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Waiting times for particles in a branching Brownian motion
to reach the rightmost position

by
Xinxin Chen

Université Paris VI

Summary. It has been proved by Lalley and Sellke [13] that every par-
ticle born in a branching Brownian motion has a descendant reaching the
rightmost position at some future time. The main goal of the present pa-
per is to estimate asymptotically as s goes to infinity, the first time that
every particle alive at the time s has a descendant reaching the rightmost
position.

Keywords. Branching Brownian motion, rightmost position.

1 Introduction

1.1 The model

We consider a branching Brownian motion (BBM) on the real line R, which evolves as follows.
Starting at time ¢ = 0, one particle located at 0, called the root, moves like a standard
Brownian motion until an independent exponentially distributed time with parameter 1. At
this time it splits into two particles, which, relative to their birth time and position, behave
like independent copies of their parent, thus moving like Brownian motions and branching
at rate 1 into two copies of themselves. Let N (¢) denote the set of all particles alive at time
t and let N(t) := #N(t). For any v € N (t) let X, (¢) be the position of v at time ¢; and for
any s < t, let X,(s) be the position of the unique ancestor of v that was alive at time s. We
define

R(t) = max X,(t) and L(t) := min X,(t),
(t) = max Xu(t) and L(t) := min X.(t)



which stand for the rightmost and leftmost positions, respectively.

The positions of the extremal particles of a BBM, R(t), have been much studied both
analytically and probabilistically. Kolmogorov et al. [12] proved that R(t)/t converges almost
surely to v/2. Bramson [6] [7] showed that R(t) —+/2t+(3/2v/2) logt converges in law. These
results hold as well for a wide class of branching random walks under mild conditions: see for
example Biggins [4], Addario-Berry and Reed [1], Hu and Shi [11], Aidékon [2]. In particular,
we state the following fact, which is first given by Hu and Shi [11] for branching random
walks, and is recently proved by Roberts [17]:

R(t) — V2t 3

(1.1) li}g glf sl = Y almost surely;
R(t) — V2t 1
(1.2) lim sup ()7\/_ = ———= almost surely.
t—o00 logt 2v/2

In [13], Lalley and Sellke showed the following interesting property: every particle born
in a BBM has a descendant reaching the rightmost position at some future time. Such a
particle was thought of having a prominent descendant “in the lead” at this time. This
property is in agreement with the branching-selection particle systems investigated in [8], [9]
and [3]. These papers bring out the fact that the extremal positions of a branching system
on the line cannot always be occupied by the descendants of some “elite” particles.

In the present work, we give some quantitative understanding of this behavior, and
precisely speaking, about how long we have to wait so that every particle alive at time s has

a descendent that has occupied the rightmost position.

1.2 The main problem

Let us make an analytic presentation for our problem. For any s > 0 and each particle
u € N (s), the shifted subtree generated by w is

(1.3) NU(t) = {vGN(t+s),u§v}, vt >0,

where u < v indicates that v is a descendant of u or is u itself. Further, for any v € N“(t),
let

(1.4) XU(t) 1= X, (t+ 8) — Xo(s),

be its shifted position. We set R"(t) := max,epnu@ X, (t) and L*(t) = min,ear X, (1).
Moreover, Let {ft;t > O} be the natural filtration of the branching Brownian motion. The
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branching property implies that, given F;, { R“(-); u € N (s)} are independent copies of R(-).
Moreover, we denote by F2 the sigma-field generated by the shifted subtree started from
the time s rooted at w.

For every u € N (s), let

(1.5) 7, = inf{t > 0: R(t + s) = X,(s) + R“(t)}.

The random variable 7, stands for the first time that started from time s, the particle u has
a descendant reaching the rightmost position in the system. It is the object in which we are
interested. We define

(1.6) O, := max T,
ueN(s)

which represents the first time when every particle in N (s) has had a descendant occupying
the rightmost position.
According to Lalley and Sellke [13], for any s > 0, P[O, < oco] = 1. Since ©4 — 0o almost

surely as s — oo, we intend to determine the rate at which Oy increases to infinity.

1.3 The main results

To estimate ©, = max,ecn(s) Tu, an intuitive idea consists in saying that, the further a particle
is away from the rightmost one, the longer it has to wait for a descendant to be located on
the rightmost position. We thus first focus on the leftmost particle. Let £(s) be the leftmost
particle alive at time s. By (1.5), 7y,) is defined as the shortest time needed for £(s) to wait

to have a descendant occupying the rightmost position.

Theorem 1.1 The following convergence holds almost surely

1 s
(1.7) lim —274e)

S—00 S

=4.

However, the leftmost particle is not the one who “drags the feet” of the whole population
N (s). By considering the positions of all particles alive at time s, as well as their evolutions,

we obtain our main result as follows.

Theorem 1.2 The following convergence holds almost surely

log ©,
(1.8) lim —2—% =24 2v/2 > 4.

5—00 S



Remark 1.3 The proof of the theorems will reveal that the largest T, for u € N(s) is
achieved by some particle located at a position around —(2 — \/i)s which does not split until

time s + %s and moves towards to the left as far as possible.

The rest of this paper is organized as follows. Section 2 is devoted to discussing the
behaviors of the extremal position R(-), which leads to two propositions. In Section 3,
we consider the case of two independent branching Brownian motions and state another
proposition. We prove Theorem 1.1 in Section 4 by means of these propositions. Finally, in

Section 5, we prove Theorem 1.2.

2 The behavior of the rightmost position

We recall Proposition 3 in Bramson’s work [6]. It is shown that for all 0 < y < tY/2 and

t > 2, there exists a positive constant ¢ which is independent of ¢ and y, such that
(21) PIR() > m(t)+ 4] < cl1+ 9P expl(—Vn),

where

3
m(t) == V2t — Wi log t.

Therefore, with ¢; := ¢+ 1, we get the following inequality, which will be applied several

times in our arguments.

Fact 2.1 (Bramson [6]) For anyt > 2 andy < V1,

22
(2.2) P[R(t) > m(t) + y] < (1 + y+> eV,
with y; = max{y,0}.

Let (Bs;s > 0) be a standard Brownian motion on R. We state the following lemma,

which can be found in several papers (e.g. [15] [10]). It is also of frequent use.

Lemma 2.2 (many-to-one) For any measurable function F' and each t > 0,
(2.3) E{ Y F(Xuls),s € [O,t])} — ¢'E {F(Bs,s € [O,t])],
ueN (¢)

where, for eachu € N(t) and s € [0,t], X, (s) denotes the position, at time s, of the ancestor
of u.



Let us present the following inequality as well, which is Equation (57) in Bramson [6].

o |5 ( a2>
— xp | —=— ).
—V2r P 2s

2

(2.4) P[B, < —a] =P[B, 2 a] < Yexp (- ).

Fact 2.3 For any s > 1 and any a > 0,

s S a?
1——),/— -1 (——><IP’BS>
< a? 27Ta exp 2s/) — By 2 a

It immediately follows that

—

Moreover, if a = as with some constant o > 0, we have

2

(2.5) P[Bs < —as] =P[Bs > as] = exp{ — (% + %(1))5},

where 04(1) — 0 as s goes to infinity.
We define, for any y > 0,

T(y) := inf {t > 1; R(t) —m(t) > y}

Because of (1.2), one immediately sees that ]P’[T(y) < oo} = 1 for any y > 0. Moreover,
T(y) T oo almost surely as y 1 oo.

Proposition 2.4 The following convergence holds almost surely

(2.6) im 28TW _ 5

Yy—00 y

Proof: First, we prove the lower bound.

Let 2 <y < Vt, and set
t+1
/ L(R(s)y>m(s)+y-1)dS | -
1

Clearly, A = flt“ IP’[R(S) >m(s)+y— 1] ds. Hence,

A:=E

A = /1y2P[R(s)>m(s)+y—1}ds+/jlp[3(s)>m(s)+y—1]ds

Yy t+1
/ E{ > 1(Xu(8)>m(8)+y1):| ds +/ IED[R(S) >m(s) +y — 1} ds.
1 Y

ueN(s) 2

IN



By the many-to-one lemma and by (2.4),
y? y
/ E{ > 1(Xu(8)>m(8)+y1):| ds = / e’P [Bs >m(s) +y = 1} ds
1 1

ueN(s)

2

(2.7) < /j’ m(g)\/g exp { —(m(s) +y =1 S}ds.

+y—1 2s

Note that for m(s) = v/2s — 2%/5 log s with s € [1,%?], the inequalities

—(m(s) +y— 1)
2s
hold. Plugging them into the integration of (2.7) yields that

2.8 m(s)+y—12> \/53 and ex 1)< 53/26*\/5(3/*1)
Y = P =

2 2

y Vg2
(2.9) / E[ Z 1(Xu(s)>m(5)+y_1)} ds < / — e V2 g < cpyte vV,
1 ueN (s) 1 \/§$

which is then bounded by csty2e ™V as y < v/f. Meanwhile, by the inequality (2.2),

t+1 t+1
(2.10) / P[R(S) >m(s) +y— 1] ds < / crye VITV2g < o tyle VY2,
Yy

2 y2
Combining (2.9) with (2.10), we have
(2.11) A < cstyPe V2.

with ¢; > 0 a constant independent of (y, t).
On the other hand,

A > E

t+1
/ L(Rr(s)>m(s)+y-1ds; T(y) <t
1

t t+1
= / P[T(y) € dr}E / L(r(s)y>m(s)+y-1)ds|T(y) = T] :
1 1

Conditionally on the event {T(y) = r < ¢}, the rightmost particle in N (r), denoted by w,
is located at m(r) 4+ y. Started from the time r, w moves according to a Brownian motion
and splits into two after an exponential time. By ignoring its branches, we observe that
{R(s +7) > m(r) +y]+[V2s—1] >m(s+7)+y— 1} is satisfied as long as the Brownian
motion realized by w keeps lying above v/2s — 1. Hence, given {T'(y) = r < t},

t+1 t+1-r .
/1 1(R(S)>m(8)+yfl) ds Zat /0 1(Bs>\/§sfl) ds > mln{l, T, }v
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where >,; denotes stochastic dominance and T:ﬁ) = inf{t > 0; B; < V2t — 1}.
These arguments imply that

A > [IP[T(y) € dr]E[min{l,T:ﬁ)}]

2.12
(2.12) = esP[T(y) < 1],

where ¢3 1= E[min{l,T(Iﬂ)}] € (0,00). Compared with (2.11), this tells us that

(2.13) P[T(y) < t] < csty?e VW, for 2 < y < VA,

where ¢5 1= 2 € (0, 00).
Taking t = V(-9 with § € (0,1) yields that

ZIP’[T(!{;) < e\@“(lf‘s)] < 00.
k=1

According to the Borel-Cantelli lemma,

logT
lim inf L@)

> /2, almost surely,
Yy—00 Y

proving the lower bound in the proposition.

To prove the upper bound, we recall that
R*(t) = max{X"(t);v € N*(t)}, u € N(s).

Obviously, R*(t);u € N(s) are i.i.d. given Fy, and are distributed as R(t).
We fix a, € (0,y) and define the measurable events

1
X = {L(ay) > —2a,; N(ay,) > exp <§ay> }7
Y o= 2N {T(y) - eﬂy(lw)}
Then,
P[T(y) > eﬁy“*‘”] <P[5| +P[= 0 {T(y) > V2001 ]
(2.14)

IN

P[N(ay) < exp (gayﬂ + ]P’{L(ay) < —2%} +P[z].



s
4+2\/1§
enough so that 2eV2(1+29) < V20140 _ g e have

We choose a, = y =: 61y from now on to evaluate P[¥]. Since ¥, € F,, for y large

]P’[Z‘]—"ay} < 1y, H IP’[R“(T) < mlay +1) +y— Xu(ay), ¥r < eV20+9) _ ay‘]:ay]
uEN (ay)

eay/2

IN

F lR(T) <mlr) +y + 20, + V2a,,¥r € [P0, 2eﬂy<l+;a)]]

ety/2
= P{R(T) <m(r)+ % logr,Vr € [e\/iy(H%é)’ Qex/iy(u%a)H .

V2

At this stage, it is convenient to recall the proof of Proposition 15 of Roberts [17], saying

that there exists a constant ¢ > 0 such that for y large enough,

1
P[HT € [eﬁy(H%‘;), 26\/§y(1+%5)] : R(r) > m(r) + —=logr| > ¢ > 0.

V2

Thus, IP’[E} < (1= )" < exp(—cehv/?).

It remains to estimate P[N(a,) < exp(3a,)] and P[L(a,) < —2a,]. On the one hand,
the branching mechanism tells us that for any s > 0, N(s) follows the geometric distribution
with parameter e (for example, see Page 324 of [16]). It thus yields that P[N(a,) <
exp(%ay)] < e7%9/2 On the other hand, as shown in Proposition 1 of Lalley and Sellke [14],
foranyuZﬂands>0,

(2.15) ]P)|:L(S) < —us} = P[R(s) > us} < pt(2ms) V2 exp (— s<%2 - 1))

Consequently, (2.14) becomes that

(2.16) ]P’[T(y) > e‘/iy(H‘s)] < e W2 e 4exp(—cef1Y/?)

< cge Y2,
By the Borel-Cantelli lemma again, we conclude that almost surely

lirn,SllI) lgggjziggiz fg \/@2’
)

Y—00

which completes the proof of the proposition. [
For a > 0 and 8 > 0, set

p(z,a, ) :=P|Ir < e : R(r) <m(r) — Bz].



Proposition 2.5 There exists a positive constant C, independent of («, 5, z), such that for

any z > z(«, 5),

z
(2.17) p(z,a,8) < Crexp <— GBW)
Proof: It follows from (1.1) that as z — oo,
p(z,a,8) = ]P’[EI'/’ <e*:R(r) <m(r)— 62] — 0.
Hence, there exists zo(a, #) large enough, such that for all z > zo(«, ),
(2.18) P[3r < e R(r) < mlr) - B2/2] <172,

For any b, < e**, we have

(2.19) p(z,a,8) < IP’[EIU e N(b,),s.t. min X,(s) < V2b, — 62/2}

+ ]P’{{Elr <e*:R(r) <m(r)— ﬁz} N {L(bz) > /2b, — Bz/Q}].

On the one hand, by the many-to-one lemma,

s<b,

P{Elu e N(b,), s.t. min X,(s) < v2b, — ﬁz/Q] < E

Z 1(min3§bz Xu(s)gx/ibz—ﬁz/Q)]
uGN(bz)

= ebzP|:Hiibn B, < \/§bz — 62’/2:|
On the other hand, by simple observations,

]P)|:{E|’I“ <e*:R(r)<m(r)— 62} N {L(bz) > /2b, — 62/2}]
< ]P’[ N {Eltgeaz,s.t. RU(t) <m(t)—6z/2}]

UEN(bz)

[T 3t <e st R@) < mit) - 52/2]] ,

ueN (bz)

= E

where the last equality follows from the branching property. Going back to (2.19), one has

p(z,a,p) < ebzp{nlibn B, < ﬁbz—ﬁz/Z} +E

I1 IP’[EIt < e, st R(t) < m(t)— 52/2]] .

ueN (bz)



Let b, = %z. Then, by (2.18), for all z > z(«, §) := max{zy(a, £), %},

1\ M)
pzaf) < P %%“Bsﬁ—ﬁz/?)]*E[(ﬁ) }

< cre 3 et < (Chex <—ﬁ),
> O = U exp 62

with C] := ¢; 4+ 1, which completes the proof of the proposition. [

Corollary 2.6 For any 6 € (0,1), there ezists some s(d) > 1, such that for all s > s(6),

(2.20) P[R(s) <V2(1 - 5)5} < Cyexp (- 12‘5\5/5)

Proof: Since we always have m(s) — ds/2 > v/2(1 — 6)s when s is sufficiently large,

P[R(s) <V2(1 - 5)3} < IP’[EIT <e*: R(r) <m(r) — 55/2}.

which by Proposition 2.5 is bounded by C exp ( — 12‘5\8@) for all s large enough. [

3 The case of two independent branching Brownian
motions

We consider two independent branching Brownian motions, denoted by X“4(-) and X5(-).
Suppose that P[X4(0) = 0] = P[XB(0) = z] = 1 with 2 > 0, where X4(0) and X?(0)
represent the position of the roots, respectively. We write R4(-) (RZ(-), respectively) for the
position of rightmost particle of the BBM X“4(-) (XB(.), respectively). We define, for any
y >0,

T4(y) = inf{t > 1; RA(t) > m(t) +y};

TP(y) = inf{t > 1; R%(t) > m(t) +y}.

Let 74> be the first time when the rightmost point of X# exceeds that of X?, i.e.,
TA4>B = 74>B(2) .= inf{t > 0; RA(t) > R®(t)}.

We immediately observe that the distribution of T4>%(z) merely depends on the parameter

z. Actually, we can take another pair of independent standard BBM’s (both rooted at the
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origin), namely, X!(-) and X*/(.). Their rightmost positions are denoted by R!(-) and R!(),

respectively. For any positive z, let
T(2) :==inf{t > 0: RI(t) — R (t) > 2}.
Then T4>8(z) is distributed as 7 (z). Besides, z — T (2) is increasing.

Proposition 3.1 The following convergence holds almost surely

(3.1) im 287G 5

Z—00 z

Proof: For any ¢ € (0,1),

v [m) < eﬂza_é)] - {TW(Z) < eﬁz(l_é)] <pi+pe

where
po= P13t < V09 st RE() < m(t) + 2 — 52/2] :
— [ A>B V2z(1-6) B V2z(1-6)
py = P {T <e }Q{R (t) >m(t)+ (1 —=95/2)z,Vt <e H
Clearly, p; = P|3t < V219 st R(t) < m(t) — 52/2] = p(z,v2(1 = 6),8/2). By Proposi-

tion 2.5, for all z > 2(6),

< (Cjex (— 5,2)
pP1 s Crexp 12\/5-

At the same time, we notice that
(3.2) {TA>B = eml_&)} : {RB<t> > m(t) + (1 - §/2)2,Vt < eﬂz(l_‘”} -
{Ht < VB RA®) 2 RE() 2 m(t) + (1 - 5/2>Z} c {TA(H ~4/2)2) < eﬁ“l_é)}.
This yields that
P2 < ]P’[T((l — 5/2)2) < e\/iz(l&):| < 052267&/\/5’

because of the inequality (2.13).

As a result,

0z
12¢/2
11

(3_3) P[T(Z) < e\/iz(le)} < C)exp <_ ) + 65226—&/\/5 < cgexp <_ 0z ))

12¢/2



for some constant cg > 0 and all z large enough. Thus, by the Borel-Cantelli lemma,

lim inf log 7(2)

Z—00 z

> V2 almost surely.
To prove the upper bound, we observe that
(3.4) P[T(z) > eﬂz<l+5>] = IP’{T“B(z) > eﬂz(lm] < g+ g
where
¢ = IP’HTA (z(l + 5/2)) > eﬂzﬂm} U {TA (z(l + 5/2)) < eﬁH
G = Ple‘/ﬁz <74 (z(l + 5/2)) < V2040 o TA>B(2)} .

Notice that T4(y) is distributed as T'(y) for any y > 0. According to the inequalities (2.13)
and (2.16), there exists 0, := d2(d) > 0 such that q; < e%2* for z large enough. It remains
to estimate ¢s:

e\/ﬁZ(l«HS)

¢ < /ﬂ ]P’{TA (z(l +5/2)) € dr]P[TDB >

T (=(1+0/2)) = r}
eV22(149)

< /f IP’[TA (2(1 + 5/2)) e dr]P[RB(r) > m(r) + 2(1+ 5/2)} .

By the inequality (2.2) again, this tells that

eV22(1496)
P < / P [TA <Z<1 + 5/2)> € dr] oz + 1)%e V20212
eV2z

< oz 4 1)2e V2
Thus, recalling (3.4), we obtain that for all z large enough,

P [T(z) > 6\/52(1+5)] < e 4oz + 1)26_\/562/2.

It follows that almost surely limsup,_, @ < +/2. Proposition 3.1 is proved. [

4 Proof of Theorem 1.1

For any k € N; and ¢ € (0,1/20), we define
Ns(k) == {u e N(k) : Xu(k) < —V2(1 —6/2)k}.

12



In order to study the asymptotic behavior of 7y, for s € R, we first look for a lower bound
for min,en; k) 7w and an upper bound for max,ep; k) Tu-

Recall the definitions (1.3) and (1.4) of the shifted subtrees. For any particle u € Nj(k),
we use X"(+) to represent the branching Brownian motion generated by wu started from the
time k. Meanwhile, we use X"(+) to represent the branching Brownian motion generated by
the rightmost point at time k. Accordingly, the random variable T%“>" is defined to be the
first time when u has a descendant exceeding all descendants of the rightmost particle at
time k.

Considering that 7" < 7, for each u € Ns(k), one sees that

P[ U {n< 64’“(1‘10‘”}} < Py + Phy
ueNs (k)

where
g = P[R(k)gx/i(l—é/Q)k},

Py = P[l(mmzﬂu—wm) 2 1(T“>*S64’“<“°‘”)]'

u€Ns (k)

Given Fy, the BBM’s X" and X" are independent. Then,

/ u>r 4k(1-106)
P = El 2 1(R(k>zﬂ<16/2>k)P[T =¢ ’F’“H
uENg(k)

- _ 4k(1-106)
— E[ %:(k)1(R(k)zﬂ(l5/2)R)P[T(R(k:) X (k) < =10 ’Jrk”
uENs

By the monotonicity of 7(+), this gives that

Py < E{ Z ]P[T(2\/§k;(1—5/2))ge4k(1105>H

ueNs (k)

= E{ > 1}1@[7(2\/%(1—5/2))§e4’“<1—1°5>].

ueNs (k)

Using the inequality (3.3), for all k sufficiently large,

Pl SE{ Z 1}08exp<—357k(1—5/2)).
k)

UEN5(

13



Then by the many-to-one lemma and by (2.4), we obtain that

Py, < eFP[By, < —v2k(1 — 6/2)]cg exp < — 31— 5/2))

4.1
( ) S 67(295]?’

where ¢g is a positive constant independent of (0, k).

In view of Corollary 2.6, for large k, one has

ok
4.2 <O )
( ) Pr=t1exp ( 24\/5)

Combining (4.2) with (4.1) yields that for k large enough,

ok
P < 4k(1—-100) :| <O (_ ) + 709514:.
{ | | {r. <e H < Ciexp WG e

ueNs (k)

By the Borel-Cantelli lemma, almost surely,

(4.3) limn jnf 208 TIIENs(8) Tu

> 4(1 — 100),

which gives the lower bound for min,ep; k) u-

To obtain an upper bound for max,e (k) Tu, let us estimate P [UueNé(k) {Tu > €4k(1+105)} .
We consider the subtree generated by any particle u € Nj(k). Recall that the shifted

positions of its descendants are denoted by

XU'() = Xu(- + k) — Xyu(k) for any v € N (- + k) satisfying u < v,

and that R*(:) := max X"(-). We set T"(y) := inf{t > 1; R*(t) — m(t) > y} for any y > 0,

which is obviously distributed as T'(y). Let y = 2v/2k(1 4 §/2), then
(4.4) IP’[ U {Tu > e4k(1+105)}} <q+d+d
ueNs (k)
where
qi — P U ({T“(y) > 64k(1-i—106)} U {T“(y) < 6k}):|’
- ueNs (k)
4 = el < v

¢ = P| | {<Ty) <™ <} Lk) > —V2k
‘uENg(k)
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First, we observe that

q; < E[ S 1]1@[{T(y) > e4k(l+105’} U {T(y) < ek}]

UEN(;(.IC)

Using the many-to-one lemma for the first term on the right-hand side,

< | B < Va0 - 0/ |{10) 2 B9} u {1() < .

According to the inequalities (2.4) (2.13) and (2.16), there exists 4 := 6,(9) > 0 such that
¢, < e~%F for k large enough. Meanwhile, by (2.2), ¢, < 2c3(logk + 1)2k=3/2.
It remains to bound ¢4. Since T%(y) is independent of Fy, it follows that

¢ < E Z/

ueNs (k)

e4k(14106)

[ y) € dr}[@[m > r; L(k) > —V/2k

S

Given {T"(y) = r} and Fy, the event {7, > r}N{L(k) > —/2k} implies that U, e { B (r)+
X, (k) > RYr)+X,(k) > m(r)+y—+/2k}, whose probability is less than D weN )\ fu) €1 <1+
(y — V2k — X, (k)2 ) ~V2t2k+V2Xu(k) (gee (2.2)). This yields that

o4k (1+108)

¢ < E Z / [[DTu )Edr} Z Coy + 1)2e 2+ 2+ VEXu(b)
uENg(k weN (k)\{u}

IN

B Y Y et e

_u€N5 (k) weN (k)\{u}

= oy + 1)26_‘/5“%151{ Z Z ‘/EX’”(IC)} .

ueNs (k) weN (k)\{u}

By integrating with respect to the last time at which the most recent common ancestor

of u and w was alive (see e.g. [10] for more details), E[Z%N(S(k) >t eﬁXW(k)} is equal to

2/: e%—Sds/RP[BS S dx]P{Bk < —V2(1 - 5/2)1<;)Bs = x]E{eﬂBk B, = x]

k
= 2/ 62k_5d8/]P>|:BS € d:L‘:|P[Bk < —\/5(1 — 5/2)/{3’35 = {L‘:| eﬁxek—s’
0 R

15



where the second equivalence follows from the Markov property of Brownian Motion. We

rearrange the integration as follows:
k
E[ Z Z ex/in(k):| — 2/ e3k—25E [6ﬁBs; By, < _\/5(1 o 5/2)k:| ds
u€N; (k) weN (k)\{u} 0

k
_ 2/ Bh—25 |:6\/§Bke_\/§(3k_Bs); B < _\/5(1 — 5/2);{;] ds
0
k
< 2/ e3k—2s ,—2(1-6/2)k g |:€\/§(BkBS):| ds,
0

which is bounded by e*9* by simple computation. Thus, ¢5 < ciok?e~°* for some constant
Ci9 > 0.
Going back to (4.4),

]P>|: U {Tu > 64k(1+106)}:| < 6_64k +202(10gk‘+ I)Qk—3/2 +Clok26_6k,
uENg(k)

for all k sufficiently large.
Therefore, by the Borel-Cantelli lemma,

log max,, T
lim sup & N5 (k)

N3k—o0 k

< 4(1+109) almost surely.

We now turn to study {7.);s > 0}.

On the one hand, for any 6 > 0, we claim that almost surely for s large enough, the
leftmost particle £(s) at time s must have at least one descendant belonging to N(|s] + 1).

In fact, let us write Yy := {Ju € N(k+ 1) : u ¢ Ns(k +1);3s € [k, k + 1], Xu(s) <
—V/25+6's} with & := (v/2—1)6/2. By the many-to-one lemma, we get that for k& > 100/6,

4 6252
< 61+k*T’
T 0k 2T

which is summable over k. It follows that

P[]

(4.5) P[Y}, infinitely often] = 0.

In view of (1.2), when s is large enough, L(s) always lie below —v/2s 4 ¢’s almost surely.
Combining with (4.5), we obtain that almost surely for k sufficiently large,

max Ty < max 7, + L
s€lk,k+1] u€Ns(k+1)

16



On the other hand, using similar arguments, one can say that almost surely for s suf-
ficiently large, the leftmost located particle ¢(s) at time s must come from one particle in

N;s(|s]). This gives that almost surely for k sufficiently large,

min 7y > min T, — 1.
se[kkt1] Us) = ueNs(k)

Thus we conclude that almost surely

log 7y(s
lim 208 Ths)

S§—00 S

=4. U

5 Proof of Theorem 1.2

It suffices to show that almost surely limysy_s o0 log]f’“ = 2+2+/2, as the sequence {O,; s > 0}

1S monotone.

5.1 The lower bound of Theorem 1.2

This subsection is devoted to checking that: almost surely,

1
1Tnm(%@k22+2¢i
—00

For 0 < a < /2, we define
Z,(k) = {u e N(k); Xu(k) < —ak} and Z,(k) := #Z,(k).

For0<e<(1—§)/2 and 0 < 0 < 1, we denote

a2

&::{L@szﬂ—E—M}
Di = {@kgeqﬂz+2¢_—®m}

Let us estimate P[Dy N Ey].
For any s > 0 and 8 > 0, we write I' = T'(s, 8) := {N(s) = 1, L(s) < —fs}. Similarly,
let I, := {N"(s) = 1,L"(s) < —fBs} for every u € N (k). Then,

(5.1) P{DkﬂEk}SPK N F;)mEk}Jr]P’K U ru)ka}.

UEZq (k) u€Zq (k)

17



By the branching structure, we obtain that

Za(k)
(5.2) PK N r;) ﬂEk] < IP’Kl - ]P[F]) ;Ek] < e Plexplk(1-% —o)]

u€Zq (k)

Clearly, P[I'] = e *P[Bs < —fs]. By (2.5), one sees that, for £ > 0 small and s large enough,

(5.3) IP’[( N F;)ﬁEk] gexp{—exp[—s(1+5—2+e)+k(1—;—5)}}

u€Zq(k)

eks

a? _
if we choose s = — 2>k with k sufficiently large.
&€

which is bounded by e~ 2
1+2+

1—28

It remains to bound € := ]P)|:<Uu62a(k) Tu) N Dk} for s = k: Recalling the

definition of O, one sees that for any p € (0, 2),

(5.4) QgIP{ U {Tu<eﬂk}}

u€Zq(k)
+p[( U Fu) N ( ﬂ {epk <7, < e(2+2\/§6)k})} =: 0, + Q.
u€Zq(k) u€Zq(k)

2

We choose now p =1 —2¢ and z = (v/2 — o %)k‘ Then comparing T%(z) and e?*
for every u € Z,(k) tells us that

(5.5) Q, < ]P’[ U {T” < epk}] +IP’{ U {ru<e’< T”(z)}].

u€Zq( u€Za (k)

It follows from the branching property that the first term of the right-hand side is bounded
by E[Z,(k)|P[T(2) < e*], which is e*P[B), < —ak|P[T(z) < e°*] by the many-to-one lemma.

In view of the inequalities (2.4) and (2.13), one immediately has

k2
(5.6) [ U {T"(= epk}} < ek\/—kjea k20 6Pk 2oV < ok,

a
u€Zq(k)

for some 1 :=n(e) > 0 small enough.

For the second term of the right-hand side in (5.5), we observe that for any u € Z,(k),
{1, < e’* < T%(z)} implies that at time 7, < ¥, the rightmost position R(k + 7,) is
exactly equal to R*(7,) + X,(k), which is less than m(7,) + 2 — ak. Hence, the event

18



Unezo(){ma < € < T"(2)} ensures that there exists some time r < e’® such that the

rightmost position R(k + ) is less than m(r) + z — ak. This gives that

(5.7) IP’[ U {r, <ef < T“(z)}] < IP’[EI'/’ <est. R(k+7r) <m(r)+z—ak|.

u€Zq(k)

Notice that with our choice of p and z, Proposition 2.5 can be applied to show that for all
k sufficiently large,

(5.8) IP’[ U {ru<e< T“(z)}} < e,

u€Zq(k)

Combined with (5.6), the inequality (5.5) becomes Q, < 2e™".
As shown in (5.4), it remains to study €2,. For the particles u € Z,(k) such that N*%(s) =

1, we focus on the subtree rooted at u but started from time k + s. Define
R(t) := max {Xvaf bstt)— Xk +s)veNk+s+1),u< U},vt >0

and
T"(y) := inf {t > 1; R(t) > m(t) + y},‘v’y > 1.

Since (R“(t),t > 0) is distributed as (R(t),¢ > 0), T%(y) has the same law as T'(y). Let us
take 2z = k(2 + 2v/2 — §/2). Comparing T%(z) with ¢¥2+2v2-9) viclds that

(5.9) Q< IP’[EI w € Z,(k), st. N9(s) =1,L%(s) < —Bs,fw(:c) < ek(2+2\/§5)]
+P {Elu € Z,(k) s.t. N*(s) =1, L%(s) < —fs,e172 < 7, < (FRF2V270) o T"(:c)} =1 Q1+ o.
By first conditioning on Fjs and then on Fj, one has
(5.10) Oy < E[Za(k;)}P[P}IP[T(x) < ek(2+2‘/§_5)]
- e’“]P’[Bk < —ak} e [Bs < —/35}P[T(g¢) < ek<2+m—5>].
For 0 < ¢ < min{d/8, (1 — £)/2}, by (2.13) and (2.4),
(5_11> Qy < e3€kc5x267\/§xek(2+2\/575) < cllee’sk.

On the other hand, the event {3u € Z,(k) s.t. N%(s) = 1,L%(s) < —fBs,el72F < 7, <
1—

ek (2+2v2=9) ~ Tu(z)} implies that there exists some time r € [e(172F — g h(2+2V2-9) _ g
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such that the rightmost position R(k + s+ ) is less than —ak — s + m(r) + . Thus,

Qo = P[Elu € Z,(k) s.t. N“(s) =1,L"%(s) < —fs, e=2k < o < Qk(2H2V2-0) f“(az)]

IA

P [EI'/’ € [e1-20k F2H2V20) 4 11 st R(r) <m(r—k—s)+x — ak — Bs] :

a27 &
By taking a = 3 = 2 — /2, we obtain s = lljrg_gf k= (% — ¢1)k for some sufficiently small
g1 = e1(e) > 0. Let § > 8y/2¢;, then m(r —k —s) +x—ak —f3s < m(r)—e k. By Proposition

2.5, for k large enough,
(5.12) Oy < Cre =th/0V2,

Since Qp < Qp1 + Qe it follows from (5.11) and (5.12) that Q, < crkleek + C’le_elk/ﬁ*/i.
Combined with the fact that Q, < 2e™"* (5.4) implies that

Q) < Qu+Q <2 1 ey kPe L e k/6V2

According to the inequality (5.1), for 0 < ¢ < §/8, n(e) > 0, 0 < &1(¢) < §/8v/2 with &

sufficiently small, and for all k£ sufficiently large,

P[D.NE;] < exp [_ 6(k(1—g—a)_s(1+%+a))] e

S

< e g e ¢ e ke ek 4+ C’le_elk/Gﬂ.

Consequently,

ZP[Dk N Ek] < Q.
k

By Borel-Cantelli lemma, P[Dy N E} i.0.] = 0. Recall that Ej := {Za(k) >exp [k(l — % —

8)} } Biggins [5] showed that almost surely

- logZ,(k) . @
(5.13) lim =20 =1 -

Therefore, for any 6 > 0 small, liminfy ., logke’“ > 2 4+ 2v/2 — § almost surely. This implies
the lower bound of Theorem 1.2. [J

20



5.2 The upper bound of Theorem 1.2

It remains to prove the upper bound, namely, almost surely,

log @k

(5.14) lim sup <2+ 2V2.

k—o00

Before bringing out the proof of (5.14), let us state some preliminary results first.
For M € N, , define
oy = inf{s > 0; N(s) = M + 1}.
Clearly, o), is a stopping time with respect to {Fs; s > 0}. Since N(s) follows the geometric
distribution, one sees that for any s > 0, Ploy, < s] = P[N(s) > 1+ M] = (1 — e *)M.

Moreover, oy has a density function, denoted by fy, as follows:
(5.15) fu(s) = 1sopMe*(1 — e )M < 150 Me ™

Recall that L(s) = inf,cprs) Xu(s). Let L(oa) denote the leftmost position at time oyy.
Notice that at time o), there are M +1 particles which occupy at most M different positions.
This tells us that for any s, u > 0,
M _ 25/2
(5.16) IP’[L(S) < —ps|oy = 3] < MIP’[BS < —,us] < —e7HEE
s
where the last inequality holds because of (2.4).
Let ¢ € (0,1/2). For r > 1/e and 0 < s < 7, we set A := A(s,r) > 0 such that
s(1+ )‘;) =r. Let
(5.17)  D(r,\) = {ou>r—1YU{er <oy <r—1,L(oy) < —Xom,7)om},
(5.18)  W(r,A) = {er <oy <r—1,Lioy) > —Xowm,r)oum}

We have the following lemma, which gives some results of the random vector (o5, L(oas)).

Lemma 5.1 (i) There exists a constant c1o > 0 such that

(5.19) IP’[@ (T, )\)] < cpMPre".
(ii) There exists a constant c13 > 0 such that

eZOJVf_ﬁL(UM); U(r,\)| < 613M2T26\/§T.

(5.20) E
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Proof of Lemma 5.1. (i) Observe that
]P’{CI)(T, A)} < ]P’[O’M >7r— 1] +]P’[gr <oy <r-—1,Lloy) < —)\(O'M,T)O'M]

= [ s+ [ 160 < A rtsfons = s

r—1 r

[e'e] r—1
M
< / Me™*ds + / RV ol 1)
r—1 15

. A(s,T)s
where the last inequality follows from (5.15) and (5.16). A few lines of simple computation
yield (5.19).

(ii) Let us prove the inequality (5.20). By Fubini’s theorem, we rewrite the expectation

E eQUAI—ﬂL(UAI); U(r,\)| as follows:

(5.21) /T e far(s)E [e_‘/ﬂ(s); L(s) > —=A(s,7)s

T

= s] ds

- /T e far(s) +OO \/56_\/59“1?[ —A(s,r)s < L(s) <x

r —A(s,r)s

= s] dxds.

For er < s < r, one sees that A(s,r) = /2(r—s)/s > /2/(r—1) > 0. We choose
0 < Ao = min{l —+/2/2, \/2/(r — 1)} so that

+oo
\/56_*/5’”[[”{ —A(s,m)s < L(s) < x|loy = 3] dx

—A(s,r)s

+oo —Xos

< V2e V2 dy + \/56_\/596@[ —A(s,7)s < L(s) < xloy = s] dx
—Xos —A(s,r)s
—Xos
(5.22) < V254 \/ieﬁm]P’{ —As,m)s < L(s) < zloy = 3] dzx.
—X(s,r)s

The last term on the right-hand side of (5.22), by a change of variable x = —us, becomes

A(s,r)
\/586\/5“5[?{— As,m)s < L(s) < —ps|oy = s] du
Ao
A(s,r)
< V2seY2HsPp lL(s) < —usloy = s] du
Ao
A(s,r)
< VaseVaus L gtz
Ao Hs
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where the last inequality comes from (5.16). Going back to (5.21),

|| < f

T

r—

A(s,r

! ) M 2
e frr(s) ( V QS?e(ﬂ“’%)sdu + e(\/ﬁl)s) ds.

Ao

By (5.15), this is bounded by
r—1  pA(s,r) M2 2 r—1
/ / V25— exp{(1+\/§,u— %)s}d,uds+M/ eV ds.
er Ao ¥ er

Notice that if s < 7/2, then A(s,r) = 1/2(£ — 1) > V2. It follows that

2
(5.23) max (14 v2u — %)s =25 <71 <Vor

0<u<A(s,r)
Otherwise, 7/2 < s < r implies A(s,7) < v/2. Hence, max0<u9\(s7r)(1+\/§ﬂ—“2—2)s is achieved
when = A(s,r), which equals

1+ \/ﬁ)\(s, r)— —)‘(Sér)Q

1+ )\(82,7")2

r.

(5.24) (1+ V26,7 - A(ST"’)Z)S = (

It is bounded by v/2r since max.>g %27;/2 —= /2. Combing the two cases, we obtain that

max
er<s<r—1;,0<u<A(s,r)

e(1+*/§“_é)s < eV,
This implies that
r—1  pA(s,r) M?2
E GQUM*\/iL(O'JM);\I/(T’ )\)} < / / \/28—6\/§rdﬂd8+MT6\/§r
er Ao H

< M2eV2r /7”_1 @%ds + MreV?,
As \g = min{1-+v/2/2, /2/(r — 1)}, we deduce that E {e%MﬁL("M); U(r,\)| < crsM2r2eV?r,
which completes the proof of (ii) in Lemma 5.1. [J
Let us turn to prove the upper bound of ©y.
Proof of (5.14). For any u € N (k) and t > 0, we denote A,(t) := {m, > t}. Then
{Ok >t} = Unenrn Aul(t).
For any # € QN (0,1), let

aj =V2—340, bj:=vV2—(j—1), forj=1,...,K:= K@) =|
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sothat0<aj<\/§forallj§K.
Let Ii(a,b) := {u € N(k);ak < X, (k)
Given the event = := { — 2k < L(k)

bk} for —oo < a < b < 0.

<
< R(k) < \/ﬁk}, we can write

N k) = 1(=0.v2) U (| et —ay)),

1<G<K
so that
er>ty= Au(t):( U Au(t))u< J U Au(t)).
ueN (k) u€l},(—0,v/2) 1<j<K u€ly(—bj,—ay)

As a consequence,

(5.25) P{{@k>t}ﬂ5}§ﬂ”[ U  Anns

uelk(_ev\/i)

We first estimate P[Uuelk(f&\/ﬁ) A, ()N E} :

For any particle u € N (k), let 0¥, := inf{s > 0; N“(s) = 1 + M}. Recall that L“(t) =
min{ X, (t + k) — X,(k);v € N(k + s),u < v} for any t > 0. By the branching property,
conditioned on Fy, {o};, L*(0};) uenx) are i.i.d. copies of (o, L(owm)).

Similarly, We define ®*“(r,\) = {o%;, > r — 1} U {er < o}y < r —1,L%0};) <
—A(r,o%)od} and U¥(r,\) = {er < oY < r—1,L"(0Yy) > —No¥,r)oy}. One im-

mediately observes that
526) | Au(t)mE] <p| | @U(T,A)}

uelk(*e,\/i) uelk(fG,\/i)
+1P>[ U Amn (@“(r, )\)) 5}

uelk(_gv\/i)
Conditioning on Fj yields that

(5.27) ]P’[ U M| <E] D> lewpn| =E[ > 1]1?{@@«@)].
uelk(_evﬂ) uEIk(—67\/§) UEI]C(—G,\/E)
Clearly,
(5.28) E| ) 1| <E[N(k)]=¢"
ue]k(_ev\/i)
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It then follows from (5.19) that

(5.29) P[Uuelk(_a V3 ®(r, A)] < craM2rem .
We now choose r = k(1 + ¢) and set Ag := ]P’[ User(—6,v3) Au(t) N (@“(r, )\))c; E} Then for
all k large enough, (5.26) becomes

(5.30) ]P’[ U Au(t) N E] < e MPke™F + A,.
uelk(fG,\/i)

C
It remains to estimate Ay. Since <(I>”(r, A)) C {ol, <erfuU¥*(r,\), we write

(5.31) Ao = IP’[ )} (Ueﬂ) Au(t) N (cb“(r, )\))c; E] < Ay + Ao,
u€lL (-0,

where
A o= ]P’[ U A, (t)n{oy <er}; E}
uelk(fe,\/i)

Ay =Pl Au(t)ﬂ\If“(r,)\);E}.
uelk(fe,\/i)

For any particle u € I;(—0,v/2) such that {o%, < er}, for any y > 1, we define

(5.32) SU(y):= min T°(y) +er.
veN (er)

Recall that A,(t) = {r, > t}. By comparing 5"(y) with ¢, we obtain that for any t; € (0, 1),

(5.33) Ay < P[ U {t1 < 5“(y) <t< Tu}; E]

uelk(_evﬁ)
+ P[ U {gu(y) >tioy < ETH +IP[ U {gu(y) < tl}}
uelk(79,\/§) uelk(fG,ﬂ)

= Nig + Ay + Ase

For § € (0,1) and 6 € QN (0,1), we take y = (V2 + 2)k(1+0), t; = e, t = V20420
As {0, < er} implies {N*(er) > M}, P[S"(y) > t;0% < er|Fiier] is less than P[T(y) >
t —er]™. Conditionally on Fy.,, then by (5.28), we get

M M
(5.34) Ay < E[ Z 1}P[T(y) >t — er} < ek]P’[T(y) > e‘/iy(”“;)] ,
uell(—0,v?2)
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since r = (1 + &)k with € € (0,1/2). By (2.16), Ay, < ¥ x e=M3W/3 for k large enough. We
take M = % to ensure that Ay, < e *
On the other hand, we observe that

(5.35) Ay < E[ 3 I(Tv(y)@)} < HHerp {T(y) _ ek}.

veN (k+er)

By (2.13), Ay, < ef+eregye ~V2ek Thus Ay, + Ay < 2e* for sufficiently large k.

Set = := {R(k +er) <2(k+ 6r)} NE. Then,

(5.36) A <P [R(k: Yer) > 20k + z—:r)} +E

Z L t=8u@)zn); El] .

uelk(fe,\/i)

We define Aj,esr := E[Euelk —0/3) 1(Tu>t2,§“(y)2t1); El} for convenience. On the one hand,
P[R(k + er) > 2(k +er)] < e because of (2.15). On the other hand, we have

Z / Su(yedr)IP’[Tu>r,u1]:k,]: H

u€l,(— G\f
Since {S"(y) =1’} € {R“(r') > L*(er) +m(r' —er) +y}, the event {r, > '} conditioned on
{S"(y) = '} implies UweN(k)\{u}{Xw(k)+Rw(r’) > Xu(k)+L“(57’)+m(r’—er)+y}. Further,
this set is contained in Uyear() {u}{R“’( N> m(r') + X, (k) + Lt(er) +y — V2er — Xw(k)}.

As =; guarantees that (Xu(k) + L¥(er) +y — V/2er — Xw(k)> < Cqk, the inequality (2.2)
+
can be applied to show that

Alrest < E

E Z / Su(y Gdr |:TU >T7‘—‘1 ‘FIC?F :|]
-uelk( 9 f
[ V2 (Xu(k)JrL“ (sr)erf\/iserw(k))
<8l T [hegun X oo |
L uel, (—6,v/2) WEN(/’C)\{U}

< ¢35 k2e~V2ut2erg Ele

3 T VA Xu®)

uely(—0,v2) weN (F)\{u}

—ﬂL(er)]

where the last inequality follows from the fact that for u € N'(k), L*(er) are independent of

Fi and are independent copies of L(er).
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Whereas by the estimation of E[EHEM(R) D weN )\ fu} ewa(k)} in Section 4,

3 3 emxw(k)—xu(k))]

uely(—0,v2) weN (F)\{u}

_ / 2k— sds/ [Bs c d$]E|:6_ﬁBk,_0k < B, < \/5]{3’35 = ZL‘i|E|:6\/§Bk

E

BS::L‘}

k
_ 2/ 3k— st V2B;s— \/_Bk ngBkgx/ﬁk}d&
0

Because E [eﬁBs_ﬂB’f; —0k < B, < \/ik] < eV20kR [eﬁBS] = eV20k+s e obtain that

3 $ VA Xu®)

u€ly,(—0,v/2) weN (k)\{u}

(5.37) E < 9Bk HV0k,

Besides, E {e\/ﬂ(”)] < E{Ev@v(w) e\/iX”(”)} e*". As a result,

Alrest < C15/{72€7\/§y+2€r X 2€3k+\/§9k‘+2€r.

Recall that 0 < 6 < 1, y = (v/2 4+ 2)k(1 + 6) and that r = k(1 + ¢) with k large enough
so that r > 1/e. Hence, Aqyes < c15k2e0-2V2F for e € (0, 2). Going back to (5.36), we get
A < e F 4 epsk2e0- 2V for all k sufficiently large.

Consequently, (5.33) becomes

(5.38) A <e 4 015/{Z2€(172\/§)k + 2e7F < ek,

It remains to estimate Ay =P |:Uuelk(—0,\/§) A, () N (r, N); E] where U(r, ) = {er <
oy <r—1,L%otY) > =\l 7)ol }. For any particle u € N(k) satisfying U*(r, \), define

(5.39) S“y):= min T"(y)+ oY, for any y > 0.
veN (ay,)

Comparing §“(y) with ¢ yields that

(5.40) A <P U {t1 < Sy <t< Tu} NU(r, \); E}

uel(—0,v2)
+IP>[ U {§U(y) >t}ﬂ\If“(r, ) +IP>[ U {§U(y) <t1}ﬂ\If“(r, )\)]
€l (—6,7/2) u€l(—6,1/2)

=: Aoy + Aoy + Ao
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According to the definition of S*(y), one sees that P[S"(y) > t: U*(r, \)] < P[T(y) > t —r]M
and that P[S"(y) < t1: U*(r,\)] < 2MP[T(y) < t;]. Recall that r = (1 + )k, M = 6/4;,
y=(2+2)k(1+0), t; = e and t = eV2(+2)_ For any —oco < a < b < 00, by (2.16),

(5.41)

k V2y(14+6)1M —k
Z 1{§“(y)>t}ﬂ\11“(7",)\)] <e"xP[T(y)>e v+ )] <e "

u€ly (avb)

Meanwhile, by (2.13),

(5.42)

k —2k
Z 1{§“(y)<t1}ﬁ\11“(r,>\)] <" x 2MP[T(y) < t1] < 2csMe
u€ly(a,b)

Hence, taking a = —@ and b = /2 implies that Ao, + Ao < €% + 2csMe 28, Let =y 1=
{maxg<,,<r R(k +19) < 6k} NZE. We get

(543)  Asu SP| max R(k+70) > 6k +E| D 1 cgugcrenueoni 52

0<ro<r
ue]k(—97\/§)
By the many-to-one lemma, for k large enough,
(5.44) P[ max R(k + ro) > 6!{:} <et
0<ro<r

For the second term on the right-hand side of (5.43), we need to recount the arguments to

estimate Aqyeqr. Let

(545) A2rest =E

Z 1{t1§§“(y)§t<’ru}ﬂ\11“(r,)\); E?]-
uelk (_67\/5)

It immediately follows that

(5.46) Agrest < E Z / G (e Lwe () X IP’[{TU >} N E;

Fi, F }

Comparing 7, with S%(y) tells that

Z / (5v(gycar) LN X

uelk

A2rest <E

E{IE2 Z 1(R“’(r’)>m(r’)—\/§0}fd+y+Xu(k) ~Xuw(k)+L (oY) ) )}—’“}— H
weN (k)\{u}
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On the event Z, N W¥(r, A), we have 1+ < — V20, +y+ Xy (k) — X (k) + L“(a}m) < Csk.
+
Applying the inequality (2.2) for R (r’") yields that

A2rest S E

Yo leenx Y Cgk;?eﬂyeﬂxw(kmu(k»e%x[mwom]
uETL(~0,7/3) weN (k)\{u}

3 Y VA Xu®)

u€l(—0,v2) WEN (F)\{u}

= Cnge*\/iyE E 6201V17\/§L(01V1); \I’(T, )\)

)

by the fact that {c},, L*(c},)} are i.i.d. and independent of Fj. Recall that r = (1 + ¢)k
with € € (0,6/3). It then follows from (5.37) and (5.20) that

(5.47) Nopest < C§]€2€*(2+2\/5)k(1+9) % 2e3k+V20k o 613M27,2€\/§r < cl7k4M2e*(\/§*1)k.

Consequently, Ay, < e™F + cl7k4M26*(\/§fl)k'
Therefore, for k sufficiently large, the inequality (5.40) becomes

(5.48) Ay < e ¥4 2csMe 2k f e 4 617/{74M2€7(\/§71)k < crgMPe ek,

Combined with (5.38), Ag < ci6e™F + c1sM?e~**. Going back to (5.30), we conclude that

(5.49) IP’[ U Au(t) OE] < cygM2e=H/2,
uelk(fG,\/i)

To complete the proof, we still need to evaluate P [ Unely(—b;,—a;) Au(t) NZ|. Recall that
for any particle u € N (k), oy, = inf{s > 0; N“(s) = 1+ M} and

OU(r,\) ={oy >r—1}U{er <oy <r—1L%oy) < =Aooy,7m)oit,

for any r > 1/e and A(s,7) = \/2(% — 1) with 0 < s < r. Clearly,

IP’[ U Au(t);E]§P[ U GPY

u€l(—bj,—ay) u€lR(—bj,—aj)

U Aunn (@”(T, )\))c; E]

u€l(—bj,—ay)

| 1] P l@(r, )\)] .

+P

On the one hand,

<E

(5.50) IP’[ U ey
u€lk(

_ij_aj) uelk(_ij_a’j
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a2
We now take r = k(1 — =2)(1+¢) with € > 0 small so that r < 2k. Recall that a; = v/2 — jf
for1 <j < ng, with # € QN (0,1). Then note that each a; is strictly positive. Thus, by
the many-to-one lemma and (5.19), (5.50) becomes that

IP’[ U oU(r, )\)] < "P[-bjk < By, < —ajk] X cioM?re”"
u€lk(

—bj,—aj)

IN

craM?re " *P[By < —a;k]

a? J2
< 012M2(2k:)e_k(1—%)(1+6)+k(@6_%k)
< & |

where the last inequality follows from (2.4). P [Uu I~y —a) P (r, )\)] is hence bounded by

ClZQ@ﬁ\/Eeﬂ/ieek/;
J
On the other hand, recalling that U*(r, \) = {er < o¥f; < r—1, L*(o};) > — Ao, 7)ok},
we deduce that
(5.51) IP’[ U Ann (cb“(r, )\))c; =
uelk(

—bj,—aj;)

< A+ AL,

where

Al = P U Au(t)ﬂ{a}f/[<87’};E],

L UEIk(fbj,faj)

Ay, = P U Au(t)ﬂ\ll“(r,k);E].

L UEIk(fbj,faj)

Furthermore, by an argument similar to the one used in estimating A1, we have A} < cye™%F.

Thus,
2M?

a;

(552) P [ U Au(t), E] S C12 \/Ee—\/ieak/Q —+ 0206_6k —+ A,Q
uEIk(fbj,faj)

It remains to bound A),. Recall that S*(y) = min,ep (v ) T (y) + ol with y = (V2+2)k(1+
). We observe that

A, < IP[ U {(S5"(y) >t} NT(r, )| + P

uEIk(fbj,faj)

U {5 <tipnw(r A)]

uelk(fbj,faj)

+ P[ max R(k + 7o) >6k} +P

0<ro<r

U {t1 < S'y) <t< Tu} nw(r, A);Ezl.

uEIk(fbj,faj)
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In view of (5.41), (5.42) and (5.44),

(5.53) Ay < e+ 2esMe™ 4 e7F + El 1

{t1 <8 (y) <t<r, JNTE(r, ) , ‘:2:| :
uEIk(fbj,faj)

We define A}, ., = E[Zuelk(fbjﬁaj) Ly, <8uy)<t<ratnwe () EQ] Thus applying the analo-
gous arguments to the estimation of A,y gives that

3 3 eﬂ(xww)—xu(k))]

u€ly(—bj,—a;) weN (k)\{u}

(5.54) Aboy < cnk?e V¥E

2rest

x E

eQUWI’ﬂL(””’); W (r, )\)] )

Once again, by means of integrating with respect to the last time at which the most recent

common ancestor of u and v was alive, E [ Zuelk(_bj —aj) DN )\ fu) eﬁ(xw(k)fxu(k))} equals

k
2/ er_Sds/IP[BS Ed:p}E[ ‘/_B’“ —bjk < By < —ajk
0 R

B, = x] E [eﬁB’f

B, = x]
k
— 9 / ¢ V2V ik < By < —agkds
0
k —ajk
- 2/ e3k25ds/ e*ﬁmP[Bk € dx]E[eﬁBs
0 —bjk

Let (bs(x); 0 < s < k) denote a Brownian bridge from 0 to x of length k. Then E [eﬁBS

By =

x] equals E[eﬁbs(w)], which turns out to be exp(s(k — s + v/21)/k). Note that a; > 0 and
that b; = a; + 6. This gives that

E[ 3 3 eﬁ(wa)—Xu(k))]

u€l(—bj,—a;) weN (k)\{u}

k ko x? s
_ 2/ 63k2s+s(k$)/k/ exp ( - V2r & \/§Ex>dxds
0

—bjk 27k

k 2

Ok a;

< 9 Bhstslhs)/k L oy ( — Lk +V2bk — \/§a~s) ds
/0 V2rk P 2 ’ ’

which is bounded by vk exp <3k - gk: +1/2b; k:) since fok exp < —2s+s(k—s)/k— ﬂajs) ds
is less than 1. One hence sees that E [ Zuelk(—bj,—aj) DN () fu) eﬁ(xw(k)fxu(k))} is bounded
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o2
by ket (=3 +V2a)k+v20k - Going back to (5.54) and applying (5.20),

A k,26—(2+2\/§)k(1+6) \/E62k+(1—%?+\/§aj)k+\/§9k613M2r26\/§7"

2rest

IN

C21

< kA P exp (VB (1 - /2) + VB - 2v7] |

[V

a“

asr =k(1—

(5.55) (V2 +1)(1 - a2/2) + V2a; — 2v2 = —‘/5; ! (aj —(2- ﬂ))2 <0.

We get A}, < cook®?M?e~2%% and thus for all k sufficiently large,

)(1+¢) with e € (0,%). Observe that

o |

(5.56) Ny < cogMPe™

Consequently, by (5.52),
2M?

a;

\/Eef\/@skﬂ + C2oefsk + 623M2€79k.

(1]

P |: Uuelk(—bj,—aj) Au (t), < C12

Summing over j € {1,--- , K = L%J} implies that
K

(5.57) >p l Unery(—by,—ay) Ault); E} < C()MPe=0%/2,
j=1

where C'() is a positive constant associated with 6 (but independent of k, 6 and M) and k
is large enough.
Going back to (5.25), we combine (5.49) and (5.57) to say that

P [{T(k‘) > t} N { —V2k < L(k) < R(k) < ﬁk}] < cgMPe P+ C(0) MPe =0

Cl<9) —e0k/2
< 5z © 2,
where § € QN (0,1), € € (0,%), § > 0 and ¢ = exp[k(2 + 2v2)(1 + 6)(1 + 26)] and k is
sufficiently large.
According to the Borel-Cantelli Lemma, we conclude that for any § € QN (0, 1) and any
0 >0,

1
08 O < (242V2)(1 +6)(1 +26),  almost surely.

lim sup
k—o00

This implies the upper bound in Theorem 1.2. [J
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