. We multiply the first equation in (16) by —Auw, integrate over 2, and use Cauchy-
Schwarz, and Young inequalities and (21) to obtain

1d
2dt

| Vul|3 —5||Au||%—|—/(Vu-w+V-wu) Audx—r/u(l—u) (u—a) Au dx
Q

Q
5
< -0 |BulB+ g AulB+C [ |Vul? lwf do
Q
5
+ C / V-l uf? de + C v flu (1 =) (u=a)l3 + Jl|Aul3
Q
)
< lIauB+C [ Vil lwf dotC [ (9wl fu do s O (20)
Q Q

To go further requires to improve the estimate on w and V - w. For that purpose, we use
Lemma 4.1 and Lemma 4.2 for p = 4 to obtain for all 7' > 0



/||VE I ds < (a+ 1) /||Vu 1 ds+4/ lfu Vau(s)|3 ds < Co(T),  (27)

for all t € [0,7] N[0, Timax). Consequently, VE(u) is bounded in L? ((0,t) x 2). By
Theorem 3.1 and the continuous embedding of W?22(Q) in W4(Q), and W4(Q) in L>®(9),
we have

lwlloo + IV - wlls < C flwllwra < C llw(s)llwz2 < C [[VE(u)]]2,

which together with (27) implies that

/0 (lw ()3 + IV - w(s)lIF) ds < C /0 IVE(u)(s)|13 ds < Ca(T), (28)

for all ¢ € [0, 7] N[0, Tmax). Using Holder Inequality , (26) becomes

1d

371Vl < = 18wl + € il [ [Vuf? do € 19wl 1ulf + C(D)

Next we integrate the above inequality in time, and use (21) for p = 4, and (28) to obtain

t
IVu@®)|l3 < [[Vuoll3 + C /0 lw ()12 [[Vu(s)[[3 ds + C(T),

using (28) again, we have thus proved (25). O

Lemma 4.4. Let the same assumptions as that of Theorem 2.2 hold, and u be the non-
negative maximal solution of (16). Then for all T > 0 there exists C4(T) > 0, such
that

[|w(®)||loo < C4(T), for all t € [0,T] N [0, Timax)- (29)

Proof. 1t follows from (21), (25) and Hoélder inequality, that there exists C(T") > 0 such
that
[(=2u+a+1) Vulls <C(T) [[ =2 u+a+1lfs [[Vulla < C(T).

Consequently, Theorem 3.1 ensures that

[|wl]| o <C ||[F2u+a+1] Vul||s <C(T), forall t € [0,T] N[0, Tinax)-

3
2

Using the continuous embedding of W23 (©) in L>°(§2) we have thus proved (29). O
Next, thanks to lemma A.1 in [8] we can derive a uniform bound for w.

Lemma 4.5. Let the same assumptions as that of Theorem 2.2 hold, and u be the non-
negative maximal solution of (16). Then for all T > 0 there exists C5(T) > 0, such
that

[|u(t)]|oo < C5(T), for all t € [0,7] N[0, Tiyax)- (30)

Proof. We can see that the function u solves

Oru = V- (0Vu)+V-f+g, ae in[0,Tpax) x Q2
u(0,z) = wup(x), a.e. in (31)
Onu = 0, a.e. on [0, Tipax) X 09,



where f = —u w and g = r u E(u).

By the regularity (10) of u, and by the continuous embeddings of W1?(Q) in C()
and of W%P(2) in C(Q) for p > 2 we obtain that f = —u w € C ((0, Tyax); C(Q)) and
Ve C((0,Tmax); C()). Using (10) and the continuous embeddings of WP(Q) in C(12)
for p > 2 again, we see that ¢ = r u E(u) € C ((O,Tmax) X Q) On the other hand,
fn=—uw-n=0o0n 0N x (0, Thax)-

Thanks to (21), we have
[lu(t)||p, < C(T), for all t € [0,T] N[0, Tynax)
where pg = 9, while (21) and (29) yield
1FB)llgy < C(T) and ||gllg, < C(T), for all t € [0,T] N[0, Tinax)

where ¢; > 4 and ¢o = 3 > 2. Since pg > 1 — ?’qqll—__; and pg = 9 > 0, we can apply lemma

A.1in [8], and the estimate (30) holds. O

Lemma 4.6. Let the same assumptions as that of Theorem 2.2 hold, and u be the non-
negative maximal solution of (16). Then for all T > 0 there exists C¢(T) > 0, such
that

[|Vu(t)||q < Cs(T), for all t € [0,T]N [0, Timax)- (32)

Proof. Using (11),(12), (30) and (29) we have for ¢ > 2

N[

[IVu(®)llg

IN

t
C [luollwr.qa + Ch /O(t—S)_ IV - (u w)(s)llg ds

Iy /O IV (e Ew)(3)]l, ds

N

IN

C ol + 1 [ (=) ljls)lo 1V -w(s)ly s
0
= [ el Vo)l ds (33)
s oo [N+ 2 @) w6l Vuls)l s
< om <1+/0(t—s)‘2(|\V'w(s)Hq+I\Vu(s)\lq) s+ [ Ivutsl, ds>.
By Theorem 3.1 we have
1V - w()lly < [(6)lhvae < K@) (=20t a+ D)l [Va@lly.  (34)

Substituting (34) into (33) and using (30) we obtain

IVu(t)]ly < C(T) <1+/0 (t— )72 [|Vu(s)ly d8+/0 [IVu(s)llq dS)-

Now, we obtain (32) by applying Lemma 3.3 with 5 =0, and o = % O

Thanks to these lemmas we can now prove the main Theorem 2.2



Proof of Theorem 2.2. For all T > 0, Lemma 4.2 and Lemma 4.5 ensure that for ¢ > 2
[|u(t)|lwie < C(T), for all t € [0,7] N[0, Tax)

which guarantees that u cannot explode in W14(€2) in finite time and thus
that Tiax = 00. O

4.2 Monostable case

For this choice of E, system (1)-(3) now reads

Oru = 0Au—-V-(vw)+ru(l—u), z€Qt>0

- Aw+tw = — Vu, reNt>0 (35)
Opu =20 , w-n=0,wxn=70, x € 0Q,t>0

u(0,x) = up(z), x €,

when ug € WH(Q) for some ¢ > 2. Since E € C?(R), Theorem 3.2 ensures that there is
a maximal solution of (35) in C ([0, Tmax), W4(Q)) N C ((0, Tmax), W>4(R)) for ¢ > 2.
To prove Theorem 2.3 we need to prove the following lemma

Lemma 4.7. Let the same assumptions as that of Theorem 2.3 hold, and let u be the
mazximal solution of (35). Then for all T > 0, there exists C7(T) > 0 such that

/0 (lo(s)[B + IV - w(s)|[3) ds < Cr(T), for all ¢ € [0,7] N[0, Tar).  (36)

Proof. The proof goes as follows. On the one hand, we multiply the first equation in (35)
by (logu+1) and integrate it over €2, the boundary terms vanish. Since u (1—u) logu <0
and u (1 —u) <1,

— [ ulogudx = —/(5Vu—uw)-(1Vu)dm+r/u(l—u) (logu+1) dz
dt Q Q u Q
o
< —/—\vu|2dx+/w.vuda;+m|r. (37)
Qu Q

On the other hand, we multiply the second equation in (35) by w, integrate it over 2. We
note that the boundary conditions for w guarantee that w is tangent to 92 while 0,w is
normal to 992. Consequently, d,w - w = 0 on 9N and it follows from an integration by

parts that
5/\V~w|2dz+/|w\2dm:—/w'Vu dx. (38)
Q Q Q

Adding (38) and (37) yields
d
E/ w logu do + 2 ||V - w|2 + [[w]l? < —4 5/ VAR de+ 10| (39)
Q Q

Finally, (36) is obtained by a time integration of (39). O

Proof of Theorem 2.3. Thanks to (36), we now argue as in the proof of Lemma 4.2, Lemma
4.3, Lemma 4.4, Lemma 4.5 and Lemma 4.6 to get that for ¢ > 2

u(®)lloe + [IVu(®)lly < C(T), for all ¢ € [0,T] N[0, Timax)-

Thus, the maximal solution u of (35) cannot explode in finite time. O
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