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At an energy scale of 10 15 eV -10 16 eV, a direct measurement of the energy carried by charged cosmic radiation is a real challenge for balloon-borne and space based instruments. As a consequence of the very small fluxes, a large collecting power is required which is difficult to accomodate with weightlimited instruments equipped with calorimeters. A different approach has been proposed that might allow for a sizeable reduction of the instrument mass. It is based on a kinematical technique, whereby the energy of the cosmic-ray is estimated on the basis of the measured angular distribution of the secondaries resulting from its interaction in a target. In this paper, we review the basic principles of the method and study the properties of different energy estimators by means of a full simulation of the interaction of the incident particle in a conceptual instrument. We also discuss the intrinsic limitations of the method and investigate its possible application to direct measurements of the cosmic-ray spectrum in the region of the 'knee'.

Introduction

Above the GeV energy scale, the "all-particle" energy spectrum of cosmic charged radiation follows a broken power-law with a spectral break known as "knee" and located approximately at 4 × 10 15 eV. The very low cosmicray (CR) fluxes in the energy region around the 'knee' pose a formidable challenge for direct flux measurements with balloons and space borne instruments. In order to obtain a statistically significant data sample to measure the spectral index change across the knee region (i.e.: to cover energies up to 10 16 eV), a large collection power of order 10 4 m 2 sr days is required. For a typical space mission with a nominal duration of 3 years, this implies a large instrument with a geometrical factor of ∼10 m 2 sr or more.

In order to measure the fluxes of individual nuclear species, the instrument is required to provide a positive identification of the incoming particle and a measurement of its energy. This is difficult to achieve with a mass-limited instrument of large acceptance.

While the identification of cosmic-ray nuclei can be accomplished by lightweight devices (based, for instance, on silicon sensor arrays) via a measurement of their electric charge Z, the measurement of the energy poses a number of problems.

At present, the main techniques for a direct determination of the cosmicray particle energy are based on Ionization Calorimetry (IC) [START_REF] Isbert | Proceedings of the 10th International Conference on Calorimetry in Particle Physics[END_REF]2] and/or Transition Radiation detectors (TRD).

In the IC concept, a nuclear interaction is induced by a low-Z absorber (with typical thickness of order 0.5 -1 λ int ) and the electromagnetic core of the shower is imaged by a calorimeter of sufficient depth (of order 20 -30 X 0 ) to contain the shower maximum. Despite the reduction in mass with respect to a conventional total-containment hadronic calorimeter, the geometrical factor (GF) remains weight-limited to order 1 m 2 sr.

On the other hand, low-mass TRDs can be built with one order of magnitude larger GF, but they suffer from limitations including saturation effects at high energies and poor photostatistics for the detection of light nuclei. A few meters long detector with multiple radiator sections would be required to achieve, at the same time, a sufficient light yield for the detection of the lightest nuclei and saturation at large values of the Lorentz factor (γ > 10 5 ).

The total detector length has a dramatic impact on the geometrical factor and is often limited by the overall size of the instrument [3,4].

In conclusion, a direct measurement of the energy spectrum of primary protons at the knee, using conventional techniques, is likely to be strongly statistics limited.

The kinematical method

A possible alternative solution has been proposed [START_REF] Korotkova | New Method for Determining Energies of Cosmic-Ray Nuclei[END_REF]6] under the name of KLEM (Kinematic Light-weight Energy Meter), a technique based on the kinematical determination of the energy of the primary cosmic-ray interacting in a low-Z target. The value of the energy is inferred by an accurate measurement of the angular distribution of the generated secondary particles.

This alternative approach to energy measurements is based on an idea that target γ-converter detector Figure 1: Conceptual KLEM apparatus -consisting of a target and a (set of ) detector plane(s) -used in the simulations to investigate the performance of the apparatus. The effect of the presence of a photon converter has also been studied.

was investigated in the fifties, with data from emulsion chambers, taking advantage of the fact that the transverse momentum of secondaries produced in an hadronic inelastic interaction does not depend, as a first approximation, on the primary energy. The kinematical method was applied in experiments with cosmic-rays in the energy range 10 11 -10 13 eV, mainly with nuclear emulsions and spark chambers. In these experiments, the primary energy was measured by the mean angular deflection of secondaries with a rather poor energy resolution of order 120% to 200% [7,8,[START_REF] Dar | International Cosmic Ray Conference[END_REF].

More recently, on the suggestion of T. Shibata [10], the original method was elaborated for the determination of primary energies larger than 10 13 eV. This method was applied in the RUNJOB (Russia-Nippon Joint Balloon) experiment [11] and the energy resolution improved to 50% -70%, but extrapolation of this technique to higher energies (E > 5 × 10 14 eV) was limited by the impossibility to expose nuclear emulsions for a sufficiently long period of time.

The modern application of kinematical methods to the investigation of high energy cosmic rays can take advantage of the high spatial accuracy of state-ofthe-art semiconductor detectors for the measurement of the emission angles of secondaries. This may lead to the design of a detector with a relatively small weight, but with a significantly large geometrical factor, capable to undergo long-term exposure in orbit and to achieve an extended energy reach up to 10 16 eV.

On the other hand, the KLEM method is affected by a number of limitations including large fluctuations in the reconstructed energy and a resolution function exhibiting a non-Gaussian low-energy tail [12].

In the present paper, we present the results of an investigation on these effects that was carried out mainly by means of extensive computer simulations with the Fluka package [START_REF] Roesler | The Monte Carlo Event Generator DPMJET-III[END_REF][START_REF] Fasso | FLUKA: a multi-particle transport code[END_REF][START_REF] Battistoni | The FLUKA code: description and benchmarking[END_REF] using the DPMJET model of hadronic interactions. The reader should be made aware that our study relies on the (unproven) assumption that the DPMJET model predictions -that have been checked against the experimental data at lower energies -still provide a good approximation of reality at the PeV scale, where data from direct measurements (balloons and space instruments) are not yet available or have not yet reached the required statistical accuracy. We cannot exclude that different hadronization models might provide significant deviations from the statistical distributions of the energy estimators presented in this paper. A comparative study of the impact of different models on our study might be the subject of a future publication.

The energy carried by charged secondaries

A secondary particle of mass m is produced in an hadronic interaction with a Lorentz factor γ = (M/m) cosh y, where the rapidity y is usually defined as y = 1/2 ln[(E+P L )/(E-P L )], in terms of the energy E and longitudinal component P L of the momentum P.

The "transverse mass" M, is defined as:

M = (m 2 + P 2 T ) 1/2
where P T is the transverse momentum.

At high energy, the 'fast' secondary products are ultra-relativistic, whereby y i ∼ η i with the usual defininition of pseudorapidity:

η i = -ln tan (θ i /2)
and θ i is the emission angle with respect to the original direction of the primary particle, carrying an energy E p .

The observed energy in the final state can be divided into two parts: E p = E neutrals + E charged where E neutrals is the energy carried out by neutral secondaries and E charged is the energy carried out by charged secondaries.

The latter can be written as:

E charged = N i=1 m i γ i = N i=1 m i (M/m) i cosh η i = N i=1 M i sin θ i (1)
where the sum is extended to the secondary charged particles of mass m i and multiplicity N.

On average, charged (neutral) pions are produced in the first inelastic interaction with probability 2/3 (1/3). Therefore, by assuming that charged secondaries are dominated by charged pions, one can derive a rough estimate of the energy by replacing m i in the sum with an effective mass, in units of the charged pion mass m π :

< E charged > ∼ = N i=1 (m 2 π + P 2 T ) 1/2 sin θ i (2)
Under the approximation where the secondary particles produced in an hadronic interaction are emitted with an average constant trasverse momentum P T , the average energy is proportional to the term N i=1 1/ sin θ i . In the original formulation of the kinematical method (known as Castagnoli's) [START_REF] Dar | Energy estimates of cosmic-ray events[END_REF]17,18], a logarithmic estimator of the incident energy in protonproton collisions was derived from the average value of the pseudorapidity < η > of the secondaries.

Study of kinematical estimators of the particle energy

In order to study the statistical properties of different kinematical estimators of the energy of the primary particle, a conceptual instrument was first simulated with a Carbon target of thickness ∼ 1 λ int (where the interaction of the impinging cosmic particle takes place) followed by an idealized detector plane -positioned downstream the target -where the exact coordinates from the Monte Carlo simulation ('MC truth') of all charged secondaries were recorded (Fig. 1). This initial approach allowed us to decouple the study of the bare kinematics of the event (including all effects due to secondary interactions within the target) from the instrumental effects in the tracking apparatus.

First, the allocation of a set of measured coordinates to a given track was done using the a priori knowledge from the 'MC truth' while, in a realistic situation of a limited-size tracker and in the presence of a large number of secondaries, this is hardly possible. In the case of a tracker with positionsensitive ionization detectors, each plane can provide no more than the spatial distribution of the impact coordinates of charged secondaries and the corresponding amplitudes of their signals.

In the following study, events were selected by requiring that the primary particle interacted in the target and the interaction point (IP) was known a priori from the simulation, allowing the scattering angle of each secondary to be calculated from its impact coordinates only. However, we also studied a scenario where the direction and impact point of the primary particle impinging on the target were assumed to be measured by an upstream telescope and the unknown depth of the interaction in the target was approximated by assuming that the IP occurred on a plane positioned exactly at one half of the target thickness.

The S-estimator

We first studied the behavior of an energy estimator S, defined as:

S ≡ N i=1 η 2 i (3)
According to the simulation studies reported in [START_REF] Korotkova | New Method for Determining Energies of Cosmic-Ray Nuclei[END_REF], the average value < S > was found to be related to the primary particle's energy E as < S > ∼ E β with β = 0.7 -0.8 in the energy range 10 2 GeV to 10 6 GeV for protons (after a photon converter). Measured distributions of S with charged pions at beam test energies close to 350 GeV showed a non-Gaussian shape with a low energy tail, in agreement with the simulations [12].

In order to understand the origin of the tail, we have first investigated the behavior of the S-estimator by using the 'true' values of the angles of the secondary particles as predicted by the Fluka simulation.

The correlation of the S-reconstructed energy with the multiplicity N of the charged secondaries emerging from the target is shown in Fig. 2(a) for primary protons of 10 TeV at normal incidence, where the values on the abscissa are the reconstructed energies (in GeV) after application of the energy calibration procedure described in section 4. The dependence of S on the final state charged multiplicity is quite evident and gets stronger at lower values of N. This behavior of the S-estimator is the main responsible for the appearance of a left-hand tail in the reconstructed energy distribution.

The behavior of the reconstructed energy with the S-estimator as a function of the total kinetic energy of the charged secondaries is shown in Fig. 2(b) for the same events. Here, a cluster of points near the kinematical limit (shown in an enlarged view in the insert of the same figure) is found to provide a lower value than the average for the S-estimator. These low charged multiplicity events are characterized by a small number of secondaries accompanying a 'leading particle' emerging from a quasi-elastic hadronic interaction in the target. In this case, most of the energy is carried by the leading particle emitted at large values of η and surrounded by low energy secondaries with smaller rapidities.

Secondaries with low charged multiplicity are usually accompanied by neutral radiation (photons and neutrons).

The Q-estimator

We studied the properties of a second energy estimator, defined as:

Q ≡ N i=1 1 sin θ i (4)
and therefore proportional to E charged in the approximations of eq. ( 1) and eq. ( 2).

The Q-estimator was first evaluated using the 'true' values of the angles from the simulation. Its dependence on the multiplicity N of the charged secondaries is shown in Fig. 3(a) for primary protons of 10 TeV at normal incidence and compared in Fig. 2(a) relative to the S-estimator. Both estimators show a dependence on N at low multiplicity, albeit the Q-estimator dependence is weaker. This results into a more symmetric distribution of the Q-reconstructed energy in Fig. 3(c).

Also, at very low multiplicities (typically less than 10 charged secondaries), the events where a leading particle carries almost all of the primary energy are reconstructed with a value of Q close to the average, as can be seen in Fig. 3(b) where the total kinetic energy of the charged secondaries is plotted as a function of the reconstructed energy using the Q-estimator. For these (relatively rare) events, the "correct" behavior of the Q-estimator is at variance with the energy estimated by S where a "bump" appears on the low-energy tail of the distribution. This artifact is well visible in Fig. 2(c).

Energy response function with coordinate smearing

In a second phase of our study, we associated a position error to each coordinate. We first defined a virtual detecting plane positioned 50 cm downstream the target (with no material in between) and the impact coordinates of the secondaries impinging on this plane were smeared according to a Gaussian distribution assuming a given position error.

The scattering angles were calculated -as described in the previous para- shows a deviation from linearity that becomes increasingly larger with a larger smearing. This is due to the steeper dependence of the Q-estimator, as defined in eq.( 5), to small scattering angles whose values are overestimated as a consequence of the coordinate error.

In Fig. 5 The origin of the tail is mainly due to the dependence of the S-estimator on the multiplicity of charged secondaries as discussed in the previous section.

The small amount (a few %) of events clustering in the 'bump' at the lowest energy values are due to the cases where the leading particle is emitted at very small angles, carrying almost all of the incident energy, as shown in Fig. 2(b). This feature is almost absent in the distribution of the energy reconstructed using the Q-estimator. The latter does not show any significant asymmetry at 10 TeV. However, at higher energies, as shown in Fig. 5 In the conceptual design of a KLEM instrument, the distance of the tracking detector planes from the target and their active areas are the result of a tradeoff between the granularity of the detector and the total number of readout channels, under the combined constraints of the total weight and size. Assuming a tracking system with a 'fine granularity' of 50 µm (e.g.: the pitch of silicon strip or pixelated sensors), we studied the dependence of the energy resolution on the error of the impact coordinates of secondaries on a detector plane placed at distance ∆z=50 cm from the target. The reconstructed energy of 10 TeV (Fig. 6a) and 3 PeV protons (Fig. 6b) are plotted in a logarithmic scale for the case of an rms position error of 50 √ 12 µm.

According to our simulations, the use of the Q-estimator provides a better energy resolution with respect to the S-estimator. A significant improvement in the resolution (of order 50% ) is obtained at PeV energies with a high resolution tracker of 50 µm pitch and using the Q-estimator (see Table 1).

Detection after a photon converter

The energy carried by neutral secondaries E neutrals is dominated by the photons generated by the decays of neutral pions and by spallation neutrons.

In order to convert a large fraction of gamma-rays into charged radiation, absorbers can be included in the design of a KLEM instrument [START_REF] Bashindzhagyan | 27th ICRC[END_REF]20,21].

For instance, a first tracking section positioned after the target can be followed by absorbers placed immediately upstream a second tracking section.

We studied a simple conceptual apparatus (Fig. 1) consisting of one tungsten absorber (1.5 X 0 thick) placed 50 cm downstream the target and followed by a single detector plane equipped with position sensitive devices. The effect of the absorber is to increase the average number of secondaries, therefore a separate energy calibration had to be performed for this configuration. We find that, in the presence of the absorber, the S-estimator depends on energy approximately as E 0.7 (in agreement with [START_REF] Korotkova | New Method for Determining Energies of Cosmic-Ray Nuclei[END_REF]), while without absorber the dependence is weaker, as shown in Fig. 4. On the contrary, the Q-estimator linear dependence on energy is not found to be affected by the presence of the absorber.

The energy resolution is driven by the distribution of the estimator and by the slope of the calibration curve. In the case of the S-estimator, the presence of the absorber steepens the dependence of the estimator on the energy.

The effect of the absorber can be seen on Fig. 7, where the reconstructed energy of 3 PeV protons is plotted using both methods. In the presence of the absorber, the S-derived energy resolution was found to improve by approximately 15% at the expense of a larger (∼ 13%) asymmetry (see definition in the appendix). On the contrary, the intrinsically better energy resolution obtained with the Q-estimator is not significantly changed by the presence of the absorber. The latter only contributes to a slight increase of the low-energy tail.

The additional events visible at low energy in Fig. 7 are mainly due to the wrong reconstruction of the production angle in the target by a wrong association to the primary vertex of the coordinates of secondary particles produced in the absorber.

In our opinion, the use of the Q-estimator provides a better energy resolution than in the case of the S-estimator and does not require to introduce extra absorbers in the tracking section, thus providing a benefit in terms of the total weight of the apparatus.

Dependence on the position of the interaction point

The position of the interaction point (IP) inside the target is unknown.

However, in a realistic KLEM apparatus, the incident direction of the primary particle has to be measured with a sufficient angular accuracy by means of a dedicated tracking section upstream (and eventually inside) the target.

Then, by back-projection of the secondary tracks reconstructed downstream the target, a vertex fitting can be performed and the scattering angles can be determined with respect to the direction of the incident cosmic-ray particle.

We investigated a possible degradation of the energy resolution in the case where the primary vertex position was not reconstructed, thereby assuming the IP to coincide with the projection of the incident track onto a plane placed at half-depth in the target. Comparing with the energy resolution obtained in the ideal case where the 'true IP' position was known from the MC, we concluded that no significant worsening of the resolution at PeV energies does occur when the distance between the target and the first tracking plane is at least 50 cm.

Performance with a realistic tracking apparatus

The simulation studies described above were performed under the approximation that no ambiguities were present in the measurement of coordinates.

In real life, tracking detectors have to take care of instrumental effects as the pileup of signals from the same pixel (or strip), as well as of resolving the ambiguities in the pairing of X-Y coordinates measured in orthogonal views.

Given the large multiplicities and the small angles of emission of secondaries from the target, the task of resolving individual tracks with a multi-plane tracking system can easily become a formidable task at PeV energies. To quantify the importance of these effects, we studied the case where the impact coordinates are measured by an ideal tracking plane segmented into pixels and taking into account, event-by-event, of pileup effects by cumulating the number of particles impinging onto the same pixel.

The expected result is a further degradation of the energy resolution, as shown in Fig. 8 for the case of 3 PeV incident protons and 50 µm × 50 µm pixel size.

This paper is not intended to address a full study of a realistic apparatus that takes advantage of the kinematical method to perform high energy cosmic-ray measurements. In our opinion, such an intrument would require outstanding tracking capabilities, therefore a careful optimization of the design -in terms of performance versus cost -is mandatory. A full "proposal study" wih detailed simulations of the performance of the apparatus is out- side the scope of the present paper. In the following, we limit our study to the dependence of the energy resolution in the case of a conceptual pixelated tracker and we do not address the problems of coordinate pairing in a strip-based tracking system. However, in the design of a realistic tracking apparatus, given the large active area to be covered, a strip-based design is more likely to be considered than an implementation based on pixels.

Direct proton flux measurements at the 'knee' with the Kinematical Method

As a first example of a possible application of the Kinematical Method, we studied the problem of a direct measurement of an hypothetical proton spectrum of cosmic rays to simultaneouly determine a possible 'knee' position at an unknown energy E k and the spectral index variation ∆γ across the knee region. By "direct" measurements we refer to experiments in space or on balloons where the cosmic nucleus is identified by the instrument in flight, in contrast with "indirect" measurements by ground-based detectors, where the atmosphere is used as a calorimeter and the nature of the incoming particle is inferred only on a statistical basis with relatively large uncertainties mainly due to our incomplete understanding of the hadronization process.

In order to reproduce the typical experimental conditions in which an unknown energy spectrum is convolved with the instrument response function, data sets were generated according to the following broken power law:

Φ(E) = Φ 0 E -γ 1 for E E k Φ(E) = Φ 0 E k δ E -(γ 1 +δ) for E > E k
where Φ 0 is the normalization of the flux, γ 1 is the spectral index below the spectral break and δ is the spectral index variation. The break point E k was set at 4500 TeV and the continuity condition of Φ(E) at E k was imposed.

The spectrum was simulated by generating events according to a single power law with index γ 1 =2.71 with an index variation across the knee of δ = 0.4.

A first set of data -mimicking the data collected by the instrument for the whole duration of the mission -were generated according to a set of different exposure factors ranging from a "realistic" 10 4 to an "unrealistic" 2.5 ×10 5 m 2 sr days. This data sample (DATA set) was convolved with the energy response function g(E) of the detector. While a realistic simulation of the measured all-particle spectrum would require the knowledge of the instrument response for each nuclear species, in this example we limited our study to protons and investigate the impact of a coarse energy resolution (as provided by the kinematical method) on the measurement of the knee parameters.

Three different energy response functions were used for the convolution:

• two obtained with the Kinematical Method, using the Q-estimator (detection at ∆z=50 cm from the target) with an rms error σ = 50 √ 12 µm and σ = 500 √ 12 µm respectively on the coordinates;

• one using a Gaussian response function corresponding to a relative error of 50% (independent of energy) as representative of the high energy response of an ionization calorimeter for hadronic showers [22] .

Energy spectrum deconvolution

In order to reconstruct the spectral shape and extract the knee parameters, an energy deconvolution procedure has to be applied. A second data set (MC set) was generated for the energy deconvolution with a number of generated events much larger (10 6 ) than the former. The MC set is needed to solve the related unfolding problem which reduces to a matrix equation:

M i = n j=1 a ij N j i = 1, 2, . . . , m
where M i indicates the measured counts in the reconstructed energy bin i while N j are the 'true' counts in the incident energy bin j.

Each matrix element a ij represents the probability that the events in the deposited energy bin i come from the incident energy bin j.

The problem of recontructing the original spectrum from the experimental data is a classical unfolding problem and it can be treated iteratively [23] with no "a priori knowledge" of the detector response function. The resulting unfolded spectrum is then fitted with a broken power law with three free parameters (γ 1 , δ and E k ). This procedure is repeated for 100 ideal experiments to minimize the expected fluctuations in statistics for a single experiment and the resulting distributions in δ and E k parameters are then Gaussian fitted (see Table 2).

In Figure 9 the fitted values of the relative error σ δ δ on the δ parameter are plotted versus the total exposure factor for different exposure values.

Points with different markers correspond to different detector energy response functions. As expected, the measurement is statistics limited as shown by the N -1/2 dependence of the relative error on the spectral index change, where N is the number of collected CR events (proportional to the total exposure factor). Using the kinematical method with a "realistic" exposure of 10000 m 2 sr days, a spectral break δ = 0.4 can be measured at the level of ∼ 42%.

With the same (limited) exposure, a conventional (ionization) calorimeter would perform the same measurement with ∼ 38% relative error, as it can be seen from the first row in Table 2, where the gaussian resolution function refers to an ionization calorimeter with a 50% energy resolution.

Stability of the unfolding procedure

The elements of the unfolding matrix depend on the spectral index variation δ assumed for the generation of the MC data set. In order to check the stability of our final results, i.e. the values of the reconstructed E k and δ parameters, the deconvolution procedure was repeated by unfolding the same DATA set (generated with δ=0.4) with different MC sets generated with wrong a-priori spectral index variation δ f ake .

We define the maximum variation of the fitted parameter δ as ∆ δ = δ max -δ min where δ max (δ min ) is the maximum (minimum) reconstructed value of δ obtained by scanning δ f ake in the range 0.1-0.8. In an analogous way, we define ∆ E k = E kmax -E kmin . As shown in Figure 10 δ and E k parameters, respectively. This result confirms the stability of the unfolding procedure and that no significant bias in the energy estimator is introduced.

Example: proton flux depletion in the sub-PeV region

As a second example of a possible application of the Kinematical Method, we studied the scenario where the elemental composition of the cosmic-ray flux changes as a function of the energy with a depletion of the lighter nuclei while approaching the region where the "all particle" knee is located. In this case, the proton spectrum might exhibit a spectral break (we assume δ = 0.4) at an energy as low as 700 TeV, as suggested in the model of Shibata [START_REF] Shibata | About the cosmic-ray spectrum around the knee[END_REF] applied to the data of the Tibet-ASγ array experiment [START_REF] Amenomori | [END_REF].

Using the same analysis procedure of the previous example (section 5), the values of δ and E k shown in Table 3 

Conclusions

The Kinematical Method -traditionally used to derive an energy measurement in cosmic-ray esperiments from emulsions data -was revisited and extrapolated to higher energies (up to the PeV scale) using the DPMJET model. It was found to provide a crude logarithmic measurement of the energy with large fluctuations.

Two different energy estimators were studied to optimize the shape of the resolution function and to minimize the presence of the low energy tail reported in previous works.

The possibility to use a KLEM instrument to detect a kink in the proton spectrum -either in the region below 1 PeV and in the region where the "all particle" knee is located -was investigated.

At this energy scale, the extremely low fluxes drive the precision of the measurement which is strongly statistics limited, thereby requiring a collecting power of not less than 10 4 m 2 sr days. Despite the poor energy resolution, the position and spectral index change of a proton knee in the cosmic-ray spectrum could be reconstructed with no significant bias in our simulations, albeit with a large statistical error.

The Kinematical Method might provide a clue to the design of a lightweight instrument of large area with a tracking section preceding a low-Z target (to measure the direction of the incident particle) followed by a high resolution tracking system. No additional photon converters being strictly necessary, the weight of the instrument would be concentrated in the target.

Given the large sensitive area required (of order 4 m 2 ), the design of a such an instrument for a space mission is challenging in terms of the total number of readout channels and available power.

A. Modified Lognormal Distribution

The probability density function of a Lognormal distribution is:

f Y (y; µ 0 , σ 0 ) = 1 yσ 0 √ 2π exp - (ln y -µ 0 ) 2 2σ 2 0 , y > 0 (5) 
where µ 0 and σ 0 are the mean and standard deviation of the variable's natural logarithm, ln y (which, by definition, is normally distributed)

The distribution (5) has a stretched-out tail on the right-end side. In order to introduce an asymmetry in both directions, the following change of variables is applied [START_REF] Kuzmin | Studying of process e + e -→ 3π in the energy region of φ-meson with KMD-2 detector[END_REF]:

y = -x,
where is the maximum possible value of x. Eq. ( 5) can be rewritten in terms of the new variables:

f X (x; µ, σ 0 ) ∼ 1 ( -x)σ 0 √ 2π exp - (ln -x -µ ) 2 2σ 2 0 (6)
where µ = -exp(µ 0 ). The set of parameters µ, σ 0 , and p, σ, η can be expressed through each other:

µ = p -σ(e σ 2 0 -1)/η σ = η( -µ) • e -σ 2 0 η = 2 ξ sinh( σ 0 ξ 2 ) σ 0 = 2 ξ asinh( ξη 2 ) (7) 
In these new variables, ( 6) can be rewritten as:

f (x; p, σ, η) = η σσ 0 √ 2π exp - ln 2 (1 -x-p σ η) 2σ 2 0 - σ 2 0 2 (8) 
Reconstructed 

  graph -with respect to the 'true' interaction point in the target. The values of the S and Q estimators were translated into energy values by means of calibration curves obtained by plotting the most-probable value of the respective distributions as a function of the proton incident energy in the interval from 0.3 TeV to 10 PeV.4.1. Energy scale calibrationCalibration curves, obtained using the 'true' coordinates of charged secondaries (i.e.: with no smearing), are shown as solid lines in Fig.4and were found to have a linear behaviour in double-logarithmic scale. The calibration curve for the S-estimator in Fig.4(a) shows a flatter slope (with a dependence on the energy proportional to E 0.4 ) than in the case of the Q-estimator (proportional to E) in Fig.4(b), due to the larger sensitivity of the Q-estimator to the incident particle energy.The dashed (dotted) lines in the same figure refer to the cases of coordinate smearing with 50 micron (500 micron) pitch, respectively. While the Sestimator is not much affected by the error on the position measurement and remains almost linear up to the highest energy, the Q-estimator in Fig.4(b) 

  (a) the energies of 10 TeV protons at normal incidence, reconstructed with the S-estimator (crosses) and with the Q-estimator (open circles), are plotted in logarithmic scale for the case of an rms position error of 500 √ 12 µm. The S derived energy distribution shows a low energy tail that is well fitted by a modified Lognormal distribution, as defined in the Appendix.

  (a), 10(b), ∆ δ σ δ and ∆ E k σ E k where σ δ and σ E k are the rms errors of the fitted

  Let's introduce a set of parameters to characterize the distribution: p for the peak position; σ = FWHM ξ for the spread of the distribution (6); ξ = 2 √ 2 ln 2 ≈ 2.35; η = σ/( -p) : a parameter to quantify its asymmetry
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 23456 Figure 2: Energy reconstruction with the S-estimator for 10 TeV protons (no coordinate smearing): (a) multiplicity per event vs. reconstructed energy; (b) (normalized) total kinetic energy of charged secondaries vs. reconstructed energy; (c) (normalized) distribution of the reconstructed energy.

Figure 7 :

 7 Figure 7: Reconstructed energy of 3 PeV protons obtained with: (a) the S-estimator; (b) the Q-estimator on a detecting plane at a distance of ∆z=50 cm from the target with a rms error σ = 50 √ 12 µm on the coordinates: with no photon converter (empty circles, dashed line fit); with a 1.5 X 0 photon converter (crosses, solid line fit).

Figure 8 :

 8 Figure 8: Reconstructed energy of 3 PeV protons obtained with the Q-estimator using the information from the first plane of an X-Y detector placed at ∆z=50 cm from the target: (a) in the case of an ideal detector with no discretization (cross markers, solid line fit) and assigning an rms error σ = 50 √ 12 µm on the coordinates; (b) in the case of a pixelated position detector (open circles, dashed line fit).
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 910 Figure 9: Expected relative error on the unfolded spectral break δ parameter at the knee for an hypothetical proton spectrum, as a function of the detector response for different exposure values, using the Kinematical Method with tracker granularity of 500 µm (filled triangles) and 50 µm (black points) compared with a conventional calorimeter with 50% energy resolution (open squares)

Table 1 :

 1 Comparison

	2.35	and asymmetry η of the reconstructed energy
	distribution. The fitted values of the energy resolution are shown in Table
	1(a) and Table1(b), for the S and Q estimators, respectively. The energy

(b) for 3 PeV protons, also the Q-estimator develops a low energy tail. The distributions of the reconstructed energy are fitted with a modified Lognormal distribution with 3 parameters (see Appendix): most probable value p, width σ ≡ F W HM of the energy uncertainty achieved with the Kinematical Method using the S-estimator and Q-estimator. The intrinsic error due to kinematical uncertainties only is shown in the second and third columns; elsewhere the contribution of the coordinate error is included for two different tracker granularities. The relative error on the energy in log 10 scale is translated into an equivalent error in linear scale.

Table 2 :

 2 Fitted values of the energy of the spectral index change corresponding -

	Exposure		Gaussian	Kin. Meth. (50 µm)	Kin. Meth. (500 µm)
	×10 3 [m 2 sr days]	δ	E k [TeV]	δ	E k [TeV]	δ	E k [TeV]
	10	0.40± 0.15 4500±1200 0.41± 0.17 4400±1200 0.44± 0.22 4800±1400
	25	0.39± 0.08 4500± 640 0.42± 0.13 4550± 860 0.41± 0.16 4180± 970
	40	0.41± 0.07 4430± 560 0.40± 0.11 4530± 690 0.43± 0.13 4550± 830
	250	0.41± 0.03 4470± 200 0.40± 0.04 4440± 320 0.41± 0.06 4630± 500
	in our simulation -to an hypothetical knee in the proton spectrum located at 4.5	
	PeV as a function of the total exposure for 100 simulated experiments. Results are	
	presented for 3 different resolution functions (see text).			

  were fitted for several exposure factors and a tracker granularity of 50 µm. With an exposure of 10 4 m 2 sr days, the position of the knee is determined with an error of 13% while the spectral index change is measured at the 12% level.

	Exposure	Kin. Meth. (50 µm)
	×10 3 [m 2 sr days]	δ	E k [TeV]
	10	0.40± 0.05 680± 80
	25	0.41± 0.03 710± 60
	40	0.41± 0.02 680± 50
	250	0.40± 0.01 700± 20

Table 3 :

 3 Fitted values of the reconstructed energy and spectral kink from a simu-

	lation of an hypothetical proton knee around 700 TeV as a function of the exposure
	for different detector responses with the Kinematical Method for a tracker granu-
	larity of 50 µm.