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NON-NORMAL NUMBERS WITH RESPECT TO MARKOV PARTITIONS

MANFRED G. MADRITSCH

ABSTRACT. We call a real number normal if for any block of digits the asymptotic frequency of
this block in the N-adic expansion equals the expected one. In the present paper we consider
non-normal numbers and, in particular, essentially and extremely non-normal numbers. We
call a real number essentially non-normal if for each single digit there exists no asymptotic
frequency of its occurrence. Furthermore we call a real number extremely non-normal if all
possible probability vectors are accumulation points of the sequence of frequency vectors. Our
aim now is to extend and generalize these results to Markov partitions.

1. INTRODUCTION

Let N > 2 be an integer, called the base, and D := {0,1,..., N — 1}, called the set of digits.
Then for every x € [0,1) we denote by

r = Z dp(z)N~",
h=1

where dp(x) € D for all h > 1, the unique non-terminating N-ary expansion of x. For every
positive integer n and a block of digits b = by ... b, € D* we write

b ) i LOS T <0 din () =br,. i) = bl

n
for the frequency of the block b among the first n digits of the N-ary expansion of x. Furthermore
let

1Ty, (.’,E, n) = (H(I, b7 n))bEDk

be the vector of frequencies of all blocks b of length k.

Now we call a number k-normal if for every block b € D* of digits of length &, the limit of the
frequency II(x, b,n) exists and equals N~%. A number is called normal with respect to base N if
it is k-normal for all £ > 1. Furthermore a number is called absolutely normal if it is normal to
any base N > 2.

On the one hand it is a classical result due to Borel [5] that Lebesgue almost all numbers are
absolutely normal. So the set of normal numbers is large from a measure theoretical viewpoint.

On the other hand it suffices for a number to be not normal if the limit of the frequency vector
is not the uniform one. First results concerning the Hausdorff dimension or the Baire category
of non-normal numbers were obtained by Salat [16] and Volkmann [19]. Stronger variants of
non-normal numbers were of recent interest. In particular, Albeverio et al. [1,2] considered the
fractal structure of essentially non-normal numbers and their variants. The theory of multifractal
divergence points lead to the investigation of extremely non-normal numbers by Olsen [11}|12]
and Olsen and Winter [14]. The important result for our considerations is that both essentially
and extremely non-normal numbers are large from a topological point of view. The present paper
focuses on this dichotomy of the non-normal numbers: on the one hand they are a set of measure
zero and on the other hand they are residual.

Before we get into the statements and their proofs we want to define essentially and extremely
non-normal numbers. We call a number essentially non-normal if every single digit has no limit
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2 M. G. MADRITSCH

frequency, i.e. for every b € D we have that

lim II(x,b,n)

n—o0

does not exist. Let L be the set of essentially non-normal numbers in base N. Then Albeverio et
al. [112] could prove amongst other results the following

Theorem ( [1,/2, Theorem 1]). The set L is residual, i.e. [0,1) \ L is of the first category. In
particular, the set IL is of the second category.

Another class of non-normal numbers are extremely non-normal numbers. Let S be the set of
shift invariant probability vectors, i.e.

Sk = { (Pb)bepr : Pb = 0, Z pb =1, Zpdb = Zpbd for all b € D~
beDFk deD deD

Then we call a number = € [0, 1] extremely non-k-normal (with respect to base N) if each shift
invariant probability vector p € Sy occurs as accumulation point of the sequence (Ilx(x,n));,.
Furthermore we call a number « € [0, 1] extremely non-normal (with respect to N) if it is extremely
non-k-normal (with respect to N) for every k > 1. We denote by E; xy and Ex the sets of
extremely non-k-normal and extremely non-normal numbers, respectively. Finally let E be the set
of extremely non-normal numbers to all bases N > 2, i.e.

Ern = {2 €[0,1) : each p € S, is an accumulation point of the sequence (IIy(z,n)),},

Ex = () E.n E= () Ew.
k>1 N>2

Olsen |13] was able to prove that the set E is big in the topological sense.
Theorem ( [13, Theorem 1]). The set E is residual, i.e. [0,1)\ E is of the first category. In
particular, the set E is of the second category.

This result was generalized to iterated function systems by Baek and Olsen [3]. This result
stays in connection with our Theorem [2:4, However, on the one hand we use a direct approach
for the proof, whereas Baek and Olsen map the iterated function system to the N-ary number
system. On the other hand we also consider Cesaro variants of the extremely normal numbers.
Furthermore number systems with infinite set of digits like the continued fraction expansion and
to Liiroth expansion were considered by Olsen [10] and Salét [15] respectively. Finally Salét [17]
considered the Hausdorff dimension of sets with digital restrictions with respect to the Cantor
series expansion.

We now want to introduce the Cesaro variants of extremely non-normal numbers. The main
idea is that if the limit II(z,b,n) does not exist, the Cesaro limit might. In particular, for i € D
let

H(l)(gc,i,n) = I(z,i,n),
and for r > 2, let
Z?:l H(T_l)(x7iaj)

n

" (z,i,n) =
be the rth iterated Cesaro average. As above let
M) (z,n) = (UM (2,0,n),..., 07 (z, N —1,n))

denote the vector of rth iterated Cesaro averages. Then Hyde et al. [8] considered the Cesaro
average of the frequencies and were able to show the following

Theorem ( 8, Theorem 1.1]). For all integers N > 2 and r > 1 the set
{x €[0,1]: the set of accumulation points of (TI") (z,n))>%, equals Sy}

is residual.
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2. DEFINITIONS AND STATEMENT OF RESULT

The main goal of this paper is to generalize and extend the above mentioned results to Markov
partitions. In our definitions regarding symbolic dynamical systems we mainly follow Chapter 6
of Lind and Marcus [9].

We start with the definition of a dynamical system. Let M be a compact metric space and
¢ : M — M be a continuous map. Then we call the pair (M, ¢) a dynamical system.

The second ingredient is the definition of a topological partition. Let M be a metric space and
let P ={P,...,Pv_1} be a finite collection of disjoint open sets. Then we call P a topological
partition (of M) if M is the union of the closures P; for i =0,...,N — 1, i.e.

M=PyU---UPn_;.

Suppose now that a dynamical system (M, ¢) and a topological partition P = {P,,..., Pnv_1}
of M are given. We want to consider the symbolic dynamical system behind. Therefore let
¥ ={0,...,N — 1} be the alphabet corresponding to the topological partition P. Futhermore
define

s ={0,....N-1}%, == J%¥ and =V={0,....N-1}"
E>1
to be the set of words of length k, the set of finite and the set of infinite words over X, respectively.
For an infinite word w = ajasas... € XN and a positive integer n, let w|n = ajas...a, denote
the truncation of w to the n-th place. Finally for w € ¥* we denote by [w] the cylinder set of all
infinite words starting with the same letters as w, i.e.

[w] = {y € =" 9| lw| = w}.

Now we want to describe the shift space that is generated by our Markov partition. Therefore
we call w = ajazas ... € XV allowed for (P, ¢) if

() ¢7* (Pa) #0.
k=1

Let Lp 4 be the set of allowed words. Then Lp 4 is a language and there is a unique shift space
Xp g C YN, whose language is Lpg. Wecall Xp g4 C YN the one-sided symbolic dynamical system
corresponding to (P, ¢). Finally for each w = ajazas... € Xp 4 and n > 0 we denote by D, (w)
the cylinder set of order n corresponding to w in M, i.e.,

Dn(w) = () ¢~ *(Pa,) C M.
k=0

Now we can state the definition of a Markov partition.

Definition 2.1. Let (M, ¢) be a dynamical system and P = {Fy,..., Py_1} be a topological
partition of M. Then we call P a Markov partition if the generated shift space Xp 4 is of finite

type and for every w € Xp , the intersection ()~ D, (w) consists of exactly one point.

After providing all the ingredients necessary for the statement of our result we want to link
the introduced concept of Markov partitions with the N-ary representations of Section [I]and with
matrix number systems (cf. Grochenig and Haas [7]).

Example 1. Let M = R/Z be the circle and ¢ : M — M be defined by ¢(z) = Nz (mod 1).
We divide M into N subintervals Py, ..., Py_1 of the form P; = (i/N,(i + 1)/N) and let ¥ =
{0,..., N —1}. Then the underlying system is the N-ary representation. Furthermore it is easy
to verify that the language L£p 4(z) is the set of all words over X, so that the one-sided symbolic
dynamical system Xp 4 is the full one-sided N-shift XN

Example 2. Let A € Z™*" be an expanding matrix and let D C Z" be a complete set of residues
modulo AZ". Then there exists a unique compact set M such that
M=) A (M+d).
deD
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The sets

Py:= (A7Y(K +d))°
together with ¢ : Ax mod AZ"™ form a Markov partition of M. It is again easy to verify that the
corresponding language is the set of all words over D, which can be mapped to {0,..., N — 1} for
some integer N.

We note that Example [2| also contains the cases of canonical number systems as a special case.
For further information on the different dynamical aspects we refer the interested reader to the
survey of Barat et al. |[4] and the references therein.

In order to extend the definition of normal and thus non-normal numbers to M we need the
map mp.¢ : Xp,¢ — M defined by

{7p.o(@)} = () Dnw).
n=0

By the definition of a Markov partition we have that every w € Xp 4 maps to a unique element
x € M. However, the converse need not be true. In particular, let us consider Example (1| with
N = 10 (the decimal expansion in the unit interval). Then on the one hand every expansion is
mapped to a unique real number. On the other hand the expansions 0.99999... and 1.00000...
correspond to the same element. Similarly we get that 0.39999... = 0.40000. However, one
observes that these ambiguities originate from the intersections P; N E for ¢ # j. Thus we
concentrate on the inner points, which somehow correspond to the irrational numbers in the
above case of the decimal expansion. Let

N-1
v=J P,
i=0
which is an open and dense (U = M) set. Then for each n > 1 the set
n—1
Un = ﬂ d)ik(U)a
k=0
is open and dense in M. Thus by the Baire Category Theorem, the set
(2.1) Uy = m U,
n=0

is dense. Since M \ Uy is the countable union of nowhere dense sets it suffices to show that a set
is residual in Uy, in order to show that it is residual in M. Furthermore for x € U,, we may call
w the symbolic expansion of x if mp ¢(w) = =. Thus in the following we will silently suppose that
z € Uy.

After defining the environment we want to pull over the definitions of normal and non-normal
numbers to the symbolic dynamical system. To this end let b € X* be a block of letters of length
k and w = ajazas ... € Xp 4 be the symbolic representation of an element. Then we write

Pw,b,n)={0<i<n:aj1=b1,...,04+5 = by}
for the frequency of the block b among the first n letters of w. In the same manner as above let
Pk(w» n) = (P(Wa b)a n)beZk

be the vector of all frequencies of blocks b of length k£ among the first n letters of w.

In order to properly define normal numbers we need a probability measure on M. Therefore let
B be the o-algebra generated by the cylinder sets of M and p be a probability measure defined
on B. If ¢ : M — M is measure preserving, i.e. u(¢p1(A)) = u(A) for all A € B, then we call
the quadruple (M, ¢, B, u) a measure-theoretic dynamical system. Moreover we call it ergodic if
¢ is ergodic, i.e. u(¢p~LAAA) = 0 implies that either u(A) =1 or u(A) =0.

A number w € Xp 4 is called k-normal (with respect to (M, ¢, B, u)) if for all blocks b € XF of

length k we have
lim P(w,b,n) = p(Dg(b))

n—oo
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Furthermore, a number w € Xp 4 is called normal (with respect to (M, ¢,B, p)) if it is k-normal
for every k > 1. An application of Birkhoff’s ergodic theorem yields for p being ergodic that
almost all numbers w € Xp 4 are normal (¢f. Chapter 3.1.2 of [6]).

We note that we equivalently could have defined the measure-theoretic dynamical system with
respect to Xp 4 instead of M. However, since the definition of essentially and extremely non-
normal numbers does not depend on this, we will not consider this in the following.

As already mentioned above the aim of the present paper is to show that the non-normal
numbers are a large set in the topological sense. In particular, we want to generalize the theorems
from above by Albeverio et al. [2] and Olsen [13] to this new setting. Thus we call a number
w € Xp 4 essentially non-normal if for all ¢ € ¥ the limit

nl;rrgo P(w,i,n)

does not exist. By abuse of notation we denote by LL the set of essentially non-normal numbers in
M. Then our first result is the following

Theorem 2.1. Let P = {Py,...,Pn_1} be a one-sided Markov partition for (M, ). Suppose that
Xp. g is the one-sided full-shift. Then the set of essentially non-normal numbers is residual.

Remark 2.2. The requirement that Xp 4 is the full-shift is an artifact of the used construction.
In particular, we suppose that a similar result can be shown for any shift of finite type fulfilling
some mild conditions in order to exclude some trivial cases. For example, we want to exclude the
case of the shift over the alphabet {0,1} with forbidden words 00 and 11.

A different concept of non-normal numbers are those being arbitrarily close to any given con-
figuration. In particular, we want to generalize the idea of extremely non-normal numbers and
their Cesaro variants to the setting of Markov partitions. Following Olsen’s paper |13] we start
by defining the simplex of all probability vectors Ag by

Ak =19 (Piess i >0, pi=1
iexk

Let ||-||; denote the 1-norm then (A, |-||;) is a metric space. On the one hand we clearly have
that any vector Pg(w,n) of frequencies of blocks of digits of length k belongs to Ay. On the other
hand we want to quantify the non-normality of a number by considering the extend to which
the sequence (Pg(w,n)), fills up the simplex Ag. Following the arguments of Volkmann [18] or
Olsen [101|13] we get that the sequences (Pg(w,n)), can only fill up an essential part of Ay for
any w and k. In particular, let us consider all possible ways a block of length 2, such as 28, can
give rise to one of length 3. Thus we get that

(2.2) <

S|

Z P(w,i28,n) — Z P(w, 28i,n)

€5 1EX

for all w. This implies, that for each w, all but finitely many points in the sequence (P3(w,n)),
will be very close to the subsimplex

AzN {(Pi)iGEB : me = ZPQSi} :

iex i€x
Thus we get as Olsen [13] that the sequence (Pj(w,n)), does not fill up a significant part of Ay.

In particular, the simplex Ay is not the “correct” object to consider. Rather we need to consider
the subsimplex of shift invariant probability vectors S, i.e.

Ski=1S (iiesr :ps =0, Y pi=1,Y pi= puforallicxt™
iexk 1€EX 1€EX

Now we define the second ingredient for extremely non-normal numbers, namely the accumu-
lation points of the frequency vectors. In particular, let A (w) be the set of accumulation points
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of the sequence (Py(w,n)), with respect to ||-||;, i.e. for w € Xp 4 we set
Ay (w) :={p € Ay : p is an accumulation point of (Py(w,n)),}.

Our first step is to show, that the sub-simplex Sy is really the right object of investigation.
Therefore we have the following

Theorem 2.3. Letw € Xp y. Then
Ak(w) C Sk.

Proof. We prove this by showing that for each accumulation point also its shifts must lie in Ag(w).
Let p = (pi)ijex+ be an accumulation point of the sequence (Pg(w,n)),, with respect to the 1-norm.
Then there exists an increasing sequence (1, )., of positive integers such that

”(Pk(w7nm))m - p||1 — 0.

Now we use the idea of (2.2]) in order to consider all the possible ways a block of length £ — 1 can
be extended to one of length k. Thus

Zpii - an S Zpii - Pk(walianm) + Zpk(walianm) - ZP/C(W7 il7 n’m)
€D €D €D 1EX €D
i€X €D
1
< [Pr(w, 7m))m = plly + = + [(Pr(w, nm))m = plly =0,
which implies that >,y pii = Y5 i for all i € BF7L O

We call an infinite word w € Xp 4 extremely non-k-normal if the set of accumulation points of
the sequence (Py(w,n)), (with respect to ||-||;) equals Si, i.e. Ax(w) = Si. Furthermore we call
a number extremly non-normal if it is extremely non-k-normal for all k£ > 1.

As above we also want to extend this notion to the Cesaro averages of the frequencies. To this
end for a fixed block by ...b, € =F let

PW(w,b,n) = P(w,b,n).
For r > 2 we recursively define
> PO (w, b, )

n

to be the rth iterated Cesaro average of the frequency of the block of digits b under the first n
digits. Furthermore we define by

Pg)(%n) = (P(T)(w,b,n))

P (w,b,n) =

bexk
the vector of rth iterated Cesaro averages. As above we are interested in the accumulation
points. Thus similar to above let A,(:) (w) denote the set of accumulation points of the sequence

(P,(:) (w,n)), with respect to [|-|;,i.e.
Ag) (w) = {p € Ay : p is an accumulation point of (Pg) (w,n))n} :

We will denote the set of extremely non-k-normal numbers of M by Eg). Similarly for r > 1

and k > 1 we denote by Eg) the set of rth iterated Cesaro extremely non-k-normal numbers of
M. Furthermore for » > 1 we denote by E(") the set of rth iterated Cesaro extremely non-normal
numbers and by E the set of completely Cesaro extremely non-normal numbers, i.e.

EO =NE and EC =(NE® =NEY.
k r rk

Then our result is the following
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Theorem 2.4. Let k, r and N be positive integers. Furthermore let P = {Py,...,Pn_1} be a
one-sided Markov partition for (M, ¢). Suppose that Xp 4 is the one-sided full-shift. Then the set
Eg) is residual.

Since the set of non-normal numbers is a countable intersection of sets E,(:) we get the following
generalization of the result by Hyde et al. [§].

Corollary 2.5. Let N be a positive integer and P = {Py,...,Pn_1} be a one-sided Markov
partition for (M, ¢). Suppose that Xp 4 is the one-sided full-shift. Then the sets E™ and E are
residual.

3. PROOF oF THEOREM 2.1

We borrow the method of Albeverio et al. |2] in order to construct a set of infinite words such
that no limiting frequency of a single digit exits. In particular, this means that this is a subset of
the set of essentially non-normal numbers, which is already residual.

For n > 1 let v, be the word

(3.1) Yn=00...011...1... (N=1)(N—1)...(N=1)

n n

n

and C,, be the set
(3.2) C, = U [ayn].
aexn

We fix w € C), and a digit ¢ € ¥. Then we show that C,, has the desired properties. In particular,
we compare the number of occurrences of 7 in w just after the block of is in v, and after the final
block of (N —1)s. Thus for ¢ € {0,..., N —2} we set k], (i) = n(i+2) and k(i) = n(N +1). Then
we get that

n+ P(w,i,n)

n+ P(w,i,n)
n(i+2) '

P(w,i, k. (i) = ¥ D

s Uy vy

, Plw,i k(i) =
One easily checks that
1 S 1

(i+2)(N+1) = (N+1)?
For the case of i = N — 1 we set k(i) = nN and k(i) = n(N + 1). Then we get that
nN — P(x,i,n) < 1

NN +1)n ~— (N+1)2
Since w was arbitrary we get for every ¢ € ¥ two sub-sequences of positions k/,(¢) and k(i) such
that their respective number of occurrences of the digit ¢ tends to different limits.

In the next step we carry this construction over to the set Uy, defined in ([2.1)), which is sufficient
for the proof. For n > 1 we set

|P(w, i, k], (1) — P(w, 4, ki (i))] >

RS R 0 »7 TN

P (w, i, Ky, (4)) = P(w, i, by (4))] =

s by vy

I, = U D(N+1)n(a7n)'
acxmn
We note that these sets are the “inner points” of the sets C,,. Any point in [, has a corresponding
representation in C,,. Furthermore we set

Fn:[j]k and L:ﬁFn.
k=n n=1

In order to show that L is residual in U, it suffices to show that every F,, is open and dense.

e [, is open. F,, is the union of open sets I and therefore open.

e [, is dense. Let x € Uy and § > 0. Then we have to show that there exists y €
F, N B(x,6). Let w € X be the expansion corresponding to xz, i.e. 7(w) = x. Since
diam Dy (w) — 0 and = € Dg(w) we may choose k > n such that Di(w) C B(x,6d). We
set 0 = w | k and chose y € D(ny1yx(07k). Then since Dyy1yp(ovk) C I C Fy, and

D(n41yk(07k) C Dr(w) C B(x,0) we have that y € F, N B(x, 7).
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Since L is the countable union of open and dense sets we get that L is residual in Uy,.

Finally we note that if x € L, then & € F,, Vn € N. Therefore there exists an increasing
sequence of integers {n,,} such that « € I, for all m € N. Thus for any fixed € L and every
i € ¥ one can choose two sequences k;, (i) and k,, (i) such that

.00 s a1y 1
|P(w’la kn(l)) - P(W’Z’kn(z))l > m7

where w is the symbolic expansion of z. Hence, L C IL, which proves Theorem

4. PROOF OF THEOREM [2.4]

Now we draw our attention to the case of extremely non-normal numbers and their Cesaro
variants. Let k € N and q € Sj be fixed throughout the rest of this section. For n > 1 we define
a set Z,, which we will use in order to “measure” the distance of the number of occurrences and
q, i.e.

1
Zn =Zn(q k) = qw € S |Pr(w) —all, < ~
esznJEIk "

The main idea consists now in the construction of a word having the desired frequencies. In
particular, for a given word w we want to show that we can add sufficiently many copies of a word
from Z, to get a word whose frequency vector is sufficiently near to q. Therefore we first need,
that Z,, is not empty.

Lemma 4.1 ( |10, Lemma 2.4]). For alln >1, q € Sy, and k € N we have Z,(q,k) # 0.

Now we consider how many copies of elements in Z,, we have to add in order to get the desired
properties.

Lemma 4.2. Let q € S and n,t € N be positive integers. Furthermore let w = wy ...w; € Xt be
a word of length t. Then, for any v € Z,(q,k) and any

(4.1) (> L:=t+ |y max <n, Z)

we get that

3_\@

[Pr(wy[6) —all <

Proof. We set s := |y| and
o= wy"|L.
Furthermore we set ¢ and 0 < r < s such that m =t + ¢s + r. For a fixed block i an occurrence

can happen in w, in v, somewhere in between or at the end. Thus for every i € X* we clearly have
that

%P(%i) < P(o,i) < qugy,l) N t—l—q(k‘g— 1) —&-7“.

Now we concentrate on the occurrences in multiples of v and show that we may neglect those
outside of v, i.e.,

1P(o) = all < [Prto) = LPut)|| + | LPrt) — ).

We will estimate both parts separately. For the first one we get that

qs . AL . t+qk+s

[Prto) = LPe i) = 3 [Pty - L)) < 30 S
iexk iexk
pt+gk 1t 1 1

= gnkN* ¢ gnk n ¢
where we have used that ¢ > gs > gnkNF.
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For the second part we get that

H%pkm _ qH < H%Pk(y) - Pk(v)H +[Pr(7) —dll

TR
- {  qs n
<ot
~— ¢ n~ gnkNk n

Putting these together yields

IPr(o)—all < 24—+ 14 1
o) — -+ —+ -4+ —=.
4§ a=g gnk q¢ qnkNF

By our assumptions on the size of ¢ in (4.1)) this proves the lemma. O

As in the papers of Olsen [10,|{13] our main idea is to construct a residual set E C Eg). But
before we start we want to ease up notation. To this end we recursively define the function
o1(z) = 2% and @, (7) = ©1(@m_1(x)) for m > 2. Furthermore we set D = (QY N Ay). Since D
is countable and dense in Ay we may concentrate on the probability vectors q € D.

Now we say that a sequence (x,), in RMN" has property P if for allq € D, m € N, i € N, and
€ > 0, there exists a j € N satisfying:

(1) j =i,
(2) /2 <e,
(3) i j < 1 < () then [x, — qll < <.

Then we define our set E to consist of all frequency vectors having property P, i.e.

E={reUx: (PS)((E; n))o ; has property P}.
We will proceed in three steps showing that
(1) E is residual,
(2) if (P")(2;7))5%, has property P, then also (P"*1)(z;n))2% | has property P, and
3) ECE!".
Lemma 4.3. The set E is residual.
Proof. For fixed h,m,i € N and q € D, we say that a sequence (x,,), in RY" has property Ph m.q,i
if for every € > 1/h, there exists j € N satisfying:
(1) j =i,
(2) §/2 <¢, _
(3) if j <n < @m(27), then ||x, —q| <e.
Now let E}, 1,.q,i be the set of all points whose frequency vector satisfies property P m.q,i, €.

Eyom,qi = {$ €Uy : (P,(fl)(x;n))

E= 1) Enma

heNmeN qeD ieN
Thus it remains to show, that Fj, ,, q,; is open and dense.

(1) Enm.q.i is open. Let € Ej . q., then there exists a j € N such that j >4, j/27 < 1/h,
and if j <n < ¢,,(27), then

has property Ph7m,q7i} .
Obviously we have that

HPS)(;U;n) - qu < 1/h.

Let w € X be such that = 7(w) and set t := ¢,,(27). Since D;(w) is open, there
exists a 0 > 0 such that the ball B(z,d) C Dy(w). Furthermore, since all y € D;(w) have
their first ¢,,,(27) digits the same as x, we get that

B(JZ, 5) C Dt(w) C Eh,m,q,i~
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(2) Ehm,q, is dense. Let ¢ € Uy and 6 > 0. We must find y € B(x,0) N Ep m.q.i-

Let w € X be such that © = m(w). Since Di(w) — 0 and € D;(w) there exists a ¢
such that D;(w) C B(xz,d). Let 0 = wlt be the first ¢ digits of x.
Now, an application of Lemma [£.1] yields that there exists a finite word ~ such that

1
P — < —.
IPe(v) —all < &
Let € > % and L be as in the statement of Lemma Then we choose j such that
J

% <e and j>max(L,i).

An application of Lemma [£.2] then gives us that

<e.

S

. 6
IPr(ev*]7) —all < o=

Thus we choose y € D;(0y*). Then on the one hand y € D;(0v*) C Dy(w) C B(z,0)
and on the other hand y € D;(07*) C Ep m.q,i

It follows that E is the countable intersection of open and dense sets and therefore E is residual
in Us. O

Lemma 4.4. Let w € Xp 4. If (P (w,n))%, has property P, then also (PV(w,n))% ;| has
property P.

This is Lemma 2.2 of [§]. However, the proof is short so we present it here for completeness.
Proof. Let w € Xp 4 be such that (P,(:)(w;n));'f:l has property P, and fix e > 0,q € Si, ¢ € N

and m € N. Since (P,(:) (w,n))22, has property P, there exists j/ € N with j' > i, j//27" < ¢/3,
and such that for ' <n < @,41(27) we have that “P,@(w,n) — qH <e/3.

We set j = 27" and show that (P,(:H)(w,n))ff:l has property P with this j. For all j < n <
Om(279) (i.e. 27" < n < @my1(29")), we have

HPIYH)(%H) - qH = -

Py (w,1) + P (w,2) + -+ PV (w,n) q||

P (w, 1) + P (w,2) + - + P (w, )
n

n n

+ Pl(cr)(w7j/ + 1) + P](:)(w72) + P](qr)(w7n) - (TL B ]/)q ]qu

HPECT) (wa 1) + Pl(cr) (UJ, 2) +ot PEJ) (whj/)
<

n

[P @+~ + PP —a] g
+ J—
n n
cyen=dt 0 J e d e e e
“n 3 n n—2" 3 2°—-3 3 3 7

Lemma 4.5. The set E is a subset of IE,(:).

Proof. We will show, that for any x € E we also have = € Eg). To this end, let x € E and
w € Xp 4 be the symbolic expansion of . Since (P,(;)(w7 n)), has property P, by Lemma H we
get that (Pg') (w,n) has property P.
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Thus it suffices to show that p is an accumulation point of (P,(:) (w,n))n for any p € Sg.
Therefore we fix h € N and find a q € D such that

Ip—all < +
P—q n

Since (P,(:) (w,n)), has property P for any m € N we find j € N with j > h and such that if
Jj<n < pn(2) then HP,(:)(w,n) — qH < % Hence let nj, be any integer with j < nj < ¢, (27),
then

. 1
HPEC )(W,Tbh) - qH < E

Thus each ny, in the sequence (ny), satisfies
_p < Ilo p() _ 2
p k (w7nh) = ||p qH =+ k (W,?’lh) q|| < h

Since nj, > h we may extract an increasing sub-sequence (np, ), such that P,(f) (w,np,) — p for

u — 0o0. Thus p is an accumulation point of P,(;) (w,n), which proves the lemma. O

Proof of Theorem[2.]} Since by Lemma [£.3] E is residual in U, and by Lemma[4.5] E is a subset
of IE,(;) we get that E,(:) is residual in Uy,. Again we note that M \ Uy is the countable union of

nowhere dense sets and therefore IE;CT) is also residual in M. O
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