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Mixed finite element discretization
of a model for organic pollution in waters

Part I. The problem and its discretization

1

Faker Ben Belgacem!, Christine Bernardi?, Frédéric Hecht®, and Stéphanie Salmon?*

Abstract

We consider a mixed reaction diffusion system describing the organic pollution in stream-waters.
It may be viewed as the static version of Streeter—Phelps equations relating the Biochemical
Oxygen Demand and Dissolved Oxygen to which dispersion terms are added. In this work, we
propose a mixed variational formulation and prove its well-posedness. Next, we develop two
finite element discretizations of this problem and establish optimal a priori error estimates for
the second discrete problem.

Résumé

Nous nous intéressons a un systeme d’équations aux dérivées partielles qui modélise la pollution
organique dans des rivieres et nous prouvons qu’il est bien posé. Puis nous proposons deux
discrétisations par éléments finis de ce probléme et démontrons pour la seconde des estimations
a priori optimales de I'erreur.
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1 Introduction

Since the early (advection-)reaction formulation written by Streeter and Phelps in 1925 to study
the Ohio river (see [22]), sophisticated modeling of the organic pollution in stream-waters has been
elaborated. Taylor’s dispersion is particularly incorporated that bring substantial difficulties in the
mathematical study. Readers interested in are referred to [20, 11, 21] for the dispersion-reaction
models so as more complete (non-linear) ones. The central element of such problems is the oxygen.
The main tracers currently used are the density b of the Biochemical Oxygen Demand (BOD) and
the concentration ¢ of the Dissolved Oxygen (DO). In the steady state, they are solutions of the

reaction-dispersion equations, in a bounded two or three-dimensional domain €2,

—div(dVb)+rb=f in Q,
—div(dVe)+rec+rb=g inQ,
c=a« on 01, (1.1)
do,c=p on 0f).

The symbol d is the dispersion coefficient and (r,7.) are reaction parameters. They are all space-
varying. The BOD is the amount of oxygen per unit volume, necessary for the micro-organisms
and aerobic bacteria to break down the organic matter contained in the water. The DO is the
oxygen concentration housed in a unit volume of water. The right-hand side f in (1.1), describes
the source of the pollution, while the datum ¢ can be for instance the uptake oxygen from the
atmosphere to reduce the deficit of oxygen caused by the biodegradation of the organic pollutants.
Some authors favor the oxygen deficit density which is the gap between the saturation oxygen level
and the actual dissolved oxygen content. The coupling term represented by r b in the second equa-
tion is the depletion of oxygen due to elevated BOD. The boundary data («, #) are the measures of
the DO and its flux at the boundary. Currently, no oxygen flux is generated by the environmental

medium so that [ is very near zero.

Differential system (1.1) is the steady form of the full time-dependent BOD/DO model, set in
two- or three-dimensional body of water such as a lake, a lagoon or an estuary. It is actually
obtained by adding to the elementary Streeter—Phelps differential equation the dispersion term.
Solving the steady problem may have its own interest, the related problem aims the reconstruction
of some polluting flux d d,b, through the boundary 0f2, caused by many factor such as domestic,
agricultural or breeding activities. The lack of boundary data on b is balanced by two conditions
on the dissolved oxygen c. Indeed, measurements on c are easy and instantaneously obtained while
those on b need conducting a strict chemical protocol and last five days. Note that we do not
include the advection in our model. Nevertheless, the study conducted here extends as well to that

case.

Deriving theoretical results for the steady model is important, in view of the unsteady problem
which is ill-posed (see [5, 4]). There is a great analogy between the steady dispersion-reaction
BOD/DO model and the steady stream-function/vorticity formulation of the incompressible fluid

flow in the two-dimensional case, due to the non-symmetry of the boundary conditions on b and ¢



(see [7]). The main difference lies in the reaction terms in equations (1.1) which play a preponderous
role. The fact that the related coefficients (r,7.) are not equal arise tedious mathematical difficul-
ties when they are non-constant. The stream-function/vorticity problem is a symmetric variational
saddle point problem while the variational problem that follows from the BOD/DO model turns
out to be non-symmetric. The corresponding theory originally developed by F. Brezzi (see [10])
applies to the former system while for the latter one, the generalized theory proposed in [19] (see
also [6]) is better suited and therefore necessary for our purpose. The inf-sup statements required
in the saddle point analysis turn out to be complicated. The results proven here are restricted to a
class of reaction parameters, roughly characterized by the fact that the oscillations of the ratio r,/r
are bounded. Nevertheless, we do not consider this limitation as stringent since this assumption

covers a wide part of the physical situations (see [17]).

Once the structure of system (1.1) is understood, we construct a first finite element discrete
problem by the Galerkin method. But the same difficulties as for the stream-function/vorticity
problem lead to a lack of convergence of its solution. So, following the approach in [2] and [3], we
propose a modified problem where stabilization terms are added to overcome the previous difficulty.
The a priori analysis is then performed for a wide class of reaction parameters (r,r,). The mixed
finite element method we propose is proved to be optimal. Some numerical experiments confirm

the interest of the stabilization, in good coherence with the analysis.

The outline of the paper is as follows:
e In Section 2, we write the variational formulation of problem (1.1) and prove its well-posedness.
e Section 3 is devoted to the description of the first finite element discrete problem.
e In Section 4, we introduce a stabilized finite element discrete problem and prove its well-posedness
together with optimal a priori estimates.
e Numerical experiments leading to a comparison of the two discrete problems are presented in
Section 5.

e Some concluding remarks are stated in Section 6.

FUNCTIONAL NOTATION. From now on, € is a bounded connected domain in R*, k = 2 or 3, and
its boundary 0f2 is Lipschitz-continuous. The Lebesgue space of square integrable functions over (2
is denoted by L%(9), and (-, -) is the associated scalar product. The Sobolev space H'(f2) contains
all the functions that belong to L?({2) so as their first-order derivatives. We also denote by H}(€2),
the subspace of H'(2) made of all functions whose traces on 92 vanish (see [1]). The dual space
of H}(Q) is H~1(Q2) and the duality pairing is represented by (-, ->H717H3. The space H'/2(9Q) is
the range of H'(Q) by the trace operator and H~1/2(99Q) is its dual space. We refer to [1] for more
details on these functional spaces.



2 The mixed variational framework

From now on, we assume that the reaction and diffusion coefficients r, r, and d are piecewise

continuous on € and also that there exist positive real constants r,, r4, d, and dy such that
vV € Q, r, <r(x),r(x) <1y and d, < d(x) < dy. (2.1)

We also suppose the diffusion coefficient d to be piecewise continuously differentiable on . Some
further regularity of the boundary and these coefficients is needed for some specific properties of
problem (1.1), we assume them only when needed.

To develop our analysis we make a simplification assumption about the boundary data, that is
(o, B) = (0,0), and discuss the case of non-homogeneous boundary data only at the end of this
section. We take the data f in H~1(2) and g in L?(f2), respectively.

2.1 The variational formulation

The functional framework well fit to the system is the same as the one introduced in [7] (see also
[8, Section II.4]) for the stream-function/vorticity formulation of the incompressible fluid flow. It
has already been used in [5] for the organic pollution with constant reaction parameters. Before

providing details, we need some further notation. Consider the functional space
V= {x e L2(Q); div(dVy) € H—l(Q)}.

which is a Hilbert space when endowed with the graph norm

' ) ) 1/2
Iy = (I 4@ 0l -1 + 2y )
Observe that HE () is a closed subspace of V and that the norm || - ||y is equivalent to || - Iz (@)

in Hi(Q).

To write down the mixed variational formulation of problem (1.1), we multiply the first line in
(1.1) by a function v in Hg(Q). This leads to

(= div(d VD) +7b,9) g1 g1 = () -1, 13-

Next, we multiply the second line in (1.1) by a function ¢ in V, and using the duality yields that

<—d1v(dV90) + Ty @,C>H*17Hé + (T b, 90) = (9,90)

To write the variational formulation of the system, let us introduce three bilinear forms,

Yix,9) €V XV, a(x,e)=(rx, o),
V(,0) € Hy(Q) XV, m(y,p) = (= div(d V) + 79,0 ) g1 1,
v(waSO) € H&(Q) X V? m*(waSO) = <—le(dv30) + Tx 907w >H*1,H37

and also the linear form
VoeV,  lp)=(g,9)



All these forms are continuous on the spaces where they are defined.

The mixed variational problem may then be expressed in terms of these bilinear forms as follows:
Find (b,c) in V x HE(Q) fulfilling

Vi € Hy(Q),  m,b) = {f,¥) -1, (2:2)
Vo eV,  mu(c, o) +a(b,p) = Lp).

The following equivalence property is easily derived from the arguments in [4, Lemma 2.1].

Lemma 2.1 A pair (b,c) in V x H}(Q) is a solution of the mized variational problem (2.2) if and
only if it satisfies the boundary value system (1.1) with o = 3 = 0.

We recall that, according to the analysis of the abstract problem achieved in [19] and [8, Thm
1.3.14], necessary and sufficient conditions on the bilinear forms are required to ensure existence,
uniqueness, and stability for the mixed problem (2.2). The bilinear form a(-,-) must satisfy an
inf-sup condition and a positivity property on both null-spaces of the forms m(-,-) and mu(-,-);

similar inf-sup conditions must also be satisfied by m(-,-) and m.(-,-) in H3(Q) x V.

2.2 The bilinear forms m(-,-) and m.(:,")

The next results easily follow from the imbedding of HE(€2) into V, see [5, Lemma 3.2] or [7, Section
2], and are derived by taking ¢ equal to .

Lemma 2.2 The bilinear form m(-,-) satisfies the inf-sup condition on the space H}(2) x V, for

a positive constant n only depending on 1, and d,,

Vo € HLQ), sup ”j,(fﬁj) > 0l - (2.3)

pev

Lemma 2.3 The bilinear form m.(-,-) satisfies the inf-sup condition on the space H}(2) x V, for

a positive constant n, only depending on v, and d,,

Ty w,
vp e HYW, sup ™) s o, (2.4)
S el

2.3 The bilinear form a(-, )

The inf-sup conditions on a(-, -) use the kernels of the bilinear forms m(-, -) and m.(-,-) and require

therefore their characterization. They are defined to be
N ={eev; vpeHi(©), m@w.¢) =0}
N ={peV; Weni(®), m.(p,9)=0}.
The following statement is readily checked
N = {goeV, —div(d V) + 7o =0in Q}

N, = {cpEV, —div(dVe) +r.p=0in Q}



Note that A/ and N, are closed subspaces in V and are then Hilbert spaces, when endowed with
| - [lv. Furthermore, the norm || - || 2y is obviously equivalent to || - [|vv in both spaces N and N,

where the constants of equivalence depend only on r, and ry.

Remark 2.4 In the case f = 0, problem (2.2) turns out to be equivalent to the reduced one: Find
b in N fulfilling
V(p € N*7 CL(b, QD) = 6(90)

To solve this equation, one needs the couple of inf-sup conditions we look for.

The main purpose now is to bound from below the following inf-sup quantities

a(e, ) a(e, )

inf sup ————— and inf sup ————.
veN gen. lellvllvllv veN. peN [lellvlvlly

This relies on the construction of a suitable isomorphism K between N and N,. To do this, for

any x in N, we consider the solution 6 in H{(Q2) of the Poisson problem
—div(dVO) +r.0=(r—ry)x in Q. (2.5)

This elliptic boundary value problem is obviously well-posed. Then, we set: Ky = 6 + x. The
function Ky belongs to N,. The operator K is then well-defined from N into N,. Its properties

are stated in the next lemma. For simplicity, we introduce the weighted norms defined by

Ixlr2@) = Ooxm)? and  lgllzz @) = (0,0m) "2

Lemma 2.5 The operator K is an isomorphism between the spaces N and N,. Moreover, the

following inequalities hold
YeN,  alixllzze) < IKxlz2@) < atlixlize): (2.6)
for constants o, and oy only depending on r, and ry.
Proof. It is straightforward that equation (2.5) is equivalent to
—div(dVO)+71r0=(r—ry)p in Q. (2.7)

With any function ¢ in NV, we associate the function ¢ = Kx in N,. We have that K=o = ¢ — 0,
so that the inverse K1 of K is well-defined.

To prove (2.6), with any x in NV, we associate the function ¢ = Kx = 6 + x in N, where 6 belongs
to H}(Q) and satisfies equation (2.5). It is therefore easily derived that

lollrz @ =16+ X [lrz @) < <t lIxllrz2),

for a positive constant ¢4 only depending on the quantities 4 and 7, introduced in (2.1). Exactly

the same arguments, now relying on equation (2.7), yield
1
IXllz20) = lle = Ollz2(0) < o lellrz,_ (@)
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for another positive constant ¢,. By using the equivalence of the norms || - ||z2(q) (vesp. || - |72 (o))

and || - [|z2(q), we conclude the proof.

This lemma is of great help for establishing the inf-sup conditions on a(, -) for a class of reaction

parameters. Let us introduce the assumption

0sc 1/E = max T—*(:L') — min 4/ T—*(m) < 2. (2.8)
r x€) r zeQ V T

Before stating the inf-sup conditions, we need a further technical lemma. We skip its proof which

is nearly obvious.

Lemma 2.6 Let p be a piecewise continuous and positive function in Q. There exists a positive
real number £ such that
(p*(x) — €)°

Vee, 1-—
wet 4p°(@)

e

for some ¢ > 0, if and only if

osc p = max p(x) — min p(x) < 2.
el bISY)

Lemma 2.7 If assumption (2.8) holds, the bilinear form a(-,-) satisfies the two inf-sup conditions,

for a positive constant T, only depending on r, and ry,

a
Yy €N, sup (x, ¢) > 7 1yllv,
oeN. llollv

a )
Vo € Ny, sup (x, ¢) > 7|l¢|lv.
XEN HXHV

Proof. Let x be given in N, we associate ¢ = Kx in N,. The function § = ¢ — x belongs to
H(Q) and satisfies (2.5), or equivalently

—div(dVl)+r.o—rx=0 in Q.
Multiplying this equation by 6 and using Green’s formula results in

H\/gV9||i2(Q)d + ”SDH%%*(Q) + ||X||%g(sz) = (rx;9) + (re x, ¢)
=a(x, @)+ (re X, 0) = (L +Ealx, ) + ((r« — &) x, ),

where £ is some positive real number to be appropriately fixed later on. Owing to Young’s inequality
ts < 2 + s2/4, this formula yields

Ty — g?" 2
1+ a0 + ol o + (| ] v 2 el o+ I
whence )
(149 ale) 2 [ i@ [1 - ““} Iz,
Q 4rr,



Now, in view of assumption (2.8) and Lemma 2.6, the real number £ may be selected such that

(re — €&r)°

min [1 —
Q drr,

€

} =(>0. (2.9)

Taking this bound into account yields that

a(x. ¢) ¢ ¢
>c IXllz2(0) = ¢ ———=llellz) = 7llel2 )
Iz = T+€ = Doy g “
The first inf-sup condition is therefore proved since K is an isomorphism and the norms || - [|z2(q)
and || - ||v are equivalent on the kernels N and N,. The second one is checked following the same

lines.

Remark 2.8 In the symmetric case where r = r,, the forms m(-,-) and m.(-,-) coincide, so that
things are pretty easy. Indeed, the isomorphism X reduces to the identity. As in the previous proof,
choosing ¢ = Ky = x gives that

a(x, ) = lell720)-

A direct consequence is the proof of the inf-sup conditions on a(-, -).

Remark 2.9 Despite the fact that we did not succeed in establishing both inf-sup conditions
without assumption (2.8), we believe that this is only a technical problem and we suggest that it

would be possible to prove that Lemma 2.7 holds without that assumption.

2.4 Existence and uniqueness

All the tools which are necessary and sufficient for the well-posedness of the mixed problem (2.2)
are now available. We are hence in a position to state the main result of this section, which is
straightforwardly derived from [6, Corollary 2.1] (see also [8, Thm 1.3.14]) and the generalized

inf-sup conditions stated in Lemmas 2.2, 2.3 and 2.7.

Theorem 2.10 Assume that (2.8) holds true. Then, for any data (f,g) in H=1(Q) x L*(Q), the

mized problem (2.2) has a unique solution (b,c) in V x HZ(Q). Moreover this solution satisfies
[0ll, + llell @y < CUflla-1@) + l9ll2@))- (2.10)

2.5 Further regularity

We provide some indication about the “hidden” regularity of the solution (b, ¢) without investigating
the issue in details. We then consider that the physical parameters d,r and r, are constant. We
put them all to unity, only for simplicity. The conclusions we make here are also valid for smooth

space-varying coefficients. We begin with a basic result.

Lemma 2.11 If the domain Q is convex or has a boundary of class €V, the part ¢ of the solution
(b, c) of problem (1.1) belongs to H*(SQ).



Proof. The second and third lines of problem (1.1) in the case & = 0 can be written as

—Ac+c=g—>b in €,
c=0 on 0f).

Due to the fact that g — b belongs to L?(Q2), we derive the desired result which follows from the
elliptic regularity (see [14, Thms 2.4.2.5 & 3.2.1.2)).

Stating the regularity of the full solution (b, ¢) is more tricky and a further argument is needed.

Proposition 2.12 Assume that the domain ) is a convex polygon or polyhedron or has a boundary
of class €%'. For any data (f,g) in H-1(Q) x HY(Q), the solution (b,c) of problem (1.1) belongs
to H'(Q) x H3(Q).

Proof. Applying the Laplace operator to the second line in (1.1) yields the fourth order elliptic

problem

—Ac+A%c=—-Ag—f+b in €,
c=0,c=0 on 0f).

The right-hand side of this equation belongs to H~!(Q). The regularity property of ¢ is hence a
consequence of [15, Cor. 3.4.2], according to the geometry of Q. The regularity of b is then a direct

consequence of the second line of (1.1).

2.6 Nonhomogeneous boundary conditions

Enforcing the nonhomogeneous boundary conditions on the boundary 952 is worth some comments.
In view of the functional framework used in our analysis, prescribing the Dirichlet condition ¢ = «
seems natural in H'/2(9Q) while imposing the Neumann one dd,c = § arises some trouble. The
main difficulty for this problem is to derive its variational formulation. It reads as follows: Find
(b,c) in V x HYQ) satisfying cloa = a and

Ve Hy(Q),  m(¥,b) = (f,d) g1 gy,
VQO € Va m*(ca ()0> + a(b7 90) - E(‘ﬁ) - <,6, <P>asz-

The point is that the duality product (8, ¢)aq is meaningless for all ¢ in V. To give a rigorous
sense to it, we recall from [15, Section 1.5] that, if the boundary 0f2 is smooth, any ¢ in V has a
trace pjpq that belongs to H “1/2(9Q). As a result for (8, ¢)sq to make sense, it is necessary to
assume that 3 lies in H'/ 2(092). This regularity seems too strong to consider on a Neumann data.
This difficulty can be overcome by using an appropriate lifting and we have therefore the following

result.

Theorem 2.13 Assume that (2.8) holds true. Then, for any data (f,g) in H-1(2) x L?(Q) and
(o, B) in HY2(0) x H-'/2(8Q), the boundary value system (1.1) has a unique solution (b,c) in
V x HY(Q).



Proof. Since the problem is linear, the uniqueness of its solution follows from the fact that the
only solution for zero data is zero, which is a consequence of Lemma 2.1 and Theorem 2.10. On
the other hand, the problem

—div(dVeé)+re=0 in
dope=p on 0f),

has a unique solution ¢ in H'(€2). Then, the same arguments as for Lemma 2.1 yield that (b, c) is
a solution of problem (1.1) if and only if (b, cg), with cg = ¢ — ¢, is a solution in V x H*(Q) of

co=a—¢ on 0f),
and

Ve Hy(Q),  m(¥,b) = (f,d)y gy,
Vo eV, mu(co, ) + a(b, @) = £(y).

Proving the existence of a solution to this problem is performed as for Theorem 2.10, whence the

desired result.

Remark 2.14 When the boundary 02 and the data (f,g) are smooth enough, the unknown b

belongs to H'(2), hence has a trace on 9. Moreover, we can write, for any function v in H'({2)
(dOnb,y) = (div(d Vb),9) + (d Vb, Vi),

which gives a sense to the BOD flux d 0,,b. This is important, since even if these quantities do not

appear in system (1.1), they have a physical meaning and computing them is of high interest.



3 A first finite element discrete problem

We aim to write a finite element discretization of the variational problem (2.2). The domain {2 is
then assumed to be a polygon (k = 2) or a polyhedron (k = 3) to be splitted in a finite number
of triangles or tetrahedra. We introduce a regular family (73), of triangulations of 2, in the sense
that, for each h,

e () is the union of all elements of Tj;

e The intersection of two different elements of 7y, if not empty, is a vertex or a whole edge or

a whole face of both of them;

e The ratio of the diameter hx of any element K of T, to the diameter of its inscribed circle
or sphere is smaller than a constant ¢ independent of h.
As usual, h stands for the maximum of the diameters hx. We refer to [12, 9] for the basics of the

finite element method.

The previous analysis of the continuous BOD-DO model illustrates the complication due by the
lack of symmetry of the variational saddle point formulation. This is caused by the fact that the

reaction parameters are different, and the same difficulty appears in the discrete case.

3.1 The discrete problem

We introduce the discrete spaces V;, C V and Hj, C H} (), defined by
v, = {Xh e H'(Q); VK €T, (xn)ik € Pl(K)}, Hy, = V, N HL(9),

where Py (K) stands for the space of restrictions to K of affine functions on R*. Using finite
elements of degree higher than unity is allowed and the analysis in this case can be carried out
similarly. Then, the first discrete problem in the case & = 8 = 0 is constructed from (2.2) by the
Ritz—Galerkin method. It reads as: Find (by,cp) in Vi, x Hy, fulfilling

Vipp € Hy,  my (Y, o) = (f, ¥n) g1 s (3.1)
Voo € Vi, mun(cn, on) + albn, on) = Len),
where the bilinear forms my(-,-) and my p(-,-) are defined by

V(tn, on) € Hy x Vi, mp(¥n, on) = (dVon, Vbr) + (7 on, ¥n),
Y(Yn, on) € Hy X Vi, mupn(¥n, 1) = (dVon, Vo) + (7 0n, Un).

Note that the new bilinear forms my,(+, -) and m. 4 (-, -) coincide with m(-, -) and m. (-, -), respectively,
on H}(Q) x HY(Q), hence on Hy, x V.

Remark 3.1 Since Hj, is a closed subspace of H{ (), for reasons already stated in Section 2, the

norm || - [|v is equivalent to || - || g1(q) in Hp.

Remark 3.2 When the coefficients r and 7. (and d) are too complex to be exactly taken into
account in the practical computations, they are most often replaced by their Lagrange interpolates

in V. We do not consider this modification here because it only generates technicalities.
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3.2 Existence and Uniqueness

Proving the well-posedness of the discrete problem (3.1) relies on the same arguments as for the
continuous problem (2.2). Therefore, we need first some inf-sup conditions on the forms my/(-, ),

and m. (-, ).

Lemma 3.3 There exist two positive constants ' and 1., independent of h such that the bilinear

forms my(-,-) and myy, satisfy the discrete inf-sup conditions

m )
Vi, € Hy,  sup w(Vn, ©n)
onevy  llwnllv

o )
bl Ph) o 1

>0 [¢nll g @),

Vo € Hy,  sup
encVi  lenllv

Proof. For any vy in Hj, taking ¢ equal to ¢y, yields
mn(Wn, on) > ¢l Unllzn ) = cllvnlma@llenlae = 0" 1Yl ar@)llenlv.

This and the same argument applied to m, (-, -) yield the desired result.

Proving the required inf-sup conditions on the bilinear form a(-, ) requires more work. We first

introduce the discrete kernels
Ny = {@h €Vy: Vi €Hy, my, (Y, 0n) = 0},
Nin = {‘Ph €Vyy Vi €eHy, map (Yn, on) = 0}-

Note that Aj, is not a subspace of A nor N, j, is included in N,. As for the continuous problem,
the bilinear form a(-,-) should satisfy some inf-sup conditions on these subspaces and as for the
continuous case we need the construction of an isomorphism Kj, between N}, and j\/'*,h. To do this,

with any xy, in NV}, we associate the solution 6, in Hj, of the problem

Vb, € Hp, (dVOh, V) + (ri Op, ) = ((r = 74) Xn, ¥n)- (3.2)

This problem is well-posed, which enables us to set Kpxn = 0+ x. The operator Kj, is one-to-one
from N}, onto N, j, and satisfies the following result.

Lemma 3.4 There exist postive constants O’; and O’é independent of h such that the following

inequalities hold
Yxn € My apllxallze) < I1Kexnll2) < ogllxallz2)-

Proof. The second inequality follows by taking 1, equal to 6, in problem (3.2), noting that

|VOi| (o) is nonnegative, and using the inequality

IKnxnll 2y < Ixellzz@) + 10kl 22(0)-

11



The first inequality is derived by the same arguments when noting that problem (3.2) is equivalent

to (with obvious notation)
vq/]h € Hhu (dvghavwh) + (T’Hh,l/}h) = ((T—T‘*) @h?djh)'

The proof is complete.

The inf-sup conditions on a(-,-), restricted to V; x Hj can be obtained following the same

arguments as for the continuous problem. They require the Assumption (2.8) to be fulfilled.

Lemma 3.5 Assume that (2.8) holds true. The bilinear form a(-,-) satisfies the two inf-sup con-

ditions, for a positive constant 7' independent of h,

a(Xn, ¢n
Vxn € N,  sup alxn, o) > 7' Ixnllr2 )
oneN.p lenllL2 (@)
XhsPh
Von € Nap,  sup ()) > 7' lenllr2 o)

XhENh ||Xh||L2

These last inf-sup conditions do not involve the right norm of the functions, which should be
| |71 (). However, since all norms are equivalent on the finite-dimensional spaces N}, and N,
the well-posedness of problem (3.1) is a direct consequence of the previous results, see once more
[6, Corollary 2.1] or [8, Thm 1.3.14].

Theorem 3.6 Assume that (2.8) holds true. For any data (f,g) in H~1(Q) x L%(Q), the discrete
problem (3.1) has a unique solution (by,cp) in Vi x Hy,.

Due to the weak norms in both inf-sup conditions of Lemma 3.5, a stability estimate analogous
to (2.10) would involve constants depending on h. For the same reasons, the a priori error estimates
that can be proved for this problem do not lead to the convergence of the solution for the discrete

problem in all cases.
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4 The stabilized discrete problem and its a priori analysis

A possible remedy to the difficulties encountered in the previous section, is to resort to the stabilized
finite element discretization studied for the symmetric saddle point problems in [3]. The extension
of this procedure to our non-symmetric problems arises some heavy technicalities. From now on

and only for brevity of proofs, we take the coefficient d equal to 1.

4.1 The stabilized discrete problem

Let &, be the set of all edges (k = 2) or faces (k = 3) of elements of 7, which are not contained
in 09Q. For each e in &, we denote by h. the diameter of e and by []. the jump through e. The
stabilized discrete problem relies on the same discrete spaces as previously, it now reads: Find
(b, cp) in Vi, x Hy, fulfilling

Vi € Hy,  mu (Yn, bn) = (f, ) 1 s (4.1)
Von € Vy, Mo b (Chs ©h) + ap (b, on) = €(@n),

where the new bilinear form a, (-, ) is defined by

apn(Xns on) = a(xn. on) +p Y he /[3nXh]e(T)[3n90h]e(T) dr.

eeéy

p is a positive real number called regularization parameter. We refer to [3] (see also [2]) for
the introduction of this new form for the stream-function and vorticity formulation of the Stokes

problem.

Remark 4.1 Observe that the bilinear form a, (-, -) is symmetric and positive-definite on Vj,. It
is elliptic with respect to the L?-norm. Things are harder when we are involved in the natural

norm of V. This issue is investigated in the subsequent.

Remark 4.2 Handling high variations of the dispersion parameter d = d(x) is made by modifying

the augmented part of the stabilized bilinear form a, (-, -). It is then transformed into

o 98) = acnson) + 9 3 e[ 100,01 dOnipn)o(7)

e€ly, €

+p Z meas( /le (dVxp)div (d V) de.
KeTy K

The overall analysis we undertake here is readily extended to this case, at the cost of more technical
work, especially caused by the last term.
4.2 Well-posedness for the stabilized problem

Proving the existence, uniqueness and stability for the new discrete problem requires some pre-
liminary lemmas which state several important properties of the augmented bilinear form a, (-, -),

more precisely of the stabilizing form sp(+,-) defined by

WOmn) = 3 he / Xl (T [npnle(7) dr.

e€ly,

13



We begin with a result proven in [3, Proposition 6].

Lemma 4.3 There exists a positive constant p independent of h such that

Vxn € Vi, Vsu(xn xa) < e llAXR -1(0)-

The next lemmas provide the “inverse” inequality on the kernel spaces N} and N, . The proof

is an adaptation of the one made for Proposition 7 in [3].

Lemma 4.4 There exists a positive constant i’ independent of h such that

Yxn € Nuy  [AXwl 1) < #'\/a1n(Xn, Xb),

Vxn € Nan,  1AXIlE-1(0) < #'\/ a1, (Xhs Xn)-

Proof. We handle the first estimate. The second one can established following the same lines. Let
Xn € N, be given. Then, for all 1 € H(Q) and 1, € Hy, we have that

(Vxn, V) = (Vxn, V(¥ = ¥n)) — (Xn, Yur).

Making an integration by part and using the Cauchy-Schwarz inequality provide

(V30 96) = 3 [ Bwale (1) = wn)(7)dr = ()

ey €

/
< Vanboxm) (30 (e e =l )~ Canrnr).

ee&y

A suitable choice of iy, equal to the Clément interpolant of 1, the Bramble-Hilbert argument
together with the Poincaré inequality yield that

(Vxn, Vi) < fi(\/ $h(Xns Xn) Y1) + ||Xh”L$(Q)|W}”L2(Q)> < p'\J a1 n(Xn Xn) 1Y )

By taking into account the identity

[AXK 1) = sup (Vxn, V),

1
veri@) [Vl @)

the proof is complete.

Corollary 4.5 The map

Xh + 1/ @pn(Xns XR)

is a norm on Ny, (resp. Ny p) that is equivalent to the norm of V, uniformly in h (in the sense that

the equivalence constants are independent of h).

We will need also a third intermediary result, related to a bound of the bilinear form s(-,-) by
the H'-norm.

14



Lemma 4.6 There exists a positive constant u” independent of h such that

Vxn € Vi, sulxn, xn) < i’ |Xh’%{1(g)-

Proof. Let y;, belong to V. Denoting by K and K’ the two elements of 7, that share e, we have
straightforwardly

he /[anXh]Z(T) dr < he’(th)|K‘%2(e)k + he‘(VXh)\K"%Z(e)k-

Switching backward and forward to the reference element, provides the following bound

he /[anXh]g(T) dr < H(’(Xh)H(’%Jl(K) + ‘(Xh)\K’ﬁp(K/))a

where the constant x depends on the regularity parameter of the family of triangulations. Summing

up over e, we derive that

S he [0l dr < i e o

e€e€y

The proof is complete.

A first consequence of Lemma 4.3 is that the bilinear form a, (-, -) is continuous on Vj x Vy

with respect to the natural norm || - [|y. The continuity constant is bounded independently of h.
Proposition 4.7 There exists a positive constant C, independent of h such that

V(Xhsn) € Vi X Vi, apn(xns on) < Cplixnllvlienllv-
Proof. Let x, and ¢, be in Vj. By Cauchy-Schwarz inequality, there holds that

o1 (Xns Pn) = a(Xns Pn) + psn(Xn, on)
< Ixnll 2 lenll 2 + oV s6(xhs Xn) v/ sk (@, on)-

Invoking the result of Lemma 4.3 gives

apn(Xn2n) < Ixnllzz) lenllzz @) + £l AXR -1 @) | Aehll -1 (0)-

This yields that
ap,n(Xn, n) < Cmax(1, p) [Ixnllvllenllv.

The proof is complete with C, = C'max(1, p).
Now, proving the desired inf-sup conditions for the augmented bilinear form a,(-,-) on the

kernel spaces N, and N, 5, with respect to the norm of V requires additional technical work. Let

us first state the following lemma.
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Lemma 4.8 Assume that (2.8) holds true. There exists a positive constant py such that, for any

p < po, the following positivity property holds

Vxn € Na, apn(Xn, Knxn) > A ap,h(XmXh)\/ap,h(’ChXh,/ChXh),

where the constant X\ is positive and only depends on the reaction parameters (r,7).

Proof. Let y; be given in N},. Thus, the function ¢, = Kp,xp belongs to N*,h, while the function
0y, = @p — xn is the solution of problem (3.2). Processing as in the proof of Lemma 2.7 we are

allowed to assert that, for some £ > 0, we have
VOl ) + lenllZz o) + Ixalliz@) = (1 +&alxn, on) + (7 =€) xn. on),
Then, given the identity
=5 (0n, 0n) + sn(Xn: Xn) + Sn(®n, on) = 25n(Xn, ¢n),

we derive that

(L46)p 5 (00 60) + ~(1+€)p s 0em xi)

AT 5

+

N =N =

(1 +&psnen on) + lenliz @ + Ixaliz@ = 1+ &alxn, vn)
+ (L +&psnlxn: on) + (1« — &) Xns #n)-

Using Lemma 4.6 yields that
1 I 9 1 1
<1 — 51+ 8pp )’9h|H1(Q) + 5+ psulxn, xn) + 51+ E)p snlen, on)
Hienlze o) + Ixnllza) < (1 +€) apnlxn, on) + ((re — &) xn, 9n).

Recall that a,pn(-,-) = a(-,-) + psu(-,-). Due to assumption (2.8), it is possible to select £ as in
(2.9). This results in

1
(148 apnlonen) = (1= 50+ Epi") a3 (q)

1 1
+ 5+ Opsnlxn, xn) + 5 (1 +Epsulen, on) + Clxnll 2

(note that ¢ depends on r and ). Applying now Lemma 3.4, we get

(L4 &) apn(Xn,en) = (1 - %(1 + f)PM") 1013 (@)

1 1
+ 5(1 +&)psn(Xn, xn) + 5(1 +&)p sn(en, n) + §HXhH%7%(Q) + <H<PhH%g*(Q)-

The constant ¢ is positive and does not depend neither on p nor on h. It is only sensitive to the
reaction parameters (7, 7). Next, if p is small enough, then the coefficient of ‘Hh’%”(ﬂ) is nonnegative

and can be dropped without changing the inequality. Hence, we obtain

1
(148 apn(xn en) = 51+ psn(xnxn) + sllxnllLz0)
1

+ 5L+ E)psulon on) + dllenliz (-
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This bound can be put under the following form

A

B (ap,h(Xh, Xn) + apn(@n, @h)),

for a constant A > 0 that is dependent on (¢, ) (which are themselves dependent on (r,74)). Next,

aph(Xhs Qn) >

thanks to the positive definiteness of a, (-, ), we finally obtain

ap.h(Xn,Pn) > /\\/ap,h(Xha Xh)\/ap,h(%, ©n)-

The proof is complete.
Remark 4.9 The following bound holds true

Von € Ny, apn((Kn) " on, on) > )\\/ap,h((lch)*lsoh, (’Ch)*lsﬁh)\/ap,h(@h? ©n)-

We are now in position to state the inf-sup conditions satisfied by a, (-, -) on the kernel spaces

Ny, and Ny .

Proposition 4.10 Assume that the regularization parameter p is sufficiently small. Then, when

(2.8) holds true, the following inf-sup conditions on a,(-,-) are satisfied

a
Vxn € N, sup @ (X1, #n) > 7 I xnllv,
o llonlly
a
Von € Nop,  sup LnlOR) S o

xnels Ixallv

The inf-sup constant 7, is expected to decay to zero when p decreases toward zero.

Proof. Let x;, be given in N}, and denote ¢y, = Kpxp € Ny . By Lemma 4.8, we derive

Ap,h\Xh, Ph) Xh,SOh > A /aph Xh, \/ p, <Ph,<,0h

llenllv lonllv
Now, applying Corollary 4.5 yields that

Qp, Xh7%0h \/a h ‘Pha@h
RAR LR VA M/ apn(Xhs Xn) 2
llenllv Va1 (n, ¢n)

> A(min(1, v/p))*\/a1.n(Xn Xn) > e Amin(1, p)||xal|v-

The constant 7, may be equal to Ap for small values of p. The second inf-sup condition can be

established similarly using Remark 4.9 instead of Lemma 4.8. The proof is complete.

The following exisetence and uniqueness theorem is now a direct consequence of Lemma 3.3 and
Propositions 4.7 and 4.10.

Theorem 4.11 Assume that (2.8) holds true and that p is small enough. For any data (f,g) in
H=1(Q) x L3(Q), the stabilized discrete problem (4.1) has a unique solution (bp,cp) in Vj x Hy,.
The following stability holds

1bally + llenllmr) < Colllf -1 (@) + 9l 2@)- (4.2)

The constant C, is expected to blow up when p decays to zero.
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4.3 A priori error estimates

From now on, we always assume that condition (2.8) holds true and that p is small enough, in order
that the discrete problem (4.1) is well-posed. We now prove an a priori error estimate between the
solutions (b, c) of problem (2.2) and (by,cp) of problem (4.1). As usual, we introduce the affine

subspace
Nu(f) = {CPh Vi Vo €Hp, mp (Y, n) = (/f, djh)H*l,H(%}‘

The following lemma relies on standard arguments, but takes into account the stabilization of the

form a(-,-). It involves the norm || - ||« defined by
1
— 2 2
lofle = (3 Aac ol g )
KeTy

Lemma 4.12 Assume that the part b of the solution (b,c) of problem (2.2) belongs to H3/?(Q).

The following a priori error estimate holds

C
Ib—bully <1+ =) inf

C
b— + b= Bulls) + = inf [lc— _

Proof. Let (8, be any approximation of b in Ny (f). Thus, it follows from the first line in (4.1)
that the function b, — ), belongs to N},. Applying the first inf-sup condition in Proposition 4.10
yields

by, —
by — Bully < 7yt sup Zenln = Buon)

(4.3)
oneN p lenllv

To evaluate the quantity a,n(by — Bh, ¢n), we observe by using problem (4.1) that

ap (b — Bn,on) = Len) — man(ch, ©n) — apn(Bns n)-

Due to (2.2) together with the coincidence of the forms m.(-,-) and m, ) on the discrete spaces,

we derive that

apn(br — Br,on) = a(b — Br, en) + mu(c — cn,on) — p su(Br, ©n)-

Since ¢y, belongs to N, , we have for all v, in Hj,

m*(c — Cp, QOh) = m*(C — Yh Sph)

On the other hand, because of the regularity of the solution b inside €2, we derive

—51(Bhsen) = sn(b— Bus on).

The fact that gradb belongs to L?(Q)* and that its divergence belongs to L?(2) implies that
each [0,b]. belongs to H~/2(e). Moreover, by an interpolation argument and since b belongs to
H3/2(Q), then the flux jump [9,b]. turns to be in L?(e). Combining this with a standard inequality

on @y, give

—5n(Brs 1) < D he |00 = B)lll2(e) 110nen]l L2e) < C 16 = Brllsllnllv-

eely,
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Inserting all this into (4.3) gives

C
lbr, — Brllv < ;(Hb — Bullv + lle = vl i) + 110 = Ball+).-
o

We conclude the proof by using a triangle inequality.
The next lemma is now just an extension of [13, Chap. II, eq. (1.16)].
Lemma 4.13 If the assumptions of Lemma 4.12 are satisfied, the following bound holds

inf b— + b= Byll) <C inf (||b— b= ByllL).
s (o= Bully + 1o = Bull) < C inf (b= Bhllv + 10 = Balls)

Proof. For any function g in V},, we deduce from the continuity and ellipticity of the form my(-, )

on Hj, that there exists a function 7y in Hj, which satisfies

Von €Hp,  mn (Yns1n) = (s 0n) -1, 13 — mn(Pn, Br) = m(n, b) — ma(¥n, Bn)-
Thus the function Bh = By + np, belongs to N, (f) and estimating the norm of b — ﬁNh follows from

a triangle inequality, the previous equation and a local inverse inequality appied to np.

Finally, we evaluate the error on the part ¢ of the solution.

Lemma 4.14 If the assumptions of Lemma 4.12 are satisfied, the following a priori error estimate
holds

. el — R IS
le = enlli) < € (b= bully +_inf fle—nllio) + inf (Ib—Gall+ 16— 5il.))

Proof. From the second inf-sup condition in Lemma 3.3, it suffices to evaluate the quantity, for

any p, in Vp,

M n(ch — Y, n) = M (c — Yh, on) + alb — by, ©n) — p su(bn, @n).

Bounding the first two terms simply follows from Cauchy-Schwarz inequalities. To estimate the

last one, we note that

—51,(bn, on) = sp(b —bn, o) = su(b — Bn,n) + sn(Brn — bu, vn),

use the same arguments as in the proof of Lemma 4.12 for the first quantity, Lemma 4.3 and a
triangle inequality for the last one. This gives the desired result.

We are now in a position to state explicit error estimates. The proof follows from Lemmas
4.12, 4.13 and 4.14, together with the approximation properties of the spaces Vj and Hy and an

interpolation argument for handling nonsmooth solutions (b, ¢).

Theorem 4.15 Assume that the solution (b,c) of problem (2.2) belongs to the space H™ () x
H*(Q), 0 < r,s < 1. The following a priori error estimates hold

16 = bl + lle = enll iy < Cp (B b1y + b llell ey )-

The constant C, is expected to blow up when p decays to zero.
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Remark 4.16 These estimates are fully optimal with respect to h. Furthermore, when combined
with the stability property (4.2), they yield the convergence of (by, ¢;) towards (b, ¢) when h tends

to zero, for any fixed parameter p.
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5 Numerical experiments

Computations are realized by means of the code FreeFem++ developed by F. Hecht (see [16]), where
a script specifically dedicated to the pollution system is made.
We wish to compare the two discrete problems, which we call in the following NS (for non

stabilized) and S (for stabilized), in a basic case. The domain is the square

Both Neumann and Dirichlet conditions are enforced on ¢, and b is free of any boundary condition.

The exact solution, represented in Figure 5.1, is given by

b(x1,x2) = cos(%wl) COS(S?W.’EQ), c(ry,22) = sin(%r:cl) sin(%racg).

The dispersion and reaction parameters are constant and fixed to d = 0.151 and (r,r.) = (0.2,0.4).
According to some specialized literature, they are close to real-life values. For reasons explained
later on, we also consider this same solution in the disk with centre (0,0) and radius 1/2, computed
with the same coefficients.

Figure 5.1 represents, from top to bottom, the exact solution and the solution issued from NS.
For the non stabilized problem, we can see in this figure that the error on b is stronger than the
error on c; this error is concentrated on the corners of the domain. To check that this is due to
the discretization and not to the geometry of the domain, we now work with the domain € equal
to the ball. Figure 5.2 represents the solution (by, cp) of the NS problem. The degradation of the
accuracy at the vicinity of the boundary is obvious. Thus, the NS problem does not lead to the

convergence of the solution, as appears in the next figure.

In all the numerical simulations, the meshes are triangular and structured. Varying the mesh
size on the square, we evaluate the errors on the BOD density b and the DO concentration ¢, with
respect to the H'(Q) and L?(Q) norms, for both non-stabilized and stabilized approximations. The
related convergence curves are plotted in Figure 5.3 in logarithmic scales.

e For the NS problem, there is no convergence of by, in the H'(2)-norm, and the slope in the L?()-
norm is evaluated to 1.09. This is an indication of the necessity to resort to stabilization. On the
other hand, the slopes of the convergence curves for ¢ in the (H'(Q), L?(Q2)) norms are close to
(0.99,1.99).

e For the S problem, the slopes for ¢ are close to the previous ones, equal to (0.99,1.88). However,

the slopes for b are now equal to (1.28,1.67), so that the convergence for b is highly improved.

Finally, in order to illustrate the good convergence properties of the stabilized problem, Figure
5.4 represent the solutions by, and ¢y, issued from S, first for a standard mesh (h = %), second for
a refined mesh (h = &).
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Figure 5.1: Exact and NS computed solutions, b and by, in the left panels, ¢
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Figure 5.4: S computed solutions, b, in the left panels, ¢, in the right panels, on different meshes.
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6 Conclusion

The steady pollution model studied here may be considered as a generalization of the well known
saddle-point stream-function/vorticity ¢ — w problem used in the simulation of two-dimensional
steady Stokes fluid flows (see [3, 8]). The difference between the two models resides in facts that
first the pollution system is valid in three dimensions and second that it is non-symmetric with an
additional reaction term with space dependent kinetics. This, unexpectedly, brings tedious com-
plications in the analysis of the exact and discretized versions of it. From the applied mathematics
view, this stirs a renewed interest (we may even speak of a rehabilitation) in the technical and
numerical work realized so-far on the mixed stream-function/vorticity formulation of the Stokes
model. Somehow the road is pathed for studying the pollution model, the questions to solve, the
methodology to follow so as the ideas already developed may be reinvested or recast for the pol-
lution model with however substantially increased mathematical difficulties to handle. They are
successfully solved in this work. The short-term continuation is to deal with the a posteriori issues.
We are currently investigating residual based error estimations and the stated results together with
a deeper numerical experimentation will be exposed in the second part of this paper. A more distant
goal is to consider the full unsteady pollution model which differs tremendously of the unsteady
1) — w system. They are opposite in nature, the time-dependent pollution model turns out to be
ill-posed (see [5]). Its space time discretization is expected to arise higher difficulties and requires
some specific mathematical tools to pick up in the community inverse and ill-posed problems. We
refer to the Ph.-D. thesis [18] to have some clues on these issues and on close ones but also to
discover several applications of the unsteady pollution modes, especially in the inverse problem of

(polluting) source detection and identification.
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