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SUMMARY 

This paper compares two different approaches to estimate 
the reliability of mechanical components subject to 
degradation (wear, fatigue, etc.). This estimate is realized by 
considering the degradation drift (periodic or continuous 
measurement of the degradation level) from tests or 
exploitation. Two approaches are presented in this article. The 
first approach is based on a deterministic mechanical model 
given by the study of physical facts coupled with a Monte 
Carlo simulation to propagate the uncertainties of input 
parameters on the degradation. The second approach, based on 
the stochastic process, uses the Wiener process to model the 
evolution of degradation over time. A nonlinear formulation is 
developed in this paper. We compare these two approaches on 
an industrial case: the wear in rolling contact. The drift of 
degradation is estimated by the two approaches. We then 
calculate the failure distribution and associated reliability. 
Analysis of the results obtained with both approaches is made 
to discuss the advantages and disadvantages of each. 

1 INTRODUCTION 

This paper proposes to compare two different approaches 
found in literature to estimate the reliability of a mechanical 
component from measurements of degradation. A 
deterministic mechanical model given by the study of physical 
facts coupled with a probabilistic method on the input 
parameters to propagate the uncertainties on the degradation is 
compared to a stochastic approach, based on the stochastic 
process. Many processes can be used to model degradation 
due to wear: Gamma, Wiener, Markovian [1], [2] and [3]. 
However, in this paper, we use only the Wiener process with a 
nonlinear formulation. The main difference concerns the 
inclusion of uncertainties in the degradation. Consider a 
degradation described by a physical model: 

yሺtሻ ൌ fሺt; θሻ : 
 ሻ represents the degradation level at time tݐሺݕ •
 represents time ݐ •
• ݂ሺݐ;  ሻ represents the function describing the dynamics ofߠ

degradation 
 represents the vector of functions parameters ߠ •

In the Reliability analysis based on mechanical 
engineering approach, stochastic effect is contained in the 
variability of vector ߠ, while stochatic processes integrated it 
independently. 

In a first part, we present the 2 different approaches.  In a 
second part, we apply these approaches to wear in steel rolling 
contacts from test results which are available in [4]. Finally, 
we discuss the results. 

2 MODELING STOCHASTIC PROCESSES 

2.1 Approach 1: Reliability based on mechanical engineering 
Modeling  

This first approach consists to perform simulations with 
different sets of parameters. They can be stochastic or 
deterministic. The dispersion of each parameter is represented 
by a probability density known from tests. A Monte-Carlo 
simulation is performed for each parameter and a set is 
created. A simulation from the deterministic model is then 
performed with this set of parameters. 

In this case, the function describing degradation dynamic 
is given by the study of physical facts of these degradation 
phenomena. Mostly, this model describes the average behavior 
and random aspects are introduced by the model parameters. 
Thus, each parameter ߠ ൌ ሼߠଵ, ,ଶߠ … ,  ௠ሽ is defined by aߠ
statistical law as in Figure 1. 

 

 

Figure 1 - probabilistic  distributions of model parameters 

These statistical laws are determined by an analysis of 
tests results. It could be directly on the degradation 
phenomena with maximum likelihood (case (a), Figure 2) or 
during independent tests as the coefficient of friction (case (b), 
Figure 2). 
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Figure 2 - Determination of distributions from tests results, 
(a) by maximum likelihood, (b) directly from measurements in 

independent tests 

Then we use Monte-Carlo method to define reliability. 
This method consists to randomly draw values of random 
parameters ߠ௜ to build the degradation model ݕሺݐሻ and  repeat 
this procedure n times. Finally, we have a curve network 
modeling the variability of the degradation process (Figure 3). 

 

Figure 3 - Curve network obtained by Monte-Carlo 
simulation 

2.2 Approach 2 : Modeling stochastic processes 

Degradation processes are derived from trajectories of 
stochastic processes with independent increments [5]. The 
Wiener process [1] characterizes increasing degradation on 
average but it is possible that the degradation decreases 
between two consecutive moments. 

2.2.1 Wiener process with linear trend 

To illustrate this approach, we consider a Wiener process 
 ଶ. A wiener process, in theߪ ሻ with mean ݉ and varianceݐሺݕ
case of linear trend, has the following properties: 
• The initial degradation is zero : ݕሺ0ሻ ൌ 0 

• ሼݕሺݐሻ, ݐ ൐ 0ሽ is a process with stationary and independent 
events 

݄ ׊ • ൐ 0 and ݐ ׊ ൐ 0, increments ൫ݕሺݐ ൅ ݄ሻ െ  ሻ൯ haveݐሺݕ
a normal distribution ܰሺ݄݉,  ଶ݄ሻ with probabilityߪ
density function: 

ݐ ׊ ൐ 0, ݂ሺݕሻ ൌ ଵ
ఙ√ଶగ௛

݁൬ିሺ೤ష೘೓ሻమ

మ഑మ೓
൰   (2) 

The time to failure distribution follows an inverse 
Gaussian distribution IGሺy଴ m⁄ , y଴ σଶ⁄ ሻ and its probability 
density function is defined by: 

݂ሺܶ; ,଴ݕ ݉, ሻߪ ൌ ௬బ
ఙ√ଶగ

ܶିయ
మ݁൬ିሺ೤బష೘೅ሻమ

మ഑మ೅
൰ (3) 

To estimate the mean and the standard deviation of this 
process, we use the maximum likelihood method from the 
observed increments in tests. We note the increments of 
degradation ∆ܼ௜௝ (݅ is the trajectory and ݆ the time). 

Figure 4 - Definition of increment of degradation 

 ௜௝ is characterized by a normal distribution with meanݕ∆
 :௜௝, so the likelihood is writtenݐ∆ଶߪ ௜௝ and varianceݐ∆݉

,ሺ݉ܮ ଶሻߪ ൌ ∏ ∏ ଵ
ఙඥଶగ∆௧೔ೕ

݁
ቌି

ቀ∆೤೔ೕష೘∆೟೔ೕቁ
మ

మ഑మ∆೟೔ೕ
ቍ

௠
௝ୀଵ

௡
௜ୀଵ   (4) 

2.2.2 Wiener process with non-linear trend 

Now consider a Wiener process ݕሺݐሻ with non-linear 
trend. It has the following properties: 
• The initial degradation is zero : ݕሺ0ሻ ൌ 0 
• ሼݕሺݐሻ, ݐ ൐ 0ሽ is a process with stationary and independent 

events 
݄ ׊ • ൐ 0 and ݐ ׊ ൐ 0, increments ൫ݕሺݐ ൅ ݄ሻ െ  ሻ൯ haveݐሺݕ

a normal distribution ܰሺ݉ሺݐ ൅ ݄ሻ െ ݉ሺݐሻ,  ଶ݄ሻ withߪ
probability density function : 

ݐ ׊ ൐ 0, ݂ሺݕሻ ൌ ଵ
ఙ√ଶగ௛

݁
ቌି

ቀ೤ష൫೘ሺ೟శ೓ሻష೘ሺ೟ሻ൯ቁ
మ

మ഑మ೓
ቍ

  (5) 
There is no expression for the time to failure distribution. 

It is necessary to perform numerical method to estimate this 
distribution. 

The parameters estimation is performed by the maximum 
of likelihood method which is written: 

,ሻݐሺ݉ሺܮ ଶሻߪ ൌ ∏ ∏ ଵ
ఙඥଶగ∆௧೔ೕ

݁
൮ି

ቆ∆ೋ೔ೕష൬೘ቀ೟೔ೕశభቁష೘ቀ೟೔ೕቁ൰ቇ
మ

మ഑మ∆೟೔ೕ
൲

௠
௝ୀଵ

௡
௜ୀଵ  (6) 



3 WEAR PHENOMENA 

We propose in this paper to apply these two approaches to 
the wear phenomena. The wear by removing the steel on steel 
rolling contact. These degradation phenomena have been 
studied and described in [6]. The degradation could follow 
non-linear and/or linear curves.  

Many authors were interested in solving this problem and 
some of them are based on empirical modeling of wear 
produced by Archard [7]: 

ܹ ൌ ܭ ி
ு

݈   (7) 
W is the volume of wear, K is a non-dimensional 

coefficient of wear that characterized a couple of materials, F 
is the contact force, H is the material hardness and l the sliding 
length. In cyclic contacts, from the Archard expression, we 
can write the accumulation of wear based on successive 
passes. In [9], it is provided a local writing Archard model. 

To compare the two approaches, we have test results in 
[4]. These tests consisted of rolling rollers loaded onto a 
cylinder (acting cam). The input parameters are deterministic, 
known and controlled, or probabilistic because it was difficult 
to control certain parameters. Figure 5 summarizes this state. 

 

 
Figure 5 : Different input parameters of the test bench. 

The tests results are shown in Figure 6: 

Test 1 Test 2 Test 3 
t1 (min) y1 (µm) t2 (min) y2 (µm) t3 (min) y3 (µm) 
0 0 0 0 0 0 
18 5 77 23,4 25 5 
27 9,7 122 45,9 80 18,9 
99 10,9 277 52,55 107 23 
256 24 317 45,9 324 54,8 
362 21,9 372 45,9 381 61,6 
397 31 432 51,3 438 73 
  477 62,5 533 69,4 
    704 73,2 
    822 87,2 
    859 100,5 
    959 100,9 
    1017 109,35 

Figure 6 : 3 experimental results 

We can see in Figure 6, between two successive points, it 
can have a decreasing of wear. Physically, this would 
correspond to an addition of material over time, which is not 
true here. This reflects the fact that there are measurement 
errors that must be taken into account in modeling. Only the 
approach 2 makes it possible because the approach 1 is 
strictly increasing. 

To compare these three tests, simulations are cut to 440 
minutes. 

4 STOCHASTIC MODELLING OF WEAR 

In this section we simulate degradation paths due to wear 
with the two approaches presented in section 2. We compare 
these models with experimental results. 

4.1 Structural Reliability Approach 

In rolling contact, surface wear is due to repeated passage 
of a component on another. It is therefore important to take the 
mechanical quantities at interface: contact pressure, tangential 
stress due to friction between two solids, the material 
parameters, etc ... We place ourselves in case where the steel 
materials in contact have elastic deformation and wear which 
is generated by removal of material. We do not present 
modeling in this article that is widely described in the work of 
[4], [8], [10-11] that use [12-14]. 

The resolution of the problem is therefore as follows: 
1. Definition of initial profiles of the cam and the roller 

before wear. 
2. Selectable number of cycles that are to be achieved 

(number of passes of the roller). 
3. Calculation of pressure field, the stress field and the 

sliding velocity at the contact. Due to the large number of 
simulations, quick calculation methods have been set up. 

4. Calculation of the dissipated power at the contact [4] and 
[6] and wear with updating profiles after degradation 

5. We repeat steps 3 and 4 to reach our stopping criterion: 
the generated wear. 
This calculation method is used for each set of parameters 

from a draw. There are 5 probabilistic parameters: 
1. The contact force F 
2. The friction coefficient �� 
3. The slip ߥ௫ 



4. The longitudinal creep ߥ௫ and the spin ߮௫. 
The probability density functions of each parameter are 

shown Figure 9. 

 
Figure 7 - probabilistic density function (pdf) calculated for 

each of five probabilistic parameters. 

We present in Figure 8, the 2100 simulations with the 
experimental points. 

 
Figure 8 - Calculation of 2100 simulations from the approach 

1. 

4.1.1 Evolution of the mean in time with the Structural 
Reliability Approach 

In this section, we present the evolution of the mean of 
wear in time following Monte-Carlo method. It is obtained by 
calculating the average value of simulations for each time such 
as: 

ሻݐതሺݕ ൌ ݂ҧሺݐ;  ሻ    (8)ߠ
Figure 9 shows the evolution of the mean. 

4.1.2 Evolution of the standard deviation in time with the 
Structural Reliability Approach 

Figure 11 shows the evolution of the standard deviation in 
time from Monte-Carlo method by counting the paths: 

 
Figure 9 - Evolution of the mean 

 

Figure 100 - Implementation of the standard deviation 

4.1.3 Construction of the confidence interval. 

In this section, we built only confidence intervals at 90% 
confidence. With the Monte Carlo approach, we use a 
nonparametric method (percentile 5% and 95%). In practice, 
this corresponds to remove: 
• The 105 simulations in which wear is lowest 
• The 105 simulations in which wear is highest 

This methodology is applicable because the curves don’t 
intersect. 

Figure 11 we present the confidence interval and the 
average associate. 

4.2 Modeling of the Wiener process with non-linear trend 

We simulate 1000 degradation paths according to a 
Wiener process with non-linear trend whose parameters are 
calculated from test data presented in Figure 6. 

We assume that the mechanical model follows a power 
law form: 

ሻݐሺݕ ൌ ܽ ൈ  ఈ    (9)ݐ
A regression model is calculated on each test and 

presented Figure 12: 



Figure 11 : Construction of the confidence interval for 
counting. 

 

Figure 12 - Installation of a power law on test data 

For all three regression models, we find the following 
correlation coefficients: 

 
 R² ߙ ܽ 
Test 1 1.3152 0.5067 0.9695 
Test 2 7.3447 0.3291 0.9459 
Test 3 1.05 0.6656 0.9763 

Figure 13 - Correlation coefficients of power law models 

The R² coefficient is high for the three tests, so the 
hypothesis of power law is accepted. 

4.2.1 Determination of parameters of the power law from 
the test data 

To determine the parameters of the power law from the 
test data, we use the maximum likelihood method. The 
likelihood is written: 

,ሺܽܮ ,ߙ ଶሻߪ ൌ ∏ ∏ ଵ
ఙඥଶగ∆௧೔ೕ

݁
ቌି

൬∆ೋ೔ೕషೌൈቀ೟೔ೕశభ
ഀష೟೔ೕ

ഀቁ൰
మ

మ഑మ∆೟೔ೕ
ቍ

௠
௝ୀଵ

௡
௜ୀଵ  (10) 

By applying the maximum likelihood, we obtain the 
following results: 

 
 ߪ ߙ ܽ

6.770 ൈ 10ିସ 7.111 ൈ 10ିଵ 9.787 ൈ 10ିସ 

Figure 14 - Coefficients of the Wiener process with non-linear 
trend from tests 

Then we trace the evolution of the mean and the standard 
deviation of the process in time by analyzing the levels of 
degradation paths. We overlay the analytically determined 
evolution. 

4.2.2 Evolution of the mean and the standard deviation in 
time following a Wiener process with non-linear trend 

We check that the evolutions in the mean and the standard 
deviation obtained by simulation are identical to those 
obtained analytically. Figures 15 and 16 show a superposition. 

 

Figure 15 - Mean versus time 

Figure 16 - Standard deviation versus time 

In Part 5, for comparison, the approach 2 is presented 
from the results obtained analytically. 

4.2.3 Determination of confidence intervals 

We determine the 90% confidence intervals for the 
approach 2.  



Figure 17 - 90% confidence intervals for the approach 2. 

5 COMPARISON OF RESULTS 

Figure 18 and Figure 19 respectively present comparisons 
of evolutions in means and standard deviations obtained with 
the two approaches. 

 

Figure 18 - Means versus time 

Figure 19 - Standard deviations versus time 

We observe that the means and standard deviations of the 
Structural Reliability Approach analysis increase the mean and 
standard deviation of the "stochastic" approach by the Wiener 
process with non-linear trend. In the case of the mean, we 
explain this discrepancy by greater levels of wear obtained 
with approach 1. It is explained by the fact that the approach 1 

is not a result of the analysis of test data, while approach 2 is. 
Also, by comparing Figure 11 with Figure 17, the 90% 
confidence interval is larger with the approach 1 than with the 
approach 2 which is consistent with an increase in the standard 
deviation with approach 1. 

6 TEST BENCH 

The objective is to achieve a bench test to perform tests of 
wear in rolling contact. It is in progress with ARTS ET 
METIERS PARISTECH. Figure 21 shows a CAD view of the 
bench: 

 

Figure 20 - Bench test. 

We bring together a spherical metallic component (roller) 
on a cylindrical metal component (log). We control the 
rotational speed of the log, the contact force and angle of 
rotation of the roller. We measure the rotational speeds of the 
log and rollers and efforts the following three dimensions. 

For reasons of tests time, two independent systems are 
built in parallel. 

CONCLUSION 

In this paper, we e presented two approaches for 
estimating the reliability of a component from measurements of 
damage. We then described the degradation phenomenon under 
study. We applied both approaches to wear in rolling steel on 
steel contacts in order to compare their results in a final part. 

The means and standard deviations of the Structural 
Reliability Approach analysis increase the mean and standard 
deviation of the "stochastic" approach by the Wiener process 
with non-linear trend. It is explained by the fact that the 
approach 1 is not a result of the test data, while Approach 2 is. 

To check the accuracy of each method should therefore put 
in place a series of tests highlighting this type of wear damage 
by removing material in order to compare and conclude 
through a test. A test bench is in progress with ARTS ET 
METIERS PARISTECH to perform these tests. 
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