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Abstract

In this paper we prove some results on interior transmission eigenvalues. First, under rea-
sonable assumptions, we prove that the spectrum is a discrete countable set and the generalized
eigenfunctions spanned a dense space in the range of resolvent. This is a consequence of spectral
theory of Hilbert-Schmidt operators. The main ingredient is to prove a smoothing property of
resolvent. This allows to prove that a power of the resolvent is Hilbert-Schmidt. We obtain an
estimate of the number of eigenvalues, counting with multiplicities, with modulus less than ¢2
when ¢ is large. We prove also some estimate on the resolvent near the real axe when the square
of the index of refraction is not real. Under some assumptions we obtain lower bound on the
resolvent using the results obtained by Dencker, Sjostrand and Zworski on the pseudospectra.
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1 Introduction

In this paper we prove existence of infinite number of interior transmission eigenvalues under some
condition on the index of refraction. Remind the problem. Let 2 a smooth bounded domain in R”.
Let n(z) a smooth function defined in Q, called the index of refraction. The problem is to find & and
(w,v) such that

Aw + k*n(z)w = 0 in Q,

Av + k*v =01in Q,

w = v on 0f,

dy,w = v on 0N,

(1)

where 0, is the exterior normal derivative to 92. We consider here the function n(x) complex valued.
In the physical models, we have n(z) = ni(x) +ins(x)/k where n; are real valued. Taking u = w —v
and ¥ = k?v, we obtain the following equivalent system

(A+E*(1+m))u+mv=0in Q,
(A+k*)v=0in Q, (2)
u = Jyu =0 on 0L,

where, for simplicity, we have replaced v by v and n by 1 + m.

Under some assumptions on n(x), for instance our results apply for n(x) = ni(z) + ina(x)/k
where n; are real valued, we prove that the associated resolvent is compact on H?(Q) & L*(Q) (see
Theorem 2) and we have a countable set of kf and generalized finite dimensional eigenspace E;
such that U;enE; spanned a dense space in the range of the resolvent (see Theorem 3). When n(z)
is real, Paivérinta ans Sylvester [22] have proved that there exist interior transmission eigenvalues,
Cakoni, Gintides and Haddar [5] proved that the set of k7 is infinite and discrete. For n(z) complex
valued Sylvester [23] proved that this set is discrete finite or infinite. The case where n(x) = 1 in
a part of ) that is the presence of cavities in  was considered by Cakoni, Cayoren and Colton [3],
Cakoni, Colton and Haddar [4]. Here maybe because we use pseudo-differential calculus we do not
have problems with cavities. In [13, 14] Hitrik, Krupchyk, Ola and Péivérinta studied same type of
problems where the Laplacian is replaced by an elliptic operator with constant coefficients of order
m > 2. They proved in some cases, existence of interior transmission eigenvalue and the generalized
eigenfunctions span a dense space. The proof uses the property of trace class operators and requires
that m > n. Here as we consider the power of resolvent we have not this restriction and we consider
the Laplacian for seek of simplicity but we can replace the Laplacian by a general elliptic operator
of order 2 with real coefficients.

We can complete this result giving a weak version of Weyl law. If we denote by N (¢) the number
of |k;|, counting with multiplicities, smaller than ¢, we prove that N(¢) < Ct"** (see Theorem 4). In
[16], [17] and [18], Lakshtanov and Vainberg study a problem as the (1) where the boundary condition
dy,w = dyv is replaced by 9, w = a(x)d,v where a(x) # 1 for all x € 9. In this case the problem is
elliptic in the sense that if (f,g) € L?(Q2) then (w,v) € H?Q) (see (5) for the definition of the system
with force terms). In [19] they prove an lower bound on the counting function N(¢), if n(x) is real
and for the problem (1). To be precise they prove N(t) > Ct"™ where C' > 0. Actually they consider
only the real eigenvalues but it is not clear that the bound is sharp even for real eigenvalues.

In [8] Colton and Kress prove that if Imn(z) > 0 for all z € Q and Tmn # 0 then k2 is not real.
Here we give an estimate on the resolvent for k? € R (see Theorem 5). This result is based on the
Carleman estimates and following the same way as in the context of control theory, stabilization,
scattering (see for instance [20], [21], [10]).

In some case (see Theorem 6) we can give lower bound on the resolvent using the result obtained
by Dencker, Sjostrand and Zworski [12] on the pseudospectra. Even if the bounds obtained by
Carleman’s method and by the pseudospectra results have the same size, we cannot apply both
methods in the same situation.

The interest of the problem (1) is related with the Theorem 8.9 in Colton and Kress [8] first
proved by Colton, Kirsch and Péivérinta [7]. Here we give a quick survey of this result. Let n(x)
defined in © as the one in (1) and by 1 in R™ \ Q. We assume n(z) # 1 in Q. For k € R, let u the



solution of the following problem

Au+ k*n(z)u =0 in R,
w=u'+u®,
lim, 400 7" D/2 (9 — iku®) = 0,

where u® is a solution to Au’ + k?u’ = 0 in R", and r = |z|. We have u*(z) = %uw(i) +

E]
0] (W), where & = x/|z|.

If u'(x) = e where d € S"~! we denote the corresponding s, by U (#,d). If we assume that
) is connected and contains 0, the space spanned by us(Z,d) for d € S"~! is dense in L?(S"~1) if
and only if the space of solution of (1) is reduced to 0. This problem can be interpreted as follow, u'
is a incident plane wave and u. is the first relevant term of u created by the perturbation n localized
in . This kind of result is interesting in the field of inverse scattering problem. I let the reader
interested by this field to find more information in [8] and in the recent survey given by Cakoni and
Haddar [6].

1.1 Results

Let Q a ¥ bounded domain in R™. Let n(z) € ¥°°(Q) complex valued. We denote by m(z) =
n(z) — 1. We consider also the case where n(z) = nq(x) + in2(z)/k where n; are real valued. We
assume that for all z € , n(x) # 0, or ny(x) # 0 or equivalently m(z) # —1. We assume there exists
a neighborhood W of 9 such that for x € W, n(x) # 1 or ni(z) # 1 or equivalently m(z) # 0.
Actually if n(z) # 1 for all x € 99, such a neighborhood W exists.

Let C, the cone in C defined by

C.={z€C, 3r€Q, IA >0, such that z = —\(1 +m(z))}. (3)

In the case where n = ny + iny/k, C. = (—00,0] if ny(z) > —1 for all z € ©, and C, = [0, +c0)
if ny(z) < —1for all z € Q.

Our regularity result will be given in the Sobolev spaces. We use the following notations. The
L?(Q)-norm will be denoted by || - |. For s € R, we denote the usual H* norm in R" by |wl||%,. =
J (L +1€]7)%|a(€)|?d¢ where 4 is the classical Fourier transform. The H® space on  will be denoted
by H (Q) and we say that w a distribution in Q is in H (Q) if there exists § € H* such that
Bjo = w. The norm is given by [|w||z: o) = Inf{||3|[#-, where fjo = w}. For ¢ € N it is classical
that Hw||2ﬁq(9) is equivalent to >, <, |0%w]|? (see for instance [15, Vol. 3, Corollary B.2.5]).

We denote by B, (u,v) = (f,g) the mapping defined from HZ(Q2) & {v € L?(Q2), Av € L*(Q)} to
L3(Q) & L*(Q) by

(HLmAfz)quHLmv:finQ ()
(A—z)v=gin Q
Theorem 1. Assume C. # C, then there exists z € C such that B, is bijective from HZ(Q) @ {v €
L2(Q), Av e L*(Q)} to L*(Q) @ L3(9).

If for z € C the solution B, (u,v) = (f,g) exists we denote by R.(f,g) = (u,v).

Theorem 2. Assume C, # C, there exists z € C such that the resolvent R, from Vin Q)& L%(Q) to
itself is compact.

In particular, we can apply the Riesz theory, the spectrum is finite or a discrete countable set. If
A #£ 0 is in the spectrum, X is a eigenvalue with finite dimensional associated generalized eigenspace.

Remark 1. This result improves the Sylvester’s theorem [23, theorem 2| with respect the geometrical
assumption on m. Nevertheless, here the regularity assumption on m is stronger than the assumption
given in [23].



Remark 2. Actually if zg ¢ C. U (—00,0] for all A large enough we can take z = Azp in the
Theorems 1 and 2.

Remark 3. Actually we can also consider R, on L?(Q) & L*(Q) to itself. The range is in H3(Q) &
L?(Q2). Then with our regularity results we can prove that R? is a mapping from L?(Q) & L?(Q) to
F4(Q) ® FQ(Q) In particular R? is compact from L?(Q) & L*(Q) to itself and we can deduce the

same properties on the spectrum of R, as in Theorem 2.

In general for a non self-adjoint problem, we cannot claim that the spectrum is non empty. In the
following theorem, with a stronger assumption on C,, we can prove that the spectrum is non empty.

We say that C, is contained in a sector with angle less than 6 if there exist 6; < 6o, such that
C.c{z€C, z:Oorﬁ:ew, where 01 < ¢ <0y}, and 03 — 01 < 0.

Theorem 3. Assume that C. is contained in a sector with angle less than 6 with 0 < 27/p and
0 < 7/2 where 4p > n. Then there exists z such that the spectrum of R, is infinite and the space
spanned by the generalized eigenspaces is dense in HZ(Q2) & {v € L*(Q), Av € L*(Q)}.

Remark 4. This result is based on the theory given in Agmon [1] and using the spectral results
on Hilbert-Schmidt operators. In this theory we deduce that the spectrum is infinite from the proof
that the generalized eigenspaces is dense in the closure of the range of .. Here we prove that R?
is a Hilbert-Schmidt operator if 4p > n. We can deduce the spectral decomposition of R, from the
one of RY.

We can prove a weak Weyl law. Let z; the elements of the spectrum of R, and F; the generalized
associated eigenspace. We denote by N(t) =37, -1 dim Ej.

Theorem 4. Under the same assumption as in Theorem 8, then there exists C' > 0 such that
N(t) < Ctn,

Remark 5. I do not know if this result is optimal. The estimate is lower than the usual Weyl law
which is in ¢". This is due to the estimates obtained on the resolvent which are different than the
one used to prove the usual Weyl law.

Here we give some ideas to obtain the Theorems 3 and 4 using the method given in Agmon [1].
First we prove a regularity result, that is we consider the iterate of R., we have R* is bounded
from H? @ L? to H?**2 ¢ H?*. This implies that R* is an Hilbert-Schmidt operator if k is large
enough and we can use the spectral theory for this operator class. The main problem to prove the
regularity result is at the boundary. To do this we reduce the problem to the boundary by using
the pseudo-differential calculus. It is well-known that for an elliptic problem, we can find a relation
between the two traces of a solution. These two relations, for u and v in (4) and the assumption on
the two traces of u allows to compute the trace of v by the data. Actually the coupling is very weak
because it involves a lower order term, consequently we obtain a weak estimate.

In the context of stabilization or control for wave equation, there are a lot of results on decreasing
of energy obtained by Carleman estimates (see for instance [20, 21, 10]). This method allows to
give quantitative results related with uniqueness result. We use here the same method to prove an
estimate on the resolvent near the real axe for a complex index of refraction. The theorem below is
an quantitative version of the Theorem 8.12 given by Colton and Kress [8]. Here it is more convenient
to use the variables introduce in (1). Let (w,v) solutions of

Aw + k*n(z)w = f in Q
Av+k*v=gin

w = v on Jf)

dyw = Jyv on Of,

(5)

where (f,g) € L*(Q) @ L*(Q). We denote Ry2(f,g) = (w,v). Remark that Rj> exists except for
a discrete set of k2. Indeed we can check that R_,=(f — g,k?g) = (w — v, k?v) this gives (w,v) if
(—k?)~1 is not in the spectrum of Ry.



Theorem 5. We assume that Imn > 0 and Imn # 0 or if n(x) = ni(z) + inz(z)/k, na(z) > 0 and
no £ 0. Then there exist C1 > 0 and Cy > 0 such that ||Ryz| < C1e¥ for all k € R. Here [l
denote the norm of the operator from L?(Q) @ L?(Q) to itself.

Remark 6. We have the same result if we assume Imn < 0 and Imn # 0 or if n(z) = ni(x) +
ing(x)/k, na(x) <0 and ny Z 0.

In the context of non self-adjoint operator, the spectrum is not the most relevant notion. Actually
Davies [11] introduced the notion of the pseudospectrum. Roughly speaking this set is defined by
the points z where the resolvent is large. This notion is related with the notion of ill-conditioned for
the matrix. Here we use the result proved by Dencker, Sjostrand and Zworski [12] to obtain a lower
bound on the norm of resolvent.

Theorem 6. Assume there exist § € R™ and x¢ € 0 such that Im((7(w0)) (&0, Ozn(x0))) # 0. Then
Jor all N >0, sup{|k| =N || Rp=||, k* = r(n(x0)) "', 7 > 0} = +00. Moreover if n is an analytic function
in a neighborhood of zq there exists C > 0 such that sup{e=CI¥l|| Rz ||, k? = r(n(xo)) "', 7 > 0} = +00.

Remark 7. Even if the lower bound, in analytic case, is of the same type of the upper bound
obtained in Theorem 5, we cannot apply both theorems for the same direction z. Actually k2 is in
general in C, if we want apply the Theorem 5 we need n(zg) € R, that is Imn(xzg) = 0, as Imn(x) > 0
then we cannot have Im 9,n(z¢) # 0 to apply the Theorem 6.

1.2 Ouline

In the Section 2 we prove the main technical results. Roughly speaking if the data (f,g) are more

regular in H® norm we prove that the solution (u,v) is also more regular. More precisely, we prove

for p > 0, that if (f,g) € T 7 (Q) @ HF(Q) then R.(f,g) = (u,0) € A (Q) @ T (). This

proves first that R, is compact as an operator from H () & L?(Q) to itself and RP is an operator
from F2(Q) @ L3(Q) to " Qe F2P(Q). This implies that RP is an Hilbert-Schmidt operator
on F2(Q) @ L*(Q) if 4p > n. To prove the regularity result, first we prove an estimate on u in the
subsection 2.1. It is an easy estimate to obtain as u|pq = 0, u satisfies a classical Dirichlet problem.
Second we prove in Subsection 2.2 the regularity of v in all compact in €2. As v satisfies an elliptic
equation, far away the boundary of €2 it is a classical result. In the third Subsection 2.3 we prove the
regularity result on v in a neighborhood of 9. The idea to do this is to explain v by the unknown
traces of v. This description allows to obtain a relation between v|pq and 0,vj9q. Then we can
use this formula on v in the equation on u. The fact that ujpq = 0 and d,uj9q = 0 gives another
relation between vs and 0,vjpq. These relations allow to determine vjpq and 0,vjpq with (f,g).
This explicit formula, in sense of pseudo-differential calculus, allows to prove the regularity result.
We need also following the same way to prove an estimate of the L? norm of v by the L? norm of f.
This implies a weak convergence result. Actually the problem is that v has the same regularity than
f. In particular if we consider the resolvent as a operator from L?(Q) @ L?(9) to itself, we cannot

prove that the resolvent is compact. Here we avoid this problem by the assumption that f € EQ(Q)

In the Section 4 we recall some result proved in Agmon [1] and we apply this to prove the
Theorems 2, 3 and 4.

In the Section 5 we prove some a priori bound on the resolvent. In Subsection 5.1 we prove an
upper bound on the resolvent near the real axe when the imaginary part of the refraction index have
a sign and is not identically null. The main tool is to use the interpolation estimate obtained from
the Carleman estimate. In the Subsection 5.2 we use the result obtained by Dencker, Sjostrand and
Zworski [12] on the pseudospectra to obtain lower bound on the resolvent. Roughly speaking this
result says that when the operator is not elliptic in the semi-classical sense, even if a point is not in
the spectrum, the resolvent is generically large.

As we use deeply the semi-classical pseudo-differential calculus in the Section 2, in the Appendix A
we fix the notation used in the rest of paper, we recall the classical results used, we give some ideas of
proof on the action of the pseudo-differential operators on FS(Q) spaces, we give some computations
on integrals to obtain some explicit formulae used in Subsection 2.3. This allows to give the explicit
first term of the resolvent in sense of the semi-classical pseudo-differential calculus.



2 Regularity results

We describe now the idea of the proof. As we want prove an estimate when |z| is large we will
compute the resolvent in semi-classical framework. We multiply the Equations (4) by h2, we denote
by i = —h%z where p belongs to a bounded domain of C, a = 1/(1 +m) and V = m/(1 +m). We

change (f,g) in (—f, —g). B

Remind the assumption on m, we have m(x) # —1 for all x € Q and m(x) # 0 for = in a
neighborhood of 99).

Thus following (4), we obtain the system

(—ah?A —p)u—h*Vo=h2fin Q
(—h2A — p)v = h%g in Q (6)
u = 0y,u =0 on ON.

The goal of this section is to prove the following estimates if s > 0. The result is given using the
semi-classical H*® norm, see Appendix A for the definition of these spaces.

Theorem 7. We assume that for all x € Q, and all € € R™, a(x)[¢]?> —p # 0 and |£]?> — p # 0.
Let s > 0, there exists hg > 0 such that for f € Fi:é(ﬂ), geH..Q), ue Fi:é(ﬂ) N H(Q) and
v e H..(Q) solutions of system (6) then u € Ffjs(ﬂ) ,UE Fi:S(W) and for h € (0, ho) we have,

lullgsre gy S P21l ) + h gl () (7)
lollz24: @) S 1 lg2se ) + P2 lglla (o)- (8)

First we prove an estimate on u. For this, we work globally in 2. The estimate on v is more
difficult to obtain. In a first step we prove an estimate in the interior by usual pseudo-differential
tools. In a second step we prove the estimate in a neighborhood of the boundary 02 and we finish
the proof. This will be do in the following three sections.

In the proof we use semi-classical pseudo-differential calculus. We give in Appendix A, the results
used, trace formula, action of pseudo-differential operators on Sobolev space, the parametrices.

2.1 Estimate on u

The goal of this section is to proof a weak version of (7).

Lemma 2.1. We assume that for all x € ﬁ,_qnd all € € R™, a(z)|€]? — u # 0. There exists hg > 0
such that for s >0, for all f € H.,(Q), v € H..(Q), and u € H3(Q) solution of

(fahQA—,u)u:hQVUthQf in )
u = dy,u =0 on 99,

then u € Fi:s(Q) and for h € (0, hy),
lullgzrs o) S P21 f 7z, () + P20l (0 (9)

Proof. Asu € HZ(Q), we can extend u by 0 in the exterior of 2 and u satisfied the same equation
in the whole space. Here we extend also v and f by 0, this makes sense at least in L?. We have

(—ah®A = p)u=hVo+h*f in R, (10)
where we denote, for w € L?(Q), by

B w(z) if x € Q
w(x){ 0if o & Q.



Let N > s+ 2, we take a parametrix Q of —ah?A — p, this is possible because we assume for
all z € Q, a(z)|¢]? — p # 0. We have Q(—ah?A — i) = x + hKK where y € €5°(R") , x = 1 in a
neighborhood of €, K is of order —N and @ is of order —2.

Applying @ to Equation (10) we obtain,

u+hKu=h*Qf +h*Q (Vo)
As @ is a mapping on the Sobolev spaces (see (56)) we obtain,
||U||ﬁ§js(g) S Mlullzze) + h2||f||ﬁjc(9) + h2|\“||ﬁjc(n)-

We can absorb the term h||u(|z2(q) by the left hand side and this imply (9). |

2.2 Estimate on v in interior of 2

To prove an estimate on v in interior of {2 we follow essentially the same way than in the proof of the
estimate on u given in the previous section except that we cannot extend v in exterior of €2 but we
use semi-classical pseudo-differential calculus in open relatively compact in €2. The estimate proved
is given in the following lemma.

Lemma 2.2. We assume for all £ € R", we have |£|* — u # 0. Let x € 65°(R™) supported in W

relatively compact in Q, and s > 0, there exists hg > 0 such that for g € H..(Q) and v € Fi:l(ﬂ)
solution of
(=h*A — p)v = h%g in Q,

then v € Ef:é(W) and for h € (0, ho) we have,
IxVll 2t < Rllvligesa g + R llgllz () (11)

Proof. In the sequel we can take y supported in W or y =1 on W and supported in a compact
of 2. We can essentially repeat the proof of Lemma 2.1 given to estimate u.

As we have assumed that |¢]? — p # 0, we can take a parametrix Q of (—h?A — p1) defined globally
in R™, such that we have Q(—hQA —u) = x + hK where K is of order —1, Q is of order —2. Let
X; € 65°(R™), j = 1,2 supported in a compact of Q where x1 = 1 on the support of x and x2 =1
on support of x1. By pseudo-differential calculus we have QXl(—h2A —p) =x+hK_; where K_;
is of order —1. Now we have Qx1(—h2A — p)x2 = x +hK_1x2. We can localized the equation on v
and we have y1(—h?A — p)x2v = h%x1g. Applying Q to this equation we obtain

xv + hK_1(x2v) = h*Q(x19)- (12)

Taking the H2F* norm of xv we obtain (11). [

2.3 Estimate on v in a neighborhood of the boundary

Proof of Theorem 7.

Taking account the Lemma 2.1 and 2.2, to acheive the proof, we need an estimate on v near the
boundary 9. It is well-known that we can find in a neighborhood W of the boundary 92 a system
of coordinates such that the Laplacian can be written 97 + R(x,0y) + a(x)d,, , where 2’ are the
coordinates on the manifold 09, x,, € (0,¢), ¥(W) = 92 x (0,¢), ¥ is the change of coordinates and
R is a differential operator on 9f2 of order 2 depending of the parameter x,,.

We keep the notation u, v, a in the coordinates z instead of uo ¥, etc. The Equations (6) become

(a(D2 + R(z,D') + haD,,) — u)u—hQVU*thinan(O,s)
(D2 + R(z,D') + haD,, — p)v = h?g in 9D x (0,¢) (13)
aufoonaﬂx{o}



We have taken the semi-classical notations, Dy, = 28, , D' = (Dg,,-++ ,D,,_,). Actually R and V
may depend explicitly of i but this introduces no problem in the estimates, if Vj;,—g # 0, this is the
case if n = ny +ing/k, we have Vj,—o(x) = (1 —n1)/n1 # 0 by assumption.

Let w € L*(z,, > 0), we denote by

w if 2, >0

L= le>ow = { 0if 2, < 0. (14)

Usually we use w but some time it is more convenient to use 1, ~ow. We have

h
Dznw = 1zn,>ODzn,w + _.w\zn:O & 6zn:O
(2
9 9 h h
Dxnw = 1$n>0Dzn’w + ;Dmn’wwnzo ® (‘)‘mnzo + E’LU|I”:0 ® Dmn(szn:o.

Here and in the sequel, for simplicity we denote by wj,,,—o the limit, when z,, goes to 0 with x, > 0,
of w(a’, x,,), if the limit exists. Here the distributions u and v are solutions of elliptic equations then
the limits exist in a space of distributions.

From (13), we obtain

(a(DZ + R(z,D') + haD,,) — p)u— h?*Vu = h*f in 0Q x (—,¢) 15

{ (D2 + R(z,D') + haD,, — p)v = h%g + L4 ® 84,0 + 291 ® Dy, 64,—0 in 0N x (—¢,¢), (15)
where yo = Dy, V|z,—0 + @hv|;,—o and 71 = v);, —o. We can consider these equations for z,, € (—¢,¢)
indeed the coefficients of R are smooth up the boundary, and we can extend R in a neighborhood of
the boundary for x,, < 0. The functions u and v are null for x, < 0 so the equations are relevant
only to take account the boundary terms. Remark, in the first equation because the traces of u are
null, they are not boundary terms.

The main goal of this section, is to obtain estimates on vy and ;.

Now we search, using the equations (15), two relations between the traces of v. First we localize
v in a neighborhood of the boundary. We denote by w = yov where xo € €*°(R), xo(z,) =1 in a
neighborhood of boundary, for instance if |z,,| < &/4 and xo(2,) = 0 if |z,| > £/2. From the second
equation of (15) we obtain

h h
(D2, + R(z,D')+haD,, — p)w = h*xog + =70 @ 0z, =0+ =71 ® Dy, 0, =0 + hEKp on 02 X R, (16)

where K is a first order differential operator coming from the commutator between D2 or D, and
X0-
Let x1 € €°°(R) such that x1x0 = xo for instance xi(x,) = 1 if |z,] < €/2 and xo(x,) = 0 if
|2n| > 3¢/4. By assumption we have &2 + R(x,£’) — i1 # 0 then by semi-classical pseudo-differential
calculus there exists @ of order -2 such that Q(D2 + R(z,D’) + haD,, — ) = x1 + hK where K
is of order —N where N > s + 2. Applying Q to (16), we obtain
~ h h
xiw=w= Q-7 & ds,—0 + =71 & Dz, 0s,~0) + 91

where g1 = —hKw + hQQ(xOg) + hQKuv thus
Hngﬁz:Z(Q) S hHUHﬁzjl(Q) + h2||9”ﬁjc(g), (17)

actually we can estimate Kw because w € L2 (R™) and K is smoothing. By this trick we have not
to verify that K isa mapping on the cm- In appendix A, Estimate (56), we have proved that a
parametrix as @ is a mapping on the Fic(ﬂ)

By ellipticity assumption on &2 + R(x, &) — pu, there exist p;(z,¢’) and pa(z,€’) with Imp; > 0
and Im ps < 0 such that &2 + R(z,&') — pu = (&, — p1(2,€))(En — p2(z,&')) (see A.2).

From (59) and Lemma A.1 we have



- h
QZr® DY 6.,-0) = op(q)y (18)

1 , &k
Where q = — / elznfn,/h - d&n + T—24k, 19
77l A sy (o + (12)

where we denote here and in the sequel by r; an operator of order j.
From Lemma A.2 we obtain if we restrict (17) on {z,, = 0} and as w), o =71,

1 P1
71 = op( )po + op( )71 + hop(r—2)y0 + hop(r—1)v1 + (91)}z,=o- (20)
P1 — P2 P1 — P2
Thus we obtain
1
op ( P ) Y1+ op < > Y0 = (91) |z, =0 + R op(r—2)y0 + hop(r—1)7. (21)
P2 — P1 P2 — P1

Then applying op(p2 — p1) on both sides of (21), using estimate (17) to estimate g;, trace formula
and by pseudo-differential calculus we obtain

op(p2)71 + 70 = g2 where g2 = op(p2 — p1)(91) |z, =0 + hop(r-1)y0 + hop(ro)m
and |92|H§j1/2(89) < h1/2HU||ﬁz:l(Q) + h3/2||9”ﬁ§6((2) + h|70|H§;1/2(6(2) + hl'yl'ngl/z(aQ) (22)

To obtain a second equation on the traces, we use the first equation of (15). As before there exist
Q of order -2, K of order —N —4, x5 such that x2x0 = xo and such that Q(a(D2 +R+haD,,)—pu) =
X2 + hK .

We apply @Q to the first equation of (15), we obtain

Xou = h*Q(Vw) + g3
where g3 = —hKu+ h*Q(V(1 — xo)u) + h*Qf
Hg3|‘ﬁz:4(g) S hHUHﬁsz(Q) + R (1 - XO)Q”ﬁsz(Q) + hQHfHﬁijz(Q)' (23)
Using Lemma 2.2 we can estimate the term (1—xg)v, using the Lemma 2.1 we can estimate ||u||—s+2(m
and we obtain,
Hg3|‘ﬁz:4(g) S hs”””ﬁijl(g) + h4||9”ﬁjc(§z) + h2|\f|\ﬁ;+2(g)-

We replace w by the Formula (17), we take the trace on x,, = 0, as u|,,—o = 0, we obtain

{Q <V (Q(%% ® 0g,=0 + %71 ® D(Szn_o)))] = g4, (24)

|zn=0
where g4 = —h™?(93) (2, -0 — [QV (91)]}z,, =0, then
|9alge+7r2( 50y S h1/2|\u||H5+1( ot W2 gllg: o) + h_1/2||f||ﬁzc+2(m- (25)

As a(z)(€2 + R(z,&')) — p is elliptic, the polynomial in &, has two roots A; one satisfies Im A; > 0 and
the other Im Ay < 0 (see section A.2). We have a(z)(£2+R(x,&'))—p = a(fn —)\1)(€n 2). The prin-
cipal symbol of @ is m The principal symbol of QVQ Is o —Al)(in—kz)(ﬁn T Er)

Following the same method used to obtain (21) from (17), we have by (59), Lemmas A.1 and A.3,
as Y2 = 1 in neighborhood of 02

o V(/\2 — A1+ p2 — p1)
p< 1 — A2) O — p2) (o1 — M) —p2>) 0
/)2)\2 —p1A1) _
+Op( = p2)(p1 — A2)(p1 Pz))% -

where g5 = g4 + hop(r_4)70 + hop(r_g)%.



As V' # 0 in a neighborhood of 92, we can apply op({(A1 — A2)(A1 — p2)(p1 — A2)(p1 — p2)), we
obtain

op (A2 = A1+ p2 — p1)) 70 +op ((p2A2 — p1A1)) 11 = ge,
where gg = op(%()q = A2)(A1 = p2)(p1 — A2)(p1 — p2))gs + hop(ro)yo + hop(ri)m
then |96|H;;1/2(6Q) S h1/2||v||ﬁzc+1(g) + h3/2||9||ﬁjc(fz) + h71/2||f||ﬁzc+2(g)
+hhvolga12 o) + himil gz gg) (26)

Now we have two equations on traces by (22) we can replace vy in (26). We obtain by pseudo-
differential calculus

op(p2A2 — A1p1)y1 — op((A2 — A1+ p2 — p1)p2)71 = g6 — op(A2 — A1 + p2 — p1)g2 = g7
This implies,

op((p2 = p1) (M1 = p2)) 11 = g7, with
|g7|H§;1/2(aQ) S hl/2||“||ﬁ§jl(g) + h3/2||9||ﬁjc(9) + h_1/2||f||ﬁzc+2(g)

+h|’yO|H:;1/2(BQ) +h|71|H§j1/2(6Q)' (27)

AsImA; > 0, Imp; > 0 and Im py < 0, the symbol (p2 — p1)(A1 — p2) is elliptic, by inversion we
obtain

il grevare oy S hl/2||”||ﬁ§jl(9) + 12| gl () + hil/?”f”ﬁzf(ﬂ)
+ h|/70|H§§1/2(6Q) + hl’yl'Hﬁil/Z(aQ)' (28)
and using (22), we obtain
|70|Hssc+1/2(ag) N hl/2||”||ﬁ;+1(g) + hg/QHQHﬁjC(Q) + hfl/?”f”ﬁ;j?(m
+ h|’yO|H.Ss;1/2(BQ) + h|’)/1|H§C+1/2(BQ). (29)
Summing (28) and (29) we have for hy small enough
|71|H§:ﬁ3/2(39) + |70|H55C+1/2(6Q) 5 hl/Q””Hﬁzjl(Q) + h3/2||g||ﬁic(ﬂ) + h_1/2||f||ﬁz:r2(g)-
From (17) and from estimate (57) obtained in Appendix A
ey S sl oy + 7% (oliaziorn ooy + Pl zeore omy)
< Bllollgesn o + 12 gll oy + e (30)
We can now estimate v, we have by (30), Lemma 2.2,
Hvllﬁz:z(g) < ||w||ﬁ§:r2(g) + H(l - XO)’UHﬁz:Z(Q)
< h||“||ﬁzc+1(g) + h2||9||ﬁjc(5z) + ||f||ﬁzc+2(g)-

This implies
<

||U||ﬁzc+2(g) ~ h2||9||ﬁjc(5z) + ||f||ﬁzc+2(g)a
if ho is small enough. Using this estimate and (9) we obtain

lullgese @) S P21 F etz + R l9lla2 (o)-

These two last estimates imply the Theorem 7. [
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Remark 8. Actually in this proof we have assumed v € ﬁi:l(Q) To prove the result with v €

H._.(Q), we argue in two steps, first following the same proof we can obtain v € Fi:l (Q) and second
. . Z75+2

the proof given above gives v € H,, " (£2)

The estimate proved above are not enough on v with respect f. For the sequel we need to estimate
v by f in H® norm.

Proposition 2.3. We assume that for all x € Q, and all ¢ € R™, a(x)|£]?> —p # 0 and |€]> — p # 0.
There exist hg > 0 and C > 0 and for all 6 > 0, let x5 € € supported in a d-neighborhood of OS2,

there exists Cs > 0 such that for h € (0,ho), f € Hoo(Q), g =0, u e Hoy ()N HZ(Q), v e T, (Q)
and Av € L?(Q2), solutions of system (4) we have the estimate,
ol (o) < Clixafllme, ) + Cshllf a7, o)

Proof. The proof follows the previous one. We give only the modifications to do. From (16) we
obtain (17) with the estimate

l1lz-51 0y S Alollz - (31)
Thus we obtain (21) and (22) with the estimate
2 Hs—S/Z(@Q) ~ 1 1 |6Q Hs—l/Z(@Q) 0 Hs—S/Z(@Q) 1 Hs—S/Z(@Q)
|92 < lop(r1)(g1) 00 + Aol +hml

S B2 ol ) + R0l ae-s2a) + Bl ge-a/2(00)- (32

We must modify (23) to obtain the term xs. We take the same @ as in (23) and we apply Qxs to
the first equation from (15). We obtain

Qxs(a(D2 + R(z,D') + haD,,) — p)u — h*QxsVu = h*Qxs f in 0Q x (—¢, ).

We have x5 (a(D2, + R(z,D')+ haD,,) — p) = (a(D2 + R(z,D') + haD,,) — ) xs + L1 where L,
is a differential operator of order 1 depending of 0. As Q(a(D} + R+ haD,,) —pu) = x2 +hK_n
where K_ is of order —N, with N > s+ 2, and x2xs = X5, we have

xou = h*Q(xsVw) + gs
where g3 = —hQLiu+ hK_yu+ h*Q(xsf)
lg3llzo+2 ) < Cohllullgsss gy + CRlIxsf gz, -
We have used that ) and L, a differential operator, act on the Fic. We can estimate u by (9), this

gives
||93Hﬁ§c+2(g) < C5h3”f”ﬁjc(9) + 06h3|‘v||ﬁjc(9) + ChQ”X&f”ﬁjc(Q)

We replace w by its value given by the formula (17) with the estimate (31). We obtain (24) with
1941 2572 90y < Csh™ 2\ fllzze ) + Csh'2|lollge ) + Ch™2lIxo f Il (- (33)

If we compare this estimate with (25) we see that the bad power of & in front of f is only a part of
f localized in a neighborhood of the boundary.
We can follow the proof and we obtain (26) where the estimate on gg is

96| t1+-5/2(06) < Csh' 2| f Iz () + Csh*l[vllgz=_ ) + C V2 X6 fllare (o
+ Chlyolgs-5/2(00) + Chini|gs—s/2(00)-
We have the Formula (27) where g7, from (32) is estimated by

97| £rs-5/2(a0) < Céhl/?”f”ﬁjc(n) + CJhl/QHUHﬁjC(Q) +Ch 2 X fll 2 o)
+ Chlyolgs-s200) + Chinilgs—s/2(00)-
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By ellipticity and Formula (27) we obtain
lae-12(00) < Csh' (| f gy + Csh vl ) + CP V2 X6 fllm (o
+ Ch|’70|H575/2(BQ) + Ch|'71|HS*3/2(BQ)a
and by (22) where g2 satisties (32), we have,
ol e-s/2(00) < Csh' (| f Iz () + Csh vl ) + OV Ixs fllar (o
+ Chlvol gs-5/2(00) + Chl71| s -3/2(00)-
Summing the previous estimates and for h small enough, we obtain,
1lera-172(00) + ol go-sr2(a0) < Céh1/2||f||ﬁjc(sz) + Céhl/QHUHﬁjC(Q) + Ch71/2|\><6f|\ﬁ§c(sz)-

From (17) with g; satisfying (31), we have by (57)

el o < Cllarll, @)+ Ch (Mols-+20m) + Mz 172 o)
< Cshllollg (o) + Cohllf iz ) + Clixefllme, o) (34)

Using the formula (12) in the proof of Lemma 2.2 with g = 0, we obtain [[xvl|lz: o) < Cllvll# (q)-
This estimate and (34) give

lollz: () < Cshllvlig: () + Cshll fllz2@) + Clixs flla: (-
This estimate is also true for a fixed § then we have for h € (0, hg), ho small enough

ol @ < Cllflae -

This with the previous estimate implies the Proposition 2.3. [

3 Existence and compactness

In this section we prove the Theorems 1 and 2.

3.1 Proof of Theorem 1

Proof. We follow the proof given by Sylvester [23, Proposition 10], we prove that le range of B, is
closed and dense.

To prove the range is closed we apply the a priori estimates prove in section 2. We recall that
a=1/(1+m)and V=m/(1+m).

We remark that if we have C, # C then C, U (—00,0] # C. Indeed, as € is compact, C. is closed.
If C. U (—00,0] = C then C. \ (—00,0] = C\ (—00,0] as C\ (—00,0] is dense in C, we have C, = C.
Let 2 such that zg ¢ C. U (—00, 0], we can choose |zo| = 1, let z = h™22¢ we have u = —z. First we
can estimate [|v||z2(q) by Proposition 2.3 with s = 0 and 9§ fixed if g = 0 and by Theorem 7 if f = 0.
There exists C' > 0 such that for all |z| large enough,

C
[vllz2(0) < CllfllL2@) + WHQHL?(Q)- (35)

We can apply the Lemma 2.1 with s = 0, we obtain with the previous estimate on v,

C
el + |2l oy + by < €U ooy + T lolzaca (36)

Clearly these estimates prove that the range of B, is closed where the norm on the domain of the
operator is given by the H? norm for u and by |v|| + || Av]| for v.
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To prove the density of the range of B, we prove that the orthogonal of the range is {0}. We
recall the Green formula, if v and ¢ are smooth functions in €2 we have

(v|Aq) — (Avlg) = (v|9vq)o — (Brv]q)o, (37)

where (+]-) is the inner product in €2, (:|-)o is the inner product on 92 and 9, is the exterior normal
derivative on 9Q. Actually (37) is true if v smooth, ¢ € L?(Q2) and Ag € L?*(€2). Indeed, in this case
it is well known that gjpq € H~'/2(99) and dvqa0 € H~3/2(09) then we can find f,, and g,, smooth
functions such that f,, goes to Aq in L?*(Q2) and g,, goes to qjo0- Let g, the solution of Ag, = f, in Q
and (qgn)j90 = gn, n is a smooth function and by continuity (9,qn)ja0 goes to d,qaq in H=3/2(09Q).
Then we can pass to the limit in (37).

Let p,q € L*(Q)) and u, v smooth functions in €, if (p, q) is in the orthogonal of the range we have

(Au — z(1 + m)u + molp) + (Av — zv|g) = 0. (38)

We take u,v € 65°(92) in (38), by integrating by part in distribution sense we have
Ap—zZ(1+m)p=0in Q (39)
Aq—zZq+ mp =0 in Q. (40)

In particular Ap and Aq are in L2(f2), then we can apply (37) to integrate by part in (38) if now
u,v are smooth functions up the boundary with ujoq = d,ujpq = 0. Using (39) and (40) we have

(v9vq)o — (Ouvlg)o = 0.
As vjpq and 9,vjpq are arbitrary, we obtain qaq = 0vqaq = 0. By (40), ¢ satisfies a Dirichlet

boundary value problem and d,¢j9q = 0, then ¢ € ﬁﬁ(Q) By (39), Ap € L3(Q2) and p € L?(2). We
deduce that (¢,p) € HZ(Q) & {v € L*(Q), Av € L*(Q} satisfies the same kind of equation as (u,v).
Then the inequalities (35) and (36) prove that p = ¢ = 0. This acheives the proof of Theorem 1. ®

3.2 Proof of Theorem 2

Proof. We take the same z as in the proof of Theorem 1. We can apply Theorem 7 with s =0 , we
obtain in classical norm

1 1 C
ez + 2l oy + il oy + Tyl + Wuuum < Wl + ol
C
Iollzz) + Tl + 1 |2|\v||H o < Ol @y + T |2|\g||L @- (41)

This proves that R, : H (Q) & L2(Q) — o (Q) & H"(Q), then R, is compact from H(Q) & L2(Q)
to itself. We can apply the Riesz theory. [

4 Spectral results

Here we prove how the regularity results obtained in the section 2 allow to prove the spectral results.
Actually the result obtained in Theorem 2 is not enough to prove that the spectrum is a countable set.
The theory given in Agmon [1] is based on the spectral decomposition of Hilbert-Schmidt operators.
We adapt two results given in Agmon to our case, the Lemma 4.1 and the Proposition 4.2. Following
these results we will prove the Theorems 3 and 4.

Let T" an Hilbert-Schmidt operator from EQ(Q) & L%(Q) to itself. We denote by |||T']|] the Hilbert-
Schmidt norm. Let (¢;) en a Hilbert basis on F2(Q) and (1 )ren a Hilbert basis on L?(Q), then
((6;,0))jen, ((0,9%))ken is a Hilbert basis on H (Q) & L2(Q). Let T(¢;,0) = u; = (u?,u!) and

g0 Ui
T(0,¢r) = vk = (v}, v;). With these notations, we have ||| T||* = Y272 (||u 0H2 @t [lv 0H2 @t
w1120 + 1071172 (0))-
We denote by ||T']|; the operator norm from iin (@O L?(Q) - H
L?(Q).

T e (), where T (Q) =
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Lemma 4.1. Let m > n/2, there exists C > 0 such that if T is a bounded operator from FQ(Q) ®

L3(Q) — FmH(Q) ®H"(Q), then T is a Hilbert-Schmidt operator and

n/(2m 1-n/(2m
T < C|lT ||/ @™~ ™.

Proof. We follow the proof given by Agmon [1, Theorem 13.5].

N N N N
Let u = T(32;20 a;j(45,0)) + T(30520 b;(0,45)) = 3200 ajuy + 32520 bjv; = (u°,u'). We have
uj = (uf,uj) and vj = (v9,v). We treat the term u°.
It m>n/2, H (Q) C L®(Q) and (see [1, Lemma 13.2]), for o € N”, |a| < 2, there exists C' > 0
such that

n/(2m) 1-n/(2m)
0%~y < Ol ol

By the property on T', we have

N N

a2 gy < CITI% D (lasl + [bgl*) and [[u®]22 () < CITIFD (lasl* + [bgl*)-
=0 =0

Let K = ||T||5/ @™ 7)™ thus we have for z € €, and for a € N*, |a| < 2, [0°u0(z)|? <
CK? Z;'V:O(la’j|2 +bj]?). We have 9°u°(z) = Z;-Vzo(ajaau?(x) +0;0%0)(x)), We_take in the previous
inequality a; = aaﬂ?(x) and b; = 80‘6?(,@), we sum on «, we obtain for all x € €,

N

> Z(|aau9<z>|2+|a%§><x>|2> <COK* Y Z ([0%u5 (@)* + [0V} () ).

la]<2 \J=0 |a|<2 j=0

Thus 3, <, (|0uf(z)[* + |aa Y(x)[?)) < CK?, integrating this on © (which is bounded) we find

Z] 0(||uOHH @t HUOH Q) < CK?. As the right hand side does not depend on N we can let

N goes to infinity. We can treat by the same method the terms ZJ o(lluill7

T2y T 1Vjll72(0))s it
suffices to repeat the previous proof without the derivative terms. This means that ||T'||| is bounded
by CK = C|IT|[5{ ™5/ ™. o
We give here a small improvement of the Theorem 16.4 in [1].
We introduce some notations. The inner product in FQ(Q)@LQ(Q) will be denoted by (-|-). Let T
an operator from H () ® L2(Q) to itself, if \~! is in the resolvent set of T, we set T = T'(I — AT~
We remark that if T is the resolvent of P, that is PT = I, then T) is the resolvent of P — AI. Indeed,

(P=ADT\=(P—=MNT(I-AT) ' =T - NXT)"' = AT(I - XT)"' = (I - AT)" (I - \T) =

Proposition 4.2. Let T a Hilbert-Schmidt operator on iin (Q)® L*(Q). We assume that there exists
0<6; <0<+ <Oy <27 such that O, — 01 < 7/2 for k=2,--- N and 2m — O + 01 < w/2
satisfying there exist ro > 0, C > 0 such that sup,>,, |T,cex|lo < C, for k=1,--- ,N. Moreover we
assume there exists (A;) such that |\j| — +oo and for all f and g in FQ(Q) & L*(Q), (Ty, flg) — 0.

Then the space spanned by the non zero generalized eigenfunctions of T is dense in the adherence of
the range of T.

Proof. As in Agmon [1, page 284] we define F(\) = (T)f|g) where g is orthogonal to the
generalized eigenfunctions. The goal is to prove that F'(0) = 0. As in Agmon we can prove that F'(\)
is analytic in C and bounded. Then F'()) is constant by Liouville theorem and as (T, f|g) — 0 this
implies that F(\) = 0. |

Proof of Theorem 3.

Before the proof we give some results on the links between the spectral decomposition of S and

SP, where S is an bounded operator on EQ(Q) @ L3(Q).
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Let wj for j = 1,---,p, the roots of 2¥ = 1. We have 2P — 1 = Hle(z — wj), in particular for

z =0 we have —1 = [[]_, (~w;). Thus we have
P P P P
7 -1= ]G -w) =TT e [0 - = - T[0 -wy2), (42)
j=1 j=1 j=1 j=1
as we have {w;, j=1,---,p} = {w;l, j=1,---,ph
Applying (42) to zS, we obtain
P
(1 —2PSP) H (1 —w;z9). (43)

If (I —wjzS) is invertible for all j, this implies that (I —27S?) is invertible. If for a fixed j, (I —w;25)
is not invertible, either ker(f — w;2zS) # {0} this implies ker(I — 2757) # {0} or the range is not

FQ(Q) & L*(Q) this implies that the range of (I — 2PSP) is not iin (Q) & L?(2). We deduce that

I — w;z8S is invertible for all j < I — 2PS? is invertible.

If SP is compact and I — zPSP is not invertible then by the Riesz theorem z7P is an eigenvalue of
SP and there exists k such that ker(I — zPSP)*~1 o ker(I — 2PSP)* = ker(I — zPSP)**1 and the
dimension of ker(I — 2P SP) is finite.

We will prove that all the eigenvalues of S have the form w;z Indeed S is a operator on
ker(I — zPSP)* then S admits a spectral decomposition on ker(I — 2SP)*. Let u # 0 and A such
that u = ASu then 2Pu = (AzS)Pu thus A*?(I — 2PSP)Fy = (AP — 2P)ky and AP = 2P this implies
A = wjz.

Now we prove that ker(I —w;2zS5)* = ker(I — w;25)**1. From (43), we have

-1

u € ker(I — w;28)** C ker(I — 2PSP)M! = ker(I — 2P SP)".

We have

k
(I —2PSP)F = (I — (I - (I—,Z(,LJ]-S))]D)IC = (p(] 2w;S) + ZC'#(If zij)”>

k

= p"(I — 2w;S (I + Z C(I — zw;S ) ;

this implies (I — 2PSP)*u = p*(I — zw;5)Fu = 0, which is the claim.

Obviously we can find the spectral decomposition of S? from the one of S. This proves that there
exists j such that ker(I — w;25)*"1 # ker(I — w;25)F = ker(I — w;2z9)*+1.

To prove the Theorem 3, we fix z as in the proof of Theorem 1, we denote by S = R, and we
apply Proposition 4.2 to T = S? = RP, By Theorem 7 and Lemma 4.1, T' : FQ(Q) ® L*(Q) —
H?T2P(Q) @ H?P(Q) then T is an Hilbert-Schmidt operator as p > n/4. We remark that

Sy=R)=R.(I-AR) '=R'-N'=B.- N '=Bo—2-N)""=R.n (44)

As C, is a closed cone, if re? is not in C, for all ~ large enough, then z + re* is not in C, for all r
large enough (see (3) for the notation C.).

Using the previous remark and the estimate (41) we have that ||.S,..ie
uniformly with respect r large enough, if 6 # 0 and re?® ¢ C..

We prove the following formula

o is bounded

- H RZ+Tei9

P
2T =3 i (45)
k=1

15



Indeed we take the inverse of (43) when the formula make sense, we have

(1 —2PSP)~ H (1 —w;z8)~ (46)

j=1

Derivate (42) with respect z, we obtain

pPl = Zwk H (1—wjz).

k=1 j=1j#k
We apply this formula to 25, we obtain
P
pPiePt = Zwk H (1—w,;z9). (47)
k=1 j=1,j#k

We multiply term by term (47) and (46), multiplying the result by S, we obtain (45).

If S, is bounded uniformly for r large enough and for all k, by (45) we have ||T,»|jo < ‘Z‘% If
we assume that C. is contained in a sector less than 6 with 0 < 7/2 and 6 < 27/p, the union of C.
and C, rotated by angle 2km/p does not give C and the Formula (45) proves that we can find the 6,’s
satisfying the assumption of Proposition 4.2. If p > 2 the estimate on ||T.»||p is stronger than the

weak convergence. In case p = 1, we have by the Theorem 7 and Proposition 2.3 with the notation

= (f1, f2),
IR=fll2 ()@ 2y < Cllxsfilloz@) + Cslz™ 1||f1||H2(Q) + Clz| 2l fall L2(e)

if |z] is large enough and z ¢ C.. For f; and ¢ > 0 fixed we can choose § > 0 such that
Clixsfillzco) < €. Then it is easy to prove that if z; is on a line such that z; = r;e’ with
rj — +00 , we have limsup || R, < e. This prove that ||R., — 0 thus

HSZrszﬁZ(Q)@m(Q)

Now we prove that the adherence of R, (H (Q) ® L2()) is HZ(Q) & {v e L3(Q), Av e L*(Q)}.
Let (u,v) € HZ(Q) & {v € L?(Q), Av € L*()} we have B,(u,v) = (f,g) € L*(Q) & L*(Q). Let
(fnygn) € F2(Q) @ L3(Q) such that (fn,g9n) — (f,g) in L2(Q) @ L*(Q). We can take for instance
fn and g, in 65°(Q). We have by continuity R.(fn,gn) — R.(f,9) = (u,v) in HZ(Q) & {v €
L*(Q), Av € L*(Q)} with the norm defined by [[v||z2(0) + [|Av||L2() on {v € L*(2), Av € L*(Q)}
and the usual norm on HZ (). [

Proof of Theorem 4. Using (44) as z is fixed, to estimate the number of eigenvalues less than
t? is equivalent to estimate the number of eigenvalues \ such that z 4+ A is less than ¢2. That is in
the sequel we estimate the number of ) less than ¢? such that )\ lis a eigenvalue of S = R,.

We have shown in the proof of Theorem 3 that ||T.s]j0 < =T ‘p 1 if wiz is on a line d(rg,0) = {z €
C, z=re? r >ry} C Ce. As (1 —2PT)"1 =1+ 2PT.», we obtain for |z| > 1, ||(1 — 2PT) 71|y <
14 2P| Torllo < Ozl

We have, by [|T.»|l2p < [|T]|2p]|(1 — 2PT) |0 < C|z|. We obtain from Lemma 4.1

fHﬁZ(Q)@LZ(Q) fHﬁZ(Q)@L2(Q)

— 0.

4 1-n/(4 i
oo lll < CITor 30 PN Tan g™/ < CloftmP4n/4,

We remind [1, Theorem 12.14] if 7" is Hilbert-Schmidt, we have > |u;[* < [||T]|]* where p; # 0
are the eigenvalues counted with multiplicities.

Let A; such that )\;1 is a eigenvalue of S, we find that is a eigenvalue of T.». We obtain

1
AP —zp
Z |)\p 5 < ITe||]? < CJzP72P /2,

If |A\;| < ¢? and taking z € d(ro, 9) satisfying |z| = 1%, we have [\] — 2P| < 2t*. Then we have

> 3 < g I s cr,

A | <t2

Then we obtain that N(t) < Ct4T". [
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5 Estimate on the resolvent

5.1 Upper bound

In this section we prove the Theorem 5. We recall the well-known Green’s formula. For regular
functions v and v, we have

/ (uAv — vAu)dr = / (uOyv — vdyu)ds,
Q o0

where 0, is the exterior normal derivative on 92 and ds is the surface measure on 0€2. Here we work
with smooth functions. As the problem is well-posed by Theorem 1 we can apply the estimate for
non smooth functions by passing to the limit in the estimate.

Aw + k*n(z)w = f in §,
Av + k*v =g in Q,

w = v on 0f2, (48)
O, w = 0,v on 0f).
By Green’s formula and (48) we have
/(wAu? — wAw)dx = / (wo, W — wWd,w)ds
Q (@9}
_ / w(f — K270) — B(f — knw)|de
Q
= / [wf —wf — 2ik* Tmn|w|?]dz,
Q
and
/(’UA’U — Av)dx = / (00,0 — VOLV)ds
Q 9a
- / (G — k27) — 5l — k2v)|da
Q
= /[vg — vgldu.
Q
Using the boundary condition in (48), we obtain,
/(wf— wf)dr — / (vg — vg)dx = Qi/ k%|w|* Im ndz.
Q Q Q
Thus we deduce,
5/ K wl* < [lllllgll + ]l £, (49)

where w = {z € Q, Imn(x) > J}.

Remark 9. In the case where n = nj+ins/k we have Imn = ns /k, and in the previous computations
we must change the left hand side of (49) by 6 [ k|w|* where w = {z € Q, na(x) > 6}. We let to
the reader to check that the rest of the proof does not change with this new estimate. Indeed the
powers of k do not play any role with respect the estimates by e“*.

We recall the interpolation estimate. We can find this type of estimate in [20, Section 3, Formulas
(1) and (2)], [21, Theorem 3|, [10, Proposition 1.2]. The estimate (50) does not appear in this
literature, but we can prove it following the same ways. Indeed in the Carleman estimate used
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to prove the interpolation estimates, we estimates also the boundary terms but in the previous
mentioned paper we did not need the boundary term in the interpolation estimates.

Let X = (—3,3) xQ,Y =(-2,2) x 2, and O = (—1,1) x w. We denote by 9Y = (—2,2) x 9.
Then there exist § > 0 and C' > 0 such that for all W € H (X) such that 92W + AW € L2(X),
Wioy € H(0Y), 0,Wgy € L*(8Y) , we have

5 _

”W”ﬁl(y)+ (Wioy | ov)+ 100 Wiay | L2(0vy <C (|02W 4+ AW || L2y + Wl 220)) " [|W] 1#?)() (50)
5 _

Wl vy SC 102W + AW [ L2(x) + [Wiay |1 av) + 0 Wiay [22(0v)) ”WHlﬁllZX)’ (51)

where s is an additional variable. This variable allows us to give an estimate uniform with respect
the large parameter k. We shall see that in the sequel.

Let W(s,z) = e**w(x) where Aw + k*w = f in Q. We have 02W + AW = e**f and we can
obtain the following estimates for a C' > 0,

ol oy < ClIW Il

YY)
lwoalm (o0) < CIWiay [z 5y
[0, wiaalL200) < ClOW sy |L2(0v),
|02W + AW || p2(x) < Ce* || £l 12(e),
[W]lr2(0) < Ce¥||w]|p2 (),
Wl 5y < Cellwllg g
By the interpolation estimate (50), there exists C' > 0 such that for all w € il (Q), satisfying
dywipq € L?(09) and W € H(09) solution of Aw + k?w = f in €, we have

|(@uw)joal L2 a0) + lwjanlm (a0) + [wlig gy < Ce“ (w2 + IFI])- (52)
Using (49), (52) and CeC*|lw]|||f]] < (1/2)]|w]|? + C?e2%|| f||2, we have for a C > 0
% gy < Ce“F AL+ Ilvllllgl)- (53)

Following the same way, we denote by W (s, z) = e**v(x) and we apply the interpolation estimate (51),
we obtain on v the estimate

lollg ) < Ce* (|gll + lviaalm00) + 0vvjaalrz00))-
Taking account the boundary condition in (48) and (52) we have
HUH%I(Q) < Ce“*(|lg)* + |w|6sz|§{1(an) + |5uw69|2L2(aQ))
< CeF (g2 + IF112 + wliZe.)
< Ce“ (llgl® + 1F11* + olllgll + lwll1£11) by (49).
This estimate and (53) give
ol oy + el gy < CCH A1+ gl

This implies the estimate on the L? norm on v and w, which gives the Theorem 5 by density.

5.2 Lower bound

Here we use the results proved first by Davies [11] in one dimension, by Zworski [24] for Schrédinger
operators in n dimension and by Dencker, Sjéstrand and Zworski [12] for more general sub-elliptic
operators. This allows to obtain a lower bound on the resolvent.

We recall here the theorem given by Dencker, Sjostrand and Zworski.
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Theorem 8 (Theorem 1.1 [12]). Let V € €°°(R"). Then, for any z € {&*+ V(z), (z,£) € R,
Im(&, 0,V (z)) # 0}, there exists hg > 0 such that for all h € (0, hg), there exists u(h) € L*(R™) with
the property

I(=h*A+V(z) = 2)u(h)|| = O(h™)|[u(h)].

In addition, u(h) is localized to a point (zo,&o) in phase with & + V (zg) = 2.
More precisely, W Fy(u) = {(z0,&0)}, where W Fy(u) is the semi-classical wave front set.
If the potential is real analytic, then we can replace h* by exp(—1/Ch).

A consequence of the microlocal localization of u, we can cut-off u such that its support is in a
neighborhood of 29. The Theorem 8 implies that if z is in the resolvent set, ||(—h2A+V (z)—z)71|| >
Cnh=N for all N, in €= case and ||(=h?A + V(x) — 2)71|| > Cexp(C/h) in analytic case.

Proof of Theorem 6. We set 29 = —(1+m(xg)) *|&0|?, we set V(z) = 20(1 +m(z)). We have
€| + V(z0) = 0 and

Im(&8,V (z0)) = Im(20600.m(x0)) = —[1 4 m(x0)|~?|&0[* Tm((1 + m(0))€0 Dem(0))
= — |1+ m(20)|~?I€0|* Im(72(x0)&00an(z0)) # 0,

by assumption. By Theorem 8 there exists u(h) such that [|[(—=h2A+V (z))u(h)|| = O(h%)|u(h)||
or = O(e=/M|ju(h)| if m is analytic. Define by f = Au(h) — h=220(1 + m(z))u(h), we have
Ry (f,0) = (u(h),0) with k2 = —h~2zy. We remark that u(h) is localized in a neighborhood of x,
in particular u(h) is null in a neighborhood of 992, then (u(h),0) satisfies the boundary conditions.
This implies the Theorem 6. u

A Notation and recall on pseudo-differential calculus

A.1 Sobolev spaces and pseudo-differential operators

We introduce some notation for the Sobolev spaces.

We denote the semi-classical H* norm by |w||}. = [(1 + h?|¢]?)%|a(¢)|?dE. On a compact
manifold we define the semi-classical H® using local coordinates. To distinguish norm on spaces of
dimension n and dimension n — 1, we denote the semi-classical H® norm on 92 by |- | Hs_ (99)- Let wa
distribution on 2, we denote by ||w|\ﬁzc(9) = inf{||B[|ms,, where B = w}. We recall that we denote

by D = (h/i)d, and if s is an integer the quantity }_,, <, [[D%w ||2L2(Q) is equivalent uniformly with
respect h to ||w||

2
HE.(9)
In the context of semi-classical H® space we have the following trace formula, for s > 0, for all

w E Fi:l/Q(Q) we have

lwionl . 00) < 2 lwligesirz g,

where w9 (7o) means the limit of w(x) when z € 2 goes to xo.
We recall the pseudo-differential tools. Let a(x,&) in €°°(R™ x R™) we say that a is a symbol of
order m if for all o, 3 € N, there exist Cy g > 0, such that

1020 a(x, )| < Ca,pl€)™ 11,

where (€)2 = 1+ |¢[2. In particular a polynomial in ¢ of order m with coefficients in ¢°°(R"™) with
all bounded derivatives, is a symbol of order m.
To a symbol we can associate an semi-classical operator by the following formula

Op(a)u = a(x, D)u = (271r)” /eizga(%hf)a(f)df = (2h17r)” /emg/ha(x,@@(f/h)d«f.

This formula makes sense for v € .(R™) and we can extend to u € H*. For a, a symbol of order m,
there exists C' > 0 such that for all u € H?,

lla(z, D)ull gz -m < C|lul

s .
Hs,
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We can compose the pseudo-differential operators, and we have the following result. Let a a
symbol of order m and b a symbol of order k, there exists ¢ a symbol of order m + k such that
a(x, D) ob(x, D) = ¢(x, D). Moreover there exists a symbol d of order m + k — 1 such that ¢(z, D) =
(ab)(z, D) 4+ hd(xz, D). This means that up h the composition of two operators is the operators
associated with the product of symbols.

We can inverse the elliptic symbol, more precisely, let a a symbol of order m satisfying there
exists C' > 0 such that for all (z,£) € R” x R"™ we have |a(z, )| > C({§)™. Then for all N > 0 there
exist b a symbol of order —m and r a symbol of order —N such that b(x, D)oa(x, D) = I + hr(z, D).
We can localized this result. Let K a closed set of R, we assume that there exists C' > 0 such that
for all (z,€&) € K xR", |a(z,&)| > C (&)™ for all x € 65°(R™) supported in K, there exists b a symbol
of order —m and r a symbol of order —N such that b(z, D) o a(z, D) = x(x) + hr(x, D). In both
cases we say that b is a parametrix for a.

We can also define pseudo-differential on a smooth compact manifold without boundary. We
shall use freely the result on R™ in the context of manifolds. To distinguish both cases we denote
by Opa the operators on R™ and by opa the operators on a manifold of dimension n — 1 or on
R =~ {z € R", z, = 0}.

We use also spaces cm and the pseudo-differential calculus on these spaces. In general that
requires introduction of the delicate notion of “transmission condition” (see Boutet de Monvel [2]), to
avoid that we follow the Hormander’s strategy (see [15, Appendix B|) adapted for the parametrices
which are particular cases of operators satisfying the “transmission condition”. We recall some results
proved by Hoérmander in the context of classical " spaces. The adaptation to the cm spaces
is easy and we give here only the results and some ideas of proof. Here we give the result in
a half space R} = {z € R", x, > 0}. For simplicity we denote by cm = Fic(Ri) In the
proof we need introduce a space H.,. . First we say that u € H™5(R") = H™* if ||u||?qms =
[(h&)2™(he")?*lu(€)|?de < oo where € = (€,&,). As for the H® space we say that u € H..
where u is a distribution in 2'(R%) if there exists v € HZ»* such that u = v}, o and we denote
HuHﬁ;’;S = inf{||v|[ g+, where v € H"™?, such that v|,, -0 = u}.

We can easily see that if u € FS’CS then u € HY® and |jul 0. = lull go.s, (see (14) for the

definition of w).
We can extend the Theorem B.2.3 given by Hormander [15]

—m, —m—1, —m—1,s+1
uGH:ZS@DznuEH:z SanduGH;nc o
—m—2, —m—2,5+1 —m—2,5+2
s D2ucH, °,D,ucH, ~ aducH, . (54)

Of course the natural norms on these spaces are equivalent.
We can use the Theorem B.2.9 from [15] in the following form adapted to our context. We denote
by P = D2 + R(z,D') + a(x)D,, a differential operator of second order. We have for all k € R,
we T Y and Pue BN Y s ue TS (55)
Of course this is trivial if £ < 0. For k£ > 0 we can prove this by recurrence on k. The idea is the
following, we can write Dinu = Pu — R(x,D')u — aD,,u and for k = 1 this formula implies that

D2 ue FZ_Q’S. Then we can apply (54) to obtain the result in this case. The recurrence is easy.

The previous results are useful to prove that the parametrix of a elliptic operator is a mapping
on the H’ space.

Let P a differential operator of second order, elliptic, i.e. there exists C' > 0 such that Vo € R,
VE € R, |p(x, )| > C(€)2, and let Q a parametrix such that QP = Id + hK where K is of order
—N where N > 0. For a distribution w in R", we denote by rw = wy,,~o. The action of Q) on ﬁic
is given by the formula 7Qu which make sense if u make sense (it is the case for if u € L?*()). We
have the following result. If s € [0, N], there exists C' > 0 such that for all u € H.,, we have

scy

IrQullgess < Clullz: . (56)
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2—k,k
Remark, here u is at least in L? so rQu make sense. First we prove that rQu € H,, 2 where

k > s. It is enough to prove that for all a e N1 |a| <k, D'*Qu € HSJr2
calculus we have D'*Q = Z‘qua‘ QpD'?, where Qg is of order —2. We have

. By pseudo—differential

1D Qullgesar < 30 1QaD ullyser <C 57 1D ulyeci < Ol s
[B]<lal 1BI<]a|
< O ull - < Cllullgo.e < Cllulgze

It is well-known that we have also PQ = Id+ hK where K is of order —N. Indeed there exists a
Q such that PQ = Id+ hK where K is of order —N and it is easy to prove that Q = Q + hK’ where
K’ is of order —N — 2. Thus we have, as P is a differential operator, PrQu = rPQu = ru+ hrKu =
u+ hrKu. As || Kul|gy < Cllufze < HuHﬁzc, we obtain for s € [0, N], HPrQuHH < C||u||ﬁzc

Then we have rQu € Fj:Q_k’k and PrQu € H.,, then from (55) this implies ||TQQHFS+2 < Cllullz -

We need also regularity results for rQ(y ® DX 6, —¢), where v € HS (R"™!). First we remark
Jh2R|E PR (1 + R2|&a % + |€7)VdE, < C(E)2R 2+ /R if v+ k < —1/2, then by direct computation
we have for all v € H*(R"™), [y ® DE 64, —oll gv—n-1/26-0 < %|7|H5(Rn71), if v < k. For j € N, we
have if s — k& < j, following the same computation as for computing rQu,

C
1Q(y ® D 62,=0) | gre-s-r+s/25 < Clly @ DY 80 =0l pra—s—r-1/25 < E|V|H5(R"*1)-

As r(y® DE 6,,—0) = 0 we have PrQ(y ® D% 6,,—0) = hrK(y ® D% §,,—). We deduce,

I1PrQ(y ® Dy 0z =0) |l gpe—x-1/2 < Cllv ® Dy, 8z,=oll ye—k-n-12 < \/—|7|H5 (RP-1)5

if s —k < N. Thus from (55) we obtain if s — k& < N,

C
||TQ(’7 (9 D];n(sznzo)Hﬁskarz/z(Ri) S ﬁl’ﬂHs(Rn—l). (57)

Remark 10. In the section 2.3 we apply the previous result to a local parametrix. Indeed we can
construct the local parametrix with a global parametrix. We can extend P to have a global elliptic
operator P such that P = P in a domain W where P is elliptic. Let @ a parametrix of P such that
QP = Id + hK where K is an operator of order —N. Let x; and y» functions in 4> compactly
supported in W such that xo = 1 on the support of x;. By pseudo-differential calculus, we have
X1Qx2 = x1Q + hK’ where K’ is an operator of order —N — 2. Then we have Y1QP = x1 + hx1 K
and Y1QP = x1Qx2P — hK'P. As P = P on the support of x2 we have x1Qx2P = x1 +hK" where
K" is an operator of order —NN. Then y1Qy2 is a local parametrix of P. It is easy to see that we
can replace Q by x1Qx2 in (56) and in (57).

A.2 Properties on the roots and parametrices

We use some properties of the roots of €2+ R(z,&') — p and a(€2 + R(x,£')) — p. By assumption these
polynomials have not real roots and it is easy to see that for £’ large enough the imaginary parts have
different signs. In particular the roots are simple thus smooth and the roots are symbols of order 1.
Actually, for instance for €2 + R(z, ') — p, (the proof for a(&2 + R(z, ') — u is similar and left to the
reader) the roots have, for |¢’| large enough, the following form +i\/R(x, &) + z4 (1, 1/+/R(x, ")),
where 24 is a solution to z4 F i2%s/2 + ius/2 = 0 in a neighborhood of s = 0. This expression
implies that the roots are symbols of order 1.

The parametrices used, denoted by Q and Q have a particular structure we give here. The symbol
of P is a polynomial having the following form, ps + hpi where p; are polynomial of degree j. We

21



seek a parametrix with symbol given formally by ¢ = g_o + hg_3 + h*q_4 + - -, where g; are symbol
of order j. If we denote by ¢ o p the asymptotic expansion of the symbol of Op(g) Op(p), we have,

hE—it+lal
qop=qapa+ Y WGE‘Q—kaﬁpj,

where in the sum we have j =2 or 1, k > 2, « € N” and, |a| > 1 or j = 1. In particular we have
k— 7+ |a] > 1. We choose g_2 = 1/p2, and to cancel the terms with the same power in h we have

1 1 o o
q—v—2 = p—2 Z W85 qfkazpja (58)

wherev > 1, k—j+]a|=v,j=2,1,k>2 a€ N" |a| > 1or j=1. In particular the sum is finite
and k < v + 1. We claim now that

where S, is a polynomial of degree p.

Clearly this is true for v = 2. We verify that for k < v+ 1, 9¢q-x = S;:%g;‘g“, where S, is a

P2

polynomial of degree u. The parameters satisfy j < 2, k—j+ |a| = v and k < v+ 1, then the power
of poin (58)is 2k — 2+ |a|=v+k+j—2<2v+j—1<2v+1=2(r+2)—3. The degree of the
numerator is 3k — 6 + |a| +2j = v+ 2k — 6+ 25 < 3v —4+2j < 3v =3(v+2) — 6. This gives the
claim.

We need to compute for y(2'),

h . 1t
[Q <;7 ® D’;namn_o)] - W / 7€ Mo €V (E! h)de . (59)
Tp=0

where formally §(z/,¢') = (5= [g e”ngn/hq(x,f)fﬁdfn)lz _o- It is not clear that ¢ is well defined
in general but in the following lemma we prove this is true if ¢ is a rational function, and in this
case (59) make sense.

Lemma A.1. Let v € N*, let S, (z,£) a polynomial of order v with respect &, and we assume that
the coefficient of & is a symbol in &' of order v —j. Let p a polynomial of degree d in & and a symbol
of order d. We assume that p(z,¢) = &4 + Z?;& &lag—j(x, &) where aq—; are polynomials of order
d — j. Moreover we assume there exists § > 0 such that Yo € R™, V¢ € R™, |p(z,€)| > 6(£). Then

z%fnsu(wag)d )
(/]Re p(SC,f) €n \zn:O,

Proof. The integral [, eiITnfn'S;;—zf))dfn converges for x, > 0. For (x,¢’) fixed, we can change
the integration contour by I' = [-D(¢')D{¢')] U {z € C, |z| = D(¢'), Imz > 0}, where D will
be chosen later. Indeed the integral does not depend of D if D large enough and the integral on
{z €C, |z| = D{¢), Imz > 0} goes to 0 if D goes to +0o. Now we integrate on a compact set and
we can take the limit when z,, goes to 07. We have the following quantity to control.

/
A </ SU(O,:f,S)dgn).
r p(O,x 56)
On T' we have |S,(0,27,¢)] < C(&')”. For & € {z € C, |z| = D({), Imz > 0} we have
(0,2, &)| = [€al? = 3275 [énllaa—;(0,2",€")] = DUE) (L~ dD~'C) = (¢')"D?/2, where we have
lag—;(0,2',&")] < C({¢')?77 and chosen D such that D > max(1,2dC). Then by assumption for all
&, € T we have |p(0,27,€)| > §(¢’). As the length of 7 is less than K (¢') we obtain A < K'(¢/)v=d+1,
We can obtain the estimates on the derivative by the same way because we can derive A and we

obtain the same type of quantities to estimate. [ |
Now we compute the boundary symbol obtained in (21) and (24).

is a symbol of order v —d+ 1.
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Lemma A.2. Let k =0,1 and Im p; > 0, Im p2 < 0, we have

(/ e En 52 d§n> = 21'7r7p11C ,
R (fn - Pl)(fn - Pz) |2 =0 P1 — P2

Proof. As in the proof of Lemma A.l, we can integrate on I' and this integral is equal to 2im
k
P
Pljpz !

Lemma A.3. Let k=0,1 and Im A\ >0, Im Ay <0, Imp; > 0, Im po < 0, we have

i & d ) = %A
(/ G M) En ) — P =) )y~ 2T

times the residu at p;. It is easy to see that the residu is

where o \
P2 — P1 2 — Al .
ifk=0
o) B e o)
Aapz — Mpy ifk=1.

(A1 = A2) (A1 — p2)(p1 — A2)(p1 — p2)

Proof. Clearly both sides of the equality are continuous with respect (A1, p1) then it is sufficient
to prove the case A1 # p1.

As in the proof of Lemma A.1, we can integrate on I' and the result is 2i7 times the sum of the
residues in half plane Im z > 0. We obtain

I N Pl
(A1 = X2) (A1 = p1)(A1 = p2)  (p1 — A1) (p1 — A2)(p1 — p2)
A (p1 = o) (p1 = p2) — PY (A1 — Xa) (A1 — p2)
(A1 = A2) (A1 = p1) (A1 — p2)(p1 — A2)(p1 — p2)
Clearly the numerator is null if p; = A\;. By a straightforward computation, if k¥ = 0 the numerator

is ()\1 — pl)(pQ — pP1 + )\2 — )\1) If £k = 1 the numerator is ()\1 — Pl)(>\202 — )\1p1). This gives the
Lemma. [ |
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