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Abstract. The equilibrium theory of lipid membranes is modified to include the effects of a continuous distribution of

trans-membrane proteins. These influence membrane shape and evolve in accordance with a diffusive balance law. The

model is purely mechanical in the absence of the proteins. Conditions ensuring energy dissipation in the presence of diffu-

sion are given and an example constitutive function is used to simulate the coupled inertia-less interplay between membrane

shape and protein distribution. The work extends an earlier continuum theory of equilibrium configurations of composite

lipid-protein membranes to accommodate surface diffusion.
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1. Introduction

Lipid bilayers are composed of transversely oriented lipid molecules containing hydrophilic head groups
and hydrophobic tails [1]. These groups are arranged in opposing orientations that shield the tail groups
from the surrounding aqueous solution. Relative misalignment of the lipids entails an energetic cost which
manifests itself as flexural stiffness of the film, while the bilayer is otherwise fluid-like in its response.
Further, bilayers are naturally symmetric with respect to a midsurface and so lack a natural orientation.
Kim et al. [2] have demonstrated that proteins play a principal role in the morphology of lipid bilay-
ers in which they are embedded. In particular, it has been shown that transmembrane proteins which
are roughly conical in shape, with the vertex lying to one side of the membrane, induce natural mem-
brane bending as a consequence of local protein-lipid interactions. These interactions effectively break
the bilayer symmetry, producing a natural curvature of the membrane over patches of surface containing
many similar proteins.

The influence of transmembrane proteins on membrane shape has been studied in [3,4], for example.
In particular, [3] is closely related to the work described here. However, being based on linear geometric
approximations in the Monge representation of a surface, it is limited in scope to small deviations of
membrane shape from a plane. The present work does not entail such restrictions and is thus applicable
to general membrane geometries. Further, surface tension is suppressed in [3]. Here we find the effects of
surface tension and its gradient, induced by variations in protein concentration over the surface, to be
non-negligible and to persist in the geometrically linear limit considered in [3]. Beyond these generaliza-
tions, we find it necessary to account explicitly for membrane curvature as well as tangential and normal
membrane velocities in our diffusive balance law. These effects are also suppressed in [3,4], although our
constitutive equation for protein flux, based on a chemical potential for protein concentration, is similar
in principle to that adopted in [3]. Thus, the present work may be viewed as a nonlinear extension and
generalization of [3]. Unlike [3], however, we do not incorporate viscous interaction between the membrane
and the aqueous solution in which it is immersed. To model bulk interactions, some workers adopt a first-
order-in-time model for shape evolution of the membrane [4]. This is a non-local equation incorporating
bulk viscosity and which requires membrane shape to evolve in response to the variational derivative of
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the total membrane bending energy. This model is based on the Green’s function for Stokes flow in the
bulk [5]. As in [3], its use has been confined to the linearized Monge representation for membranes [4].
Further, it does not account for intra-membrane viscous flow; that is, flow of lipids in the membrane
surface. However, in [6], the relative importance of intra-membrane viscosity vis a vis bulk viscosity is
demonstrated at biologically relevant length scales on the basis of a nonlinear model in which membrane
geometry is taken fully into account. The present study, concerned with shape evolution coupled to pro-
tein diffusion in isolation from such effects, should be viewed simply as supplying one ingredient of a
general model that accommodates diffusion as well as extra- and intra-membrane viscous interactions.
Thus, we confine attention to the effects of protein diffusion per se. In this respect, our objectives are the
same as those addressed in [7].

We discuss a framework for bilayer membranes in which it is assumed that trans-membrane proteins
are continuously distributed. Their associated areal concentration is assumed to evolve in a diffusive
manner over the composite lipid-protein surface. The natural curvature induced by proteins on the local
scale is modeled in terms of the dependence of the spontaneous curvature on protein concentration, in
accordance with our earlier hypothesis [8] and that of the originators of the concept [3]. In contrast,
spontaneous curvature is regarded as a fixed parameter in the conventional theory of membrane equilib-
ria [1,9]. A plausible assumption, adopted here, is that spontaneous curvature is proportional to protein
concentration, with the sign of the constant of proportionality being that of the natural curvature induced
by local protein geometry.

Section 2 contains a summary of the basic equations of the standard model, including the requisite
differential geometry, the kinematics of surface deformation, and the equilibrium equations pertaining
to inertia-less motions. These matters are discussed more comprehensively elsewhere [10,11]. A balance
law for surface diffusion is discussed in Sect. 3. This makes explicit the interplay between concentration,
membrane geometry, and the normal and tangential components of surface velocity. In Sect. 4, we pro-
pose an extension of the standard equilibrium membrane energy to account for protein concentration
and combine this with the diffusive balance law to derive a condition ensuring that protein diffusion is a
dissipative process. A simple constitutive equation is proposed for the associated concentration flux which
accommodates classical Fickean diffusion in addition to non-standard effects associated with membrane
curvature.

Finally, in Sect. 5, we specialize the model to the case of axisymmetry and, in Sect. 6, illustrate it
through numerical solution of the associated differential equations.

2. Surface geometry, the description of motion and mechanical equilibrium

We denote the membrane surface by ω. Position on this surface, relative to a specified origin, is described
in parametric form by the function r(θμ, t), where θμ;μ = 1, 2, are surface coordinates. These coordi-
nates play a role analogous to that played by a fixed-coordinate system used to parametrize a control
volume in the Eulerian or spatial description of classical fluid mechanics. Here, and henceforth, Greek
indices range over {1, 2} and, if repeated, are summed over that range. We assume familiarity with tensor
analysis and curvilinear coordinate systems. Useful introductions for mechanicians are given in [12–15].
Subscripts preceded by commas indicate partial derivatives with respect to the coordinates, while those
preceded by semicolons indicate covariant derivatives. The surface coordinates induce the basis aα = r,α

for the tangent plane to ω at the point with coordinates θμ. The induced metric is aαβ = aα · aβ , and is
assumed to be positive definite. A dual basis on the tangent plane is then given by aα = aαβaβ , where
(aαβ) = (aαβ)−1. The local orientation of the surface is defined by the unit-normal field

n = a1 × a2/ |a1 × a2| , (1)
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and its local curvature by the surface-tensor field

b = bαβaα ⊗ aβ , (2)

where

bαβ = n · r,αβ = −aα · n,β . (3)

If ν and t are orthonormal vectors in the tangent plane, then

b = κνν ⊗ ν +κtt ⊗ t+ τ(ν ⊗ t + t ⊗ ν), (4)

where κν and κt are the normal curvatures on these axes and τ is the twist. The mean and Gaussian
curvatures are

H = 1
2 (κν + κt) and K = κνκt − τ2, (5)

respectively.
To ease the formulation of balance laws, we introduce a convected coordinate system ξα. These may

be identified with the θα at a fixed instant t0. The associated surface Ω, with parametric representation
x(ξα) = r(ξα, t0), is fixed and may serve as a reference surface in a Lagrangian or referential description
of the motion. That is, we regard these coordinates as being convected in the sense that they identify,
via a map r = r̂(ξα, t), the current position at time t of a point that was located at x(ξα) ∈ Ω at time
t0. The connection with the θα—parametrization of ω is provided by [12,16]

r̂(ξα, t) = r(θα(ξβ , t), t). (6)

Thus, we specify the fixed surface coordinates θα as functions of ξα and t subject to the initial condition
θα(ξβ , t0) = ξα. More will be said about this relationship, but first we note that once it is specified, any
function, f(θα, t), say, may be expressed in terms of convected coordinates as f̂(ξα, t), where

f̂(ξα, t) = f(θα(ξβ , t), t). (7)

The time derivative of a function in the convected coordinate representation is ḟ = ∂f̂(ξα, t)/∂t, whereas
that in the fixed-coordinate parametrization is ft = ∂f(θα, t)/∂t. By the chain rule, the two are related
by ḟ = ft + (θα)·f,α.

The velocity of a point on Ω that has been convected by the motion to ω is u = ṙ = ∂r̂/∂t. We may
write this in terms of components on the natural basis induced by the fixed-coordinate (θα) parametri-
zation. Thus,

u = uαaα + un. (8)

This is not the same as the time derivative rt. The two are related by

u = (θα)·aα + rt. (9)

Following [12,16], we adopt the fixed-coordinate parametrization defined by
d
dt
θα = uα(θβ , t), θα

|t0 = ξα, (10)

where the derivative is evaluated at a fixed value of the doublet {ξα} and is therefore equal to (θα)·.
Accordingly, the normal velocity in (8) is given by

un = rt, (11)

and the convected and fixed-coordinate time derivatives satisfy

ḟ = ft + uαf,α. (12)

Alternatively, it is sometimes convenient to regard the θα as being convected, especially in problems
involving configurations that do not evolve in time [17]. In particular, this choice affords some simplifi-
cation in the computation of the Gateaux derivatives of the membrane energy [18].
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The foregoing relationships facilitate the reduction of global balance laws. For example, if f is the
areal density of a particular quantity on ω, then the rate of change of the total quantity in a part π of ω
is

d
dt

∫

π

fda = d
dt

∫

Π

fJdA =
∫

π

(ḟ + fJ̇/J)da, (13)

where Π is the part of the fixed surface Ω that is convected to π and J is the local areal dilation of the
surface; i.e., ∫

π

da =
∫

Π

JdA for all Π ⊂ Ω. (14)

To express the right-hand side of (13) in terms of the fixed-coordinate parametrization, we use [18]

J̇/J = uα
;α − 2Hu. (15)

Suppose the membrane is incompressible in the two-dimensional sense; i.e., J = 1. The constitutive
response of conventional lipid membranes is then described by a function W (H,K; θα), the bending
energy per unit area of ω. If the membrane is in mechanical equilibrium under a net lateral pressure p in
the direction of its orientation n, then the shape equation [1,10,11]

p = Δ( 1
2WH) + (WK);αβ b̃

αβ +WH(2H2 −K) + 2H(KWK −W ) − 2λH (16)

is operative, where Δ(·) = (·);αβa
αβ is the surface Laplacian, and

b̃αβ = 2Haαβ − bαβ (17)

is the cofactor of the curvature. The scalar field λ is a Lagrange multiplier associated with the incom-
pressibility constraint. This satisfies [8]

λ,α = −∂W/∂θα, (18)

in which the right-hand side is the derivative of the function W (H,K; ·). This derivative accounts for
any explicit coordinate dependence in the bending energy, whereas implicit dependence occurs via the
coordinate dependence of H and K. Said differently, the right-hand side of (18) accommodates any
non-uniformity in the bending properties of the membrane. This feature plays a central role in the pres-
ent work, in which such non-uniformity is generated by the constitutive response of the membrane to
transmembrane proteins.

3. Surface diffusion

The transport of proteins on the membrane surface is assumed to occur by diffusion. Thus, if σ(θα, t) is
the areal concentration of proteins (number of proteins of a given type per unit current membrane area),
then for any simply connected part π of the current membrane surface ω, we have

d
dt

∫

π

σda = −
∫

∂π

m · νds, all π ⊂ ω, (19)

where the surface vector m =mαaα is the protein flux. Here and elsewhere, ν = ναaα is the exterior
unit normal to the edge ∂π, defined by ν = t × n, where t = aα(dθα/ds) and θα(s) is the arclength
parametrization of ∂π at time t. We assume that there is no transfer of proteins between the membrane
and the bulk fluid in which it is immersed. Such transfer would require the addition of an areal source
term to (19).
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To extract a local equation from (19), we use the transport Eq. (13) together with Stokes’ theorem,
obtaining ∫

π

(σ̇ + σJ̇/J)da = −
∫

π

mα
;αda, (20)

where

mα
;α = a−1/2(a1/2mα),α, (21)

in which a = det(aαβ), is the surface divergence of m. Thus, from (12), (15), and the localization theorem,

σt + uασ,α + σ(uα
;α − 2Hu) +mα

;α = 0 on ω. (22)

If the membrane is incompressible in the two-dimensional sense, then J = 1 and J̇ = 0, and the
velocity field and protein concentration satisfy

uα
;α = 2Hu and σt + uασ,α +mα

;α = 0 on ω. (23)

4. Energy and its dissipation by diffusion

In [8], we assumed that protein density affects membrane shape via the so-called spontaneous curva-
ture [9], thus accommodating earlier ideas about protein-membrane interactions within a continuum-based
framework (see also [3]). This amounts to a particular kind of parametric dependence of membrane energy
on protein density. Generalizing this idea, we consider membrane energies of the form W̃ (J,H,K, σ). The
connection with the conventional bending energy used in (16), at time t̄, say, is

W (H,K; θα) = W̃ (1,H,K, σ(θα, t̄ )). (24)

Thus, any explicit coordinate dependence in the function of H and K defined by W (·, ·; θα) occurs
through σ, and the conventional coordinate-dependent bending energy function may be used in the
treatment of equilibrium problems provided that it evolves in time in response to the transmembrane
proteins, in accordance with (24).

The importance of the connection (24) to the present work is due to our restriction to processes
occurring so slowly that the inertia of the composite lipid-protein membrane may be neglected. The
composite membrane is thus deemed to be in mechanical equilibrium at every instant in the course of
such a process. This implies that (16) is effective at each instant, with W given by (24). Accordingly, the
only contribution to the energy of the system is that stored in the composite membrane. This energy
changes in response to the forces and couples applied to the membrane and to the flux of proteins across
its boundary. However, because diffusion is a dissipative process, there is a discrepancy between the rate
at which energy is supplied and that at which it is stored. This dissipation, denoted by D, is given by

D(π, t) = P (π, t) − d
dt
E(π, t), (25)

where π is any simply connected part of ω,

E(π, t) =
∫

π

W̃ (J,H,K;σ)da (26)

is the membrane energy, and, for smooth boundary ∂π,

P (π, t) =
∫

π

pn · uda+
∫

∂π

F · uds−
∫

∂π

Mt · ωds−
∫

∂π

q · νds (27)

is the energy supply rate, in which p is the net pressure on the membrane, F is the applied force per
unit length, −M is the applied bending moment per unit length (the sign conforming to the convention
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adopted in [17]), ω is the rate of change of membrane orientation (i.e., ṅ = ω × n) and q is the rate at
which membrane energy changes due to protein flux. Constitutive equations for F and M in terms of
membrane properties are given in [17]. The term q represents the rate of change of the energy of the
composite lipid-membrane surface due to the flux of protein density. Accordingly, it is given by

q = Wσm, (28)

in which the constitutive equation for m has yet to be specified. Thus, Wσ is the chemical potential
for the diffusing proteins. This result also follows as a necessary condition in a rigorous thermodynamic
treatment of dissipation associated with diffusive processes [19].

We assume that

D(π, t) ≥ 0, (29)

this effectively serving as the second law of thermodynamics in the present setting.
The well-known Helfrich model [9] applies if the membrane curvature, non-dimensionalized by bilayer

thickness (on the order of molecular dimensions), is small. In this case, a quadratic dependence on
(dimensionless) curvature is often sufficient and will be assumed here. Thus,

W̃ (J,H,K, σ) = a(J, σ) + b(J, σ)H + c(J, σ)H2 + d(J, σ)K, (30)

where a − d are suitable functions. If the dimensionless curvature is negligible, as in soap films of mac-
roscopic size, then this yields W � a(J, σ), furnishing a generalization of classical capillarity theory to
accommodate both surface elasticity [20,21] and diffusion. The present work, however, is concerned with
conditions in which the energetic cost of areal dilation is significant compared to that associated with
bending, as in the conventional theory of lipid membranes [1]. This situation is prevalent in cell biome-
chanics [22]. We further suppose the protein density to be small enough that areal dilation is accom-
modated primarily by the lipids and thus negligible. Accordingly, we suppress dilation in the ensuing
development. Its effects may be included at the modeling level by a minor adjustment to our procedure.
Thus, we impose J = 1 in (30). We further suppose that there exists a value, C, of mean curvature—the
spontaneous curvature—at which WH vanishes. This leads to the special case of (30) defined by W̃ = W̄ ,
where

W̄ (H,K, σ) = A(σ) + k(σ)[H − C(σ)]2 + k̄(σ)K, (31)

which furnishes a natural extension of the Helfrich energy to accommodate protein density. We suppose
that the membrane possesses bilayer symmetry in the absence of transmembrane proteins (i.e., W̄ (·,K, 0)
an even function), and thus require that C(0) = 0. Henceforth, to ease the notation, we use the symbol W
to denote the membrane energy defined by (31).

With the constraint in force, the membrane energy

E =
∫

π

Wda (32)

is equal, in all admissible states of the membrane, to

E′ =
∫

Π

[JW + λ(J − 1)]dA, (33)

where λ is the Lagrange multiplier field [8,17]. Accordingly, dE/dt = dE′/dt, where

d
dt
E′ =

∫

π

[Ẇ + (W + λ)J̇/J + λ̇(1 − J−1)]da, (34)

in which

Ẇ = WHḢ +WKK̇ +Wσσ̇. (35)
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If the membrane is in mechanical equilibrium, as assumed here, then the virtual-work principle yields [17]

d
dt
E′

|σ =
∫

π

pn · uda+
∫

∂π

F · uds−
∫

∂π

Mt · ωds, (36)

where the subscript refers to the derivative evaluated at fixed σ; i.e., with t fixed in the function σ̂(ξα, t).
That is, Eqs. (16) and (18), together with appropriate side conditions, satisfy (36) at fixed σ [17], provided
that the Lagrange multiplier λ satisfies [cf. (18) and (24)]

∇λ = −Wσ∇σ. (37)

Using (36), Eq. (25) then reduces to

D(π, t) = −
∫

∂π

Wσm · νds−
∫

π

Wσσ̇da. (38)

We substitute (23)2 in the form σ̇ = −mα
;α and apply Stokes’ theorem to derive

D(π, t) = −
∫

π

m · ∇(Wσ)da. (39)

Inequality (29) and the arbitrariness of π lead finally to the restriction

m · ∇(Wσ) ≤ 0. (40)

Here, m is assumed to depend constitutively on ∇(Wσ). Following a standard argument [23], (40) may
then be used to show that m vanishes if ∇(Wσ) vanishes. The simplest such model is m = − c∇(Wσ),
where c is a constant; i.e.,

m = −c∇(Wσ). (41)

Inequality (40), the left-hand side of which reduces to −c |∇(Wσ)|2 , then requires that c ≥ 0. This model
incorporates classical Fickean diffusion. To see this, we suppose k, k̄ and C to be constants in (31), obtain-
ing Wσ = A′(σ) and ∇(Wσ) = A′′(σ)∇σ. Fick’s law is recovered on specializing A′′(σ) to be a positive
constant. In a related work [7], protein flux is assumed to be directly proportional to the gradient of
concentration rather than gradient of chemical potential, while the dependence of spontaneous curvature
on concentration is retained. This is not consistent with the present framework and so it is not possible
to conclude that diffusion is dissipative in the context of the model adopted in [7].

Proceeding with a model of the influence of protein density on membrane shape, we adopt the simplest
generalization of our earlier proposal [8]. Thus, we assume that

W = A(σ) + k[H − C(σ)]2. (42)

This corresponds to the restriction of (31) to the case of constant bending moduli k and k̄, which in turn
is justified by our earlier assumption of a dilute concentration of proteins, their effect on bending stiffness
thus being negligible. In this case, the term involving K does not appear in the equilibrium Eqs. (16) and
(37), and may therefore be suppressed for closed membranes without boundary. However, it does affect
boundary conditions involving forces and bending moments [17]. Nevertheless, for the sake of illustration,
we suppress it in the examples discussed in Sect. 6.

Roughly, a transmembrane protein may be idealized as being conical in shape, with its axis of revo-
lution directed along the surface normal n. Local hydrophobic lipid-protein interactions thus promote a
natural membrane curvature that depends on protein geometry and density [2]. If ϕ is the angle made
by the meridian of the cone with n, then it is plausible that this spontaneous curvature is proportional
to protein density, and that the constant of proportionality is itself proportional to cone angle. A simple
proposal that ensures bilayer symmetry in the absence of proteins is
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C(σ) = (μϕ)σ, (43)

where ϕ ∈ (−π/2, π/2) is the cone angle and μ is a positive constant. Thus, we propose

W = (ασ − β)2 + k[H − C(σ)]2 (44)

in which α, β are positive constants, which conforms to the conventional theory of bending elasticity in
the absence of diffusion provided that k > 0 [24]. We have

Wσ = 2[α(ασ − β) + kμϕ(C −H)], (45)

and the protein flux is

m = − 2c{[α2 + k(μϕ)2]∇σ − kμϕ∇H} (46)

in which ∇C = μϕ∇σ.
The equilibrium shape equation corresponding to (44) is

kΔ(H − C) + 2k(H − C)(2H2 −K) − 2H[(ασ − β)2 + k(H − C)2] = p+ 2λH, (47)

and Eq. (37) for the Lagrange multiplier reduces to

∇λ = 2[kμϕ(H − C) − α(ασ − β)]∇σ. (48)

The constitutive Eq. (46) spans the range from bending-dominated response (μ |ϕ|√k 
 α) to classi-
cal Fickean diffusion (μ |ϕ|√k � α), the latter applying to cylindrical transmembrane proteins (ϕ = 0)
and macroscopic soap films. In the former case, the important features of the response are captured by
taking

W ≈ k[H − C(σ)]2, Wσ ≈ 2kμϕ(C −H) and m ≈ −2ckμϕ∇(C −H). (49)

We observe in this case that diffusion ceases and the energy is minimized locally (hence globally) if
H = C(σ), in which σ may be non-uniform on the surface. In this case, the shape equation with p = 0
is satisfied provided that λ = −(ασ − β)2. The existence of such a state is contingent on satisfaction of
operative boundary data together with the Gauss and Mainardi-Codazzi compatibility conditions of dif-
ferential geometry [13]. If satisfied, the theory then yields a non-uniformly curved composite lipid-protein
configuration that is energetically optimal in the absence of lateral pressure. The solutions reported in [8]
are equilibrium states of precisely this kind. In intermediate cases, the infimum of the energy is achieved
and diffusion ceases, again in the absence of pressure, if λ = 0, σ = σ0 and H = C(σ0), where σ0 = β/α.

We discuss several illustrative examples in Sect. 6 below, all for the case of zero lateral pressure and
with all fields possessing axial symmetry on a surface of revolution.

5. Surfaces of revolution

We consider axisymmetric fields on surfaces of revolution parametrized, in all configurations, by meridi-
onal arclength s and azimuthal angle θ. Thus,

r(s, θ, t) = r(s, t)er(θ) + z(s, t)k (50)

is the position field on the surface, where r(s, t) is the radius from the axis of symmetry, z(s, t) is the
elevation above a base plane, and {er, eθ,k} is the standard orthonormal basis in a system of cylin-
drical polar coordinates {r, θ, z}. Meridians and parallels of latitude are the curves on which θ and s,
respectively, are constant. Further, because s measures arclength along meridians, we have

(r′)2 + (z′)2 = 1, (51)

where (·)′ is used to denote differentiation with respect to s.
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We select surface coordinates θ1 = s and θ2 = θ and identify the vector ν of (2) with the unit tangent
to a meridian. The induced tangent vectors are

a1 = r′er + z′k and a2 = reθ, (52)

and it follows from (51) that there is ψ(s, t) such that

r′ = cosψ and z′ = sinψ. (53)

Because a1 is orthogonal to a parallel of latitude, we identify it with ν in (19), etc. Accordingly,

ν = cosψer + sinψk, t = eθ and n = cosψk− sinψer. (54)

The metric and dual metric are (aαβ) = diag(1, r2) and (aαβ) = diag(1, r−2), respectively, and the latter
may be used to compute

a1 = ν and a2 = r−1eθ. (55)

To obtain the components of curvature, we use (3), obtaining (bαβ) = diag(ψ′, r sinψ) [24]. Combining
this with (4) and (54), we derive

κν = ψ′, κt = r−1 sinψ and τ = 0. (56)

The sum of the normal curvatures is twice the mean curvature H(s, t). This furnishes the differential
equation

rψ′ = 2rH − sinψ. (57)

Their product is the Gaussian curvature K(s, t); thus,

K = H2 − (H − r−1 sinψ)2. (58)

The equilibrium shape Eq. (47) simplifies, in the absence of lateral pressure, to [17,24]

L′ = 2r{H[k(H − C)2 + (ασ − β)2 + λ] − k(H − C)[H2 + (H − r−1 sinψ)2]}, (59)

where

L = 1
2r(WH)′ = kr(H ′ − μϕσ′), (60)

and the Lagrange multiplier satisfies the ordinary differential equation

λ′ = 2[kμϕ(H − C) − α(ασ − β)]σ′. (61)

Equation (23)1, relating the normal and tangential velocities of the surface, reduces to

(rv)′ = 2rHu, (62)

where v(s, t) is the velocity component in the direction of the tangent to the meridian; we assume the
velocity in the azimuthal direction to vanish. This furnishes the tangential velocity gradient and thus
may be used to estimate the error incurred by neglecting intra-membrane viscosity.

From Eq. (46) for the protein flux, we obtain

m = −c(Wσ)′ = 2c[kμϕH ′ − (α2 + kμ2ϕ2)σ′], (63)

where m(= m · ν) is the component of the flux m in the direction tangent to the meridian; the azimuthal
component of this vector also vanishes. Finally, the diffusive balance law (23)2 reduces to

σt + vσ′ = 2c
r {r[(α2 + kμ2ϕ2)σ′ − kμϕH ′]}′. (64)

To specify the domain on which the foregoing differential equations are to be solved, we note that the
local constraint J̇ = 0 represented by (62) implies, via (14), a global constraint on the area of the current
surface. At any fixed time, the surface area of the sector (0, s) is

a(s, t) = 2π

s∫

0

r(x, t)dx. (65)
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Accordingly,

a′ = 2πr. (66)

Because this is strictly positive in (0, s), we may use it to effect a change of independent variable from s to
a, and integrate the resulting system on the domain (0, A), where A is the assigned area of the membrane.
The system thus derived is non-dimensionalized by using R as the length scale, where A = πR2, and
using τ̂ = (ck)−1 as the time scale, the latter following from a dimensional analysis of the balance law
(64) together with the constitutive equation (63). The nondimensional variables are

ā = a/R2, r̄ = r/R, z̄ = z/R, H̄ = RH, C̄ = RC, L̄ = RL/k, λ̄ = R2λ/k, s̄ = s/R, (67)

t̄ = t/τ̂ , ᾱ = α/(R
√
k), β̄ = βR/

√
k, μ̄ = μ/R, ū = uτ̂/R, v̄ = vτ̂/R and σ̄ = R2σ. (68)

An associated system of dimensionless equations is easily obtained, but for the sake of brevity we do not
record it here.

To ensure that numerical solutions yield positive values of protein density, we introduce an auxiliary
variable σ̃ defined by σ̄ = exp σ̃. The equations are solved by specifying the distribution of σ̄ at an initial
time t̄ = 0, say, and setting the initial normal and tangential velocities to zero. We then compute the
initial membrane shape by integrating Eqs. (59)–(61) using Matlab (’bvp4c’). Equation (64) is used to
compute the spatial distribution of the initial value of the time derivative of the protein density. The
protein distribution at time Δt̄ is then obtained from a forward Euler approximation to the time deriv-
ative, where Δt̄ is a suitable time step. The shape at time Δt̄ is then obtained by integrating (59)–(61),
as before. With the shapes known at times zero and Δt̄, we form a backward Euler approximation, at
each mesh point, to the non-dimensionalized time derivative rt in (11), in which the surface normal is
evaluated at the initial instant. This furnishes the approximation u = n · rt to the normal velocity at time
Δt̄ which is used to integrate (62) for the tangential velocity field at time Δt̄, assuming the tangential
velocity at ā = 0 to vanish and with the mean curvature equal to its initial distribution. This information
is then used with (64) to evaluate the time derivative of the protein density at time Δt̄, and the protein
density at time Δt̄ is again obtained by forward integration. The procedure is repeated for a specified time
interval or until an equilibrium state is reached, the latter being identified with the limit of a sequence
of states computed at a succession of time steps.

6. Examples

In the first example, we assign the value zero to r̄, ψ and L̄ at ā = 0. These correspond, respectively, to
vanishing radius, angle, and transverse shear force at the pole of the membrane. The last of these implies
that there is no concentrated force at the pole [17]. The membrane is assumed to have total dimensionless
area equal to π(R = 1) and we suppose that z̄(π) = 0. We further impose vanishing bending moment at
ā = π, this being equivalent to putting H̄(π) = C̄(π) [17]. Finally, we suppose that the radial traction
F̄r vanishes at ā = π, where

Fr = Fν cosψ − Fn sinψ, (69)

in which Fν is the traction in the direction of the exterior unit normal ν to the surface edge and Fn is
the traction in the direction of n. Explicit formulae for these components are given in [17]. They may be
combined with the formula (44) for the strain energy and substituted into (68) to obtain the boundary
condition

[(ᾱσ̄ − β̄)2 + λ̄] cosψ + (L̄/r̄) sinψ = 0 at ā = π. (70)

Regarding the protein density and flux, we assume that the initial value of σ̄ vanishes at every mesh
point and that there is no protein flux (m = 0) at the outer edge ā = π. Finally, we impose σ̄ = 1 at
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(a)

(b)

(c)

Fig. 1. a Equilibrium shapes of a membrane patch as the proteins diffuse into the domain from the outer reservoir,
b protein concentration in the membrane patch, and c induced spontaneous curvature and mean curvature associated with
the equilibrium configurations. Arrows indicate the direction of increasing time

ā = π, at the initial instant and at all subsequent times. This corresponds to the sudden exposure of the
membrane to a protein bath. The problem is solved with the constants

μ̄φ = −π, τ̂(= kc) = 1, ᾱ = 1, β̄ = 0.5 and Δt̄ = 0.001, (71)
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(a)

(b)

(c)

Fig. 2. a Equilibrium shapes of a membrane patch as the proteins flow in from the outer reservoir. Dashed curve corresponds
to initial shape and the dashed arrow indicates the shape at the following time step. Solid arrow indicates the direction
of evolution at the subsequent time steps. b Protein concentration in the membrane patch, and c induced spontaneous
curvature and mean curvature associated with the equilibrium configurations. Arrows indicate the direction of increasing
time

the first of which tends to promote a negative curvature of the membrane due to the cone-shaped proteins.
This is illustrated in Fig. 1a, which depicts the membrane shape at a succession of times, starting with
a planar configuration. The sequence of shapes is seen to become ever more curved as time advances,
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(a)

(b)

(c)

Fig. 3. a Equilibrium shapes of a membrane annulus as the proteins enter the domain from the equatorial plane, b pro-
tein concentration in the membrane patch, and c induced spontaneous curvature and mean curvature associated with the
equilibrium configurations. Arrows indicate the direction of increasing time

due to the gradual increase in protein density, depicted in Fig. 1b, over the domain. In particular, we do
not achieve a static configuration in this example and thus conclude, in agreement with [3], that protein
diffusion has the potential to destabilize the planar membrane shape. The mean and spontaneous cur-
vatures are seen, in Fig. 1c, to be nearly equal in all states of the system, implying that the process is
driven primarily by conventional Fickean diffusion.
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The data for the second example differ from those for the first only in the replacement of the
zero-moment condition with the clamping condition ψ = 0 at ā = π. The tendency of the proteins
to induce a negative curvature manifests itself near the edge of the membrane, where the protein concen-
tration is greatest. However, the curvature must change sign in the interior as the axis of symmetry is
approached because of continuity with the interior part of the membrane where protein density is initially
low and consequently where the membrane is nearly flat. As the protein density in the interior increases
due to diffusion, there is a tendency for the curvature there to rebound to negative values, but this is
hindered by the higher concentration of proteins near the edge, which act to maintain a localized negative
curvature. This effect combines with the clamping condition to produce a sequence of shapes that initially
descends below the plane z̄ = 0, followed by a reversal of the sign of the normal velocity, leading the
membrane back to a planar configuration as time advances. The associated equilibrium distribution of
proteins is non-uniform. These effects are depicted in Fig. 2a–c.

The third and final example pertains to the geometry of a nuclear pore [8]. The protein concentration
is again assumed to vanish in the interior, at the initial instant. Thereafter, a flux is assigned at ā = 0.
This is taken to be linear in time, with a positive coefficient, corresponding to a net influx of proteins
at the inner boundary in accordance with the definition of the edge normal ν above, which is directed
into the part of the membrane above the equator. This flux is subsequently set to zero after an interval
of time, so that thereafter no additional proteins enter the domain. Zero flux is assigned at the outer
boundary (ā = π). We assign vanishing normal force (i.e., L̄ = 0) at the inner and outer boundaries, and
assume the bending moment to vanish (H̄ = C̄) at the outer boundary. The condition on force at the
inner boundary is necessary if the solution is to possess reflection symmetry with respect to the equator
[24]. Finally, we impose the geometric conditions z̄ = 0, r̄ = 0.3, and ψ = π/2 at the inner boundary.
These pertain to a pore of finite radius where the membrane cuts the equatorial plane vertically. The
solution is obtained for the values

μ̄φ = −2π, τ̂(= kc) = 1, ᾱ = 0, β̄ = 0 and Δt̄ = 0.001, (72)

corresponding to the bending-dominated regime described by Eq. (49).
The initial equilibrium shape is found to be a catenoid (H̄ = 0). As time advances and more proteins

diffuse into the interior, the curvature of the region near the inner boundary, close to the axis of sym-
metry, increases sharply due to the strong local accumulation of proteins (Fig. 3a). This concentration
diminishes rapidly away from the inner boundary, resulting in a gradual transition to a region with nearly
zero curvature (Fig. 3b,c). The simulation furnishes an equilibrium shape very much like those observed
in the immediate vicinity of a nuclear pore where protein density is greatest [8], thus supporting the view
that pore morphology is mediated by a surface distribution of transmembrane proteins.
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