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TRANSPORT-ENTROPY INEQUALITIES AND DEVIATION ESTIMATES FOR
STOCHASTIC APPROXIMATIONS SCHEMES

M. FaTrHi! AND N. FRIKHA?2

Abstract. We obtain new transport-entropy inequalities and, as a by-product, new deviation esti-
mates for the laws of two kinds of discrete stochastic approximation schemes. The first one refers to
the law of an Euler like discretization scheme of a diffusion process at a fixed deterministic date and the
second one concerns the law of a stochastic approximation algorithm at a given time-step. Our results
notably improve and complete those obtained in [FMI12]. The key point is to properly quantify the
contribution of the diffusion term to the concentration regime. We also derive a general non-asymptotic
deviation bound for the difference between a function of the trajectory of a continuous Euler scheme
associated to a diffusion process and its mean. Finally, we obtain non-asymptotic bound for stochas-
tic approximation with averaging of trajectories, in particular we prove that averaging a stochastic
approximation algorithm with a slow decreasing step sequence gives rise to optimal concentration rate.

1991 Mathematics Subject Classification. 60H35,65C30,65C05.

January 31, 2013.

1. INTRODUCTION

In this work, we derive transport-entropy inequalities and, as a consequence, non-asymptotic deviation es-
timates for the laws at a given time step of two kinds of discrete-time and d-dimensional stochastic evolution
scheme of the form

Xn+l - X'n, + ”Yn+1H(n,Xm Un+1)7 n 2 07X0 =T c Rd7 (11)

where (7,)n>1 is a deterministic positive sequence of time steps, the (U;);en+ are i.i.d. R%-valued random
variables defined on some probability space (£, F,P) with law x and the function H : N x R x R — R4
is a measurable function satisfying for all z € R?, for all n € N, H(n,z,.) € £ (i), and p(du)-a.s., H(n,.,u)
is continuous. Here and below, we will also assume that p satisfies a Gaussian concentration property, that is
there exists § > 0 such that for every real-valued 1-Lipschitz function f defined on R? and for all A > 0:

Blexp(\ ()] < expOBLA(U)] + 200, Ge)
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2 M. FATHI AND N. FRIKHA

It is well known that (GC(5)) implies the following deviation bound

PLW) - BLAUD] 2 1] < exp(-15) w20,

Examples of random variables satisfying this property include Gaussians, as well as bounded random vari-
ables. A characterization of (GC(5))) is given by Gaussian tail of Uy, that is there exists ¢ > 0 such that
E[exp(e|U1|?)] < +o00, see e.g. Bolley and Villani [BV05]. The two claims are actually equivalent.

We are interested in furthering the discussion, initiated in [FMI2], about giving non asymptotic deviation
bounds for two specific problems related to evolution schemes of the form (LIJ). The first one is the deviation
between a function of an Euler like discretization scheme of a diffusion process at a fixed deterministic date
and its mean. The second one refers to the deviation between a stochastic approximation algorithm at a
given time-step and its target. Under some mild assumptions, in particular the assumption that the function
u > H(n,z,u) is lipschitz uniformly in space and time, it is proved in [FM12] that both recursive schemes share
the Gaussian concentration property of the innovation.

In the present work, we point out the contribution of the diffusion term to the concentration rate which to our
knowledge is new. This covers many situations and gives rise to different regimes ranging from exponential to
Gaussian. We also derive a general non-asymptotic deviation bound for the difference between a function of the
trajectory of a continuous Euler scheme associated to a diffusion process and its mean. It turns out that, under
mild assumptions, the concentration regime is log-normal. Finally, we study non-asymptotic deviation bound
for stochastic approximation with averaging of trajectories according to the averaging principle of Ruppert €

Polyak, see e.g. [Rup91] and [PJ92].

1.1. Euler like Scheme of a Diffusion Process

We consider a Brownian diffusion process (X;):>o defined on a filtered probability space (Q, F, (Fi)i>0, P),
satisfying the usual conditions, and solution to the following stochastic differential equation (SDE)

t t
X, ==z —|—/ b(s, Xs)ds —|—/ o(s, Xs)dWs, (SDEy )
0 0

where (W;)i>0 is a ¢-dimensional (F;);>0 Brownian motion and the coefficients b, o are assumed to be uniformly
Lipschitz continuous in space and measurable in time.

A basic problem in Numerical Probability is to compute quantities like E,[f(Xr)] for a given Lipschitz
continuous function f and a fixed deterministic time horizon T using Monte Carlo simulation. For instance,
it appears in mathematical finance and represents the price of a European option with maturity 7" when the
dynamics of the underlying asset is given by (SDE}p ). Under suitable assumptions on the function f and the
coefficients b, o, namely smoothness or non degeneracy, it can also be related to the Feynman-Kac representation
of the heat equation associated to the generator of X. To this end, we first introduce some discretization schemes
of that can be easily simulated. For a fixed time step A = T/N, N € N* we set t; := iA, for all
1 € N and define an Euler like scheme by

X§ =z, Vie[o,N —1], X2

tit1

= X5+ b(ti, XP)A + o(t, XP)AY2U 41, (1.2)

where (U;)ien~ is a sequence of R?-valued i.i.d. random variables with law p satisfying: E[U;] = 04, E[U1UT] =
1,, where U denotes the transpose of the column vector U; and 0, I, respectively denote the zero vector of
R? and the identity matrix of R? ® R?. We also assume that p satisfies (GC(5)) for some 8 > 0. The main

advantage of such a situation is that it includes the case of the standard Euler scheme where Uy AN 0,1,)

(satisfying (GC(53)]) with 8 = 2) and the case of the Bernoulli law where Uy 4 (B1,---,Bgq), (Br)re[i,q are

i.i.d random variables with law u = %(6_1 + 01), which turns out to be one of the only realistic options when
the dimension is large.



TRANSPORT-ENTROPY INEQUALITIES AND DEVIATION ESTIMATES FOR STOCHASTIC APPROXIMATIONS SCHEMES 3

The weak error Ep(f, A, T,b,0) = E.[f(X7)] — E.[f(X%)] corresponds to the discretization error when
replacing the diffusion X by its Euler scheme X2 for the computation of E,[f(Xr)]. It has been widely
investigated in the literature. Since the seminal work of [TT90], it is known that, under smoothness assumption
on the coefficients b, o, the standard Fuler scheme produces a weak error of order A. In a hypoelliptic setting
for the coefficients b and o and for a bounded measurable function f, Bally and Talay obtained the expected
order using Malliavin calculus. For a uniformly elliptic diffusion coefficient oo™ and if b, ¢ are three times
continuously differentiable, the same order for the weak error is established in [KM02]. The same order A is
still valid in the situation where the Gaussian increments are replaced by (non necessarily continuous) random
variables (U;)1<i<n having the same covariance matrix and odd moments up to order 5 as the law N(0, I,)
and if b, o, f are smooth enough. Let us finally mention the recent work [AKHJI2] where the authors study
the weak trajectorial error using coupling techniques. More precisely, they prove that the Wasserstein distance
between the law of a uniformly elliptic and one-dimensional diffusion process and the law of its continuous Fuler
scheme X©* with time step A := T/N is smaller than O(N~2/3+¢) Ve > 0.

The expansion of £p also allows to improve the convergence rate to 0 of the discretization error using
Richardson-Romberg extrapolation techniques, see e.g. [TT90].

In order to have a global control of the numerical procedure for the computation of E,[f(Xr)], it remains
to approximate the expectation E,[f(X4)] using a Monte Carlo estimator M ~! x 224:1 f((XTA’w)j) where the
((X? ")) jen,my are M independent copies of the scheme ([2) starting at the initial value = at time 0. This
gives rise to an empirical error defined by Epm,(M, f,A,T,b,0) = E,[f(X2)] — M~! x Zﬁl f((XTAI)J)
Consequently, the global error associated to the computation of E,[f(X7)] writes as

Ecion(M, A) = By [f(X1)] = Eo[f(XP)] + Eo[f(X7)] —

NI
X
=
5
B
=

= gD(f7A7T7 b7 0) + gEmp(M7 f7A7T7 b7 0)'

It is well-known that if f (XTA "*) belongs to L?(P) the central limit theorem provides an asymptotic rate of
convergence of order M'/2. If f (XTA ¥) € L3(P), a non-asymptotic result is given by the Berry-Essen theorem.
However, in practical implementation, one is interested in obtaining deviation bounds in probability for a fixed
M and a given threshold r > 0, that is explicitly controlling the quantity P (Egpm,(M, A) > r).

In this context, Malrieu and Talay [MT06] obtained Gaussian deviation bounds in an ergodic framework
and for a constant diffusion coefficient. Concerning the standard Euler scheme, Menozzi and Lemaire [LM10]
obtained two-sided Gaussian bounds up to a systematic bias under the assumptions that the diffusion coefficient
is uniformly elliptic, oo* is Holder-continuous, bounded and that b is bounded. Frikha and Menozzi [FM12],
getting rid of the non-degeneracy assumption on o, recently obtained Gaussian deviation bound under the mild
smoothness condition that b, o are uniformly Lipschitz-continuous in space (uniformly in time) and that o is
bounded. The main tool of their analysis is to exploit similar decompositions used in [TT90] for the analysis of
the weak error. It should be noted that it is the boundedness of o that gives rise to the Gaussian concentration
regime for the deviation of the empirical error.

Using optimal transportation techniques, Blower and Bolley [BB06] obtained Gaussian concentration inequal-
ities and transportation inequalities for the joint law of the first n positions of a stochastic processes with state
space some Polish space. However, continuity assumptions in Wasserstein metric need to be checked which can
be hard in practice, see conditions (ii) in their Theorems 1.1, 1.2 and 2.1. The authors provide a computable
sufficient condition which notably requires the smoothness of the transition law, see Proposition 2.2. in [BB0G].

In the current work, we get rid of the boundedness of o and we only need the Gaussian concentration property
of the innovation. We suppose that the coefficients satisfy the following smoothness and domination assumptions

(HS) The coefficients b, o are uniformly Lipschitz continuous in space uniformly in time.
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(HD,,) There exists a C2(R4, R?) function V satisfying 3Cy > 0,|VV[> < CvV, 1 := Lsup,cra |[VV(2)| <
+o00 and Ja € (0, 1], such that for all x € R,

30, >0, sup |b(t,2)]> <GV (), , IC, >0, sup Tr(a(t,z)) < CoVI*(z).
te[0,T)] t€[0,T]

where a = oo™.

The idea behind assumption (HD,) is to parameterize the growth of the diffusion coefficient in order to
quantify its contribution to the concentration regime. Indeed, under (HS) and (HD,), with « € [1/2,1], and
if the innovations satisfy , for some positive 3, we derive non-asymptotic deviation bounds for the
statistical error E4y(z, T, f) — E;[f(X#)] ranging from exponential (if o = 1/2) to Gaussian (if a = 1) regimes.
Therefore, we greatly improve the results obtained in [FM12].

Our approach here is different from [FMI12]. Indeed, in [FM12], the key tool consists in writing the deviation
using the same kind of decompositions that are exploited in [TT90] for the analysis of the discretization error.
In the current work, we will use the fact that the Euler-like scheme ([C2]) defines an inhomogenous Markov chain
having Feller transitions Py, k = 0,--- , N — 1, defined for non negative or bounded Borel function f : R? — R
by

Po(f)(@) =E | F(X2,,)

For every k, p € {0,--- ,N — 1}, k < p, we also define the iterative kernels for a non negative or bounded
Borel function f:R? = R

XA :x] —E [f (Hb(tk,xm+a(tk,x)A1/2U)] , k=0, ,N—1.

Pep(f)@) = Peo---0 Ppor(f)(@) = E | f(X2)

Xﬁzw].

For a 1-Lipschitz function f and A > 0, using that the law p of the innovation satisfies (GC(5)) for some
positive £, we obtain

Pn_1(exp(Af))(x) E {exp ()\f (x +b(tn-1,2)A + o(tn—1, x)A1/2U>>}

< exp <)\PN1(f)(3:) + ﬂ/\zA|a(tN1,3:)|2>

If o is bounded, the Gaussian concentration property will readily follow provided the iterated kernel functions
Py, ,(f) are uniformly Lipschitz. Under the mild smoothness assumption (HS), this can be easily derived, see
Proposition B2l Otherwise, using (HD,,), we obtain

CoBA

Py_1(exp(Af))(x) < exp (APN_1<f><x> + TVW-%)) . (1.3)

The last inequality is the first step of our analysis. To investigate the empirical error, the key idea is to exploit
recursively from ([3) that the increments of the scheme ([2]) satisfy and to adequately quantify the
contribution of the diffusion term V1=%(x) to the concentration rate. Under (HS) and (HD,), the latter is
addressed using flow techniques and integrability results on the law of the scheme (2]), see Propositions Bl
and [3:3

1.2. Stochastic Approximation Algorithm

Beyond concentration bounds of the empirical error for Euler-like schemes, we want to look at non asymp-
totic bounds for stochastic approximation algorithms. Introduced by H. Robbins and S. Monro [RM51], these
recursive algorithms aim at finding a zero of a continuous function h : R* — R¢ which is unknown to the
experimenter but can only be estimated through experiments. Successfully and widely investigated since this
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seminal work, such procedures are now commonly used in various contexts such as convex optimization since
minimizing a function amounts to finding a zero of its gradient.

To be more specific, the aim of such an algorithm is to find a solution 6* to the equation h(0) := E[H (0,U)] =
0, where H : R x R? — R? is a Borel function and U is a given R%valued random variable with law . The
function h is generally not computable, at least at a reasonable cost. Actually, it is assumed that the computation
of h is costly compared to the computation of H for any couple (6,u) € R? x R? and to the simulation of the
random variable U.

A stochastic approximation algorithm corresponds to the following simulation-based recursive scheme

Ot =0 — Vg1 H (00, Uns1), n >0, 6 € RY, (1.4)

where (Uy,)n>1 is an i.i.d. R%valued sequence of random variables with law p defined on a probability space
(Q, F,P) and (y5)n>1 is a sequence of non-negative deterministic steps satisfying the usual assumption

Z”yn = 400, and Z”yi < +00. (1.5)

n>1 n>1

When the function h is the gradient of a potential, the recursive procedure (4] is a stochastic gradient
algorithm. Indeed, replacing H(0,,,U,+1) by h(6,) in (L) leads to the usual deterministic descent gradient
method. When h(0) = M(0) — ¢, 0 € R, where M is a monotone function, say increasing, we can write
M(9) =E[N(0,U)] where N : R x R? — R is a Borel function and ¢ is a given constant such that the equation
M(0) = ¢ has a solution. Setting H = N — £, the recursive procedure (L)) then corresponds to the seminal
Robbins-Monro algorithm and aims at computing the level of the function M.

The key idea of stochastic approximation algorithms is to take advantage of an averaging effect along the

scheme due to the specific form of h() := E[H(0,U)]. This allows to avoid the numerical integration of h at
each step of a classical first-order optimization algorithm.
In the present paper, we make no attempt to provide a general discussion concerning convergence results of
stochastic approximation algorithms. We refer readers to [Duf96], [KY03] for some general results on the
a.s. convergence of such procedures under the existence of a so-called Lyapunov function, i.e. a continuously
differentiable function L : R? — R, such that VL is Lipschitz, |[VL|?> < C(1 + L) for some positive constant C
and

(VL,h) > 0.

See also [LP12] for a convergence theorem under the existence of a pathwise Lyapunov function. For the sake
of simplicity, in the sequel it is assumed that 6* is the unique solution of the equation h(f) = 0 and that the
sequence (0, ),>0 defined by ([4) converges a.s. towards 6*.

We assume that the law p of the innovation satisfies for some § > 0 and that the step sequence
(Yn)n>1 satisfies (LO). We also suppose that the following assumptions on the function H are in force:

(HL) For all uw € RY, the function H(.,u) is Lipschitz-continuous with a Lipschitz modulus having linear growth
in the variable u, that is:

H(0,u)— H(
dCy >0, Vu € RY, sup |H(6,) /( 0
(0,0")e(R4)2 |9 -0 |

< Cu(1+ |ul).

(HLS). (Lyapunov Stability-Domination) There exists a C*(R¢,R*) function L satisfying 3C;, > 0, |VL|? <
CLL, n:= % sup,cgra || V?L(z)|| < 400 such that

Vo € RY, (h(0),VL(H)) >0, and 3C, >0, V8 € R%, |n(0))* < CLL(H).
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and Ja € (0, 1],

H(0,u)— H(O,u o
90, >0, voeRY,  sup HOWZHOW o e

(' E(R9)? u—|

(HUA) (Uniform Attractivity) The map h : § € R% — E[H(0,U)] is continuously differentiable in  and there
exists A > 0 s.t. V0 € R4, V&€ € RY, \[¢]2 < (Dh(0)E,€).

Compared to [EMI2], our assumptions are weaker. Indeed, it is assumed in [FMI12] that the map (0,u) €
R? x R? + H(6,u) is uniformly Lipschitz continuous. In our current framework, this latter assumption is
replaced by (HL) and (HLS),,.

The last assumption (HUA), which already appeared in [FM12], is introduced to derive a sharp estimate of
the concentration rate in terms of the step sequence. Let us note that such assumption appears in the study
of the weak convergence rate order for the sequence (6,,),>1 as described in or [KY03]. Indeed, it is
commonly assumed that the matrix Dh(6*) is uniformly attractive that is Re(Amin) > 0 where Ay is the
eigenvalue with the smallest real part. In our current framework, this local condition on the Jacobian matrix
of h at the equilibrium is replaced by the uniform assumption (HUA). This allows to derive sharp estimates
for the concentration rate of the sequence (6,,),>1 around its target 6* and to provide a sensitivity analysis for
the bias d,, := E[|0,, — 6*|] with respect to the starting point 6.

Let us note that under (HUA) and the linear growth assumption

Vo € RY, E“HWJUF}gCOA%H—WPL

which is satisfied if (HL) and (HLS),, with o € [0, 1], hold and if yu satisfies for some 5 > 0, the
function L : 6 — 1|6 — 0*|* is a Lyapunov function for the recursive procedure defined by ([[4) so that one
easily deduces that 6,, — 6%, a.s. as n — +o0.

The global error between the stochastic approximation procedure 6,, at a given time step n and its target 6*
can be decomposed as an empirical error and a bias as follows

O — 07| = [0 — 07| — Eg,[|0n — 0[] + Eg,[|0n — 07]
= Eemp(y,n, H A\ ) + 0, (1.6)

where we introduced the notations Egumy (v, n, H, A, ) = |0, — 0*| — Eg,[|0,, — 0*|] and 6, := Eg,[|6,, — 0*|].

The empirical error Epmp(y,n, H, A, &) is the difference between the absolute value of the error at time n
and its mean whereas the bias 6, corresponds to the mean of the absolute value of the difference between the
sequence (0,,),>0 at time n and its target 6*. Unlike the Euler like scheme, a bias systematically appears since
we want to derive a deviation bound for the difference between 6,, and its target 8*. This term strongly depends
on the choice of the step sequence (v, ),>1 and the initial point 6y, see Proposition 4] for a sensitivity analysis.

As for Euler like schemes, our strategy is different from [FM12]. Indeed, we exploit again the fact that
the stochastic approximation scheme (4] defines an inhomogenous Markov chain having Feller transitions Py,
k=0, ---,N — 1, defined for non negative or bounded Borel function f : R — R by

Pr(f)(0) = E[f(Ox1)| 0k = 0] = E[f (0 =42 H(O,U))], k=0,--- N —1.

For every k, p € {0,---,N — 1}, k < p, we also define the iterative kernels for a non negative or bounded
Borel function f: R? — R as follows

Prp(f)(0) = Pro---0 Py (f)(0) =E[f(0p)| 0 = 0].
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For a 1-Lipschitz function f and for all A > 0, using (HLS),, and that the law u of the innovation satisfies
(GO (B)) for some positive 8, we obtain

Pxca(epO)0) = Elexp (0 (0= wHOU)] < exp (A1 (9)6) + 65 CHAL®)) (1)

Let us note the similarity between (I3)) and (7). If (HLS), holds with ov = 1 then the last term appearing
in the right hand side of the last inequality is uniformly bounded in #. This latter assumption corresponds to
the framework developed in [FMI12] and leads to a Gaussian concentration bound.

Otherwise, the problem is more challenging. Under the mild domination assumption (HLS),, the key
idea consists again in exploiting recursively from (7)) that the increments of the stochastic approximation
algorithm (L)) satisfy (GC(B)) and in properly quantifying the contribution of the diffusion term L'~%(6) to
the concentration rate.

As already noticed in [FM12], the concentration rate and the bias strongly depends on the choice of the step
sequence. In particular, if 7, = -, with ¢ > 0 then the optimal concentration rate and bias is achieved if ¢ > %,

see Theorem 2.2. in [FM12]. Otherwise, they are sub-optimal. This kind of behavior is well-known concerning
the weak convergence rate for stochastic approximation algorithm. Indeed, if ¢ > W we know that a
Central Limit Theorem holds for the sequence (6,,),>1 (see e.g. [Duf96]). Let us note that the condition ¢ > 55

as well as ¢ > W is difficult to handle and may lead to a blind choice in practical implementation.

To circumvent such a difficulty, it is fairly well-known that the key idea is to carefully smooth the trajectories
of a converging stochastic approximation algorithm by averaging according to the Ruppert & Polyak averaging

principle, see e.g. [Rup91] and [PJ92]. Tt consists in devising the original stochastic approximation algorithm

(C4) with a slow decreasing step
c \’ 1
n = ) 50 1 ) 7b 07
o’ (b n n) [ZS (2 > c,0>

and to simultaneously compute the empirical mean (6,,),>1 of the sequence (6,,),>0 by setting

= o+ +0, 1 1.z
Op=———"—"—="0,_1—— (On-1—0n_1). 1.8
- Y 1)
We will not enter into the technicalities of the subject but under mild assumptions (see e.g. [Duf96], p.169)
one shows that

V(0 = 0%) 5 N(0,5%), n— +oo,

Var(H(6",U))
e Hence, the

optimal weak rate of convergence /n is achieved for free without any condition on the constants ¢ or b. However,
this result is only asymptotic and so far, to our best knowledge, non-asymptotic estimates for the deviation
between the empirical mean sequence (9_71)7120 at given time step and its target 6%, that is non-asymptotic
averaging principle were not investigated.

The sequence (2,)n>0 defined by z, := (0,11,0,) is F-adapted, i.e. for all n > 0, z, is F,-measurable,
where F,, := 0(00, U, k < n). Moreover, it defines an inhomogenous Markov chain having Feller transitions
Ky, k=0, ---,N — 1, defined for non negative or bounded Borel function f: R¢ x R? = R by

where X* is the optimal covariance matrix. For instance, for d = 1, one has ¥* =

Ki(f)(2) = B[ f(zr41)] 2 = 2] = E[f (Okr2, Ok11)| (Ok11,01) = (21, 22)],

k+1 1
=E [f <k—+221 + k——|—2(22 — Y1 H(22,U)), 22 — Y1 H (22, U))} -
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For every k,p € {0,--- ;N — 1}, k < p, we define the iterative kernels for a non negative or bounded Borel
function f : R4 x R* = R

Kip(f)(2) = Ky o Kpo1(£)(2) = E[f(2)] 2 = 2].

Hence, for any 1-Lipschitz function and for all A > 0, using again (HLS),, and that the law p of the innovation
satisfies (GC(B)) for some positive 3, one has for all k € {0,--- ,N — 1}

Ki(exp(Af))(2) = E[exp (Af (2x41))| 2 = 2]

A2 1 a 2
< exp </\Kk(f)(z) + ﬂz (Oa”YkH(k—H + 1)LIT(22)> )
< exp (AKg(f)(2) + BN’ Co 1 L' (22)) (1.9)
where we used that for all (21, z2) € R¢xRY, the functions u +— f (Z—I;zl + %H(ZQ — Yer1H(22,u)), 20 — Ypp1 H (22, u))

l1—o

are Lipschitz-continuous with Lipschitz modulus equals to Co 41 ( kLH + 1) L= (22).

Here again, (L) and (L9) are quite similar and if & = 1 the concentration regime turns out to be Gaussian.
Otherwise, an analysis along the lines of the methodology developed so far provides the concentration regime
of the stochastic approximation algorithm with averaging of trajectories.

1.3. Transport-Entropy inequalities

As a by-product of our analysis, we derive transport-entropy inequalities for the law of both stochastic
approximation schemes. We recall here basic definitions and properties. For a complete overview and recent
developments in the theory of transport inequalities, the reader may refer to the recent survey [GLI0]. We will
denote by P(RY) the set of probability measures on RY.

For p > 1, we consider the set Pp(Rd) of probability measures with finite moment of order p. The Wasserstein
metric W), (1, v) of order p between two probability measures u, v € P,(R?) is defined by

Wh(u,v) = inf {/ |z — y|Pr(dz,dy) : 7 € P(REx RY), mp = p, m = I/}
RIxR4

where my and 7; are two probability measures standing for the first and second marginals of 7 € P(R% x R%).
For uu € P(R?), we define the relative entropy w.r.t v € P(R?) as

dp
H = log(E)d
(,v) /Rd Og(dy> 1

if p < v and H(p,v) = +o0o otherwise. We are now in position to define the notion of transport-entropy
inequality. Here as below, ® : R4 — R is a convex, increasing function with ®(0) = 0.

Definition 1.1. A probability measure u on RY satisfies a transport-entropy inequality with function ® if for
all v € P(RY), one has

(I)(Wl (Vv /1')) < H(Vv :u')
For the sake of simplicity, we will write that p satisfies Te.
The following proposition comes from Corollary 3.4. of [GL10].

Proposition 1.1. The following propositions are equivalent:

e The probability measure i satisfies Tg.
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e For all 1-Lipschitz function f, one has

YA >0, /exp()\f)du < exp ()\/fdu—i— @*(A)) ,

where ®* is the monotone conjugate of ® defined on Ry as ®*(\) = sup,>q {A\p — ®(p)}.

Such transport-entropy inequalities are very attractive especially from a numerical point of view since they
are related to the concentration of measure phenomenon which allows to establish non-asymptotic deviation
estimates. The three next results put an emphasis on this point. Suppose that (X,),>1 is a sequence of
independent and identically distributed R%valued random variables with common law /.

Corollary 1.1. If u satisfies Tg then for all 1-Lipschitz function [ and for all v > 0, for all M > 1, one has
M
P (15D F(Xi) ~ BIF(X)]| > 7 | < 2exp(~M&(r))
M k=1 - -

Proposition 1.2. If i satisfies Te then the empirical measure p™ defined as u™ = %22:1 Ox, satisfies the
following concentration bound

P (Wi(u", 1) > E[W1i (", p)] + 1) < exp (—n®(r)).

where for x € R, §, stands for the Dirac mass at point x.

The quantity E[W; (u, 1™)] will go to zero as n goes to infinity, by convergence of empirical measures, but
we still need quantitative bounds. The next result is an adaptation of a result of [RR98] on similar bounds but
for the distance W5. For sake of completeness, we provide a proof in Appendix

Proposition 1.3. Assume that i has a finite moment of order d + 3. Then, one has
E[W (" )] < C(d, pn~ /(0

where

Cd, 1) = 4V + 2\/ |oa+ |x|d+1>1dx\/ 2o 9t [ lyitsu(dy) + 2-0d(d + 3.
Rd

In view of Kantorovich-Rubinstein duality formula, namely

Wi (p,v) =Sup{/fdu—/fdv: [ < 1}

where [f]1 denotes the Lipschitz-modulus of f, the latter result provides the following concentration bounds

M
¥r >0, ¥M>1, P ( sup <% > F(X) - E[f(Xﬁ]) > C(d, )M~ +r> < exp (=Ma(r)).
FATIES! 1

Similar results were first obtained for different concentration regimes by Bolley, Guillin, Villani [BGVQT]
relying on a non-asymptotic version of Sanov’s Theorem. Some of these results have also been derived by
Boissard using concentration inequalities, and were also extended to ergodic Markov chains up to some
contractivity assumptions in the Wasserstein metric on the transition kernel.

Some applications are proposed in [BGVOT]. Such results can indeed provide non-asymptotic deviation
bounds for the estimation of the density of the invariant measure of a Markov chain. Let us note that the
(possibly large) constant C'(d, ;1) appears as a trade-off to obtain uniform deviations over all Lipschitz functions.
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As a consequence of the transport-entropy inequalities obtained for the laws at a given time step of Euler
like schemes and stochastic approximation algorithm, we will derive non-asymptotic deviation bounds in the
Wasserstein metric.

2. MAIN RESULTS

2.1. Euler like schemes and diffusions

Theorem 2.1 (Transport-Entropy inequalities for Euler like schemes). Denote by X:% 0% the value at time T
of the scheme (L2) associated to the diffusion starting at point x at time 0. Denote the Lipschitz
modulus of b and o appearing in the diffusion process by [bl1 and [o]1, respectively and by ,u%’o’m
the law of X?’O’z. Assume that the innovations (U;);>1 in (L2) satisfy for some 8 > 0 and that the
coefficients b, o satisfy (HS) and (HD,) for o € [3,1].

Then, ,u%’o’x satisfies Tox with @ (\) = sup,>o {Ap — Pa(p)}
with:

o Ifae(3,1], forallp>0
Pa(p) = Va(T,A,b, 0, ‘T)(pz v p%)v
with Wo(T, A,b,0,2) = Kz1(9(T,b,0, )2V (T, b, 0, A) =), o(T,b,0,A) = Cp fUEERIR 3T,
C(A) :=2[b]y + [0]? + Ab)? and the constant K31 being defined in Corollary [F1l
o Ifa=3, forall p€[0,o(T,b,0,A)"1/2)s5)

(pSD(Tv b7 g, A)1/2/)‘3~2)2
P21 = (pp(T, b, 0, A)/2 X5 9)

y/5(p) = K

where the positive constants \3.o and Ks.o are defined in Corollary [T2

Note that in the above theorem, we do not need any non-degeneracy condition on the diffusion coefficient.
In the case a € (%, 1], one easily gets the following explicit formula:

o If A € [0,20], then ®% () = 75 A%

o If A € [5295 W, +00), then @ (\) = o= (2a1)% 71 )20

o If \ € (20, ;2% ) then &% ()\) = A\ — .

' 2a—1

Let us note that the linear behavior of ®7, on a small interval is due to the fact that ®, is not C'. One may
want to replace p? V p% by p? + p% (up to a factor 2) in the expression of ®,. However, in this case, an
explicit expression for @7 does not exist (except for the case a = 1) and only its asymptotic behavior can be
derived so that one is led to compute it numerically in practical situations.

In the case a = 1/2, tedious but simple computations show that

1 2
A3.2 2
T o(A\) = 1 A -1 .
1/2( ) (( * K3.2(p(T7 b7 g, A)1/2 ) )

This behavior corresponds to a concentration profile that is Gaussian at short distance, and exponential at large
distance.

Corollary 2.1. (Non-asymptotic deviation bounds) Under the same assumptions as Theorem [Z] one has:
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e for all real-valued 1-Lipschitz function f defined on R?, for all a € [1/2,1] for all M > 1 and all r > 0,

M
P, (%Zf«XTA)k) ~ B [f (X)) 2 ) < 2exp(— MB (1),
k=1

o forall o€ [1/2,1], for all M > 1 and all r > 0,

M

1 Ty - *

P. (f . (M > AR - Em[f(X:%)]> > C{d, )M ) < exp (~M@; (1),
W= k=1

where the ((X2)¥)1<k<m are M independent copies of the scheme (L2) starting at point x at time 0 and

evaluated at time T'.

Remark 2.1 (Extension to smooth functions of a finite number of time step). The previous transport-inequalities
and non-asymptotic bounds could be extended to smooth functions of a finite number of time step such as the
mazimum of a scalar Euler like scheme. In that case, it suffices to introduce the additional state variable
(M£)iz1 = (maxgeqo X5 )i1. Now, the couple (X, M )1<i<n is Markovian and similar arguments could
be easily extended to the couple for Lipschitz functions of both variables.

Remark 2.2 (Transport-Entropy inequalities for the law of a diffusion process). The previous transport-
inequalities and non-asymptotic bounds could be extended to the law at time T of the diffusion process solution
to by passing to the limit A — 0. Indeed, it is well-known that under (HS), one has X5 “% X,
as A — 0 and by Lebesque theorem, one deduces from the first result of Corollary [21] that the empirical error
(empirical mean) of Xt itself satisfies a non-asymptotic deviation bound with a similar deviation function (just
pass to the limit A — 0 in all constants). Then, using Corollary 5.1 in [GLI0] (equivalence between deviation of
the empirical mean and transport-entropy inequalities), one easily derives that the law of X satisfies a similar
transport-entropy inequalities when o € (1/2,1].

We want to point out that it is the growth of ¢ that gives the concentration regime ranging from Gaussian
concentration bound if & = 1 to exponential when o = % However, in many popular models in finance, the
diffusion coeflicient is linear, for instance practitioners often have to deal with Black-Scholes like dynamics of

the form . .
X, =20+ / b(Xs)Xsds + / o(Xs)XdWy
0 0

for smooth, bounded coefficients b, o. For the estimation of E,[f(X%)] for a Lipschitz function f : R — R,
or even in more general situations, the estimation of E,[f(X?)] for a Lipschitz function f : C — R, where
C :=C([0,T],RY) stands for the space of R%valued continuous functions on [0, 7], equipped with the uniform
norm || f|eo := supg<i<7 | f(t)|, the expected concentration is the log-normal one. To deal with the latter case,

we consider the continuous Euler scheme X% associated to and writing
t t
vt e [0,T), XF2 =z + / b(g(s), X575 )ds + / o(d(s), X575)dWs, =€ R™ (2.1)
0 0

where we set ¢(t) :=t; for t; <t < t;11, i € N. The next result provides a general non-asymptotic deviation
bound for the empirical error under very mild assumptions.

Theorem 2.2 (General non-asymptotic deviation bounds). Denote by X©* = (Xf’A)OStST the path of the
scheme (ZII) with step A starting from point x at time 0. Assume that Vt € [0,T], the coefficients b(t,.) and
a(t,.) are continuous functions in x and that they satisfy the linear growth assumption:

vz e RY  sup [b(t,x)| < Cp(1+|z]), sup Tr(a(t,z)) < Co(l+ |z|?).
te[0,T] te[0,T



12 M. FATHI AND N. FRIKHA

Then, for all 1-Lipschitz function f:C — R, for all M € N*, for all r > 0, one has

2

r=M k(0,0,
2 exp (—(2(1+|w|))2exp(%(b)mT») if r<r (I+z|)e (b,0,T)

2 2 .
2 exp (—4K(b}07T) log ((2({+]‘\g‘))2> ) , otherwise

M
P, (I%Zf((XC’A)’“) —Eo[f(X*%)]] > ) <
k=1

where r(b,0,T) = 28(1 + (C, V Cp)T) and ((X*)*)1<p<nr are M independent copies of the scheme 21)).
The result remains valid when one considers the path of the diffusion X solution to instead of the
continuous Euler scheme.

2.2. Stochastic approximation algorithms

Theorem 2.3 (Transport-Entropy inequalities for stochastic approximation algorithms). Let N € N*. Assume
that the function H of the recursive procedure (0,)o<n<n (with starting point 6y € R?) defined by (L) satisfies
(HL), (HUA) and (HLS), for a € [3,1], and that the step sequence v = (yn)n>0 satisfies (LH). Suppose that

the law of the innovation satisfies (GC(B)]), 8 > 0. Denote by ,LL}YV’O’QO the law of On .
Then, 1}’ 90 satisfies Tox with @, \(A) = sup,>o {Ap — Pa,n(p)} and one has:

e Ifae (3,1], forallp>0

O (p) = aly, H,00)(CYLp> v CLp7acT)

with the two concentration rates C}; 1= Zk 0 7k+1 1&1 ]:, with I := iv_ol(l — 2 k41 + Cy ,ﬁ,%_H)
and O = S0 y,jigl (?ﬁf:) ((k + 1) log?(k +4))7T for all N > 1, where Cpy,, = 2C%(1 +

E[|U%]) and pa (7, H,0) is an explicit constant defined in Proposition [1.3}
e [fa=1, forallpe[0,A1/in),

Ai1)?
o =92 H.0 CV W#
1/2,N(P) 901/2(% ,6o) NTZ (03 /A11)
1
with Sy := maXQSkSN_l(k + 1)1/2 log(k + 4)vk+1 (?ﬁf) ’ exp(zg:_ol Wm) and the (pOSitive)

constants @1 ,2(v, H,00) and g1 are defined in Proposition [{.3
As in the case of Euler like schemes, for a € (%, 1], we have:
o if X € [0, 20(C% (O}~ T, them @,y (X) = A/ (40CR,);
o 16X € (522 p(CR/(CR )2 1) 0 roc), then @, (V) = 2 (222) " (a2 /(O3 1):

2a ap
o I A € (2p(CF/(CH) )T, S22 o(CF /()21 o), then @ y(A) = (=) 7T\ —
(C’Y)ﬁ
ﬁ-
(C¥ ™) T=e

1

For a = 3,

we obtain the following explicit bound for the Legendre transform of @, /5

1 2
2@07 §N)\41)\ 2
YA >0, ®F A) = N1 ' -1

Hence, for N > 1 being fixed, the following simple asymptotic behaviors can be easily derived:
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e When A is small, @7, \(A) ~ A A2/ (20CR);
e When A goes to infinity, ’1‘/2()\) ~ AA/SN.

Corollary 2.2. (Non-asymptotic deviation bounds) Under the same assumptions as Theorem[2.3, one has
Py, (|08 — 0| > 7+ dn) < exp (— :;N(r))

and 6 := Eqy, [|On — 0*|]. Moreover, the bias dn at step N satisfies

2

N—-1
oy < e*AF1,N+CQ,MF2,N |90 _ 60*| + (2Co¢ M)% ( E 7£+162A(F1,NFl,k+1)+2ca,u(r2,NF2,k+1)>
k=0

where Ty n = S0y Ak, Dov = Son_ 42, Cap i= A2/2 4+ 2C, KE[|U|?] with K > 0.

Now, we investigate the impact of the step sequence (v,)n>1 on the concentration rate sequences C};, O,
5y and the bias dx. Let us note that a similar analysis has been performed in [FMI12]. We obtain the following
results:

e If we choose v, = £, with ¢ > 0. Then 5y — 0, N = 400, 'y y = clog(N) + ¢} + rn, ¢; > 0 and
ry — 0, so that IT; y = O(N~2¢2),
—Ife< 21/\, the series Zk LY/, Ek 0 715111 (1/1_[123;6%1)((14 + 1) log?(k + 4))% converge so
that we obtain CJ, = O(N=22), C3* = O(N~=T2), 5y = O(N~2),
—If ¢ > i, a comparison between the series and the integral yields C}, = O(N™1), C}* =
O((log(N))*3+ T N~%"1), 5y = O(log(N)N~3).

Let us notice that we find the same critical level for the constant ¢ as in the Central Limit Theorem
for stochastic algorithms. Indeed, if ¢ > W where \,;,, denotes the eigenvalue of Dh(6*) with

the smallest real part then we know that a Central Limit Theorem holds for (6,,),>1 (see e.g. [Duf96],
p.169). Such behavior was already observed in [FM12].
The associated bound for the bias is the following:

N <K ('90 A (20“*“)%> .

NAc N2ens

e If we choose v, = -5, prl_p as N — 400 and elementary
computations show that there exists C' > 0 s.t. forall N > 1, IT; y < Cexp(—QAﬁNl—P), Hence, for
all e € (0,1 — p) we have:

N NP+€ N
B B 1
Yy =1 N Z%%Hl,i < AN N e Z k2p Z k2
P k=N—Np+et1
c NPFe
< 2o 9\ Ni=r _ (N = NPTeY1=p
< ¢ { exp( _1—p( ( ) ))+(N_Np+e+1)2p

IN

1
2 €
c {Cexp(—2AcN ) + = } .

Up to a modification of ¢, this yields C}, = II; n Zk YA » = o(N77F), e € (0,1 —p). Similar
computations show that C* = (Nf(p o= ) and we clearly get sy = O (1og(N)N*(P*%))
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Concerning the bias, from Corollary 2.2 we directly obtain the following bound:

5N§K<exp (—%Nl_p> |60 6‘*|—|—(2§7’“)2> , Ve > 0.
—p

€

The impact of the initial difference |0y — 6*| is exponentially smaller compared to the case v, = £. This is
natural since the step sequence is decreasing slower to 0.

Theorem 2.4 (Transport-Entropy inequalities for stochastic approximation with averaging of trajectories).
Let N € N*. Assume that the function H of the recursive procedure 0 = (0, )o<n<n (with starting point
0o € RY) defined by ([LA) satisfies (HL), (HUA) and (HLS), for a € [é,l], and that the step sequence
v = ()n>1 satisfies (LH). Suppose that the law of the innovation satisfies (GC(B)), B > 0. Denote by

ﬂ}yvo % the law of On where 0 is the empirical mean of 0 defined by (L8). Then, ”Y 0 9“ satisfies Tz N with

(I)Z,N()‘) = Sup,>q {)\P - ‘i)a,zv(p)} and one has:
e Iface(3,1], forallp>0

Bo v (p) = P (7, H,00)(CRep? V O} p2e=1)
where oo (v, H,0p) is a positive constant defined in Section[{.3
« [fa=1, forallpe[0,A1/én),
= - Aa1)?
& —9 H.0y) Y — P Aa)”
1/2,N(P) 801/2(’7 0) N7 (pSN/)\4.1)

where 1 2(y, H,00) and X414 are positive constants defined in Proposition [.3,
where the three concentration rate sequences are defined for N € N* by

Ca N-1
poy ! ((k+1)log (k+4))—210¢717 SN = | max 1(/€+1)% 10g(k+4)%7NeZP 0 IO
k=1 k=1 =

M7
R
MZ

41 = N-1 Iy 5 \1 N-1
with Yk,N ‘= %(1 + Zj:k+l(ﬁ)2>’ and HI,N = Hp:O (1 — 2A7p+1 + CH7#7§+1).

As regards the explicit computation of the Legendre transform of ‘i)ou N, similarly to the previous theorem,
we have:

e for a € (3,1]:
—ifAe 0,2 (C_'X,/(C_W’O‘)2O‘_l)2<1lﬂﬂ] then @7, y(X) = (A?/4¢C});

[0,
20—1 _
N € [l RO o) them w0 = 3 (1) OO
— I A € (20(CF /(C)2tymmmy | 2 m(%/((ﬂ“)% 2w, then &2y (A) = (52) 202 A —
PR CHIN. mii
(cymt
e for a = %

_ 1 2
— 2@07 §N)\4 1)\ 2
YA >0, ®F, 0\ =X (1+ = -1
I/Q,N S%\[ 24/70]’(]

Hence, for N > 1 being fixed, the following simple asymptotic behaviors can be easily derived:
— When A is small, @1/2 NA) ~ AT N2/ (20C%);
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— When X goes to infinity, @*1‘/2()\) ~ A1N/SN.

Corollary 2.3. (Non-asymptotic deviation bounds) Under the same assumptions as Theorem[2.4), for all N > 1
for all > 0, one has

Py, (’6‘]\; — 9*‘ >+ 5N) < exp (—@;N(T))
and SN = Eeo H@_N —0*

]

Now, we analyze the impact of the step sequence on the concentration rate sequences (_77\,, C’?V’O‘, Sy and the
bias 0x. We first simplify the expression of the concentration rate. Let us note that since the step sequence
(Yn)n>1 satisfies ([CH]), there exists a positive constant K > 0 such that (HLJ—H;}C)% < Kexp(—A(T'1,;—T'1 k41))s
k < j. Moreover, since the function x +— exp(—Ax) is decreasing on [I'y ,,I'1 p+1], one clearly gets for all
i,je{0,--- ,N—-1},i<j

Jj—1 J=1 Dy g 1
M; — M; = ZGXP(—AFLpH)”YpH = Z/ exp(—Al'1 py1)dz < X(GXP(—AFM) —exp(—Al'y;))
— — Jr, A
p=i p=i e

so that, using the latter bound and an Abel transform, we obtain

N—-1 N-1 N-1

_ 1 _
> exp(—AT1j1) = Y (M1 — M)y} < DY > (exp(=AT'y 1) — exp(—AT'1 ;)74
j=k+1 j=k+1 2 \yj=kt1
1 N—-1
< g (e me g, = Y e, — )
- p=k+1

which finally leads to the following bound

- N-1
_ K 7/@71@4:2 Yk )\ - -1 —1
Rl e Y e AT (il 7l | (2.2)
- p=k+1

Now, we are in position to study the impact of the step sequence (v, )n>1 on the concentration rate sequences:

e If we select v, = £ with ¢ > 0, then, using that I'y y = clog(N) + ¢} + rn, ¢| > 0 with rxy — 0, one
easily derives from (2.2) that there exists C' > 0 such that

N-1
1 1 1 1

YN <C| <+ Ta~ = I
N TE ANPZ:;pA

and a comparison between the series and the integral yields the following bounds:
— If A < 3, one has: €, = O(N722), C%* = O(N~7-72) and 8y = O(N~2).
— It Ae > L, one has: €3, = O(N—1), O3 = O((log(N))?2+-T N~%=T) and 4y = O(N~3).

Hence, we clearly see that for the case v, = £, averaging the trajectories of a stochastic approximation

—n
algorithm is not the key to circumvent the lake of robustness concerning the choice of the constant c.
The bound for the bias is obtained by averaging the bound previously obtained for 6. We easily

get:
N-1

Eo,[|0x — 07[) < K ('90 — 6"l (20‘*’“)5>

NAc Acnd
k=0 N=aehz
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e If we choose v, = -5, ¢ > 0, <p<1then we have for k <p

neo
Jj+1 p+1l 1 1
Tip—T1g= Z P = Z / —dx>/ —pdle—((p+1)1*p_(k+1)lfp)
J=k+1 J=k+1 k+1 x -r

so that for some positive constant C' which may vary from line to line

= “A(T1,p—T1 g1) (o —1 -1 25 (k1)1 - -2 (1) 1
Z e A1 p—T1 ht1 (”Yp+2_7p+1) < (et Z e W
bt p=k+1 P
P 25wl r
< Cet=p (k+1) / e 1% = (=P gy
k+1

A Nlip 2 2 1
SCe;(kH) / e T T da
(k+1)t=r
A 2
where we use a change of variable in the latter integral. For k large enough, the function x +— e~ TRy
is decreasing on [k, +00) which implies

N1 1 ) oo
12 () / e TS dy < C(k+1)% [——px_ﬁ} <Ok +1)".
(k+1)1=r xT=> P (k+1)1—r

Hence, we finally have 5,y = O(N™1) so that CY, = O(N71), C;* = O((log(N))Q%N_ﬁ)
and §y = O(log(N)N~2). Hence, averaging has allowed the concentration rate to go from the slow
concentration rates o(N~°7¢), o(N~ o )76) for all e > 0 and O (log(N)N*(p*%)) to the optimal
rates O(N 1), O((log(N))Q% N~71) and 8y = O(log(N)N~2) for free, i.e. without any condition
on the step sequence parameter c.

Concerning the bias, by averaging the bias sequence (0y)1<r<n—1 we directly obtain the following

bound
= 0y — 0* 20, )2
5NSK<|O |+( 7M3>,VE>O

N Nz-
Hence, we see that there is no sub-exponential decreasing of the impact of the initial condition but

a decay at rate O(N~1). Consequently, this leads us to say that a stochastic approximation algorithm
must be averaged after few iterations in practical implementations and not directly from the first step.

3. EULER SCHEME: PROOF OF THE MAIN RESULTS

In this section we will assume that (HS) and (HD,,) are in force.

3.1. Proof of Theorem 2.1

The proof of Theorem 2] is divided into several propositions.

Proposition 3.1. Denote by X20% .= (XtAk’O’I)OSkSN the scheme (L2)) with time step A = T/N, N € N*
associated to the diffusion (SDE} ) starting from x at time 0. Assume that the innovations (U;);>1 of (L2

satisfy (GC(B)) for some 8 > 0. Then, there exists g > 0 which only depends on the law w such that for all
A < min(1,e5(2naC,T exp(CT))™1), one has

0<su£)N log (Em {exp(/\Vo‘(Xtﬁ’o’w))D < Xexp(CT)V*(z) + %log (E [exp (A2naC,T exp(CT)|U1*)]) .
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with C := C(b,0,V, o, A) = a(CyCy) 2 + BCra%(1 + 2nA)2(Cy + Cp) + anCyA.

Proof. Using the concavity of z — %, a € (0, 1], we have for all k > 0

VXA )= V(X))

i1

) = VX)) < aVe Y (XA V(XA

i1
A Taylor expansion of order 2 of the function V, recalling that 217 = sup,cpa HV2V(:E)H < 400, yields

_X$)+77|XA _Xé 25

trt1

V(XA

tk+1)

—V(XP)) < VV(XE).(xA

trt1

which together with the previous inequality leads to

VV(XA).b(ty, X2 VV(XAY).0(t, X2)U, b(ty, X2)|2
Ve, - Vo) < aa TR T | a3 TR Sl | o B S
tr tr tr
b(te, X2).0(te, XPU, th, X ) Upsr |2
4 2anAl (tk t,c):( k Atk) k1 a’I]A|U( kl_tk) Ak+1|
V Ot(th) V Ol(th)

From (HD,), for all (z,u) € R? x RY, we clearly have supyepo, 1) |VV (2).b(t, z)| < (CyvCy)2V (z) and
SUPe(o,7] lo(t, x)ul* < C, VI=%(z)|ul* which yields

(VV(X2) + b(XA)).0 (XA Ui
Vl—a(Xé)

VXA ) S VX1 +a(CvCh)2 A + anCyA?) + alz (1 + 2pA)

trt1

+ CranA|Ug 1|2

Using (HD,,), Vz € R the functions g(x,.) : u — (vv(ﬁgﬂ’&z))'g(z)" are Lipschitz, and more precisely satisfy

Vz € RY, qp @Y —g@u)l (CY? + V)02V 3 ().
(.’ )E(Ra)2 u =l

Hence, from the Cauchy Schwarz inequality and since the law of the innovations satisfy (GC(3)]) for some
B > 0, there exists e > 0 such that for A < min(1,eg(2naC,A)~1), one has

E [exp()\Vo‘(Xéﬂ))‘ ftk] < exp(AVE(XA)(1 + a(Cy Cy)F A + anCyA?))

x E [exp(2)\aA%(1 + 277A)g(XtAk, Uk+1))‘ ‘Ftk:| ' XE [exp(2AnaCo AUk )| Fi ] 2
< exp(AVE(XE) (1 + a(Cv Cy) 2 A + anCyA?))
x exp(\?Ba?A(1 + 2nA)? (Cy + Cb)CgVO‘(XtAk)) x E [exp(2AnaCy AU )] 2
< exp()\C(A)VO‘(XtAk))E [exp(2)\nanA|U1|2)}% ,
1 2 2 Va(XtA)
where C(A) := 14+ A (a(CVCb)z + BCra* (14 2nA)*(Cy + Cp) + aanA). Now define Vi, = —zrz5#, for
k € {0,---,N}. Taking expectation in both sides of the previous inequality clearly implies

E [exp(AVi11)] < E [exp(AVE)] E [exp (Aéfy(ii();:ﬁWlF)} 2
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and by a straightforward induction, for n € {0,---, N} we have

E [exp(AV,)] < exp(AVp) ;i:[:E [eXp (Aé”(ai(;kﬁwlﬁ)] : :

which finally yields, for A < min(1,e5(2naC, AC(A)™)71),

n—1 i
E [exp(AV*(X1))] < exp(AC(A)"V*(X0)) [ E [exp (A2naCr AC(A) T ?)] 2.
k=0

Observe now that C(A)N < exp(CT) with C := C(b, 0V, a, A) = a(CyCy) 2 + BCra%(142nA)2(Cy + Cy) +
anCpA. Using Jensen’s inequality, the latter bound clairly provides the following control of the quantity of
interest for A < min(1,e3(2naCyT exp(CT)) ™)

O<su£)N log (E [exp(A\V*(X2))]) < Aexp(CT)V*(Xo) + %1og (E [exp (A2naC, T exp(CT)|U1*)]) -

Corollary 3.1. Under the same assumptions as Proposition [31], for all o € (%, 1], one has

VYA>0, sup log(E; [exp(\V™*(XA))]) < Kza(A Vv Az=1)
0<n<N

where K31 := max (V1(T,A,x,b,0),¥s(T, A, x,b,0)) and

2a-1 —35=T - 8 (1 o 2 liTa
Uy (T, A, b0) i=e 5 2 7 T exp (pl LTV (2) + 1ogE[ ol ]) + <V1“(x) + (70 il ]) )e““’”,
-«

K
—a 200 —1 1- 1 1-—
—rar 2 +p aeCTVO‘(x) + glogE {exp <¥|U|2)] ,

N
>
&
S
2

[
(s

¥

|

« -«

— L min(1,25(2aC, T exp(CT)) ),

s}

C:=C(b,oV,a,A) = a(Cy Cy)? + BCra (14 27A)*(Cy + Cp) + anCyA
K= K(V,b,A) = (CyCy)? + nCyA

Proof. For A € [0, 1], one has

E.[expA\VI7%(X,))] =14+ AE,[VI7%(X,,) Z vi-ok(x, )
E>2 k!

1
ST A [VIT(X0, )]+ A =B [VI=k(X, )]
k!

< exp (ABLV (3, )] + Bale” "))

Tedious but simple computations, in the spirit of Proposition Bl show that

B,V (X,,)] < B, Vo (X, )] 5 <v1 ")+ (S ]>°‘>e<la>m.
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with K := K(V,b,A) = (CyCy) % + nCyA.
Thanks to the following Young inequality, for all p > 0, for all z € R, V1=(z) < 1_T"‘pVO‘ () + 20‘04—_1p_2‘1<;—fal,
which is valid if o € (3, 1], one has for p = p := F min(1,e5(2naCyT exp(CT))™1)

- 20, 2 —1 —« 1—
sup Bo[eV O] < exp L) sup B e (LS00 |
0<n<N « 0<n<N « "

200 — 1 11—«

_l—a o 1 € 1 —
< exp( p2a-1)exp (B TV (x) + 3 log E[exp(%WP)])

where we used Proposition [3] for the last inequality.
Now, for all A > 1, using the Young type inequality AV~ (X, ) < (2";—_1);)721‘;7*061)\ﬁ + (=2)pV(Xy,),

valid for all p > 0 (to be chosen later on) and for all « € (%, 1], one derives

B lexp(W' (1, )] < xp ( 2y B, fep ((122) x|
< exp (KA%-1)

with K (p) := 2"‘0‘—_1p72’1;—fal +1log(E; [exp ((:22) pV*(Xy,))]) and :=2p < min(1, e5(2naCyT exp(CT)) ). We
select p = p in the last inequality to complete the proof and use PropositionB.Ilto bound the quantity K(p). O

Corollary 3.2. Under the same assumptions as Proposition [31], one has

(M A3.2)*

YA€ [0,As2), sup log (Em [exp(VVl/?(Xﬁn))D < KooT 0D

0<n<N

where K35 := A3 5 exp(CT)(2VY2(2)4+2naC, E[|U1 |2|T) and 3.2 satisfies Elexp(\3 52naC, T exp(CT)|U1|?)] <
2.

Proof. By definition of A3, we have Vk > 1, 2% (2naC, T exp(CT))*E[|U1|**] < 2k!. Consequently, setting
temporarily C; := exp(CT)V/2(x),Cy := 2naC,T exp(CT) for sake of simplicity, simple computations show
that

NECEE[| U, |+
IOgE [exp ()\2CQ|U1|2)] _)\2CQE[|U1|2] zlog 1+Z%

k>1
NFCEE(| UL )

- k!
k>2

— NCE[|UL Y

270\/)\3’2)2 if A< /\3,27

< 22 L * < 1=(A/A3.2)?
< Naa <

k>2 400, otherwise.

hence, using Proposition Bl for o = % and Y\ € [0, \3.2), we clearly get

sup log (E, [exp(AVY/2(X2))]) <2, (01 + %) (M As2)? +

0<n<N
CgE[|U1|2]) (A A3.2)*
2 1— (N )s2)

This completes the proof. 0

(A A3.2)*
1—(A/As.2)

S 2)\52 (Cl +
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Proposition 3.2. (Control of the Lipschitz modulus of iterative kernels) Denote the Lipschitz modulus of b
and o appearing in the diffusion process by [bl1 and [o]1, respectively. Denote by Py and Py, =
Pyo---oP, 1, k, pe{0,---,N—1}, k < p the (Feller) transition kernel and the iterative kernels of the
Markov chain X defined by the scheme ([[L2), respectively. Then for all real-valued Lipschitz function f and
for allk, pe {0,--- ,N — 1}, k < p the functions Py (f) are Lipschitz-continuous and one has

o= sup  [lDE= B < 11,14 00,028

where [f]1 stands for the Lipschitz modulus of the function f and C(b,o,A) = 2[b]; + [o]? + A[b]3.
Proof. Using the Cauchy Schwarz inequality and (HS), for all (z,y) € (R%)? and for all k € {0,--- , N — 1},
one has

P (@) = Pl )] < [FLE || £z + bltn 2)A + ol 2)U2) = Fly + bltr, )A + Mot y)Uh)|

1
272
<[fLE UI —y+ (bt x) — b(tk, y)A + A% (o(tg, x) — U(tk,y))Ul‘ }
< [fh(1+C(b,0,8)A) 3|z —yl.
A straightforward induction argument completes the proof.
O

Proposition 3.3. (Control of the Laplace transform) Denote by X2 the value at time T of the scheme (L2)
associated to the diffusion (SDEy ). Assume that the innovations (Uy,)n>1 in (L2) satisfy (GC(B)) for some

B> 0. Let f be a real-valued 1-Lipschitz-continuous function defined on R%. For all X > 0 and for all o € (%, 1],
one has

E. [exp(\f(X£))] < exp(AE, [f(X£)]) exp (Ko (9(T.b,0,8) V 9T, b, 0, A)=1) (3 v 4357 )

with o(T,b, 0, A) 1= CoBUEZRIN AT and C(A) = 2[b)s + [0]? + A[B].
If =1, for all X\ € [0, (T, b, 0, A)~12)\35), one has

0. A)1/2 2
B, [exp(\f(X8))] < exp(AE, [/(X2)]) exp (K QoI b0, 8) 7/ Xa2) )

1— (\p(T,b,0,A)H/2/X32)

Proof. As mentionned earlier on in the introduction, we begin our proof using that the law u of the innovation
satisfies (GC(B)) and (HD,,). Hence, for A > 0 and k € {0,--- , N — 1}, one has

Pr(exp(Af))(z) =E {exp ()\f (:v + b(tg, z)A + o(t, $)A1/2Uk+l>>}
< exp (A1) + 85 o0 0 )
< exp (APL)) + CoB A IRV (0) ) 1)

Taking expectation from both sides of the last inequality and using the Holder inequality with conjugate
exponents (p, q) (to be specified later on) leads to

1
q

E, {exp (%m?[fﬁvl—a(xg)ﬂ : (3.2)

=

E. [exp(M(XE,,))] < By [exp(ApPi(f)(X2))]
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Now, we apply the last inequality for f := P11 n(f) and obtain
: qCs 8 —a Z
B, [exp (WP ((XE,, )] < B [expOpPs (D) s fexo (272 AN 1P w1V —(62))|

Consequently, an elementary induction yields

E; [exp(A\f(X7))] = Eq [exp(APy,n (F) (X))
E

X (Ex [eXp (—Ozﬂ/\qu%A[PNk,N(f)] VITXE L J)F) '
k=0
N—-1

< exp(\E, [f(XTA)DeXP<Z o sup og ( {

CEEN AN (1 C(A) ANV (X D
P* qo<n<n
where we used Proposition for the last inequality. Observe now that since (p,q) are conjugate exponents,

we have 1 Z]kv o plk = —(1 - piN)lfll— < %p— =1, so that

E, [exp(A\f(X2))] < exp(AE, [f(XTA)DeXp( sup log (Ex [eczﬁmquuwmmwvlQ<XQ>D>.
0<n<N

Setting p := 1+ C(A)A, q = ﬁ = % and using the straightforward inequality (1 + C(A)A)N <
exp(3C(A)T), we derive

E, [exp(\f(XF))] < exp(AE; [f(X7)]) exp ( sup log (Em [ Celiotay et TV Q(Xﬁ)])) .

0<n<N
We set o(T,b,0,A) := C’Uﬂ%@)&e?’c(mf For a € (%, 1], Corollary BTl clearly implies

E, [exp(Af(X7))] < exp(AE, [f(XF)]) exp (Kg,l(ga(T, b, A)V (T, b, 0, A)7aT)(A2 vV Azi—‘il))

and for a = 3, according to Proposition B2} for A < ¢(T,b, 0, A)~1/2)3 5, one has

o A)1/2 2
E, [exp(\f(X2))] < exp(AE, [f(X2)]) exp <K3V2 : (_A‘g(i( ; - ﬁ)A)l// 2;;5) .

3.2. Proof of Theorem

We will prove the result for the process X solution of (SDFEj ,|). The proof for the continuous Euler scheme
is similar.

Lemma 3.1. Under the assumptions of Theorem [2.2, for all p > 1, one has

E.[ sup |Xt|2p] <(1+ |x|)2p exp(26p2(1 + (Cy vV C)T)).
0<t<T
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Proof. Let g :  — /1 + |z]? satisfying for all z € RY, Vg(z) = g~ (z)x, V3g(z) = g7 (z)14 — g3 (z)ax
and V : x — ¢?P(x). We apply It6’s formula to the process V(X;) with VV(z) = 2pg(x)*~1Vg(z) and
V2V (x) = 2pg(z)?P~1V2g(z) + 2p(2p — 1)g(x)**~2Vg(x)Vg(x)* noticing that for all t € [0, T]

VV (x).b(t,z) + %TT(J*V2VJ)(15,3:) < 2pChg(x)?P~ (1 + |z]) + %C’g(l + ||| V2V (2)]|

< 4pCag @) + 5C, 1+ [of?)(dpg()? =2 + 2p(2p ~ g ~?)
<4p(Cy V Cr)g(2) + 2p(Cy V Co)g(x)*" + p(2p — 1)(Cy V Oy )g () *
< 8p*(Cyp Vv Cy)V ()

we clearly obtain,
t tATm
V(X[™) < V() +8p*(Cy Vv Cg)/ V(XTm)ds +/ (VV*a)(XTm)dWs, (3.3)
0 0

where we classically introduced the stopping time 7,,, := inf {¢ > 0 : | X; — 2| > m} for m € N* and the notation
X™ := (Xy¢ar,, )t>0. The stochastic integral M" := OMT’" (VV*0)(XIm)dW, defines a continuous martingale
so that taking expectation in the previous inequality clearly yields

E.[V(X]™)] < V(z) +8p*(Cy v Cy) /Ot E.[V(XT)]ds.

Now, using Gronwall’s lemma we derive

VYm e N*,  sup E,[V(X[™)] < (1+ |z])* exp(8p*(Cy v C,)T)
t€[0,T]

As Ty — 400 @.s., as m — +00 (since sup (o4 |Xs| < +00) using Fatou’s lemma, we finally obtain for all
p=>1

sup E.[V(X;)] = sup Em[g(Xt)Qp] <(1+ |x|)2p eXp(SpQ(C'b v C,)T). (3.4)
0<t<T 0<t<T

We then observe that It6’s formula also implies

E,[ sup V(X]™)] < V(2) +8p*(Cyp v Ca)/o E.[ sup V(X;")lds + Eg[(M;")"] (3.5)

0<s<t 0<u<s

where (M]™)* := supg<,<; M. Combining Jensen’s and Doob’s inequalities, one clearly gets

¢
E, [(M{")"]? < Bo[(M]")")?] < 4B, [(M")*] < 16p200/ E,[g(X[™)*]ds
0
< 16p*C, T (1 + [2])* exp(32p°(Cy V Co)T)
where we used Vo € R%, (VV*0)?(z) < 4p?C,g(2)**~2(1+|z|?) = 4p*C,g(x)*? and @) for the last inequality.
Consequently, plugging the latter estimate into (3.3]), one has for all ¢ € [0, T

E.[ sup V(X[™)] <V(z)+ 4p(CgT)% (1 + |z])? exp(16p*(Cy V Cy)T) + 8p*(Cy V CU)/O E.[ sup V(X]™)|ds

0<s<t 0<u<s

< (1+ |22 (1 + 4p(C,T)? exp(16p2(Cy V C)T)) + 8p2(Ch vc,,)/0 E.[ sup V(XI™)]|ds

0<u<s
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so that using Gronwall’s lemma yields and passing to the limit m — +oo, for all p > 1

E.[ sup |X:|?] < E,.[ sup V(X3)] <2(1 4+ |z])?F exp(26p*(1 + (Cp vV C,)T)).

0<t<T 0<s<T
O
For all real-valued and 1-Lipschitz function f defined on C and for all p > 1, one has
E,[|f(X) = Eo[f(X)]"] = Eu[| f(X) = £(0) + f(0) — Eo[f(X)][*] < 2B, [|| X[ 2]
< 2%F(1 + [2))* exp(26p*(1 + (Cp V C,)T)) (3.6)

where we used Lemma 3] for the last inequality. Now, combining the Chebyshev and Rosenthal inequalities
for independent zero-mean random variables (see e.g. [JSZ85]), for all p > 1, there exists Ca, > 0 such that

M M kY _ 2p _ 2p

P, (%l > f(Xk)_Em[f(X)]m) < Bl SO0 BN _ 6, Bell IO~ Bl CO)

(2(1+ |z exp(28p*(1 + (Cy V Co)T))
r2r MP

<2 1= 2exp(—p(p))

with (p) := —k(b, 0, T)p? —i—plog(@({i%) and where we used for all p > 1, Oy, < (2p)?? < exp(2p?), see e.g.
p.235-236 in [JSZ8H], and ([B.4) for the last inequality. Optimizing the latter inequality with respect to p with
p > 1, ie. selecting p = 2,-;(1)10 ) log( (2({_7_?;['))2 ), we obtain

1 M 1 r2M 2
P, <M| ;f(x’“) - E[f(X)]| = r) < 2exp (—%(b,g, T) log ((2(1 - |x|))2) )

for r2M > (2(1 + |z]))? exp(2k(b, 0, T)). Otherwise, using the Jensen and Rosenthal inequalities, one has for all
pel0,1

k=

—
el
Il

—

< MP (4(2(1 + |z)))? exp((b, 0, T)))"

where we used (B8] for the last inequality. Now, noticing that we have 4e < exp(k(b,0,T)), Chebyshev’s
inequality yields

M P P
P, (%IZf(X’“) ~E, /(X)) > ) < o <2 < dep(—(p)

with p(p) := —plog(p) —l—plog(ﬁTM), C := (2(1+|z]))? exp(2k(b, 0, T) — 1) and where we used that for all p > 0,
CP < 2(Cp)P since the function p — 2p? is minimized for p = exp(—1) and 2exp(—1/e)) > 1. Consequently,
r2M
Ce

1, & r2 M
P, <M| > 708 - B 2 ) <209 (- G T )

for r2M < Ce = (2(1 + |#|))? exp(2k(b, 0, T)). This completes the proof.

optimizing over p such that p <1, i.e. selecting p = one has
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4. STOCHASTIC APPROXIMATION ALGORITHM: PROOF OF THE MAIN RESULTS

Throughout this section we will assume that (HL), (HLS), and (HUA) are in force.

4.1. Proof of Theorem
The proof of Theorem is divided into several propositions.

Proposition 4.1. Denote by 0 := (0,)o<n<n the scheme (L) with step sequence v = (Yn)o<n<n Satisfying

(@3). Assume that the innovations (U;)i>1 of (L) satisfy (GC(B)) for some 5> 0. Then, there exists eg > 0
which only depends on the law p such that for all A < min(1,e5(8naC2Ilz §)™'), one has

sup log (Eq, [exp(AL*(0,))]) < (L“(60)+C ’713+1)H2,N)\+<

0<n<N 7’3“) log (E [exp (8naCTla yA[U?)]) -

with Mg ny = I y (@) := iV:Bl(l + (2naCy, + g(JzQCﬁ)’yg_i_l) and C = 4naC2E[|U|?].

Proof. The proof relies on similar arguments as those used in the proof of Proposition Bl Using the concavity
of x — z% «a € (0,1], a Taylor expansion of order 2 of the function L, and finally (HLS),, for all k €
{0,--- , N — 1}, we have

L*(Ort1) — L*(0) < aL* " (0k) (VL(0k)-(Ok+1 — Ok) + 1l0kt1 — 0k]?)
= — Y10 L (0k) (VL(O1), h(Ok)) — yar@L® " (01) (VL(Ok), (H 0k, Up11) — h(0x))
+ @i L (O0) [ H (O, Upeyr) |,
< =1L (0) (VL(Or), H Ok, Uk1) — h(0r)) + 20071 L0k )| H Ok, Up41) — h(0)[?
+ 2nani L H(08) | h ()],

Let us note that (HLS), implies that V(6,u) € R? x R4, |H(0,u) — h(0)|> = |H(0,u) — E[H(,U)]]* <
2C2 L1=(0)(E[|U|?] + |ul?) which leads to

L (B41) = L(0k) < =ver1aL® 1 (0k) (VL(Ok), H(Ok, U41) — h(0k)) + 4naCari 1 E[JUI?] + 4naCing 1 | Uk [?
+ 2naChyp, 1 L (0k).

Using again (HLS),, V0 € R? the functions g(f,.) : u <VL(9)L’IE,(Z’(Z))7}I(9)> are Lipschitz and more precisely
satisfy

= Rd, sup |g(97u) - ggeau )| < OQL%(Q)
(u,u’)E(R9)2 lu—u|

Consequently, denoting C = 4naC2E|[|U|?], from the Cauchy-Schwarz inequality and since the law of the
innovation satisfies (GC(3)) for some 3 > 0, there exists e > 0 such that for A < min(1,e5(8naC2~%)~1), one
has

[N

E [exp(AL® (Bx41)| Fi] < exp(A(L + 2naChyi 1)L (0k)) exp(Cyi 1 ME [exp(—20Mk119(0k, Uks1))| Fi]
x E [exp(8narCari 1 [Ukt1]?)| i) ?

M

< DML+ (20aCs + 5 O )7, )L (00)) exp(Crf o VB [exp(810ACE A7 [UF)]
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In the aim of simplifying notations, we define Il ,, := Z;é(l + (2naCh + gcga)w,%_H) and temporarily set
Ly := Lnie:), for k € {0,---, N}. Taking expectation in both sides of the previous inequality clearly implies

=

2
Eo, [exp(ALg+1)] < Eg, [exp(ALy)] exp <QH%€—+1)\> E [exp (8770402 Vi /\|U|2>]
2,k+1

and by a straightforward induction, for n € {0,---, N} we have

Nl=

n—1 n—1
Eg, [exp(ALy)] < exp(ALg) exp (CZ 7k+1 A) H E [exp (8170402 1_?’”1 )\|U|2>} ,

2k+1 Jk+1

which finally yields for A < min(1, e5(8naC?~3)~1)

Eg, [exp(AL(0n))] < exp(Iz,nL A) exp (C Z

n—1
7k+1)\> H E [exp (877aC2

k=0

7k+1)‘|U| )]

2k1

Up to a modification of a constant, we can assume without loss of generality that supy<, <y Yn+1 =m <1
so that using the Jensen’s inequality, the latter bound clairly provides the following control of the quantity of
interest for A < min(1,e5(8naC2lla,n) 1)

N—

N-1
[e3 1
sup log (E90 [GAL (9")}) (LO‘ (60) + Z ) o N A + (5 Z Yet1 | log (E [egmcinlNMU‘zD .
0<n<N k=0

O

Corollary 4.1. Assume that the assumptions of Proposition [{.1] are satisfied. Then, for all o € (%, 1], one has

VYA>0, sup log(Eg, [exp(AL'"%(0,,))]) < K41(AV AZ-T)
0<n<N

where K41 := max(¥1 (v, a, 0o, H), Va(vy, , 0, H)) and

N—-1 N-1
—a 1-o 20—1__1-0
U1 (7, @, 0o, H) = (Ll (80) + (89aCIE[U*) Y i) ) H<1+2n<1—a>0m£+1>+exp( —7 )

k=0 k=0
= l-a (1% 5= 12
xexp | | L%(0o) + 2aC Z ”Yk+1 I np o + B) Z Vit1 | log ( [ Ul ])
k=0 k=0
N-1 N-1
20— 1__1-a o 11—« 1 55(1 )
a(y, 0,00, H) = =—p 37 + <L (0) +C > w%H) e np— + (5 > m%H) log (E { UIQD
k=0 k=0

1 . _
D= 5 mln(l,Eg(SnaC’o%Hg_,N) b

Proof. We only give a sketch of proof since it is rather similar to the one of Corollary Bl For A € [0, 1], one
has

Eg, [exp (AL'™(0))] < exp (A(Eo,[L'~(0)] + Egy[exp(L'~*(0))]) -
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Tedious but simple computations in the spirit of Proposition 1] easily show that

—a

N—-1 N—-1
sup Ego[L'"%(0,)] < sup Eg [L¥(0,)] = < <L1_“(9o) + (8naC2E(UP Y szﬂ)laa) [T +2n(-a)Curiy ).
0<n<N 0<n<N Py o

Moreover, thanks to the Young type inequality L'=(f) < 1TTO‘pLO‘(@) + Q%Ep_ 21;}1, for every (p,0) €
R’ x R? and a € (4, 1] and using Proposition Bl one obtains for p =7 := 2 min(1,e4(8naC?Ilz x) ")

N-1

1—a 20—1__1-a o 11—«
sup Eg, [eL ((-)n)] < exp < D 2@1) exp L (90) +C Z ”yiﬂ 11> NP
0<n<N o k=0 @

1 N—-1 ) 55(17&) ‘U|2
+ 5;_0'yk+1 log(E[e 2a ]) ,

Eg, lexp (AL'™%(6,))] < W1 (v, a, b0, H)A.

so that for all A € [0,1]

Now, for A > 1, we use the Young-type inequality AL1=(0,,) < 2‘J‘f.jlpfﬁ/\ﬁ + 1?TO‘pLO‘(Gn) to derive
Eg, [exp(AL'~%(0,))] < exp (KAz-T)

with K(p) := %p_% + log Eg, [exp ((:22) pL*(6,))] and =%p < min(1,e3(8naC2Ilz n) ). We select
p = p in the last inequality and use Proposition 1] to bound the quantity K (p). O

Proposition 4.2. (Control of the Lipschitz modulus of iterative kernels) Denote by Py, and Py, , = Pyo---0P,_1,
k, pe{0,--- N — 1}, k < p the (Feller) transition kernel and the iterative kernels of the Markov chain 0 defined
by the scheme (L4). Then for all Lipschitz function f and for all k, p € {0,--- ,N — 1}, k < p the functions
Py (f) are Lipschitz-continuous and one has

/ p—1
Py i= sup  DeeDO =B DON gy, TT 0= a0 + Cyinn)
(6,6")€(R7)>2 10— 0| by

where [f]1 stands for the Lipschitz modulus of the function f and Cg , :=2C% (1 + E[|U|?]).
Proof. Using the Cauchy-Schwarz inequality, (HUA) then (HL), for all (6,6') € (R%)2, one has
[Pe(£)(0) = Pe(f)(O)] < E[If(0 — Y1 H (0, U1)) — f(0" — Vo1 H(O', Up41)) ]

IE [(6 =0 = Y (H(O, Usr) = H(E', Us1)))’

< [f1 (0 — 02 = 27441 (8 — 0/, h(8) — h(8")) + 721 E [|H(8, Upy1) — H(O', Ups1)[?])
< [l (1 = 2Ay041 + 2051+ E[[UP)rE )16 — 6.

=

IN

=

A straightforward induction argument completes the proof.
O

Proposition 4.3. (Control of the Laplace transform) Denote by Oy the value at step N of the stochastic
approzimation algorithm (L) with step sequence v := (Y )n>1 satisfying (LH). Assume that the innovations
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(Un)n>1 in (L) satisfy (GC(B)) for some B > 0. Let f be a real-valued 1-Lipschitz-continuous function defined
on R%. Then, for all X >0, for all N > 1, for all a € (%, 1], one has

VA2 0, Egylexp(Af(0)] < exp (Bo, M (6n)) exp (0 (v, H, 60)(CR NP v CF°A3))

with the two concentration rates C3; 1= Zk o 7k+1 11111 N, with Iy § = g:_ol(l —2Mk41 + Cx HV%H) and

cye = Zk o 7/3111(?1111:) T ((k+1)log? (k+4))2a71 for all N > 1 and where @, (v, H,0p) := Ky, 12751 ﬂ\/
(BGa)

1
a1 exp (2a 1 Zk 0 (k+1)log? (k+4>>

If a = %, then there exists two positive constants Ag.1 and @y 2(7, H, 0o) such that

VA €10, A1.1/3n), Eg,[exp(A\f(On))] < exp (AEq,[f(0n)]) exp <2<P1/2(% H, 90)0}%)

1
with §n = maxo<p<ny_1(k + 1)/2log(k + 4) k41 (rrllllz;’) ’ exp(zggol (p+1)lolg (p+4)).

Proof. The proof relies on similar arguments as those used for the proof of Proposition 331 For A > 0 and
ke€{0,---,N —1}, one has

)\2
P ON)0) < exp (AR + 2 drR ALY (0))

Taking expectation on both sides of the last inequality with 8 = 6, and applying the Holder inequality with
conjugate exponents (pg, gr) (to be fixed later on), one obtains

2 1

B exp(0 (61)] < B, exp (P (O] By [exp (5 o2l 00)) |

and applying the last inequality to f := Py11 n(f) yields

Tt (i )| "
(4.1)

Eg, [exp(APys 1,5 (f)(01))] < Eg, lexp Opi Pen (f)(61))] 7 Eg, [GXP <Qk

We use Corollary BTl to obtain for o € (3, 1]

: " 2 2\ Za-1
Eo, [GXP( 4 Bk [Par, N(f)]%CiLl_o‘(Gk)ﬂ < exp< , ﬁi‘l <ﬁfa>

><(713+1[Pk+1,zv(f)]f)\2V7k+1 [Pey1n (DT 1q2"‘ T2 1)>
= fr(A)

(B2) ™ R lPeran (BN VAT T [Pl (DIF Tgie F A 1>>

for all A > 0 in the interests of simplifying notation and analysis. Now, an elementary induction argument leads

where we temporarily set fr(\) := exp <K4, pC
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to
Eg, [exp(Af(0n))] = Eg, [exp(APn.n f(6))]
N—-1 1 N-1 k Hic:llPNfi
N—1
< Eg,lexp(X [ puPon (£)(0))Te=0 7 [T fv-1-+ (A HPN—i> (42)
k=0 k=0 i=1
We select py, := 1+ m, = (1+ m)(k + 1)log?(k +4) < 2(k +1)log?(k + 4), k =
0,---,N—1so that Hiv:_ol pr, converges and more precisely we have sz\r:—ol pE < exp(z:]k\:)1 m) < 0.

. . .. d=a g2 2 _a —
We introduce for sake of simplicity vq (v, H,0p) 1= K4.122o7 % \Y (%) Za-T exp (Tl—l fgvzol m).

Now, using Proposition f2] and Corollary T we easily derive from (Z2l)

2a

VA2 0, Eg,lexp(Af(0))] < exp (Bo, A (On))]) exp (0a(y, H, 00)(CEA? v O A7)

20
Ta—1 2a

with O3 i= S0, T () 75 (s + 1) log? (k + 4)) 77

we start from (LI]). First, we use the control obtained in Proposition 1] to derive

_1
For a = 3,

AQ | i i N-—1 02
Eg, [eXp (qkzﬁviﬂ[Pk+1,N(f)]§Cf/zL2 (Hk))] < exp <<L2 (Bo) +C > 7§+1> Iy v (1/2) 41/2 Yer1[Perr,n ()TN

p=0
N—-1
1 (1 >
_|__ —
aw (2 p=0 7P+1>

% 10gE [exp (BnCY oo, (1/2) g3 [P (DIEXIU ) ])

To simplify the latter bound, that is to obtain an explicit and computable formula for the second term appearing
in the right hand side, we will need the following lemma:

Lemma 4.1. For all )\ € |0, /\4,1/5}\,/2), one has

log E [eXp (ﬂ??cf/zﬂz,N (1/2)qwgﬂ[Pk+1,N(f)]f/\2|U|2)] < BnC ol N (1/2) B[|UPgii s [Pea,v (£TA?

(A A41)?

+ 207 1 [P v ()i —F—
k+1 + 11 _ ()\3}\/{2/)\4.1)

with N := MaXo<k<N-_1 qk7£+l% and \y.1 satisfies E[exp(Ai_lﬁan/Qﬂg,N (1/2)|U?)] < 2.
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Proof. The proof is similar to the proof of CorollaryB2l By definition of Ay 1, A2, (67701/21_12)]\;(1/2)/2)pE[|U|2p] <
2p!, Vp > 1. Hence, setting C := ﬂnCl/QHQ_N (1/2) we easily deduce,

10gE |:e)\201qk7)§+1[Pk+1,N(j')]§|U‘2:| — /\201Qk'713+1[Pk+1N(f)]%EHUF]
- Z NPOY gk [Prra,n (F)])PE[ U]

p>2 p'
- 22 (A qwk+1 Pk+1 N(f)]%)p
p>2

2
2Qk7£+1[Pk+l,N(f)]%%u i A< A /sy,

400, otherwise.
This completes the proof. 0

Using the previous lemma, we obtain for all A € [0, )\4,1/3}\%2),

A2 i a
By, [exp ( A 2 [P, N<f>1%c%/2Lz<9k>)] < exp (VN 7, 00)72 11 Posro (£

N-1
N (Z 712’“) 7£+1[Pk+1,N(f)]fM> 7

p=0 1— (Asy? /A1)

where we introduced the notation W(N, 5, o) := (L2(00) +eyNy, %H) My (1/2) 25322 4 g ol (1/2) BUP?).
Now, as for a € (3,1], an induction argument in the spirit of [@2) yields for all A € [0, \y.1/5n)

N-—1 1
Eg, [exp(\f(On))] < exp (AEg, [f(On)]) exp (CX,\IJ (N,~,60) ez":" (k1) TogZ (k+4) \2

N-1 9
TR5 e >\ oy AT
te D Yo | Chy \en /M) |

p=0

< exp (B[O xp (2600 . 00)CR, (/v 2 ) )

— oxp (AEq, [f(0)]) exp (2s01/2<% H,60)C % )

. N-1 N-1 ~ 1/2 N-1
with 801/2(%H7 00) == exp(3_;— WM)()\?LJ‘I’(M%%H'ZP:O 7§+1), SN = 5]\{ exp(_r—o m)a

. T N-1 N-1
and where we used again [[, " pr < exp(>_,_, m).
O

In contrast to Euler like schemes, a bias appears in the non-asymptotic deviation bound for the stochastic
approximation algorithm. Consequently, it is crucial to have a control on it. At step n of the algorithm, it is
given by 0, := EJ[|#,, — 0*|]. Under the current assumptions (HL), (HLS),, (HUA), we have the following
proposition.
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Proposition 4.4 (Control of the bias). For all n > 1, we have

1
2

n—1
8 < exp (=Al10 + CauT2n) 100 — 0 +(2Ca,,.) % <Z i1 XD (—2M(L1 5 = Ligegr) + 200, (Lo — Fz,kﬂ))) ,
k=0

where Ty = > p_ Vs Do = Yopey 2, Cap i= A?/2 + 20, KE[|U|?] with K > 0.

Proof. With the notations of Section [[2] we define for all n > 1, AM, := h(0,—1) — H(0n-1,U,) =
E[H(0,-1,U,)| Fno1]—H(0,,U,). Recalling that (U,,),>1 is a sequence of i.i.d. random variables we have that
(AM,)n>1 is a sequence of martingale increments w.r.t. the natural filtration F := (F,, := 0(6p, U1, -+ ,Up, );n >

1).

From the dynamic (I4), we now write for all n > 0,

Zn4+l = 9n+1 —0" = on -0 — Yn+1 {h(on) - AMnJrl}

1
-0 — i / AADI(O" + MO — 0))(Bn — 0") + Yos1 AMny1,
0

where we used that h(6*) = 0 for the last equality. Setting J,, := fol dADR(0* + \(0,, — 6%)), we obtain
Zn+l = (I - '7n+1Jn)Zn + ’7n+1AMn+1 which yields

Eo, [|2n+11°] = Boo [11 = vnr1Jul* 20"l + 2941 B6, [(1 = Yo 1Jn) AMis1] + 75 11 Eoy [[AMy 41 7]
= Eo, ([T — Ya+1Jnl*|20]*] + 7o 41 B [[A M1 °].

From assumption (HLS),, we deduce that V(6,u) € R xR, |h(0) — H(0,u)|? < 2C2L*~*(0)(E[|U*] + |u|?)
which combined with the independence of 6,, and U, 41 clearly implies

Eo, [[1(6n) — H(0n, Unt1)|?] < ACSE[UF[Eg, [L'7(0)]-
Now, let us notice that L has sub-quadratic growth so that there exists a constant K > 0 such that
Eo, [[AMo11*] = Eg, [|[1(0n) = H (00, Un41)*] < 4CIE[UPEq, [L'7%(0,)] < 4KCEE[UP)(1 + Eg[|20°]),
which provides the following bound

Eg, [|2n+11%] < (1 = Mns1)°Eg, [|2n°] + 4K C2E[UP1v7 11 Eo, [| 20 ]]
< (1= 2211 + 2Ca, w7 11) Eoollzn)*] + 2Ca, 17541

Temporarily setting II,, = H;:é (1 = 2XMyp41 4+ 200,774 1), a straightforward induction argument provides
E00[|2n|2] < 11|00 — 9*|2 +2Ca,p Z '713+1Hnnl;11
k=0
n—1
< €—2AF1,n+ZCa,MF2,n |90 _ 9*|2 +20, B Z 7£+16—2A(F1,n_Fl,k+l)+2ca,u(r‘2,n_F2,k+1)
k=0

where we used the elementary inequality, 1 + = < exp(x), 2 € R. This completes the proof.
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4.2. Proof of Theorem 2.4

Proposition 4.5. (Control of the Lipschitz modulus of iterative kernels) Denote by Kj, and Ky, = Kpo---o
Ky 1, k, pe{0,---,N—1}, k < p the (Feller) transition kernel and the iterative kernels of the Markov
chain z = (0,0) defined by the scheme ([4), (LX). Let f : R?* — R be a 1-Lipschitz function. Then for all
k, p e {0,---,N—1}, k < p the functions Ky ,(f) : z — E[f(éerl)‘ zr, = z| are Lipschitz-continuous. In
particular, for all (z,2') € (R? x R%)2, one has

1
E+1 1 P\ 2
Kiun)) = KN < gl =il 3 () - 5
J=k+1
where 11y, = [[H— (_2377%1"‘01{#71%“)'

Proof. Let (z,2') € (R? x R%)2. We denote by zp = HkH and zp 5 = 0%* the values at step p of the two
components of the stochastic approximation algorithm (z,),>0 starting at point z at step k. Using (L8] and a
straightforward induction, one easily derives

gs k41 1 zp: g

L= At Jo
p+1 p+1j:k+1

so that taking conditional expectation in the previous equality and using Proposition [f.2 we obtain

K ()(2) — Kip(£)(2)] = [E[f(007)] — [f(9’;i1)]l<E[l9p+1 9';f1|]

k+ 1 d k,z k.2

< 21— 2|+ —— > E[6;° -0
p+1 p+1j:k+1 J J
k—i— LA T

1,
<t 3 (52) -
J=k+1

O

Let k€ {0,---,N — 1} and f be a real-valued 1-Lipschitz function defined on R¢. Using that the law of the
innovations of the scheme satisfies (GC(f5))), for all A > 0, one has

Or +

E[exp(A\Ki n—1f(zk))| 2k—1 = 2] = E [exp </\Kk N— 1f(k 1

[ 19k,9k)>‘ (H_k,t?k,l) = (21,22)
< exp(AKp_1.n-1()(2)) exP(v%[g]f)

where g : u — Ky n_1(f) (kiﬂzl + %HZQ — k'Y—J”le(ZQ, w), 22 — Y H (22, u)) Combining Proposition and
(HLS),, one easily obtains

. 11 W o/m\ 2
<C,L =T —+ = L
L9y = T |ty 2 (Hl k)
so we deduce that

E [exp(AKk, n—1f(2k))| 26—1] < exp(AKg—1,v-1(f)(2r—1)) exp <A2§C§Ll_a(zk—1)%i1v>
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where we introduced the notation 5 n = (1 + ZJ et 1 (Hl_,j/HLk)%). Hence, taking expectation in the

previous inequality and using the Hoélder inequahty with conjugate exponents (pg, g ), one clearly gets

1

By [exp\Rv1(/)(e1))] < B fexp O K1 () B, [exp (V2 C2L =0t ) |

Similarly to the proof of Proposition 3] we set pr = 1 + m, a. = (1 + m)(k +

1)log?(k +4) < 2(k 4 1) log?(k + 4) and use Corollary Bl to obtain for o € (3,1]

E /\QEC'2 L'=(0 32 " < K. 22a lﬂ @ ﬁC’i et 52 \2 e 1/\2a T
0o |CGXP g ~odk (Or—1)%en S exp | 841 1 \v 1 (Yien VAN @ ).

An elementary induction argument allows to conclude

Eg, [exp(\f(On))] = Eg, [exp(AKn—1,8-1(f)(2n-1))]
< exp(AEo, [F(O]) exp (a3 H, 00)(CRN? v CAT) )

with CF, == Y0 ' A2 8 CF° =yt :y,fivl ((k: + 1)1 og?(k + 4))2a T and where we agam introduced, for sake

f clari h H,0 K 22 T BCy BCS =1 2‘1*1 Tiso (k+1)lo 2 (ht4)
of clarity, the constant ¢, (7, o) := K4 127%~ 1 B .
For a = %, similarly to the proof of Prop051t1o A3 (actually use again Lemma 1), we derive for all

A€ [0, M1/537)

L N—1
= i i A1)
Eq, {exr)< B3R NCE L P (0 1))} < exp (‘I’(N7%90)'713,N)‘2 +0° 7§+1)713,N(/1—j21)>
p=0 1-— ()\SN /)\4,1)

501/2

with sy = maxlngNfl(k +1) 1Og2(l€ + 4):}/,371\[, U(N,v,00) := (L2 (6o) + Czp 0 ’}/erl) I N (1/2) +

BnCy o2 (1/2) E[|U|%] and an elementary induction argument clearly yields

VA €10, 11/5n), Eo,[exp(Af(On))] < exp (AEg,[f(0n)]) exp (2(,01/2(% H, 9@6’%%)

s _1/2 N— N-
with Sy = Sz\{ eXP(Zkzol (k+1)101g (k+4)) and ¢1/2(7, H,6o) = eXP(Zk:ol (k+1)lolg (k+4))()‘z21,1‘I’(N7%90) +

N-1
Ep:O ”Y;%+1)-

APPENDIX A. TECHNICAL RESULTS

A.1. Proof of Proposition

Let e, := 5 exp(—|z|/c) be the density of the exponential distribution with variance 20% on R. If p is a
probability measure on R?, we define u” as the convolution of 1 with €29, that is

d
o) i= [ T] 5 expl-las = wil /outdy).

Lemma A.1. If u is a probability measure on R with finite first moment, then Wy (u, u°) < v2do.
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Proof. Let X and Y be independent random vectors with laws p and e2? respectively. Then (X, X +Y) is a
coupling of pu and p?, and

Wi(p, p7) < E[IY[] < E[lY]V? < V2do.

We therefore have the bound
Wi (s 1) < Wi (i, 15y) + Wi (g, 1) + Wi (e, 1) < Wiy, p”) + V8do, (A.3)

so what is left is to bound E[W; (uZ, u7)] and to optimize in o.

The density of ug with respect to the Lebesgue measure is given by g1, (2) := %Z e2(z — x;), and the
density of % is g2.»(7) := E, (2% (z — X)).

By the Kantorovitch-Rubinstein duality formula, we have

W) = s [ @0 [ 10020 < [ 100101000) = g2 )

To bound this quantity, we shall use the following Carlson-type inequality: for any nonnegative measurable
function f on R?, we have

/f(:v)dac < Cd\// (1 + |z|HY) f(z)2dw, Cg4:= \//Rd ﬁlﬂdﬂd%

71+|I1|d+1 dz. Using this inequality, we

This can be proved by using Jensen’s inequality with the finite measure
get the bound

Wi (7, p7) < Cd\// (14 [z )|z 91.0n(2) — g2.0(2)[Pdz < Cd\// (14 2[x]9*2)|g1,0.n(7) — g2.0(2)*da.

Therefore,

E[Wi (5, 47)] < CaE \/ [ 1 20l 3 e~ X) — B0 - X))

< %\// (1 4 2|x|4+3)Var, (e5(z — X))da

< %\// (1+ 2| **+3)E[e5 (v — X)?]da.
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Note that e®4(z)? = 27205= 4% (1), so that we get

c/2

o o C(d ®d
EW: (p, 7)) < 72%_(#2\/5\//(1 +2|x|d+3)/60/2(x — y)u(dy)da

S srom (1 -+ 2fu -+ y|#+3)e24 (u)dup(dy)

- 2d0'd/2\/ﬁ o/2
_Ga ®d

< 2dgd/2\/ﬁ\///(1 + 243 (Ju| 43 + |y|d+3))eg/2(u)du,u(dy)
__CGa ®d

= 2d5d/2, /n b / Y| puldy) + 2043 / [ul ey (u)du
7Cd d+3 d+3 d+3 d+3,8d

< 2d5d/2, /n 1+2 /|y| n(dy) + o /|u| ey (u)du
7@1 d+3 d+3 d+3 +d+3 ]

S 2igi2 Jn 1+2 /Iyl pu(dy) + 24+354+3d(d + 3)!

In the end, assuming o < 1, we obtain

C
E[W1(p, 1)) < VBdo + ——o— [1 4 2443 [ |y|d+3(dy) + 29+30d+3d(d + 3)! < C(d, ) (o +
XETIEN

o—d/2

NG

)

Taking o = n~Y/(%+2) | we get the upper bound we were aiming for.
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