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Accuracy of Homology based Coverage Hole
Detection for Wireless Sensor Networks on
Sphere

Feng Yan, Philippe Martins, Senior Member, IEEE, and Laurent Decreusefond

Abstract—Homology theory has attracted great attention because it can provide novel and powerful solutions to address coverage
problems in wireless sensor networks. They usually use an easily computable algebraic object, Rips complex, to detect coverage holes.
But Rips complex may miss some coverage holes in some cases. In this paper, we investigate homology-based coverage hole detection
for wireless sensor networks on sphere. The situations when Rips complex may miss coverage holes are first presented. Then we
choose the proportion of the area of coverage holes missed by Rips complex as a metric to evaluate the accuracy of homology-based
coverage hole detection approaches. Three different cases are considered for the computation of accuracy. For each case, closed-form
expressions for lower and upper bounds of the accuracy are derived. Simulation results are well consistent with the analytical lower
and upper bounds, with maximum differences of 0.5% and 3% respectively. Furthermore, it is shown that the radius of sphere has little
impact on the accuracy if it is much larger than communication and sensing radii of each sensor.

Index Terms—Wireless sensor networks, coverage hole, homology.

1 INTRODUCTION

IRELESS sensor networks (WSNs) have attracted
Wconsiderable research attention due to their wide
potential applications such as battlefield surveillance, en-
vironmental monitoring and intrusion detection. Many
of these applications require a reliable detection of spec-
ified events. Such requirement can be guaranteed only
if the target field monitored by a WSN contains no
coverage holes, that is to say regions of the domain not
monitored by any sensor. Coverage holes can be formed
for many reasons, such as random deployment, energy
depletion or destruction of sensors. Consequently, it is
essential to detect and localize coverage holes in order
to ensure the full operability of a WSN.

There is already extensive work on the coverage hole
problem in WSNs on 2D plane and 3D space. Some of
this work uses either precise information about sensor
locations [1]-[5] or accurate relative distances between
neighbouring sensors [6]-[8] to detect coverage holes.
The requirement of precise location or distance informa-
tion substantially limits their applicability since acquir-
ing such information is either expensive or impractical in
many settings. Thus connectivity-based approaches are
of great interest for us. In this category, homology-based
schemes have received special attention because of its
powerfulness for coverage problems in WSNs.

Homology is first introduced by Ghrist and his col-
laborators in [9]-[11] to address the coverage problems
in WSNs. They introduced a combinatorial object, Cech
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complex (also known as nerve complex), which fully
characterizes coverage properties of a WSN (existence
and locations of holes). Unfortunately, this object is very
difficult to construct as it requires rather precise infor-
mation about the relative locations of sensors. Thus, they
introduced another more easily computable complex,
Rips complex (also known as Vietoris-Rips complex).
This complex is constructed with the sole knowledge
of the connectivity graph of the network and gives an
approximate coverage by simple algebraic calculations.
More precisely, Rips complex may miss some special
coverage holes. It is thus of paramount importance to
analyse the coverage holes missed by Rips complex
in order to evaluate the accuracy of homology-based
coverage hole detection.

The main contributions of our paper are as follows.
First, the relationship between Cech complex and Rips
complex in terms of coverage hole on sphere is analysed.
Furthermore, it is found that a hole in a Cech complex
missed by a Rips complex must be surrounded by a
spherical triangle. Based on that, a formal definition of
spherical triangular hole is given.

Second, we choose the proportion of the area of
spherical triangular holes as a metric to evaluate the
accuracy of homology based coverage hole detection.
Such proportion is analysed under a homogeneous set-
ting and it is related to the communication and sensing
radii of each sensor. Three cases are considered for the
computation of such proportion. For each case, closed-
form expressions for lower and upper bounds of the
proportion are derived.

Third, extensive simulations are performed to evaluate
impacts of communication and sensing radii, radius
of sphere on proportion of the area of spherical tri-



angular holes. It is shown that simulation results are
well consistent with the analytical lower bound, with
a maximum difference of 0.5%, and consistent with the
analytical upper bound, with a maximum difference of
3%. Furthermore, simulation results show that the radius
of sphere has little impact on the proportion when it
is much larger than communication and sensing radii.
It further indicates that our analytical results can be
applied to more general 3D surfaces.

The rest of the paper is organised as follows. Section
2 presents the related work. In Section 3, the network
model and the formal definition of spherical triangular
hole are given. Closed-form lower and upper bounds for
proportion of the area of spherical triangular holes under
three different cases are derived in Section 4. Section
5 compares simulation results and analytical bounds.
Finally, Section 6 concludes the paper.

2 RELATED WORK

We present the related work in terms of two aspects:
coverage ratio analysis and homology-based coverage
hole detection.

First, extensive research has been done to analyse
coverage ratio in a WSN on 2D plane or 3D surface. In
[12], [13], the fraction of the area covered by sensors is
analysed. In [14], the authors study how the probability
of coverage changes with the sensing radius or the
number of sensors. In [15], a point in a plane is defined to
be tri-covered if it lies inside a triangle formed by three
nodes, and the probability of tri-coverage is analysed.
In [16], the authors propose the surface coverage model
and derive the expected coverage ratio under stochastic
deployment on 3D surface. In [17], the expected coverage
ratio under stochastic deployment on 3D rolling terrains
is derived. Nevertheless, none of these research con-
siders triangular holes. We provide some initial results
about the proportion of the area of triangular holes on
2D plane in [18]. In this paper, we aim to extend results
in [18] on sphere.

As for homology-based coverage hole detection, De
Silva et al first propose a centralized algorithm that
detects coverage hole via homology in [10]. They con-
struct the Rips complex corresponding to the communi-
cation graph of the network and determine the coverage
by verifying whether the first homology group of the
Rips complex is trivial. Then the above ideas are first
implemented in a distributed way in [19]. It is shown
that combinatorial Laplacians are the right tools for
distributed computation of homology groups and can
be used for decentralized coverage verification. In [20],
a gossip-like decentralized algorithm for computation of
homology groups is proposed. In [21], a decentralized
scheme based on Laplacian flows is proposed to com-
pute a generator of the first homology. But all these
homology-based algorithms do not consider the cases
that Rips complex may miss some special coverage holes.
In this paper, we describe such cases and analyse the
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proportion of the area of coverage holes missed by Rips
complex.

3 MODELS AND DEFINITIONS

Consider a collection of stationary sensors (also called
nodes) deployed randomly on a sphere S? with radius
R according to a Poisson point process with intensity
A. For any two points p; and p, on S?, the distance
between them d(pi,p2) is defined to be the great circle
distance, which is the shortest distance between any
two points on the surface of a sphere measured along
a path on the surface of the sphere. As usual, isotropic
radio propagation is assumed. All sensors have the same
sensing radius R, and communication radius R. on S2.
It means for any sensor located at v on S?, any point p
on S? with d(v,p) < R, is within the sensing range of the
sensor; and for any two sensors located at v;,v; on S?,
they can communicate with each other if d(v;,v;) < R..
In addition, we assume R, < R, R. < R.

Before defining the two combinatorial objects, known
as Cech complex and Rips complex, it is necessary
to give a brief introduction to some tools used in
the paper. For further readings, see [22]-[24]. Given
a set of points V, a k-simplex is an unordered set
[vo, v1, ..., vx] €V where v; # v; for all i # j. The faces
of this k-simplex consist of all (k-1)-simplex of the form
[v0, .oy Vie1, Vig1, ..., U] for 0 < i < k. For example, on
a sphere S?, a O-simplex [vg] is a vertex , a 1-simplex
[vo,v1] is the shorter arc of the great circle passing
through vy and vy, a 2-simplex [vg, v1,v2] is a spherical
triangle vovive with its interior included, see Figure 1.
An abstract simplicial complex is a collection of simplices
which is closed with respect to inclusion of faces. A k-
dimensional abstract simplical complex K is an abstract
simplicial complex where the largest dimension of any
simplex in K is k.

Vo
Vo Vi Va2

0-simplex 1-simplex 2-simplex

Fig. 1. 0-, 1- and 2-simplex

Let V denote the set of sensor locations in a WSN on S?
with radius R and S = {s,, v € V} denote the collection
of sensing ranges of these sensors: for a location v, s, =
{z € §? : d(z,v) < R}. Then Cech complex and Rips
complex can be defined as follows.

Definition 1 (Cech complex). Given a finite collection
of sensing ranges {s,,v € V}, the Cech complex of the
collection, C(V), is the abstract simplicial complex whose
k-simplices correspond to non-empty intersections of k + 1
distinct elements of {s,, v € V}.

Definition 2 (Rips complex). Given a metric space (S*,d),
a finite set of points V on S* and a fixed radius e, the Rips
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complex of V, Re(V), is the abstract simplicial complex whose
k-simplices correspond to unordered (k +1)-tuples of points in
V which are pairwise within distance e of each other.

According to the definitions, the Cech complex and
Rips complex of the WSN, respectively denoted by
Cr.(V) and Rp, (V), can be constructed as follows: a
k-simplex [vo, vy, ,v;] belongs to Cg, (V) whenever
NF_osw, # 0 and a k-simplex [vg,v1,- - - ,vy] belongs to
Rg, (V) whenever d(v;,v,) < R forall 0 <1 <m < k.
In addition, since we consider only coverage holes on
the sphere S?, it is sufficient to construct 2-dimensional
Cech complex and 2-dimensional Rips complex of the
WSN, denoted as Cﬁj(w and Rﬁj(\)) respectively.

Figure 2 shows a WSN, its Cech complex and two Rips
complexes for two different values of R.. Depending on
the relation of R. and R,, the Rips complex and the Cech
complex may be close or rather different. In this example,
for R. = 2R, the Rips complex sees the hole surrounded
by 2,3,5,6 as in the Cech complex whereas it is missed
in the Rips complex for R. = 2.5R,. At the same time,
the true coverage hole surrounded by 1,2, 6 is missed in
both Rips complexes.

Fig. 2. (a) a WSN, (b) Cech complex, (c) Rips Complex
under R. = 2Ry, (d) Rips Complex under R. = 2.5R

In fact, as proved in [25], any coverage hole can be
found in Cech complex. Furthermore, there are following

relations between Cﬁfj (V) and Rg} V).

Lemma 1. Let V denote the set of node locations in a WSN
on S? with radius R, all nodes have the same sensing radius
R, and communication radius R., Rs < R, R. < R, then
=(2)
R (V) € Cr (V) C RED (V),
whenever R. < Rarccos([3cos?(Rs/R) — 1]/2)

Proof: The second inclusion is trivial because for any

@)

k-simplex [vo,v1,- -+, vx] € Cﬁj (V), it means the sensing

ranges of these nodes have a common intersection, so the
pairwise distance d(v;,v;) < 2R, forall 0 <i < j <k,
which means [vg, v, ,vk] € Rg%s V).

As for the first inclusion, it is clear that Rg) (V) and

c

Cg:(V) contain the same O-simplices. It is also easy
to see that all 1-simplices in Rg) (V) must also be in

ng(V) since for any 1l-simplex [v;,v;] with distance
d(vi,v;) < R. < Rarccos([3cos®>(Rs/R) — 1]/2) <
Rarccos(2cos?(Rs/R) — 1) = 2R, it means that the
sensing ranges of the two nodes have a common inter-
section. So we only need to prove that all 2-simplices in

Rg} (V) must be in Cﬁfj (V). It is equivalent to say that
for any three nodes with pairwise great circle distance no
larger than R, their sensing ranges must have a common
intersection.

Assume a 2-simplex [vg,v1,v2] € Rgﬂ (V), then the
three nodes vg, v; and vy must determine a plane a. We
consider the spherical cap on S? cut off by the plane a.
Since R. < R, the spherical cap must be on a hemisphere.
It is easy to see that the intersection of the plane o and
sphere S? is a circle ¢. Let O; be the center of circle ¢,
O be the center of S?, P be the intersection of line OO,
and S%

Using spherical coordinates, we assume the point P
has a spherical coordinate (R,0,0). P may be inside! or
outside the spherical triangle vov,v2, which is shown in
Figure 3(a) and 3(b) respectively.
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Fig. 3. lllustrations of P and spherical triangle vgv,v2: (a)
P is inside the spherical triangle vovivs; (b) P is outside
the spherical triangle vyvyvs.

It can be seen that P has the same great circle distance
to vg, v1 and vy, denoted by d,,. If P is inside the spherical
triangle wvoviv2, as shown in Figure 3(a), then we can
prove d, < R,. Since P lying inside the spherical triangle
vov1v2 means [ + v + § = 2m, there must be one angle
no smaller than 27/3. Without loss of generality, assume
B > 2m/3. According to the spherical law of consines,

2
we have cos(f8) = Cos(dms{g)(;c%)(dp/m < -1/2 =
cos(dor /R) < [3cos?(d,/R) — 1]/2. In addition, do; <

R. < Rarccos([3cos?(Rs/R) — 1]/2) = cos(do1/R) >

1. It also includes the case that P is on one arc of the spherical
triangle voviva.



[3cos?(Rs/R) —1]/2, and 0 < do1/R,d,/R < 7/2, so we
have [3cos?(Rs/R) —1]/2 < [3cos*(d,/R) — 1]/2 = d, <
R, which means the point P is a common intersection
of sensing ranges of vy, vi and v, 0 [vg, v1, V2] € ng V).

If P is outside the spherical triangle vgviv2, as shown
in Figure 3(a), it indicates that the spherical trian-
gle vovivs must be contained in half of the spher-
ical cap. Assume vp,v; and vy have spherical coor-
dinates (R,0,¢0),(R,0,¢1) and (R,0,p2), where 6 €
(0,7/2), 00 < ¢1 < @2, then we have 1 —po, 2—p1, P2 —
wo € (0,m). Using doi,di2,do2 to denote the pairwise
great circle distances between vy, v, v, then according
to the spherical law of consines, we have

cos(do1/R) = cos® 0 + sin? 0 cos(¢1 — o) ()
cos(di2/R) = cos? 6 + sin? 0 cos(p2 — ¢1) (3)
cos(dgz/R) = cos? 6 + sin” 0 cos(pa — ©o) 4)

In addition, we use o to denote the angle between two
arcs 01 and 02, M to denote the middle point of the arc
02 and donr, dia to denote great circle distances between
vo, v1 and M. It can be seen doys = dp2/2. Similarly, we
have

cos(di2/R) — cos(do1/R) cos(doz/R)

coso = - - 5

81n(d01/R) SlIl(d()Q/R) ( )

cos dl—M = cos @ cos dO—M + sin @ cos dO—M coso  (6)
R R 2R R 2R

From (5) and (6), we can obtain

o div cos(dp1/R) + cos(d12/R) @
R 2 cos(do2/(2R))
Consequently
dinr dopr COS d—l‘i,l + cos ”%2 — coS ”%2 -1
— — , , 8
TR TR 2 cos(doz/ (2R)) @®

From (2), (3), (4) and (8), we get

diyv dons  sin® 6 cos 250 sin FA5E0 sin L2
cos — cos =

doz
R R cos 532

©)

Since 0 < 1 — Yo, P2 — P1,02 — o < m™and 0 <

dipi /R, don /R, do2/ R < /2, it can be obtained from (9)

div < domr < Re/2 < R, which means the point M is a

common intersection of the sensing ranges of vy, v, and
V2, SO [’UQ,’Ul, ’Ug] (S ng (V)

U

According to (1), some relationships between Cech

complex and Rips complex in terms of coverage hole

can be derived as illustrated in the following corollaries.

Corollary 1. When R, < Rarccos([3 cos?(Rs/R)—1]/2), if
there is no hole in Rgc)(V), there must be no hole in ng V).

Proof: 1t is a direct corollary from the first inclusion
in (1). O
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Corollary 2. When R. > 2R, if there is a hole in Rg) V),
there must be a hole in Cﬁj(w

Proof: It is a direct corollary from the second inclu-
sion in (1). O]

Corollary 3. When Rarccos([3 cos?(Rs/R)—1]/2) < R. <

2R, there is no guarantee relation between Rg) (V) and

Cg:(\)) in terms of holes.

Proof: It is a direct corollary from Corollary 1 and 2.

From the discussion above, a hole in a Cg:(V) not
seen in a Rg) (V) must be bounded by a spherical

c

triangle. Based on this observation, a formal definition
of spherical triangular hole is given as follows.

Definition 3 (Spherical triangular hole). For a pair of

complexes Cg:(\/) and Rg) (V), a spherical triangular hole
is an uncovered region bounded by a spherical triangle which

appears in Rgc)(V) but not in Cg; V).

4 BOUNDS ON PROPORTION OF SPHERICAL
TRIANGULAR HOLES

In this section, the conditions under which any point
on S? with radius R is inside a spherical triangular
hole are first given. From the discussion in Section 3,
it is found that the proportion of the area of spherical
triangular holes is related to the relation of R. and R,.
Three different cases are considered for the proportion
computation. For each case, closed-form expressions for
lower and upper bounds of the proportion are derived.

4.1 Preliminary

Lemma 2. For any point on S?, it is inside a spherical
triangular hole if and only if the following two conditions
are satisfied:

1) the great circle distance between the point and its closest
node is larger than R,.

2) the point is inside a spherical triangle: the convex hull
of three nodes with pairwise great circle distance less
than or equal to R..

Lemma 3. If there exists a point O which is inside a spherical
triangular hole, then Ry < R arccos \/[1 +2cos(R:/R)]/3.

Proof: It can be derived from the first inclusion in
(1). O

Lemma 4. Let O be a point inside a spherical triangular hole
and [ denote the great circle distance between O and its closest

neighbour, then Ry < I < Rarccos \/[1 + 2cos(R./R)]/3.

Proof: The proof is similar as that of Lemma 1. [
Since we assume nodes are distributed on S? according
to a homogeneous Poisson point process with intensity
A, any point has the same probability to be inside a



YAN et al.: ACCURACY OF HOMOLOGY BASED COVERAGE HOLE DETECTION FOR WIRELESS SENSOR NETWORKS ON SPHERE 5

spherical triangular hole. This probability in a homoge-
neous setting is also equal to the proportion of the area
of spherical triangular holes.

We use spherical coordinates (R, 6, p)to denote points
on S? with radius R, where § is polar angle and ¢
is azimuth angle. We consider the probability of the
point N with spherical coordinates (R, 0, 0) being inside
a spherical triangular hole. Since the communication
radius of each sensor is at most R., only the nodes
within R, from the point /N can contribute to the spher-
ical triangle which bounds a spherical triangular hole
containing N. Therefore, we only need to consider the
Poisson point process constrained on the spherical cap
C(N,R.) centered at N which is also a homogeneous
Poisson process with intensity A\, where C(N, R.) denote
the spherical cap centered at point N and the maximum
great circle distance between N and points on the spher-
ical cap is R.. We denote this process as ®. In addition,
T(x,y,z) denotes the property that three points z,y, =
are within pairwise great circle distance R. from each
other, and the point N is inside the spherical triangular
hole bounded by the spherical triangle with these points
as vertices. When ng, n1,n2 are points of the process @,
T(ng,n1,mn2) is also used to denote the event that the
spherical triangle formed by the nodes ng, 71, n2 bounds
a spherical triangular hole containing the point V. In
addition, we use T"(no,n1,n2) to denote the event that
the nodes ng,n;,n2 can not form a spherical triangle
which bounds a spherical triangular hole containing the
point V.

Let 79 = 79(®) be the node in the process ® which
is closest to the point N. There are two cases for the
point N to be inside a spherical triangular hole. The
first case is that the node 7y can contribute to a spherical
triangle which bounds a spherical triangular hole con-
taining the point N. The second case is that the node
7o can not contribute to any spherical triangle which
bounds a spherical triangular hole containing the point
N but other three nodes can form a spherical triangle
which bounds a spherical triangular hole containing the
point N. So the probability that the point NV is inside a
spherical triangular hole can be defined as

p(A) = P{N is inside a spherical triangular hole}
:P{ U T(n();n15n2)}

{no,n1,m2}CP

=P{ U

{n1,n2}C\{70(®)}

+P{ J

{ng,-- nga}
Co\{ro(®)}

T(70,n1,n2)} (10)

T (ng,n1,n2) | T'(10,n3,14)}

4.2 Case 0 < R. < Rarccos([3cos?(Rs/R) —1]/2)
Theorem 1. When 0 < R. < Rarccos([3cos?(Rs/R) —
1]/2), p(A) = 0.

Proof: 1t is a direct corollary from Lemma 3. O

4.3 Case Rarccos([3cos*(Rs/R) —1]/2) < R. < 2R;

Theorem 2. When Rarccos([3 cos?(Rs/R) —1]/2) < R, <
2R, pi(A) < p(A) < pu(N), where

00w 2¢0m 014
pi(N) = 277)\21%4/ sin 90d90/ dpy / sin 64
R./R 2T —pm o

« e MOWRO0)| =NST 000 (1 =S (00010101 g,
(11)

and
Oou 20m 014
pu(\) = 27N R? / sin odfy / dpr / sin 6
Rs/R 27— Pm 6o
% e*/\lc(NvReo)\e*A\SW(’o,@l)\(1 _ e*/\|57(907907<ﬂ1)|)d91

+P{ |

{ng, - na}
Ce\{ro(®)}

T (no,n1,n2) | T'(10,n3,14)}

(12)
and
0., = arccos \/[1 +2cos(R./R)|/3
©m = arccos|(cos(R./R) — cos? 0y) /(sin? 6p)]

olu - min{olulv 91u2}
cos(R./R)

\/1 — sin? Ay sin® ¢y
0142 = arccos [COS(RC/R)/\/l — sin? @ sin? (@1 — <pm)}
+ arctan(cos(v1 — ¢m) tan bp)

6hu1 = arccos + arctan(cos o1 tan )

Proof: We first prove the lower bound. It can be
obtained from (10) that

p(A) > P{ U T'(79,m1,n2)}

{n1,m2}C@\{70(®)}

So for the lower bound, we only consider the first case
that the closest node 79 must contribute to a spherical
triangle which bounds a spherical triangular hole con-
taining the point V.

Using spherical coordinates, we assume the closest
node 79 lies on (R, v, 0) and use |S| to denote the area
of the set S, then we can get the distribution of «q as

FOL() (90) = P(O{O S 90) =1- e_)“C(NaRGO)l (13)

since the event oy > 6y means that the spherical cap
C(N, Rb,) does not contain any nodes from the process,
which is given by the Poisson probability e=*¢:%0),
Furthermore, |C(N, Rfy)| can be given as

90 27
|C(N, Ry)| = / / R?sin#dfdyp = 2rR*(1 — cosbp)
o Jo

(14)
From (13) and (14), we can get the density of 7y

Foy (dfo) = 2 AR? sin e N WN:F00)l gg g (15)

The integration range for ¢y can be easily obtained.
According to Theorem 4, we have R, < Rf, <



R arccos \/[1+2cos(Rc/R)]/3, so Rs/R < 0y < b, =

arccos \/[1 + 2cos(R./R)]/3.
Therefore the probability of the first case can be given
as

P{ U

{n1,m2}CP\{70(®)}

Oou (16)
:/ P{ | TUR 00,0),n1,12)} Fuy (d)

Rs/R {nl,ng}gdﬂ%

where @, is the restriction of ® in C(N, R.)\C(N, Rby).

Once the node 79 is determined, the other two
nodes must lie in the different half spaces: one
in H* = R* x (0,7/2) x (m,27) and the other in
H~ =R*" x (0,7/2) x (0,7). Assume n; lies in H* and
ny lies in H~. Since the great circle distance to 7y is at
most R., n1 and ny must also lie in the spherical cap
C(719, R.). Furthermore, the great circle distance to the
point N is at most R. and larger than Rayg, they should
also lie in the area C'(N, R.:)\C(N, Rag). Therefore, n,
must lie in H* () C(m, R.) N C(N, R.)\C(N, Ray) and
ng must lie in H~ () C(m, R.) [V C(N, R.)\C(N, Rayp). In
addition, considering the great circle distance between
ny and np should be at most R. and the point N
should be inside the spherical triangle formed by 7,
n; and ns, n; must lie in the shadow area At =
H*NC(r0,R:) N C(N, R)\C(N, Rvg) C(Ma, R,.),
shown in Figure 4. M; and M, are two intersection
points between bases of spherical caps C(N, Ray and
C(19, Rc), such intersection points must exist in this
case since R. < 2R, < 2Ray.

T(10,n1,n2)}

the case

area AT in
Rarccos([3 cos?(Rs/R) — 1]/2) < R. < 2R,

Fig. 4. lllustration of

Ordering the nodes in A™ by increasing azimuth angle
so that 71 = (R, 61,%1) has the smallest azimuth angle
p1. And assume the nodes 7p, 71 and another node
T2 € H (N C(70, Re) N C(N, R.)\C(N, Rap) can form a
spherical triangle which bounds a spherical triangular
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hole containing the point IV, then 7 must lie to the right
of the great circle passing through 71 and NN, denoted by
H* (1) which contains all points with azimuth angle
¢ € (p1 —m,¢1). In addition, the great circle distance to
71 is no larger than R., so the node 7 must lie in the
region S, as illustrated in Figure 5.

Fig. 5. [lllustration of areas ST and S~ in the case
Rarccos([3 cos?(Rs/R) — 1]/2) < R. < 2Ry

S_(TO,Tl) = S‘(a0,91,<p1) =H™ ﬂC(To,RC)
(O, RO\C(N, Rbo) (H* (01) (| Clm1, Re)

Here we need to obtain the density of node 7;. Consid-
ering the way 7, was defined, there should be no nodes
with a azimuth angle less than ¢ in AT, that is to say
no nodes are in the region

5% (r0,m1) = 5T (a0, 1) = AT ﬂH+(801)

Since the intensity measure of the Poisson point pro-
cess in spherical coordinates is AR? sin 6dfdp, the density
F., of 7 can be given as

Fr,(d6y,dey) = AR?sin e NSTCoenlag  dp,  (17)

Then we derive the integration domain D(«ay) with
respect to parameters (61,y;). Assume the point M,
has the spherical coordinate (R,60y,¢m), m € (0,).
Since the great circle distance between 7y and M, is
R., then according to the spherical law of consines,
we have cos(R./R) = cos?fy + sin® 0y cos o, = om =
arccos|(cos(R./R) — cos®6y)/(sin® fp)]. It can be seen
that points M; and () have the spherical coordinates
(R, 00,21 — ¢m) and (R, 8o, 2¢.m) respectively, where @
is one intersection point between bases of spherical caps
C(P, Ray) and C(Ma, R.). Thus the integration range for
©1 1S 27 — @um, 2¢01,]. In addition, assume any point with
great circle distance R, to 7y has the spherical coordinate
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(R, 0, ), still using the spherical law of consines, we
have cos(R./R) = cosfycosb; + sinbpsinb;cospr =
Oi(pr) = arccos[cos(Rc/R)/\/l —sin? fpsin? ;] +
arctan(cos ¢y tanfp). Similarly, assume any point
with great circle distance R. to M; has the
spherical coordinate (R,6;,¢;), we can obtain
01(o}) = arccos[cos(RC/R)/\/l — sin? Oy sin® (¢} — om)] +
arctan(cos(¢; — ¢m)tanfp). Then the integration range
fOI‘ 91 is [9();91u]/ where 91u = min{91u1,91u2},91u1 =
0:(p1), 0102 = 0,(p1). Furthermore, |S™(ag, p1)| can be
expressed as

P1 014

1S (a0, 1) z/ R?sin 0dfdyp

2m—pm Jao

Assume only 79,7 and nodes in S~ (7, 71) can con-
tribute to the spherical triangle which bounds a spherical
triangular hole containing the point NV, we can get a
lower bound of the probability that the point N is
inside a spherical triangular hole. It is a lower bound
because it is possible that 7; can not contribute to a
spherical triangle which bounds a spherical triangular
hole containing point /N, but some other nodes with
higher azimuth angles in the area A can contribute to
such a spherical triangle. For example, in Figure 6, if
there is no node in S~ but there are some nodes in S~
then 7 can not contribute to any spherical triangle which
bounds a spherical triangular hole containing point N,
but 7{ can form such a spherical triangle with 75 and
another node in S’~. Based on the assumption, we have

P{ U

{nl,nz}g'@éo

> P{ U

n2§<I>éo m S— (’Tg,‘l’l)

“Jfr U

Do) macy ()
ST (00,01,%1)

= // P{®g, (S (o, 01,1)) > 0} Fr, (dby1,dgr)
D(60)

= // (1-— e*AIS’(007017</21)|)FT1 (d6y, depy)
D(6o0)

T((Rv 90; 0)7”17”2)}

T((Rv 90; 0),7’1,%2)}

(18)
where [S™ (0,61, ¢1)| can be expressed as
Ym 024
|Si(9(),91,g01)| = / R2 SiHGQdGQDQ (19)
w21 JOo

and
cos(Re/R) — cos by cos b
sin 91 sin 90

P21 = 1 — arccos

024 = min{01y1, O2u2 }

9.2 = arccos COS(RC/R)/\/l — sin? f sin? (o — @1)]
+ arctan(cos(yp2 — ¢1) tan 6q)

Fig. 6. lllustration of areas S'* and S~ in the case
Rarccos([3 cos?(Rs/R) — 1]/2) < R. < 2R;

Therefore, from (15), (16), (17) and (18), the lower
bound shown in (11) can be derived.

Next we will prove the upper bound. As discussed in
Section 4.1, there are two cases for the point N being
inside a spherical triangular hole. As for the second case
that the closest node 79 can not but some other nodes
can contribute to a spherical triangle which bounds a
spherical triangular hole containing the point N, it is
not easy to obtain a closed-form expression for such
probability, but we can get it by simulations. Simulation
results show that this probability is less than 0.16%
whenever R, < 3R, with any intensity A\. So we still
focus on the probability of the first case.

For the lower bound, we only considered the case
that 7; contributes to a spherical triangle which bounds

T((R,00,0),(R,01,¢1),n2)} Fr, (db1,dpa) spherical triangular hole containing point N. For the

upper bound, we need to further consider the case that
7 can not but some other nodes in A* can contribute to
such a spherical triangle, shown in Figure 6. Assume the
node 71 = (R, 0, ¢}) with the second smallest azimuth
angle in A7T can contribute to such a spherical triangle,
it means that there is no node in S~ («, 61, 1) but there
is at lease one node in the region S'~ (av, 61, 1,0}, ¢}) =
Si(OKOa /17 (pll)\Si(O‘Oa 917 ()01)‘

Then the density of the pair (71, 7]) is given as

Foy 7(dfy, den, doy, de’)

, 20)
= A2R*sin 6, sin 0} e S (020140, dp, b d, (

The probability that 71 can not but 7{ can form a
spherical triangle which bounds a spherical triangular
hole containing point N with 7y and another node in
S (e, 01, 1,01, ¢}) can be given as



((Ra 907 0)) T{; n4) | TI((R7 90) O),Tl,?’lg)}

P{

{ns, 714}C<I>’

ﬂs (70> T’)

e

P{®}, (

//// oIS (00,0111 o

e AT 0 en GO B (dfy, dy, B, dig))

“(00,01,01)) = 0} x

(21)

As we can see from Figure 6, as long as 71 has a
higher polar angle than 7 has, the sum of |S™ (ao, 61, 1)
and |S" (a, b1, 91,07, ¢)| will be always smaller than

1S~ (a0, a0, 01)].
Therefore we can get from (21)

P{

(ngma}cey

m S~ (r0.7))

- ////(e—Msweo,el,w)\ — A5 (000001

FTl,Tl’ (dal,d(plvdelladcpll)

T((Rv 907 0); T{a n4) | T/((Rv 907 0); 71, nd)}

(22)

Let S (0o, 01, ¢1) =S¥ (00, ¥1)\S™ (0o, 1), then

J[ AR sin e e lagiag

e—A\A+\S+(907¢1)| <1

(23)
=1-
It is the complement of the probability that no node
is in the area AT\ S (6o, ¢1).
From (18), (20), (22) and (23), we can obtain

P{ U T((R,00,0),71,n2)}
naCe) (S~ (r0,71)

+P{ U T((R,@(),O),T{,TM) | T/((Rae()vo)a717n3)}

(ngma}y o)

ﬂs*(mf')
<// (1 — e NS™ @002 B (48, dipy)
D(0o)
(24)

where [S™ (0o, 6o, ¢1)| has the similar expression as (19).

Similarly, we can further consider the case that neither
of 71 and 7{ can contribute to a spherical triangle which
bounds a spherical triangular hole containing point N,
but other nodes with even higher azimuth angle can
contribute to such a spherical triangle. In this way, we
can get the same result as (24).

Therefore, it can be derived that

P{ |J TR 00,0),n1,n2)}

{nl,ng}g&bé

(25)
<// (1- o~ M5 (80,00, w)l) (dBy,den)
D(0o)
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From (10), (15), (16), (20) and (25), the upper bound
shown in (12) can be derived.
[]

4.4 Case R. > 2R,

(00,01, 1,0, 0))) > 0} Fyy ot (61, depr, do},dy,) Theorem 3. When R. > 2R, pi(\) < p(A) < pu(A), where

o 27 0%,
) = 2m234{ ﬁ sin By df, / dpr / sin 6,
T‘S s 00

MO RI)| =S (0.00)] (1 _ o= AIS™ (B0.01,00)1) g,

fou 2¢m 014
—+ / sin 9()d9() / d(pl / sin 91 e
Rc/2R 2T —pm 0o

e*A\SWGo,w)\(l _

A|C(N,R6p)|
67A|S*<eo,el,<p1>|)d91}
(26)

and

3 2 01
Du(N) :27r)\2R4{ﬁ2 sin90d90/ d(pl/ sin 0
B T ')

% e—A\C(N,Reo)\e—A\sﬂeo,wl)\(1 — e A5 (00,00,00)1y g9,

Oou 2¢0om 014
+/ Sin9()d90/ d@l/ Sin@le_’“c(NvReU)‘
Rc/2R 2T —pm 0o
e AISH o)l (1 e—Ms*(eo,eo,w)d@l}
+ P{ U T(no,n1,n2) | T' (10,13, 14) }
{ng.-na}
Ca\{ro(®)}
27)

and
9'1u - min{@lul, 911u2}
01,5 = arccos [COS(RC/R)/\/l — sin? 0y sin® (¢ — )

+ arctan(cos(¢; — ) tan )

In this case, we can use the same method as in
Section 4.3 to get the lower and upper bounds, shown
in (26) and (27) respectively. But we need to consider
two situations Rs/R < 0y < R./(2R) and R./(2R) <
0y < 6y, = arccos \/[1+2cos(Rc/R)]/3. In the first
situation, 6y < R./(2R) means that the spherical cap
C(N, Rb,) is completely included in the spherical cap
C(79, R.). The illustrations for the areas AT, S+ S~ , 5"
and S’~ are shown in Figure 7(a) and 7(b) respectively.
In addition, the integration range for ¢ is [m,2n]. The
second situation is the same as that in Section 4.3.

5 SIMULATIONS AND PERFORMANCE EVALUA-
TION

In this section, simulation settings are first given. Then
simulation results are compared with analytical lower
and upper bounds under different settings of R, R., R.
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Fig. 7. lllustrations of areas in case R. > 2R,. (a) the
areas AT, ST and S~ (b) the areas S’'™ and S’

5.1 Simulation settings

A sphere centered at the origin with radius R is con-
sidered in the simulations. The probability of the point
with spherical coordinate (R, 0,0) being inside a spher-
ical triangular hole is computed. Sensors are randomly
distributed on the sphere according to a Poisson point
process with intensity A. The sensing radius R, of each
node is set to be 10 meters and communication radius
R, is chosen from 20 to 30 meters with interval of
2 meters. Let v = R./R,, then v ranges from 2 to
3 with interval of 0.2. In addition, ) is selected from
0.001 to 0.020 with interval of 0.001. For each pair of
(A,7), 107 simulations are run to check whether the point
with spherical coordinate (R, 0,0) belongs to a spherical
triangular hole.

5.2 Impact of R, and R,

As illustrated in Section 3, R; < R and R. < R, here
we choose R = 10R; to analyse the impact of R and R,
on the probability of any point being insider a spherical
triangular hole. Under this configuration, the probability
p(A) obtained by simulations is presented with the lower
and upper bounds in Figure 8(a) and 8(b) respectively.

T T T T

—e— simulation y = 2.0
=8 lower bound y=2.0 [
== simulation 7= 2.2
== lower bound y=2.2 |{
=8 simulation Y= 2.4
=8 lower bound y=2.4 |]
—@— simulation y=2.6
—@— lower bound y=2.6 ||
=—©— simulation y=2.8
=—©— lower bound y=2.8 ||
—A— simulation y= 3.0
—A— lower bound y=3.0 ||

P(M)(%)
- wn

intensity A

(@

12

—e— simulation y = 2.0
=—&— upper bound y=2.0
=—t— simulation y= 2.2
=¥ upper bound 7= 2.2
=8 simulation Y= 2.4
==& upper bound y=24 ||
—@— simulation Y= 2.6
—&— upper bound y=2.6
=—©— simulation y=2.8 ||
=©— upper bound y=2.8
=—A— simulation ¥=3.0
—A— upper bound y=3.0 | |

10+

0
0 0.018  0.02

intensity A

(b)
Fig. 8. Proportion of the area of spherical triangular holes
under R = 10R; (a) simulation results and lower bounds ;
(b) simulation results and upper bounds

It can be seen that for any value of ~, p(\) has a
maximum at a threshold value A of the intensity. As a
matter of fact, for A < )., the number of nodes is small.
Consequently the probability of any point being inside a
spherical triangular hole is relatively small too. With the
increase of ), the connectivity between nodes becomes
stronger. As a result, the probability of any point being
inside a spherical triangular hole increases. However,
when the intensity reaches the threshold value, the prob-
ability is up to its maximum. p(\) decreases for A > A..
The simulations also show that \. decreases with the
increase of ~.

On the other hand, it can be seen from Figure 8(a)
and 8(b) that for a fixed intensity A, p()\) increases with
the increases of v. That is because when Rj is fixed, the
larger R. is, the higher is the probability of each spherical
triangle containing a coverage hole.
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Furthermore, the maximum probability increases
quickly with v ranging from 2.0 to 3.0. It is shown that
when v = 2, the maximum probability from simulation is
about 0.03% and thus it is acceptable to use Rips complex
based algorithms to discover coverage holes. While the
ratio v is high to a certain extent, it is unacceptable to
use connectivity information only to discover coverage
holes.

Finally, it can be found in Figure 8(a) that the prob-
ability obtained by simulation is very well consistent
with the lower bound. The maximum difference between
them is about 0.5%. Figure 8(b) shows that probability
obtained by simulation is also consistent with the upper
bound. The maximum difference between them is about
3%.

5.3 Impact of R

Although we assume Ry < R and R. < R, to better
understand the impact of R on the probability of any
point being insider a spherical triangular hole, we choose
R to be 5R,,10R, and 100R,. In addition, we also want
to know the difference of the probability under spherical
and 2D planar cases. Therefore, simulation results, lower
and upper bounds of the probability under spheres with
radii 5R,, 10R,, 100Rs and 2D plane are shown in Figure
9(a), 9(b) and 9(c) respectively.

It can be seen from Figure 9 that simulations re-
sults, lower and upper bounds under spheres with radii
5Rs,10Rs,100R, and 2D plane are very close with each
other. More precisely, the maximum difference of simu-
lations results under spheres with radii 5R, and 10R; is
about 0.045%, which is about 0.06% under spheres with
radii 5R, and 100R and is about 0.03% under spheres
with radii 10R, and 100R,. In addition, the maximum
differences of simulation results between 2D planar
case and spherical cases with radii 5R,, 10R,, 100R, are
0.05%, 0.03% and 0.02% respectively. It means the larger
the radius of sphere is, the more closer are the simulation
results under sphere and 2D plane, it is because the
larger the radius of sphere is, the more likely of the local
of each node on the sphere to be planar.

With respect to lower and upper bounds, it is found
that under any two spheres with radii 5R,, 10R,, 100R;,
the maximum difference of lower and upper bounds
are 0.06% and 0.12% respectively. Furthermore, under
spheres with radii 5R,, 10R,,100R, and 2D plane, the
maximum difference of lower bounds is also 0.06%,
and that of upper bounds is also 0.12%. More impor-
tantly, under sphere with radius 100R, and 2D plane,
the maximum difference of lower bounds is 5 x 107°
and that of upper bounds is 2.5 x 107°. It means the
probabilities under cases of sphere with radius 100R,
and 2D plane are nearly the same, which is quite logical
since when the radius of sphere is much more larger than
the sensing radius of any node, the local of any node can
be considered to be planar.

It can be further found that under above cases, the
maximum differences of simulation results, lower and
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upper bounds are all so small that they can be neglected.
Consequently, it also means that the radius of sphere has
little impact on the probability of any point on the sphere
to be insider a spherical triangular hole. Our results can
thus be extended to more general 3D surfaces.

4 5 6

x107

—A— sphereR =5 RS

simulation results (%)

—g— sphereR = IORS
—&— sphere R = 100Rs il

0 00020004 0,006 0.008 0.01 0,012 00140016 0.018 0.02
intensity A

(@

4 5 6
x107

o

—A— sphereR=5 RS

lower bounds (%)
&

w

—a— sphere R=10R_
—<— sphere R = 100R

0 000200040006 0008 001 0012 0014 0.016 0.018  0.02
intensity A

(b)

12

—A— sphereR=5 R:

upper bounds (%)

—a— sphere R = 10R
—<&— sphere R = 100R

0 0002 0004 0006 0.008 001 0012 0014 0016 0018 0.2
intensity A

(0)
Fig. 9. Comparison of the proportion of the area of
spherical triangular holes (a) comparison of simulation

results; (b) comparison of lower bounds; (¢) comparison
of upper bounds
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6 CONCLUSION

This paper studied the accuracy of homology-based
coverage hole detection for wireless sensor networks
on sphere. First, the situations when Rips complex may
miss coverage holes were indicated. Then we chose the
proportion of the area of coverage holes missed by Rips
complex as a metric to evaluate the accuracy. Three
different cases were considered to compute the accuracy.
For each case, closed-form expressions for lower and
upper bounds were derived. Simulation results are well
consistent with the derived lower and upper bounds,
with maximum differences of 0.5% and 3% respectively.
In addition, simulation results also show that the radius
of sphere has little impact on the accuracy as long as it
is much larger than communication and sensing radii of
each sensor. This means that our results can be applied
to more general 3D surfaces although the results are
derived on sphere. This problem will be investigated in
our future work.
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