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ON DISCRETE SPECTRUM OF COMPLEX
PERTURBATIONS OF FINITE BAND SCHRODINGER
OPERATORS

L. GOLINSKII AND S. KUPIN

Dedicated to Nikolai Nikolski
on occasion of his 70-th birthday

ABSTRACT. Let Hyp = —A + Vj be a finite band Schrédinger operator
with a real-valued potential. We study its complex perturbation H =
Hy + V defined in the form sense, and obtain a Lieb—Thirring type
inequalities for the discrete spectrum of H in the case when Vp € L>°(R?)
and V € LP(R?), p > max(d/2,2).

INTRODUCTION

Different characteristics of the distribution of the discrete spectrum for
a complex perturbation of a model differential self-adjoint operator (e.g.,
a Laplacian on R?, a discrete Laplacian on Z2, etc.) were studied, for
instance, in Frank-Laptev-Lieb-Seiringer [4], Borichev-Golinskii-Kupin [1],
and Demuth-Hansmann-Katriel [3]. This paper focuses on the case when
the model self-adjoint operator contains a periodic smooth background.

So, let Vj be a real-valued measurable function on R%, d > 2, such that
essinf Vy > —oo, and the Schrodinger operator

(0.1) Hy=—-A+V,

is self-adjoint, Hj = Hp. The standing assumption is that the spectrum
o(Hp) is finite band, i.e.,

n+1
(0.2) O'(H()) = Uess(Ho) =J= U [ak, bk], bp+1 = +o0.

k=1
For instance, an impressive result of Parnovsky [7], confirming the Bethe-
Sommerfeld conjecture, says that this is the case when 1} is a smooth peri-
odic function on R

Furthermore, consider
H=Hy+V,

where V is a complex-valued potential, defined as the form sum. If V is
relatively compact perturbation of Hy, that is, dom(V) O dom(Hy), and
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V(Hy — 2)~! is a compact operator for z € p(Hy), then by the celebrated
theorem of Weyl (see, e.g., [6, Section IV.5.6]) 0ess(H) = 0ess(Hp) and

o(H)=JUoy(H)

(disjoint union), where the discrete spectrum o4(H) of H, i.e., the set of
isolated eigenvalues of finite algebraic multiplicity, can accumulate only on
J. The main goal of the paper is to obtain certain quantitative bounds for
the rate of this accumulation.

The assumption on the potentials looks as follows

(0.3) Vo € L®(RY), Ve LP(RY), p>max(d/2,2).

Under assumption (0.3) H is a well-defined, closed and m-sectorial operator,
and there is wy < 0 such that

(0.4) o(H)C N(H) C {z:Rez>uw},

where N(H) = {(Hf,f) : f € dom(H), ||f|l2 < 1} is the numerical range
of H (see, e.g., [6, Chapter VI]). Moreover, H appears to be a relatively
compact (even S,) perturbation of Hy, S, being the Schatten-von Neumann
class of compact operators.

Theorem 0.1. Let Hy be a finite band Schrédinger operator in R%, d > 2,
Vo, V satisfy (0.3), and

(0.5) w = min(wy,a1) — 1,
ay in (0.2) is the leftmost edge of o(Hy). Then

d?(z,J
0o 3 A < CUp (L Vol IV
ZE€E0y

where a positive constant C(J,p,d) depends on J,p,d.

There is an elementary way to specify w and eliminate it from the final
expression. The price we pay is an additional factor in the right hand side.

Theorem 0.2. Under assumptions (0.3)

d?(z,J 2ptd
o ¥ A < CUp A+ Vol (14 VI IV
ZE0y

where a positive constant C(J,p,d) depends on J,p,d.

1. PROOF OF THE MAIN RESULTS

The first key ingredient of the proof is the following result of Hansmann
[5, Theorem 1]. Let Ay = A§ be a bounded self-adjoint operator on the
Hilbert space, A a bounded operator with A — Ay € Sp, p > 1. Then

1.1 P < - A
(L1) Agm)d (A o(A9)) < K[ A— Ao
K is an explicit (in a sense) constant, which depends only on p. We set
Ap(w) = R(w, Hp) = (Hy —w)™',  A(w)=R(w,H)=(H-w)"},
w is defined in (0.5). By (0.2), (0.4) w € p(Hp) N p(H).
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Let A = A\y(2) = (2 — w)~ L. The Spectral Mapping Theorem [2, Lemma
8.1.9, Theorem 11.2.2] implies that
A€og(Alw)) (Aeo(Ao(w))) <<= z€o04(H) (z€0(H)).

The second ingredient of the proof of Theorem 0.1 is the following distortion
lemma for linear fractional transformations. Of course, one can give several
proofs of the lemma. We have chosen to give the most elementary (though,
rather long) one. One of its advantages is that the quantity M in (1.2) is
optimal.

Lemma 1.1. For J (0.2) and any w < a; — 1 the bound
M
d(z,J) 2 = wl(lz = w[+ ani1 —w)

holds with M = M(J) depending on J, but not on w. The value of M(J)
can be explicitly computed, see (1.11), (1.12).

Proof. Set

, ze€C\J,

n+1 n+1
T=U I=xD={nK
1 k=1

Ik = )\w(Jk) = [ﬁk:ak]v k= 17 ... n, and In—l—l = [ﬁn+laan+1]v ﬁn—i-l =0.

I I J o1
a, b, a, b2 a4
o(Hy )=J
A=1/(z - @)
®
| : : I, l ' I l
| | | I |
Ba+ B B2 1% By |0y
AT)=I

FIGURE 1. Sets o(Hp) = J and A(J) = I with map A =
Ao(z) = 2

z—w’
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Let us begin with the case w =0, s0 a; > 1, and put A = A\g. If z = x+1iy
and * = Rez < 0, then Re A = z|2|72 < 0 and so
d(A, ) Al 1 1

1.3 = = > .
(1:3) i) F—al  FlE—al = Fe +a)

Similarly, if x € J, then x > a1, 0 < Re A = z|2| 72 < al_l = a1, and

d(\, [0, 01]) = [Tm A = ﬁ' A7) = Jyl,
and so

A1) _ d[0,e1)) 1 1
4 i) 2 dzd) P e Fa

Next, fix = in k’s gap, by < x < agy1, k = k(z) = 0,1,...,n (we put
bp = 0 and consider (0,a;) as a gap). Then

d(z,J):min(]z—bk],]z—ak+1\), k:1727"'7n; d(Z,J): ’z_al‘a k=0.
Define two sets of positive numbers {y;(a)}, {y;(8)}, j=k+1,....,n+1
by equalities
Re (AM(z +iy;(@))) = oy, Re(Mz +1iy;(8))) = 5;,
or, equivalently, y;(a) = xz(a;—x), y; () = x(bj—z). We also put y,(8) =0,
SO
0= yk(B) < Yr1(a) <Yr1(8) < ... <ynt1(a) < yn41(B) = +o0.

Assume first that y;(8) < |y| < yjy1(a), j = k,...,n, k =0,1,...,n,
which means that a1 < Re A < 3, so we have “gaps for A”. Then

|z —aj1] |z — bj\)

. 1 .
A1) = min((A = a7 = 3) = - i

|z ajy1 by
4. T) min< 1 ’1> _dizJ)
|2| aj+1 b |z]aj 11
and so
d(\, T 1 1
(1.5) ) > = ‘
d(z,J) ~ |zlaji1 — |2[(]z] + aj41)

Assume next that y;j11(a) < |y| < yjs1(6), j=Fk,...,n, k=0,1,...,n,
which means that 8j;1 < ReA < aj11, so we have “bands for \7. Now
d(A\, I) = [Im \| = |y||z| 72 and

Z/;z'+1(04)
x

2
Yirt1(a)
d(z,J) < |2 = apsa| < [yl + appr — 2 = [y| + 2=

2
yig (@) aijy] — T
gry|<1+”; >:\y|<1+\/ﬂ+x )

<yl +

SO
(1.6)
d()\, I) aj+1 — T 1 ( an+1> 1
> |14/ = (1+4/ .
d(z, J) ( x [ z [2[(2] + an+1)
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If £ > 1 then = > by, and it follows from (1.6) that

d(\, 1) a1\ 1
.7 an>Z<l+v m) P+ angy)

and it remains to handle the case k = 0, that is, 0 < x < ay. By the above

assumption |y| > y1(a) = /z(a; — z). If |y| < 2z then

ay

2\/:E>\|yf|>\/a1—x, a:>€,

T =

and by (1.6) and d(z,J) = |z — a1

—1
(A ) ( 5an+1> 1

> 1+ .
(2,J) a1 l2|(|2] + an+1)

For |y| > 2z we have directly

Q.

(1.8)

[N

2l R
2 2
y° > 4x”, > —, d\ T - > ,
M= DR 2
and so
d0NT) _ 2 1
1.9 >
(1.9) (=) = 5 07 + a)
The combination of (1.3)—(1.9) gives
—1
d(\, 1) ( 5an+1) 1
1.10 > (1+ :
(1.10) a(=7) = o ) T T an)

which is (1.2) for w = 0.
To work out the general case, note that the shift of variable leads to

A2 0ul) ()
d(z,J) T l—w|(z—w|+apy —w)’

/5a —w -
C(J,w) = <1 + ;—Hw> )
1 —

so we have to find a uniform bound from below for ¢(J,w). If a; > 0 then

ap+1 — W < An+1
)

a; —w al
5a -
(1.11) e(Jw) > M(J)= (1 + ;*1) .
1
If a1 <0, then by the hypothesis w < a3 — 1 we see that
Gl =W Gnel @ g g
a; —w ap — w
-1
(1.12) c(Jw) > M(J)= (1 /Bt anar — a1)> .

The proof of the lemma is complete. (]
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Proof of Theorem 0.1. For w (0.5) consider an operator
W =W (w) =VR(w, Hy)
(1.13) =V(-A —w) H-A—-w)(Hy —w) !
=V(=A—w)™ (1 = Vo(Ho —w) ™),

R(w,H) — R(w, Hp) = —R(w, H) (H — Hy) R(w, Hy) = —R(w, H)V R(w, Hy)

= —R(w,H)W.

The choice of w and (0.4) imply d(w, N(H)) > 1, and by [6, Theorem V.3.2]

1
(1.14) IR, H)| € ——— <1
d(w, N(H))
The next step is to show that W € S, and to obtain the bound for ||[W{|s,.
We write V(—A —w)™! = V(2)gu(—iV) with g,(z) = (|z|? —w)7!, 2 € R
By [8, Theorem 4.1]

V(A —=w) s, < @02 Vipllgol,,  p>2.

Furthermore, [3, Lemma 3.6] estimates the value

|w|d/2—1

wllp £CL ———-
ol < & g gy

p > max(d/2,2).
Here and in what follows Cy = Ck(p,d), k = 1,2,... denote positive con-
stants, which depend only on p and d. So,

d

o]

p
V(A —-w)s, < Co 1[IVl
dr W,R+)

Looking back at (1.13), we see that

d 1

[Vollso jw[? >
(1.15) W s §02{1+ V|-
‘ A D] a o ry

Recalling (0.2) and the choice of w, we have
d(w,J) =|w—ai| >1, d(w,Ry) = |w| > 1,
and so with p > max(d/2,2) and ¢:=1—d/2p >0

W s, < Cs <1+ |V0H<>o> 1Vl

w—al/ |wl

< Ca (1+ [Volloo) IV [lp-

(1.16)

Finally, by (1.14)
|R(w, H)=R(w, Ho)lls, < [|[R(w, H)|| [W]|s, < [Wls, < C2 (1+[[Volloo) [V]]p-
We go back and apply (1.1) with
A(] = Ao(w) = R(w, H()), A= A(w) = R(w,H),
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SO
Z AP\ I) = Z dP(\, o(Ap(w))
)\egd(A(w)) )\Eod(A(w))
< K ||R(w, H) — R(w, Ho) ||,
< C3 (L+[[Vollso)” V1[5,

(1.17)

C5 = KCF. Lemma 1.1 yields

dP(zg, J) Cs
3 - - ——— < == (1+ [Volloo)? [IV[I3,
|Zk wlp(]zk w\ + an+1 w)p MP
zr€oq(H)

and it remains only to estimate the denominator on the left hand side. It
follows from (0.5) that

2 = w[ < (14w (T + |zx]) < 2Jw[(1 4 [2]),
|an1 —w[ < C(I) (1 + |w]),

and we come to

dp Zk,J
> oD <l (1 + Vil IV
zr€0q(H) g

(1.18)

as claimed. Theorem 0.1 is proved. O

The proof of Theorem 0.1 shows that the bound (0.6) essentially depends
on the parameter w. Roughly speaking, it comes from a bound from below of
inf Reo(H ), and so it seems to be rather important to estimate this quantity
in terms of Vy and V only.

Proof of Theorem 0.2. Let Rez < a; = min(ay,0). Then z € p(Hy),
d(z,0(Ho)) = |z —a1l,  d(zRy) = |z,
and as in (1.16)

||L0||oo ||L HP
W < 1+ max(d/2,2
H (Z)ng _CQ( ‘Z 1‘ ’Z‘q s p> ( / ) )7

with ¢ =1—d/2p > 0. Put

2= {Rez <a; } [z — a1l > [IVolloo} ({I2% > 4C2(1 + | V'[|)}.

We have
1V lp

1
1.19 W(2)||oo < [[W(2)|ls, <202+ ——"P <~ -eQ,
(L19) W (2)lleo < W (2)]s, > G0 V) <3

so I + W is invertible and ||(I + W)~!| < 2.

An identity H — z = (1 4+ W (z))(Hp — z) and (1.19) show that
Q C p(Ho)Np(H). We write the difference of the resolvents in another way

R(z,H) — R(z,Hy) = —R(z, Hy)(1 + W (2)) ' W (2)

to obtain for z € (2

IR(z, H) = R(z, Ho)|ls, < | R(z, Ho) | |[(1 + W ()~ [ W (2)lls,

2 Wl Wl
T lz—al 20+ (VIp) [z = anl T+ V)
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Let us now choose z = w' < 0 as

w/
120) ) ol 1 1l + (00 V)

It is easy to check that {\ : Re\ < %/} C Q, so in particular, ' € Q,
|w" — a1| > 1, and hence

Vilp
IR(w', H) = R(w', Ho)lls, < :
1

Once again, (1.1) says
VIl P d

] p ! < ” p et

(1.21) AEU%@))d (A, 0(Ag(W)) < K (1 - HVHp) . p>max|5,2),
d

and, using Lemma 1.1, we come to
Z dp(ZkH J) < Kpr ( HVHP >p
2 T TPk~ 4t — P TV
By the choice of w’ (1.20), Re z; > w'/2, so

w' Gng1| + |
|Zk—wl|2|2>|n+|4 | |’

and
|2k — W' + ant1 + W] < 5lz — ),
|2k — & |(l2k = &' + ang1 + |W']) < Blz — o
Next, |z — /| < 2|w'|(1 + |2k]), as in (1.18), and hence

d”(zp, J) /2< V1l )p
L) o pd)| 2 (e
D e L L Ve 7
ZkEO'd(H)

2p+d
—d

< O(,p, d)(1+ [Volloo) (1 + [V [[p) 2= V]
The proof is complete. g
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