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Abstract

We study the large time behavior of non-negative solutions to the singular diffusion
equation with gradient absorption

O — Apu+ |Vu|? =0 in (0,00) x RY,

for pc :=2N/(N+1) <p<2andp/2 < q < q.:=p—N/(N+1). We prove that there
exists a unique very singular solution of the equation, which has self-similar form and
we show the convergence of general solutions with suitable initial data towards this
unique very singular solution.
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1 Introduction and results

The aim of the present paper is to study the large time behavior of non-negative solutions
to the following equation with singular diffusion and gradient absorption:

du— Apu+ |Vul? =0, (t,2) € Qoo := (0,00) x RN, (1.1)

for p. == 2N/(N +1) <p<2and p/2 <q<q :=p—N/(N+1). We consider only
non-negative initial data
u(0,z) = ug(z), xRV, (1.2)

under suitable decay and regularity assumptions that will be specified later. Equation (1.1)
presents a competition between the effects of the two terms: one term of singular diffusion
Apu = div (|Vu[P~2Vu), which in our case is supercritical (that is, p > p. = 2N/(N + 1))
in order to avoid extinction in finite time, and another term of nonlinear absorption de-
pending on the gradient |Vu|?. Due to this competition, interesting mathematical features
appear in some ranges of exponents p and q.

The qualitative theory of (1.1) for general exponents p and ¢ developed very recently;
indeed, while there are many (even classical ones) papers on nonlinear diffusion equations
with zero order absorption, covering almost all possible cases, the study of the gradient
absorption proved to be much more involved and brought a bunch of very interesting
mathematical phenomena, some of them having been the subject of intensive research
in the last decade. As expected, the first results were obtained in the semilinear case
p = 2, where the asymptotic behavior for ¢ > 1 has been identified in a series of papers
[4,5,7,11,12, 19, 20]. Finite time extinction was shown to take place for ¢ € (0,1) [8, 9, 20]
while the critical case ¢ = 1, in spite of its apparent simplicity, is still far from being fully
understood: only some large-time estimates are available [10] but no precise asymptotics.
Passing to the p-Laplacian is a natural step, and for the slow-diffusion case p > 2, the
exponent ¢ = p— 1 proved to have a very interesting critical effect, as an interface between
absorption-dominated behavior and diffusion-dominated behavior [3, 28], while itself gives
rise to a critical regularized sandpile-type behavior, as shown recently in [24]. A natural
next step was then to pass to the study of the fast-diffusion case 1 < p < 2, where the
authors made important progress recently in understanding the decay rates and typical
self-similar profiles [22, 23]. In particular, finite time extinction was shown to take place
when (p, q) ranges in (p¢,2) x (0,p/2) and in (1,p.) x (0,00) while diffusion is likely to
govern the large time dynamics when (p,q) € (pc,2) X (g, 00). The intermediate range
(p,q) € (pe,2) x (p/2,qs) features a balance between the diffusion and absorption terms
and is the focus of this paper.

From now on, we restrict ourselves to the following range of exponents:

p € (pe,2) and qe(g,q*), (1.3)
and we set
P—q qg—p+1 1
= >0, Bi=——>0 and n:=——— >0, 1.4
2¢—p 2q —p N(p-2)+p (1.4)

the positivity of n being a consequence of p > p.. We also observe that, thanks to (1.3),

(N +1)(g« —q)
2q—p

a— NG = > 0. (1.5)
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In order to state the main result concerning the large-time behavior, we recall a special
category of solutions to (1.1), that are called very singular solutions. These are solutions
to (1.1) with an initial trace at ¢ = 0 more concentrated at the origin than a Dirac mass,
thus justifying the name. The precise definition is given in Definition 4.1 at the beginning
of Section 4.

The name very singular solution has been introduced in [14] for the heat equation with
absorption of order zero. After this first paper, many other very singular solutions for
diffusion equations with absorption terms were constructed, see [15, 27, 29, 31, 33, 35] and
the references therein. For (1.1), we have established in [23, Theorem 1.1] the existence and
uniqueness of such a very singular solution to (1.1), under the more restrictive hypothesis
of radial symmetry and self-similarity. We recall this result for the reader’s convenience
as Theorem 4.2 below. For the moment, let us denote this unique radially symmetric,
self-similar very singular solution by U with

Ult,z) =t fu(xt™),  (t,2) € Qu. (1.6)
The main result about large time behavior is the following;:

Theorem 1.1. Let ug be a function such that

ug € LERM) N WE2RY),  wy >0, wuy#0. (1.7)
and
lim |z Pug(z) = 0. (1.8)
|z| =00

Then, the following large time behavior holds true:
Jim 1%[ju(t) = U (@)oo = 0, (1.9)

where U is the unique radially symmetric self-similar very singular solution to (1.1) intro-
duced in (1.6).

In order to prove Theorem 1.1, several steps are needed, some of them being also very
interesting by themselves. A very important element of the proof is identifying the possible
limits as t — oo, that we can prove to be very singular solutions in the sense of Definition 4.1
by viscosity techniques. Thus, the circle will be closed by the following general uniqueness
result.

Theorem 1.2. There exists a unique very singular solution to (1.1) in the sense of Defi-
nition 4.1. In particular, this solution is radially symmetric and in self-similar form and
it coincides with U.

This theorem is an important extension of [23, Theorem 1.1], where the uniqueness of
a very singular solution is established under the extra conditions of radial symmetry and
self-similar form. An interesting by-product of Theorem 1.2 is a comparison principle for
the elliptic equation

~Ap+|Vu|! —av—Bz-Vu=0, zcRY

under suitable conditions as |z| — oo. For a precise form of the statement, we refer the
reader to Theorem 4.15 below.



On the way to proving Theorem 1.2, we found out that a theory of the Cauchy prob-
lem associated to (1.1) with non-negative and bounded measures as initial data had to
developed. We thus prove an interesting result of well-posedness for (1.1) for such initial
data which extends to p € (p.,2) the existing one for the semilinear case p = 2 [6, 11] but
holds true only if the singular diffusion equation dyv — Apv = 0 in Q is well-posed in this
setting. However, this issue seems to be still an open question for general non-negative
and bounded measures but the answer is positive for Dirac masses which is exactly what
is needed for the proof of Theorem 1.2.

Theorem 1.3. Consider a non-negative bounded Borel measure uy € M;(RN). If the
singular diffusion equation

ov—Apw = 0 in Qu,
v(0) = wy in RV,

has a unique solution v € C([0,00); My (RY)) N C(Qw), then there exists a unique non-
negative function u € C(Qoo) which is a viscosity solution to (1.1) in Qs and satisfies

%i_r)% () u(t,z)de = (x) dug(x) (1.10)
RN RN

for any bounded and continuous functionp € BC(RN). Moreover, u(t) belongs to L*(RV)N
WL (RN) for all t > 0 and satisfies

||U(7f)||1 < My := /

dug(z) , (1.11)
RN

as well as the following estimates

lu(@)ll + " fu(t)l|oo < Cs(Mo), (1.12)

and
VBl < Co(My) (14 (VD@0 ) =¥ (1.13)

where Cs € C([0,00)) is a positive function depending only on N, p, and q.

The proof of this theorem is technical and quite involved, as usual when dealing with mea-
sures, since the lack of regularity does not allow to apply some of the standard techniques.
In particular, Theorem 1.3 also implies the existence and uniqueness of a fundamental
solution with any given mass M > 0 to (1.1), as it is explained at the end of Section 3.

Organisation of the paper. We collect in Section 2 many technical results and estimates
needed in the sequel, in the form of separate lemmas. These include: a rigorous definition
of viscosity solutions, decay estimates, estimates on the tail of the solution at sufficiently
large times, and estimates of the solutions for small times, which are useful tools for
identifying the initial trace. We agree that this section is a bit technical, but this allows us
to state more clearly the main ideas and steps in the proofs of our main results. A reader
who is not so interested in technical details could skip this part and admit the technical
lemmas, or come back to it later.

Section 3 is devoted to the proof of Theorem 1.3. The proof is divided into two steps: we
first construct a solution to (1.1) by classical approximation arguments. We next proceed



to show the uniqueness of the solution which is actually the main contribution of this
section. We then pass to the proof of Theorem 1.2, which occupies almost all Section 4
and is divided into several steps: we first construct a maximal and a minimal element in
the class of the very singular solutions to (1.1). Then, we find that these two solutions are
identical, by identifying both of them with the unique radially symmetric and self-similar
very singular solution U, and we end up with the proof of the comparison principle for the
associated elliptic equation. We end the paper with the proof of Theorem 1.1, to which
Section 5 is devoted. It relies on the half-relaxed limits technique and is rather short, since
most of the needed technical facts were already done in previous sections.

2 Well-posedness and decay estimates

In this section, we collect previous results on the well-posedness of (1.1) as well as some
qualitative properties of the solutions. Let us first recall the notion of solutions we use
throughout the paper.

2.1 Viscosity solution

As in our previous works [22, 23], a suitable notion of solution for equation (1.1) is that of
viscosity solution, which is useful in dealing with the gradient term. Due to the singular
character of (1.1) at points where Vu vanishes, the standard definition of viscosity solution
has to be adapted to deal with this case [25, 26, 30]. In fact, it requires to restrict the class of
comparison functions [25, 30]. More precisely, let F be the set of functions f € C2([0, 0))
satisfying

F(0) = f'(0) = f(0) = 0, f(r) >0 for all >0, lim |f(r)[P=2f"(r) = 0.

For example, f(r) = r? with o > p/(p—1) > 2 belongs to F. We then introduce the class A
of admissible comparison functions 1 defined as follows: a function 1) € C?(Q) belongs to
A if, for any (tg,z¢) € Qs where Vi)(tg,z9) = 0, there exist a constant 6 > 0, a function
f € F, and a modulus of continuity w € C([0,00)), (that is, a non-negative function
satisfying w(r)/r — 0 as r — 0), such that, for all (t,z) € Q- with |x — z¢| + [t — to| < 0,
we have

|9 (t, 2) = (to, w0) — Orib(to, m0)(t — to)| < f (| — wol) +w(|t — to)-
With these notations, viscosity solutions to (1.1) are defined as follows [25, 26, 30]:

Definition 2.1. An upper semicontinuous function u : Qs — R is a viscosity subsolution
to (1.1) in Qoo if, whenever ¢ € A and (to,z¢) € Qoo are such that

u(to, xo) = Y(to,xo), u(t,z) < Y(t,x) for all (t,x) € Qoo \ {(to,z0)},

then
{ 8t1,b(t0,x0) S pr(tO,xO) - |V¢(t0,x0)|q /I’f vrlzz)(tO,‘TO) ?é Oa
Orb(to, w0) <0 if Vip(to, xo) = 0.
A lower semicontinuous function u : Qs — R is a viscosity supersolution to (1.1) in Qo
if, whenever 1 € A and (tg,z9) € Qoo are such that

u(to,xo) = T/J(to,ﬂfo)a u(t’x) > 7/)(75,33) Jor all (t’x) € Qo \ {(t0,$0)},



then
{ atw(tO?xO) Z pr(tO,xO) - |V¢(t0,x0)|q /I’f vw(tO,‘TO) ?é Oa
3t¢(t07960) >0 if Vlb(to,.%'o) =0.

A continuous function u : Qs — R is a viscosity solution to (1.1) in Q if it is a viscosity
subsolution and supersolution.

A remarkable feature of this modified definition is that basic results about viscosity solu-
tions, such as comparison principle and stability property, are still valid, see [30, Theorem
3.9] (comparison principle) and [30, Theorem 6.1] (stability). The relationship between
viscosity solutions and other notions of solutions is investigated in [26]. From now on, by
a solution to (1.1) we mean a viscosity solution in the sense of Definition 2.1 above.

With this notion of solution to (1.1), we have the following well-posedness result [22,
Theorem 6.2].

Proposition 2.2. Assume that ug is a function satisfying the conditions (1.7). Then there
exists a unique non-negative function u € C([0,00) x RY) which is a viscosity solution to
(1.1) in Qs and satisfies u(0) = ug. In addition, u(t) € LY(RN) N WL (RYN) for each
t >0 and u is also a weak solution to (1.1)-(1.2) in the following sense:

/ (u(t,z) — u(s, x))(z) d:c+/ / (IVulP=2Vu - Vi + |Vu|?y) dedr =0, (2.1)
RN S RN

for any 0 < s <t < oo and ¢ € C§(RN).

As usual for homogeneous parabolic equations, the radial symmetry and monotonicity are
preserved, as the following result states.

Lemma 2.3. Ifug satisfies (1.7) and is radially symmetric and non-increasing with respect
to |z|, then the same properties hold true for u(t), for any t > 0.

Proof. The radial symmetry of wu(t) for positive times ¢ > 0 follows readily from the
rotational invariance of (1.1) and the well-posedness of (1.1). Next, we can write u(t,z) =
u(t,|z]) = u(t,r), and it satisfies

N -1

Ou— (p— 1)]8ru\p_233u — T\aru\p_Q&nu + 0rul? = 0.

At a formal level, it is clear that the zero function is a solution to the equation satisfied
by O,u (which can be derived by differentiating the above equation for u), and the claimed
monotonicity follows from the comparison principle since d,ug < 0. Thanks to the unique-
ness of solutions to (1.1), this argument can be made rigorous by standard approximations,
asin [22]. O

A classical property of parabolic equations is that a modulus of continuity in space entails
a modulus of continuity in time. In that direction, we have the following result which can
be proved as [18, Lemma 5].

Lemma 2.4. Consider an initial condition ug satisfying (1.7) and let u be the correspond-
ing solution to (1.1)-(1.2). Assume further that there are 7 > 0 and A > 0 such that
IVu(t)||oo < A for all t € [T,00). Then there is Co > 0 depending only on N, p, and q
such that

lu(t, z) — u(s,z)| < Cy [(1 +A) |t — s+ A |t — s\] , t>s>T. (2.2)



2.2 Decay estimates

We next recall temporal decay estimates in L' (R™Y) and W1 *°(R") which are consequences
of the analysis performed in [22] and depend on the behavior of the initial data as |z| — oo.

Proposition 2.5. Assume that ugy satisfies (1.7) and denote the corresponding solution to
(1.1)-(1.2) by u. Then there is a constant C > 0 depending only on N, p, and q such that

Vu(t,z)] < C (Hu(s)yy;gap +(t— s)*l/p) (ut,z)??, 0<s<t, zeRY. (23)

In addition, if M is such that M > ||ugl||1, then the estimates (1.12) and (1.13) hold true
with Cs(M) instead of Cs(My).

Proof. The estimate (2.3) is a straightforward consequence of [22, Theorem 1.3 (i) & (ii)],
while (1.12) follows by comparison with the solution v to the diffusion equation

Ov—Apw = 0 in Qu, (2.4)
v(0) = wuy in RY, (2.5)

see [17] for instance. Indeed, we obviously have u < v in @ by the comparison principle
and, since p > p., we deduce from [17, Lemma I11.6.1 & Theorem II1.6.2] (with » = 1 and
R = 00) that

[v(®)[l < C [luoll and [f(t)]|oc < C 7" ¢t~ (2.6)

for t > 0. Finally, (1.13) readily follows from (2.3) (with s =¢/2) and (1.12). [
For initial data decaying sufficiently fast as |z| — oo, faster temporal decay estimates
were also supplied in [22, Theorem 1.2], which are only valid when p and ¢ satisfy (1.3).

Proposition 2.6. Assume that ug satisfies (1.7) as well as
0<up(z) <k l|z|~*?, zeRY, (2.7)

for some k > 0, and denote the corresponding solution to (1.1)-(1.2) by u. Then there is
a constant K, > 0 depending only on N, p, q, and k such that

N u(t) 1+t u®) oo + 7 Vut)lloo < Ke, ¢ >0. (2.8)

The precise dependence of K, on the parameters is not stated in [22, Theorem 1.2 (i)]
but can be recovered by inspecting the proofs of [22, Theorem 1.2 (i) & Lemma 5.1].

2.3 Small time estimates

The previous decay estimates allow us to analyze precisely the behavior of solutions to (1.1)
for small times, a fact which will be of utmost importance when considering non-smooth
or even singular initial data.

Proposition 2.7. Assume that ug satisfies (1.7) and denote the corresponding solution to
(1.1)-(1.2) by u.



(a) Let i € C§F(RN) and T > 0. If M is such that M > |lugl1, there exists a constant
C(M,T) > 0 depending only on N, p, q, M, and T such that, fort € (0,T),

/ (ult, 2) — uo()) $(z) da
RN

<COM,T) [[lloo tN @1 4 1V 5 ) £/7

(2.9)

(b) Let b € CP(RYN) be a non-negative function such that ¥(z) = 0 for x € B,(0) for
some r > 0. If ug satisfies (2.7) for some k > 0, there exists a constant C(k,r) > 0
depending only on N, p, q, k, and r such that, fort > 0,

/R ult, ) () dr < / up(x) V() dz + Clr, 1) [V yapy 177 (2.10)

RN

Proof. Case (a). Let v € C°(RY), T > 0, and t € (0,T). It follows from (2.1) that

[ (wlte) = wn(a)) (o) ds
" (2.11)

¢
<[ [ (a0t (Vo) + [Fus. o) w(z) dods.
0 JRN
To estimate the gradient terms in the right-hand side of (2.11), we first notice that (2.3)
and (1.12) give for (s,x) € Qoo
oG+ s tutsan

< O(M) [s*N’?/O‘p + s*l/p} (u(s,z))*7 . (2.12)

1/a
Vu(s, z)| gt

IN

Now, we infer from (1.12) and (2.12) that

Ly I9H I )] d SCO) [l [543~ | 2P o)
C(M) [[¥]loo [S‘N”/“ + s_((N‘H)Q—N)n} .

Observing that

—((N+1)g—N)np=(N+1)(g«—q)n>0

by (1.3), we integrate the above inequality over (0,¢) and obtain

/ / Vs, )|%)0(z)| dx ds

M) 1Yo [t(NH)(Q* a)pn/(p—a) 4 ¢(N+1)(a:— q)n}

<C(M) 9| [1 + t(NJrl)(qwq)qn/(pfq)} t(N+1) (@ —a)n. (2.13)



Similarly, by (2.12) and Holder’s inequality,
[ IVuts )P Vot do
RN
< C(M) [S*(pfl)Nn/ap + S*(pfl)/p} / (u(s, z)) 2P~ D/P V()| do
RN
< C(M) [S—(p—l)Nn/ap + S—(p—l)/p} l[u(s )H?(p 1)/p ||V7/)Hp/(2—p)
< C(M) [1 + S(p—l)(N+1)(q*—q)n/(p—q)} IVl 2—p) s~ (P=1/p,

hence, after integrating over (0, 1),

/ / |Vus, z)|P~1 |Vip(z)| da ds
(2.14)
<C(M) [1+t(p D(N+1)(a=—a)n/(p—q) IVl 2—p) t/p

Combining (2.11), (2.13), and (2.14) gives (2.9).

Case (b). Let ¢ > 0 and a non-negative function 1 € C§°(RY). Since uq satisfies (2.7), it
follows from (2.3) and (2.8) that, for (s,z) € Q,

e G 57t

C(k) s~V (u(s,z))?? . (2.15)

|Vu(s,z)]|

IN

IN

Owing to the non-negativity of v, it follows from (2.1) and (2.15) that
t
[ w0 =) v@ae< [ ] vus Pt (i) deds
RN RN

<C(k // (s,2)) 2P D/P |y ()] s~ VP dr ds .
RN

We now use again the decay property (2.7) of ug together with [22, Equation (5.5)] to
conclude that u(s,z) < C(k) |z|~*/? for (s,x) € Qoo. Since 1) vanishes in B,(0) then so
does V¢ and, by Holder’s inequality,

[ w02~ o) v e <) [ [ a0 () e dras
RN 0 || >}

2(p—1)/p
SC(K) tl/p (/{ >r) |x|_04/6 dx) Hv¢||p/(2—p) s
x|>T

from which (2.10) follows since o/ > N by (1.5). [

2.4 Tail behavior

We end this section with a control on the tail of solutions to (1.1)-(1.2). We first establish
a pointwise estimate by showing the existence of a universal upper bound (also refered to
as a friendly giant in literature), an idea also used in previous works, see [5, 7, 27, 34] for
instance. We define

Tpq(r) =y r o8 >0, (2.16)



where

g—p+1 ( p—1 >1/(q—p+1)
pP—q q—p+1
and first state some useful properties of I'p ;.

v = , (2.17)

Lemma 2.8. For all v > 0, T, belongs to LY(RN \ B,.(0)) and (t,z) — Tp (|| — 1) is
a supersolution to (1.1) in (0,00) x (RN \ B,(0)).

Proof. The stated integrability of I',, ; follows from the property o/ > N, see (1.5), while
a direct computation and the monotonicity of I', , give the second assertion. []

Lemma 2.9. Consider an initial condition uy satisfying (1.7) and let u be the correspond-
ing solution to (1.1)-(1.2). Define

R(ugp) := inf {R >0: ug(x)|z|*? <~ a.e. in{|z| > R}} € [0, 00]. (2.18)

If R(ugp) < oo, then
0 <uft,z) <Tpq(lz] = R(uo)) (2.19)

for any t > 0 and x € RN with || > R(up).
Proof. Clearly,
ug(z) < Alz|~% = Tp(la = R(uo)), @ € RV \ Bppy)(0).

In addition, for all z € R such that |z| = R(ug) and t > 0, we have ', ,(|z| — R(up)) =
o0 > u(t,r). Thus, u(t,z) < Iy 4(|z| — R(ug)) on the parabolic boundary of (0, 00) x (RY \
BRu)(0)), and the comparison principle guarantees that u(t,z) < I'p4(]z| — R(ug)) in
[Oa OO) X RN \ BR(uo)(O) O

We next prove an integral estimate on the tail behaviour of solutions to (1.1)-(1.2).

Lemma 2.10. Let ug be an initial condition satisfying (1.7) and denote the corresponding
solution to (1.1)-(1.2) by u. There is Cy > 0 depending only on N, p, and q such that, for
R >0 andt >0, there holds

/ u(t,z)de < Cy RPN—/B ( sup {uo(x) \x!o‘/ﬁ} +t R_1/5> . (2.20)
{lz[=R} |z[>R/2

Proof. We fix ¢ € C*®(R") such that 0 < ¢ <1 and
1
((z)=0 if |z| < 3 and ((z)=1 if |z[>1. (2.21)

For R > 0 and = € RY | we define (r(z) := ((x/R). It follows from the weak formulation
of (1.1) and Young’s inequality that

i/ CR(x)q/(quJrl) u(t, z) dz + CR(x)q/(quJrl) (Vul(t,z)|? dx
dt RN RN

So o L GR@ETTED [V )Pt Ven()| de
-1
_pi / CR(x)q/(quH) \Vu(t,z)| dx+/ |VCR(x)|q/(qu+1) dx |
q—D +1 RN RN
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whence p
- Cr(x) @7 (¢, z) de < C(¢) RPN/ (2.22)
RN

Owing to the properties (2.21) of ¢, we find, after integrating with respect to time,
/ u(t,z)dr < Cr(x)V @ P+ (L, z) da
{lz|=R} RN
S/ Cr(x)Y @Y yo(z) de + C(¢) t RBN—a-D/B
RN

< sup {uo(fﬂ) I$|a/5} / lz| =% dx + C(¢) t RBN=-D/F
o[> R/2 {|2|>R/2}

from which (2.20) follows. [J

As a consequence of these integral tail estimates, we obtain some precise pointwise esti-
mates for sufficiently rapidly decaying initial data.

Lemma 2.11. If ug satisfies (1.7) and (2.7) for some k > 0 and u denotes the corre-
sponding solution to the Cauchy problem (1.1)-(1.2), then there exists C > 0 depending on
N, p, and q such that

j2|*/Pu(t,z) < C < |sn‘1p‘/4{uo(y)!y\°‘/5} +t!m\”5> (2.23)
y|=|x

for any x € RN\ {0} and t > 0.

Proof. Step 1. Let first ugp be radially symmetric and non-increasing with respect to |z|.
Then, by Lemma 2.3, u(t) has the same properties for any ¢ > 0, and for z € RY, 2 # 0
we deduce from Lemma 2.10 that

Cult, z)|eN < / ult.y) dy
{lzl/2<|y|< =]}

2| (NB—a)/B 9 1/8
<o (&) swp (ot} + ¢ ()
ly|>|]/4 |z|

§2(”0‘)/5Co\w!(w“’/5< sup {uO(y)!y\O‘/B}H!w\”B)-
lyl>o/4

which gives (2.23) for this specific class of initial data.

Step 2. Fix xg € RV \ {0}. We define

ko= sup {uo(y)y|*/’} <k
[yl ol /4

and take Ry € (0, |zg|/4) such that ﬁoRaa/ﬁ > |luo||oo- We define

26|z ~/8 >R
o(z) ::{ rolz[ "%, |e] = Ro, (2.24)

2HORo_a/ﬁa lz| < Ry.
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Then @ is a radially symmetric and non-increasing function of |x| and it satisfies (1.7)
since o/ > N as well as (2.7) with constant 2kg. Moreover, ug < g in RY, hence the
comparison principle guarantees that v < @ in @, where @ is the solution to (1.1) with
initial condition ug. Applying Step 1 above to @ gives

|20/ Pu(t, o) <|ao|*Pa(t, zo) < 20H/A Ty <| ‘STIP‘/4{ﬂ0(y)|y|a/5} +t|ﬂ?0|l/6>
y|>|xo

§2(1+a)/600 (2/450 + t’xorl/ﬁ) ,

and thus (2.23). [

3 Well-posedness with non-negative bounded measures as
initial data

In this section, we prove Theorem 1.3, together with some preparatory results. We be-
gin with the proof of the existence statement which will be done, as usual, through an
approximation process.

Proof of Theorem 1.3. Existence. Let ug € MZF(RN) and (uf)r>1 be a sequence of func-
tions in C§°(RYV) such that

Jul = Mo = [ duo, (3.1)
RN

and
lim ul (2)y(x) do = (z) dug(z) for any ¢» € BC(RM). (3.2)
k—oo JrN RN
Given k > 1, we denote the unique solution of (1.1) with initial condition uf by u*. Owing
to (3.1), it follows from Proposition 2.5 that (u*); is bounded in L>(r, oo; WH>°(RN)) for
each 7 > 0. Combining this property with Lemma 2.4 implies the time equicontinuity of
the sequence (u*); in (7,00) x RY for all 7 > 0. We then deduce from the Arzela-Ascoli
theorem that (u*); is relatively compact in C([r,T] x K) for all compact subsets K of
RN and 0 < 7 < T. There are thus a subsequence (u*) (not relabeled) and a continuous
function u € C(Qs) such that

w* —wuin C(r,T]xK) as k— oo (3.3)

for all compact subsets K of RY and 0 < 7 < T. Owing to the stability of viscosity
solutions to (1.1) [30, Theorem 6.1], this convergence guarantees that u is a viscosity
solution to (1.1) in Q. In addition, since u* satisfies (1.12) and (1.13) with the constant
Cs(My), so does u. Consequently, u(t) belongs to L'(RY) and W1H>(RY) for all t > 0.
In order to complete the proof of the existence part, it remains to identify the initial
condition taken by u. Consider ¢t € (0,1), ¢ € C°(RY), and k > 1. Owing to (3.1), we
are in a position to apply Proposition 2.7 (a) and conclude that

/RN uF (t, 2)ip () da —/ uli(@)e(x) de

RN
< C(Mo,1) (877 [Vl + €007 5] )

(3.4)
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Owing to (3.2) and (3.3), we may let k — oo in (3.4) to get

[ uttayp@ e — [ ote)dufe)
RN RN

<C (8P + tN @Dy )

from which we readily deduce that
t—0 JrN

lim u(t,z)p(x) de = ox P(z) dug(z) (3.5)

for any ¢ € C$°(RY). In fact, by a classical density argument, (3.5) is valid for any
continuous function 1) € Co(RY) which vanishes as |z| — co. Let us now show that (3.5)
is satisfied for any function ¢» € BC(RY). To this end, let ¢ € C*°(R") be such that
0<(¢<1and

1
() =0 if |o[ <5 and ((w)=1 if [2]>1,

and ¢ € BC(RY). Then, for R > 0, < Cq/ a=pHl) > 1 belongs to Co(RY) and

[ a0 o~ [ v due)
<| [ utta) (1= o)) wiayda = [ (1= Gala)? ) i) duofa)
+ [ e aen@ Ty e+ [ () dua(e)

<|[ utt.o (1—<R<m>q/<q—p+l>)w<x>dm— [ (1= @) (0) du o)

+ |1¥]loo </RN u(t, z)Cp(z)? P gz +

Cr(x)?/@P D) duo(x)> : (3.6)

RN
We now recall that it follows from (2.22) that
/RN Rt 2)Cp(x )q/ a=r+1) go < /RN ulg(m)CR(m)Q/(q_p+1) dx + C(C)tR(BN—a—l)/B
for t € (0,1) and k > 1. We then infer from (3.2), (3.3), and Fatou’s lemma that
/RN u(t, #)Cp (@)Y @Y dg < . Cr(x)Y P qug(z) + C(OtRBN=a=V/B - (3.7)

for t € (0,1). We then infer from (3.5), (3.6), and (3.7) that

[ uttos@ e = [ @) du@

Since ug is a bounded measure, we then let R — oo in (3.8) and use the properties of ¢
to conclude that the left-hand side of (3.8) vanishes. This ends the proof of the existence
result. []

lim sup
t—0

< 2[[Y]loo /R N Cr(2) @Y dug(z). (3.8)
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We next turn to the proof of the uniqueness part of Theorem 1.3 for which the following

two preliminary results are needed. We will first need the following inequality for vectors
in RV,

Lemma 3.1. If ¢ > p/2, then there exists ¢ = 9(p,q) € (0,1] such that

lalt=a — [b]a=1b]? (Ja* — [b]7)?

A p—2_ _ |p|p—2 ‘
(a=0b)-(laf""a—[b["""b) =¥ la|2a=P + |b|2a—P — " |a|24P + |b|2a—P’

(3.9)

for all (a,b) € RN x RV,
When ¢ =1 and p € (1,2], this lemma is proved in [13, Lemma A.2].
Proof. Consider (a,b) € RN x RN, 9 € (0,1], and define

A(a,b) := (a—b) - (Ja""2a — [b"~2b) (|a]* ¥ + [b[*77) — 9 ||a|*"*a — [b]*~"b|"
= [laf” + b = (la["=* + [bI=*)(a - b)] (la**™" + [b]*77)
— 9]al® — 9[b|*? 4 29|a|? 1 b|7 (a - b)
= (lal” + [bI”) (a7 + [p**77) = 0 (af** + [b*?)
= [lal72 + [b]*472 + |alP 72 [b[**7P + |a*17P[b[P~* — 20]al*~ B 7"'] (a - b).

Since ¢ € (0, 1], we have

|a|2q_2 + |b|2q—2 + |a|p—2|b|2q_p + |a|2q—p|b|p—2 _ 219|a|q—1|b|Q—1

> (a2 4 P2 — 2lal? B2 = (Jaft! — pP!)” 20
As a-b < |al|b], it follows from the previous inequalities that

A(a,b) > (Jaf” + [bP) (Ja**™ + [B**7F) — 9 (Jaf** + [b]*)
= [lal72 + [bI*472 + |alP"2[b[**7P + |a*17P[b[P~2 — 20]al T b]77] |al b
> (|al? + [B” — [a[”~*b] — [al[]"~*) (|al**™P + [b[*7P) — 9 (|| — [b|")*
> (lal = [o]) (lal"~* = pP~*) (Ja**™? + [b]**"F) — 9 (jal? — [b]%)*.

Since ¢ > p/2, it follows from [21, Lemma 1] that there is C; > 1 depending only on p and
q such that

(lal” — [b]9)*
(lafp=t = [p[P=1) (la] — [b])

< Cymax {[al, [p|}*"7 < C; (|af**P + [b]*77) .

Consequently, choosing ¥ = 1/C}, we end up with A(a,b) > 0, which implies the first
inequality in (3.9). The second inequality then follows easily from the triangular inequality.

O

We next estimate the small time behavior of solutions to (1.1).

Lemma 3.2. Consider ug € M, (RY) and let u be a non-negative solution to (1.1) with
initial condition ug. If there exists a unique non-negative solution v € C([0,00); My (RV))N
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C(Qx) to the diffusion equation (2.4)-(2.5) in Qo with initial condition ug, then, fort > 0
and r € [1, 0],

||U(7f)||1 < My := /

dug (), (3.10)
RN

and

u(t) — ()], < C(Mo) (1 + t(N+1)(q*—q)qn/r(p—q)> N+ @—a)=NE=Dln/r — (3.17)

Proof. For 7 > 0, let v™ be the solution to the diffusion equation (2.4) in (7, 00) x R with
initial condition v” (1) = u(7).

We first prove (3.10). By the comparison principle, u < v™ in (7,00) x RY while the L!-
accretivity of the p-Laplacian guarantees that ||v™ (¢)||1 < |[v"(7)]|1 for ¢ > 7. Consequently,
for t > 1,

[u@)[lr < V" ()]l < 07 (7)]]x :/ u(r, ) dv — Mo,
RN T—0

and thus (3.10).
Next, since u(7) € L'(RY) and p > p,, it follows from the L'-accretivity of the p-Laplacian
that, for t > 7,

lu() — v (@) g/ /RN\Vu(s,x)\qdmds.

Thanks to (3.10), we may use (1.12) and (2.3) to obtain

ot - @l <c [ [ [ «(57)

<c() [ [(s =) e 4 (s =7 ] Julo)|[ &P u(s) 1 ds

1/ap

[e.e]

(s T>1/p] (u(s, )27 ds

t .
<C(My) / (s — 1)~ aNn/ep 4 (5 — T)—q/p} s~ (2a=P)Nn/p 44

t -
<OM0) [ [ts =) 00 4 s =) D-0]

<C(My) {t(N‘H)(Q*—Q)pn/(P—Q) + t(N+1)(q*—q)n} 7

hence
u(t) — o™ (1)1 < C(Mp) [1 i t(NJrl)(qwq)qn/(pfq)} (N s
Now, since v7(t) converges towards v(t) in L'(RY) for all ¢ > 0, we conclude that
lu(t) — o)1 < C(Mp) [1 + t(NJrl)(qwq)qn/(pfq)] t(N+D(g-—a)n t>0. (3.12)
Also, by (1.12), (2.6), and (3.10),
lu(t) = v(t)lloo < lu@®)lloc + [lo(t)]loc < C(Mo) £, ¢ >0. (3.13)

We then infer from (3.12), (3.13), and Hélder’s inequality that (3.11) is true. [
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Proof of Theorem 1.3. Uniqueness. Let u; and uy be two non-negative solutions to (1.1)
with initial condition uy € M; (RY) and define

M ::/ dup(zx),
RN

and w := u; — ug. Then, w solves
Orw — (Apur — Apuz) + |Vur|? — [Vug|? =0 in Qu. (3.14)

Consider 7 > 0 to be specified later and 7' > 0. For ¢ € (0,7"), we calculate

H ’:ﬂ = _/ rlw|" ' Vw - (lvul‘p_QVm — ]VUQ\p_QVuQ) dx
RN

r—+1 dt
—/ |w|r_1w(|Vu1|q — |Vusl?) dz
RN

Lemma 3.1 then gives, with the help of Young’s inequality,

H ‘r+1
r+1 dt r+l
_ m?/ L (V| = [Vup|?)?
1+ |[Vuy|29=P + |Vug|?4—P

r—1)/2 _
+/ |w|(rHD/2 ol (W' — V) V14 [Vug 24P + |Vug|20—P da
RN V14 [V Pa? + [Vug[?3-»

<C / |w|" (1+ |V |?77P + \Vuz\zq_p) dx
]RN
<C (14 [[Vur 2277 + || Vug|2277) [[w]1 1]

Owing to (3.10), we are in a position to use the gradient estimate (1.13) and we further
obtain

1 OIS 00D (14 D) 7,

Observing that
1= (N +1)n(2g —p) =2(N +1)(g¢= — q)n > 0,

we may integrate the above differential inequality over (s,t), 0 < s < ¢ < T, to obtain
Jwo @I < Juw(s)5L exp {(r+ 1)O(Mo, T) (N D@01 4 ) | (3.15)

We now choose r € (0, (N +1)(g« —¢)/N) and realize that (3.11) guarantees that (keeping
the notation of Lemma 3.2)

lw(s)[71 <llua(s) = ()T + llo(s) — ua(s)lE

<C(My,T) s((N+D)(ax—a)=Nr)n _ (.
- s—0

Consequently, letting s — 0 in (3.15) leads us to |jw(¢ )||T < 0 for all t € (0,7T), hence
u; = ug in (0,7). As T was arbitrary, the proof is complete ]

Since initial data of the form Mdg, where §y denotes the Dirac mass at x = 0, play an
essential role in the sequel, we rephrase Theorem 1.3 in this particular setting.
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Corollary 3.3. For any M > 0, there exists a unique solution up; to (1.1) with initial
condition Md&y. In the sequel, upr will be refered to as the fundamental solution to (1.1)
of mass M. Moreover, it satisfies the estimates (1.12) and (1.13) with Cs(M) instead of
Cs(Mpy).

Proof. The existence and uniqueness of a solution for the p-Laplacian equation (2.4) with
initial condition ug = My are proved in [15, Theorem 4.1]. Thus, applying Theorem 1.3
with ug = M &y, we get the claimed result. []

4 Very singular solutions

As specified in the Introduction, we will study in detail the very singular solutions of
(1.1). More precisely, in this section we show that there exists in fact a unique very
singular solution to (1.1). This is done by constructing a minimal and a maximal very
singular solution and identifying them afterwards. We begin with the precise definition.

Definition 4.1. A very singular solution to (1.1) is a viscosity solution u to (1.1) in Qe
in the sense of Definition 2.1 satisfying

u(t) € LYRY) n whe(RrRY) (4.1)

for all t > 0 as well as
lim u(s,z)dr =00, 1€ (0,00), (4.2)
570zl <r}

and

lim u(s,z)dr =0, r e (0,00). (4.3)
70 Hlal>r)

A wvery singular subsolution (resp. supersolution) to (1.1) is a viscosity subsolution (resp.
supersolution) to (1.1) in Qs in the sense of Definition 2.1, which satisfies (4.1), (4.2)
and (4.3).

We already know that the class of very singular solutions to (1.1) for p € (p¢,2) and
q € (p/2, ) is non-empty as a consequence of the following result [23].

Theorem 4.2. There exists a unique radially symmetric, self-similar very singular solution
U to (1.1), having the form

Ult,z) =t fu(|z|t™?), (t,2) € Quo. (4.4)

The profile fu is a solution to the differential equation

(752 + P2 ) () o)+ Brff(r) = |5 ()T =0, 7 >0, (45)

satisfying f{;(0) = 0 and there is an explicit positive constant w* such that

lim r?/C=P) f(r) = w*.
r—00

This important result is very useful in the sequel in order to identify very singular solutions
when we are able to show that they are radially symmetric and in self-similar form.
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4.1 Some properties of very singular subsolutions and solutions

From Definition 4.1, one expects the initial trace of a very singular solution to (1.1) to
vanish outside the origin. This is made rigorous in the next result.

Proposition 4.3. Let u be a very singular subsolution to (1.1) and K be a compact subset
of RN\ {0}. Then

lim sup{u(t,z)} = 0.
t—=0 pc K

Proof. Fix 7 > 0 and let v, be the solution to the diffusion equation (2.4) in (7,00) x RY
with initial condition v, (7) = wu(7). According to [17, Theorem III1.6.2], v, satisfies the

following pointwise estimate: there exists a constant C' > 0 depending only on N and p
such that, for any 2o € RN, R >0, and ¢ > 7,

Py o\ VD)
sup {v (t,x)} <C (t—71) " (/B ( )UT(T,m) dx) +C <tRp > . (4.6)

x€BR(x0)

Since u is a subsolution to the diffusion equation (2.4) in (7,00) x RY with u(7) = v, (1),
the comparison principle gives u < v, in (7,00) x RY. Plugging these information in (4.6),
we are led to

P _ -\ /@)
sup {u(t,z)} < C (t—7)~ N7 (/B ( )u(T,ﬂ:) d:v) +C <tRp > (4.7)

x€BR(xo)

for any t > 7 > 0. Now, assume further that xy # 0 and |zg| > 2R. Then 0 ¢ Bagr(xo)
and we may let 7 — 0 in (4.7) and use (4.3) to obtain

+ O\ /2-p)
sup {u(t,x)} <C <—> , t>0. (4.8)
x€BR(xo) Rp

Therefore, if £ # 0 and |zg| > 2R,

lim sup {u(t,z)} =0,
t=0 2eBg(zo)

and this property entails Proposition 4.3 by a covering argument. []

In particular, Proposition 4.3 implies that u(0,2) = 0, for any very singular subsolution
u and any « # 0. This is useful to prove some comparison results.

Proposition 4.4. Let u be a very singular subsolution to (1.1). Then
0 <u(t,z) <Tpg(lz]), (t2) € Qu. (4.9)

Proof. We adapt the proof of [5, Lemma 3.4]. At a formal level, the result follows from
Lemma 2.9 since we can view a very singular solution as having an initial condition sat-
isfiying R(ug) = 0. More precisely, let » > 0 and define D, := {z € RN : |z| > r}. By
Lemma 2.8, S : (t,z) — I'y 4(Jz| — r) is a supersolution to (1.1) in (0,00) x D, with
u(t,z) < oo = S(t,x) if (t,z) € (0,00) x 0D, and u(0,z) = 0 < S(x) for x € D, by
Proposition 4.3. Since u is a subsolution to (1.1) in @« and thus also in (0,00) x D, the
comparison principle gives u(t,z) < I') 4(|z| — r) for any (¢,z) € (0,00) x D,. Fix now
1o € RN, 29 # 0. Then xg € D, for any r € (0, |zo]), hence u(t,zo) < Tp4(|zo] — 1),
for any ¢t > 0 and r € (0, |zo|). The conclusion follows by letting » — 0 in the previous
inequality. []
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We next prove that very singular subsolutions also enjoy the temporal decay estimates
(2.8).

Proposition 4.5. If u is a very singular subsolution to (1.1) in Qs, the following esti-
mates hold:
N u(@) 1+t u(t) oo < Koy >0, (4.10)

where v and K. are defined in (2.17) and Proposition 2.6, respectively. In addition, if u
is a very singular solution to (1.1) in Qeo,

| Vu(t) oo < Ky, t>0. (4.11)

Proof. At a formal level, since u is a very singular subsolution, its initial condition is
somehow concentrated at x = 0. It thus “vanishes” outside the origin and the conditions
on the initial data in Proposition 2.6 are fulfilled. As more regularity on the initial condition
is needed to apply this result, we provide a rigorous proof now. Consider 7 > 0. According
0 (4.1) and (4.9), u(7) satisfies (1.7) and (2.7) with k =  and we infer from Proposition 2.6
that the solution u” to (1.1) in (7,00) x RY with initial condition u” (1) = u(7) satisfies

(t =) T (Ol + (= 1) uT ()]0 <Ky,
(t =)V (1)l <Ky,

for t > 7. Now, if u is a very singular subsolution to (1.1), the comparison principle gives
u < u” in (1,00) x RY and (4.10) follows at once from the previous estimate after letting
7 — 0. Next, if u is a very singular subsolution to (1.1), we obviously have u”™ = u and
thus (4.11). [

Finally, the last preliminary result concerns some local estimates on small balls for very
singular subsolutions. It is similar to [5, Lemma 3.6] for p = 2, and its proof adapts an
argument from [16, p. 186-187].

Proposition 4.6. For y € RN and o0 > 0, let 0y,0 be the solution to
—Apoy =1 1in B,(y), 0y0=0 on 0B,(y). (4.12)

For every A € (0,00), there exists Ay, > 0 depending only on N, p, 0, and X such that, if
u is a very singular subsolution to (1.1), y € RV \ {0}, and 0 < o < |y|, we have

1

Oy,0(@)

Proof. We fix y € RN, 0 € (0, |y|), A > 0, and define

u(t,z) < X eel exp < ) . (t,x) € (0,00) x By(y). (4.13)

1
t,x) =\ et — t,x) € (0,00) x B
wlte) = h et e () (ta) € (0.00) X Bl
where 0 = 0y ,, the dependence on y and ¢ being omitted for simplicity. We wish to choose
A > 0 such that

0w — Apw + |Vw|? >0 in (0,00) x B,(y). (4.14)
To this end, we calculate:
dw(t,z) = Aw(t,z), Vw(tz)= _wito) Vo(x)
t ) - ) ) ) - 0_(1_)2 o 9
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hence

[Vw(t,z)|? = % w(t, x)?
and v -
\Vaw(t,z)|P2Vuw(t,z) = —% w(t,z)P~ Vo(z).
It follows from (4.12) that
Apw(t,z) =2(p — 1) % w(t,z)P~1 + (p—1) % w(t, z)P~1
w(t,z)P~!
_ J((x)2(1)1) Apo(x)
w(t,z)P~!

Gathering all the previous calculations, we obtain

= YL 2Tl [Tl )

o?p 024

>qP ! {)\QPA exp{2 —p} - H<72 M QU)NU’pHLOO(BQ(y)) } )

dw — Apw + |Vwl|? =wP™ ! {A w? P —

o o2p

Setting ), 1= inf,~¢ {67" 7‘_27’} > (0, we end up with

wP~1

o2p

Orw = A + [Vult = = NP2 = )2, A~ |0 + (14 20) Vol 5 ) } -

Since o(z) = 0P 0o1((x — y)/0) for x € B,y(y), we conclude that (4.14) holds true for a
sufficiently large constant Ay , > 0 which depends only on N, p, A, and o.

With this choice, w is a supersolution to (1.1) in (0, 00) x B,(y) which satisfies additionally
w(0,z) > 0 = u(0,z) for € B,(y) by Proposition 4.3 and w(t,z) = oo > u(t,z) for
(t,x) € (0,00) x 0By(y) by (4.12). The estimate (4.13) then follows by the comparison
principle. O

4.2 The minimal very singular solution

In this section we will construct a special very singular solution and prove that it is minimal
among all the very singular solutions and has a self-similar form. As a consequence, it will
coincide with the unique radially symmetric self-similar very singular solution obtained in
[23], see Theorem 4.2. Recalling the notation uys for the fundamental solution to (1.1)
with mass M > 0, we begin with the following preliminary result.

Lemma 4.7. Let u be a very singular supersolution to (1.1) and assume further that

w € C(Qu) and u(t,z) < Tpylle),  (t.2) € Qo

Then, for any M > 0, we have up; < u in Quo-
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Proof. Fix M > 0. We borrow ideas from the proofs of [5, Lemma 3.7] and Theorem 1.3
above. As u is a very singular supersolution to (1.1), we have ||u(t)||; — oo as t — 0 and,
for each k > 1, there exists a non-negative function ugy € L'(RY) N WLH(RY) such that

luonli =M, 0 <ugp(z) <u(l/kz) <Tpy(la]), for any = € RY. (4.15)

Denoting the solution to (1.1) with initial condition wgj by uj, we argue as in the proof
of the existence part of Theorem 1.3 to find a non-negative function @ € C(Q) and a
subsequence of (ug)i (not relabeled) with the following properties:

@ is a solution to (1.1) in Qs and satisfies the estimates (1.12)-(1.13)

with Cs(M) and (2.8) with kK =7. (4.16)

and
up — o in C([r,T] x K) (4.17)

for all compact subsets K of RV and 7 <t < T.

It remains to identify the initial condition taken by @. On the one hand, since u is a
supersolution to (1.1), it readily follows from (4.15) that

1
wtr) <u(t po) <Tpllel). (ta) € Qu
whence, owing to (4.17) and the continuity of u in Q,
a(t,xz) <wu(t,z) <Tp4(z]), (t,x) € Qoo - (4.18)

On the other hand, consider ¢ € C°(RY) and ¢ € (0,1). Owing to (4.15), we may use
Proposition 2.7 (a) and deduce that, for all k£ > 1,

< O(M,1) |{[[¢loo tNFV @0

/ (ur(t, 2) — o () () da
RN

(4.19)
+ IVl 177

It also follows from (4.15) that, for » > 0 and k > 1,

/RN uo (x)Y(x) de — M zp(O)' = ‘/RN wo () (W(x) — (0)) da

< 2[[Yloo /{er}U(l/k’x) dx + (/ﬂm'g} uo,k () dw) sup {[¢(z) — ¥ (0)[}

|lz|<r

< 2[[Y]loo /{I . }U(l/k‘,fﬂ) dx + M sup {|¢p(x) — ¥ (0)[}.

|z|<r
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Combining (4.19) and the above estimate, we obtain, for £ > 1 and r > 0,

/RN it z) () do — M zp(O)'

<

/ (a(t, 2) — ug(t,2)) $(z) de| +
RN

/ (ur(t, ) — wou(2)) () da
RN

_l’_

/RN uo k() () de — Mw(O)'
< [ Jatt.o) — e, 0)| (o) da
+COM,1) [l €000 1 9350y 7]

+2[[¢ ]l /{I - }U(l//%x)derM sup {[y(z) — ¥ (0)}.

|lz|<r

Since t > 0, » > 0, and v is compactly supported, we first let k& — oo in the above
inequality and use (4.3) and (4.17) to conclude that

[ tt.2) w(a)dz = M 9(0) SCOL) [l 104 Tl 0y 17
RN
+ M sup {[¢(z) — ¢ (0)[}.

|lz|<r

We then let ¢ — 0 and » — 0 and end up with

lim u(t,z) Y(x)dx = M (0) (4.20)

t—0 RN

for any 1 € C§°(RY). By a standard density argument, we extend (4.20) to test functions
1 € Co(RY). In order to extend (4.20) to test functions in BC(RY), we proceed as in the
proof of the existence part of Theorem 1.3 with the difference that the control for large x
is here provided by I';, , thanks to the upper bound (4.18) and Lemma 2.8. The uniqueness
statement of Theorem 1.3 then implies that @ = uys. Recalling (4.18) completes the proof.

0

The next result shows more properties of the fundamental solutions wuy,.

Lemma 4.8. (a) For each M > 0 and t > 0, up(t) is a radially symmetric function,
and upr, (t) < upp, (t) if 0 < My < My < oo.

(b) For each M > 0, the function ups satisfies
0 <up(t,x) <Tpq(lz]), (t,2) € Qo (4.21)
as well as the estimates (1.12)-(1.13) with Cs(M) and (2.8) with k = 7.

(c) For each M > 0 and any r > 0, there exist a constant C(r) depending only on r, p,
q, and N such that

/ up(t, ) de < C(r) t4/7 te(0,1). (4.22)
{lel=r}
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Proof. The proof of part (a) is identical to the proof of [7, Lemma 3.3] to which we refer.
Next, it is easy to see that Proposition 4.3 is also valid for the fundamental solutions
up and the estimate (4.21) can be proved as Proposition 4.4. We then infer from (3.10)
and (4.21) that Propositions 2.5 and 2.6 can be applied to (¢,z) — up(t + 7, x) for any
arbitrary small 7 from which the validity of (1.12)-(1.13) with Cs(M) and (2.8) with kK =~
follows after passing to the limit 7 — 0. Finally, let 7 > 0, » > 0, and two non-negative
functions ¢ € C$°(RY) and ¢ € C°(RY) such that

0<¢<, Ex)y=1 if |z <1 and &(z)=0 if |z]>2

and
0<¢<1, C(z)=0 if |z|<r/2 and ((x)=1 if |z[>r.

For R > 0 and z € RV, we set g(z) = £(x/R). Since u(r) satisfies (2.7) with x = 7 by
(4.21) and £g¢ € C°(RY) vanishes in B, 5(0), it follows from (2.10) that, for ¢ > 7 and
R >0,

/ up(t, ) dx §/ up(t, ) (ErC)(x) dx
{r<|z|<R}

< [ war®) (€O do +C0,r/2) I9ERE) iz (¢ =)

Letting 7 — 0, we find, since £r( vanishes in a neighborhood of x = 0,
[ wto)de < COur/2) [ €R0) e 1
{r<|z|<R}

Combining (4.21) with the previous inequality, we obtain

/ up(t, ) dx S/ up(t, x) dac+/ Iy q(|z]) dz
{lz|>r} {r<|z|<R} {|=|>R}

<Cr/2) V(RO oy 177 + / T oll2]) do
{lz|>R}

<00) (IVErQlyya—p) 17 + BTNO?) .
Now,

IV(ERO) lp/2—p) <NCVERp/2—p) + IERVClp/2—p)
<R~ NHEDE=PIP ||| oy + IV ]lp/2p) -

and thus

/ up(t, ) de < C(r) (tl/p + RN+ (=pe)/p 41/p | R—(a—Nﬁ)/B> )
{lz|>r}

Letting R — oo gives (4.22). [

We are now ready to construct the minimal very singular solution. By Lemma 4.8, for
any t > 0, the sequence (ups(t))ar>o is non-decreasing and uniformly bounded by I’ ,.
Thus, we can define

Ul(t,z) = ]?‘/[ug)o{uM(t,x)} = ]\/}ll)noo up(t, ), (t,7) € Qo - (4.23)
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Using once more Lemma 4.8, we see that U(t) is radially symmetric for any ¢ > 0. More-
over, a first outcome of Proposition 4.4 and Lemma 4.7 is that

U<wu in Qs for any very singular solution u to (1.1). (4.24)
It remains to show that U is a very singular solution to (1.1).

Proposition 4.9. The function U constructed in (4.23) is a very singular solution to
(1.1). Moreover, U = U, the latter being defined in Theorem 4.2.

Proof. We first prove that U has the expected behavior as t — 0. Let » > 0. On the one
hand, if M > 0, we have U > ujs in Qo by (4.23) and thus

lim inf/ U(t,z)dz > lim up(t,x)de = M,
=0 Jjal<ry =0 Jjal<ry

from which the expected concentration (4.2) of U at the origin follows. On the other hand,
we infer from the monotone convergence theorem and (4.22) that

/ U(t,r)dx = lim ups(t, ) de < C(r) t4/7.
{lz[=r}

M=00 J{|z|>r}

Letting t — 0 gives the expected vanishing (4.3) outside the origin.

Finally, it follows from Lemma 4.8 (b) that (ups)ys is bounded in L% (7, oo; WL (RY))
for any 7 > 0. This property and Lemma 2.4 ensure the time equicontinuity of the family
(upr)ar in (7,00) x RY for all 7 > 0. We then deduce from the Arzela-Ascoli theorem
that (uar)as is relatively compact in C([r,T] x K) for all compact subsets K of RV and
0 < 7 < T. Recalling (4.23), we conclude that (uys)as converges to U uniformly in compact
subsets of Q. Consequently, thanks to the stability of viscosity solutions [30, Theorem
6.1], U is a viscosity solution to (1.1), and thus a very singular solution in the sense of
Definition 4.1.

It remains to prove that U has a self-similar form which follows from the scale invariance
of (1.1) and is now a standard step. Indeed, for A € (0,00) and M € (0,00), define a
rescaled version of uy; by

w (t, ) = NP~/ Ca=p)y ) (ng NP +D/Qa=p) gy (t,2) € Quo. (4.25)

By straightforward calculations, we find that u}, is a solution to (1.1). To identify its
initial trace, we consider ¢ € BO(RY) and write

/N ) (t, @) () de = \P~9/(2a—p) /N wpr (A, NT7PHD/2a=P) 1y ) (1) das
R R

— \NV+1)(g==9)/(24—p) /RN upns (AL, ) (A PN/ 2a=p)yy gy

Letting ¢ — 0, we find that the initial condition of uﬁ is AWNV+D(@-—a9)/(a=p) pr5,. By

Theorem 1.3, we obtain uﬁ = U\(N+1)(qx—a)/(20—p) )y~ We NOW pass to the limit as M — oo

and deduce from (4.23) that
U(t,z) = AP=0/Ca=p) T \¢ Na—PHD/Qa=p) gy (¢ 2) € Qe -

Therefore, U has a self-similar form and since it is obviously radially symmetric due to
Lemma 4.8 (a) and (4.23), we infer from Theorem 4.2 that U =U. [
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A further outcome of the above analysis is the following result which is a straightforward
consequence of Lemma 4.7, (4.23), and Proposition 4.9.

Corollary 4.10. If u is a very singular supersolution to (1.1) in Q. such that

u € C(Qx) and u(t,z) <T'p 4(|z]), (t,z) € Qo »

then
U(t,x) < u(t,x), (t,z) € Qoo-

4.3 The maximal very singular solution
We begin with the following general result for very singular subsolutions to (1.1).

Proposition 4.11. Let u be a very singular subsolution to (1.1). Then there exists a very
singular solution w such that u < U 1n Q.

Proof. Fix 7 > 0 and let u” be the solution to (1.1) in (7,00) x RY with initial condition
u” (1) = u(1). The comparison principle and Proposition 4.4 then ensure that

u(t,z) <u'(t,x) <Tpy(lz]), (t,z) € (1,00) X RN . (4.26)

Moreover, the function u(7) satisfies (1.7) and (2.7) (with x = ) by Proposition 4.4 and
it follows from Proposition 2.6 that, for ¢t > 7,

(t =) N (@)l + (= 1) [l < K (4.27)

and
(t = 1) VU (1)]|oo < K. (4.28)

We also notice that, if 0 < 71 < 7o, the inequality (4.26) implies that u™(72) = u(ma) <
u™ (12), whence
u™(t,x) > u(t,x), (t,z) € (12,00) x RY | (4.29)

by the comparison principle. Owing to (4.26), (4.27), and (4.29), we may define the
pointwise limit

W(t,z):= sup {u(t,z)} =limu"(t,z), (t,2)€ Qoo (4.30)
7€(0,t/2) 7—0

The remainder of the proof is devoted to proving that W is a very singular solution to
(1.1) in Q. Consider n > 1. By (4.27) and (4.28), the family {u” : 7 € (0,1/2n)} is
bounded in L>°(1/n,n; W1 (RM)) which allows us to apply Lemma 2.4 and deduce from
the Arzela-Ascoli theorem that {u™ : 7€ (0,1/2n)} is relatively compact in C((1/n,n) x
B, (0)). Consequently, the pointwise convergence (4.30) of (u”), to W can be improved
to convergence in C((1/n,n) x B,(0)) for all n > 1, from which we deduce that W is a
viscosity solution to (1.1) in Q by the stability of viscosity solutions [30, Theorem 6.1].
We may also use this convergence to pass to the limit as 7 — 0 in (4.26) and obtain

u(t,z) < Wi(t,z) <T)pq(z]), (t,2) € Qoo - (4.31)

It remains to prove that the function W has the expected behavior as t — 0. Since u is a
very singular subsolution to (1.1), it satisfies (4.2) and so does W by (4.31). The study of
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the behavior of W outside the origin requires more work. Let ¢ € C*°(R") be such that
0<¢<1,

Ca)=1if o] > 1, C(x)=0if 2] < %

Fix 7 > 0 and define (.(x) = ¢((x/r) for z € RY. It follows from (2.1) that, for t > 0 and
7€ (0,t/2),

/RN u' (t,z) (p(x)dx g/RN u' (1,x) (p(z) dx + /Tt /RN (V™ (s,2) [P~ V¢ (2)| do ds
d
g/{xzrm ulra)de

t
+ / / IV (s, 2)P V6 ()] do ds,
T J{r/2<]|z|<r}
(4.32)

since u” (1) = u(7) by definition. On the one hand, Fatou’s lemma and (4.30) give

W(t,z) ¢ (x) de < liminf /RN u’ (t,z) G (x) do. (4.33)

RN T—0

On the other hand, since u is a very singular subsolution, we have

lim u(r,x)dr =0, (4.34)
720 {|e|>r/2}

while (2.3), (4.26), and (4.27) give, for s > T,

o s+ T
2

<C (s —7)~e=V/P 1, (|z])2P~ /P,

1/ap

o0

p—1
IVu™ (s, )P~ <C <‘ + (s — T)l/p> (u" (s, z))2P~D/P

Thus .
/ / Va7 (s, 2) P71 V¢ (2)| deds < Cr) 7]V oo (4.35)
T J{r/2<|z|<r}

Combining (4.32), (4.33), (4.34), and (4.35) leads us to

W (t, @) G () dz < C(r) 117 || V(] oo
RN
Using the properties of ¢ and letting ¢ — 0 in the above inequality, we conclude that W

satisfies (4.3). Summarizing, we have established that W is a very singular solution to
(1.1) in Qs which lies above u by (4.31). [

We are now ready to construct the maximal very singular solution to (1.1). We denote
the set of very singular solutions to (1.1) in Q« by S. Since U € S, S is non-empty and
we may define

V(t,x):= itelg{u(t,x)}, (t,7) € Quo- (4.36)

We prove next that V' is itself a very singular solution to (1.1). We begin with the following
bounds.

26



Lemma 4.12. Fort > 0, we have
V() loo + T [VV (D)oo < K, (4.37)

and
Ult,z) < V(t,z) <Tp,(lz]), =eRN. (4.38)

Proof. Since U € S, the inequality (4.38) follows at once from (4.36) and Proposition 4.4.
We next deduce from (4.10) and (4.36) that ||V (t)|lec < K5 t~* for ¢t > 0 while (4.11) and
(4.36) entail that, for any z € RN, y e RN, w € S, and t > 0,

u(t,z) <u(t,y) + K, =@ |z —y| <V (t,y) + K, t=@FB) |z — ).
Hence, passing to the supremum over u € S
V(t,a) S V(ty) + Ky ¢ Jz -y,

and V(t) is Lipschitz continuous for all ¢ > 0 with Lipschitz constant K., t~(*%). Conse-
quently, V (t) € Wh°(RY) and satisfies (4.37). 0O

We can now establish the main property of V.

Lemma 4.13. V is a very singular subsolution to (1.1).

Proof. Since V' is the supremum of a family of viscosity solutions to (1.1) by (4.36), the
fact that V' is a viscosity subsolution to (1.1) follows from [1, Proposition V.2.11]. The
regularity V(¢) € LY(RN) N Whe(RY) for ¢ > 0 is a consequence of Lemma 4.12 and the
integrability at infinity of I', ; (see Lemma 2.8). Also, the concentrating property (4.2) at
the origin as ¢t — 0 follows at once from (4.36) since U € S. It remains to check that V (t)
vanishes outside the origin as ¢ — 0. For that purpose, let » > 0 and R > r. Since the
annulus K (r, R) := {z € RY : r/2 < |z| < R} is compact, there is a finite number [ of
points (y;)1<i<; in RY such that

l
K(r,R) C | B,/s(ui)- (4.39)

i=1
We infer from (4.13) that, for any 1 <i <[, A >0, ¢ >0, and u € S, we have

1

u(t, ) < Aer/at exp <7
O-yi,r/4(x)

> , T E Br/8(y2)
The above estimate being valid for all u € S we conclude that, for any 1 <17 <[, A > 0,

and t > 0,

1
=), z€B, ). 4.40
— m) () (4.40)

Recalling (4.39), we infer from (4.38) and (4.40) that, for ¢ > 0 and A > 0,

/ V(t,z)de = / V(t,z)dx + / V(t,z)dx
{la|=r} K(r,R) {|=|>R}
l

1
A eryat / exp <7> dr + / Ly q(|x]) de.
Z By./s(yi) O-yiﬂ’/4(x) {|z|>R} e

i=1

V(t,x) < Aerr/at exp <

IN
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Passing first to the limit ¢ — 0 and then A — 0 gives

limsup/ V(t,z)dx S/ Iy q(|z]) de
=0 J{jz|>r} {lz[>R}

for all R > r. Thanks to Lemma 2.8, the right-hand side of the above inequality converges
to zero as R — oo, so that V satisfies (4.3) and the proof is complete. []

We are now in a position to identify V.

Proposition 4.14. The function V defined in (4.36) is a very singular solution in the
sense of Definition 4.1. Moreover, it is radially symmetric and has self-similar form, thus
coinciding with the unique self-similar very singular solution U given by Theorem 4.2.

A straightforward consequence of Proposition 4.14 is that S = {U}, which proves Theo-
rem 1.2.

Proof. 1t follows from Proposition 4.11 and Lemma 4.13 that there exists a very singular
solution u to (1.1) such that

V(t,z) <a(t,z) for all (t,z) € (0,00) x RV,

The definition (4.36) of V implies that V = @ and thus V' is the maximal very singular
solution. The radial symmetry and self-similarity of V' then follow from the scaling and
rotational invariances of (1.1). [J

4.4 A comparison principle

An interesting consequence of the uniqueness of the very singular solutions to (1.1) is the
following comparison principle for the related elliptic equation

—Apu+|Volf —av —By-Vo=0 in RY. (4.41)

Theorem 4.15. Let v1 be a viscosity subsolution and vy be a viscosity supersolution to
(4.41) in RN, such that

vi € LRM) N WES@RY), v, >0, v;#£0 i=1,2. (4.42)
Assume that

lim i)y PN dy =0, i=1,2, and wvaly) <Tpy(lyl), yeRY. (4.43)
R=o0 J{|y|>R}

Then vi(y) < fuly) < va(y) for all y € RN, where fir is the profile of the very singular
solution U to (1.1), see Theorem 4.2.

Besides its interest in itself, this comparison principle will also be useful to settle the
asymptotic behavior in Section 5.

Proof. For i = 1,2, define

wi(t,x) ==t (xt ™), (£, ) € Quo.
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It is then straightforward to check that w; is a subsolution and ws is a supersolution to
(1.1) in Q. Moreover, we have

u; € C(Qoo) and w;(t) € LR NWERY), t>0, i=1,2

On the one hand, for ¢ = 1,2 and any r > 0, we have

[ty = [yl Y dy
{lz|=r} {ly|=rt=F}

< pN=a/8 / wi(y)ly]*/PN dy,
{ly|>rt=F}

which tends to 0 as ¢ — 0 by (4.43). On the other hand, since v; # 0, there is ro > 0
sufficiently large such that

/ vi(y)dy >0, i=12.
By (0)

Consequently, for ¢ > 0 sufficiently small (¢ € (0, (r/ro)'/?)), we have

/ wilt, z) do = (V9@ / vily) dy > VB / vily) dy,
{lz|<r} {ly|<rt=6} By (0)

which tends to 400 as t — 0, since N§ — a < 0. It follows that u; is a very singular
subsolution to (1.1) and ug is a very singular supersolution to (1.1). Furthermore

us(t,x) =t~ vz (at™P) < ylz| 7P =Ty g(J2)),
for any (¢,2) € Q. By Theorem 1.2, Corollary 4.10, and Proposition 4.11, we obtain
ulgUSug in Qoo

We reach the conclusion by going back to the original variables. [

5 Convergence to self-similarity

With all the preparations done in the previous sections, we are now ready to prove the
main result about asymptotic convergence. The proof will be divided into several steps.

Proof of Theorem 1.1. Let us first notice that the condition (1.8) implies that R(ug) < oo,
where R(ug) is defined in (2.18). Moreover, there exists a sufficiently large constant x > 0
such that

uo(x) < klz|~?  for any z e RVN.

Step 1. Self-similar variables. In a first step, we pass to self-similar variables and
define the new variables (s,y) and function v by

u(t, ) = (1+t)"%(s,y), s:=In(1+1t), y:=a(1+t) " (5.1)
Then v solves the equation

Osv — Apv+ |[Vol! —av — By - Vo =0, (s,9) € Qc, (5.2)
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with initial condition v(0) = ug in RY.

Step 2. Estimates for v. Starting from the estimates established for u, we can deduce
estimates for v in similar norms as follows. First, recalling the homogeneity of I', ,, we
deduce from (2.19) that

v(s,y) = e®ule® — 1,ye™) < e®Tpq(lyle™ — R(up))

5.3
< Tpq(lyl - R(UO)eiﬁs) >3

for any (s,y) € Q. Then, the estimates (2.8) can be easily transformed into the following
ones for v:

o)1+ [v(8)]leo + [IVV(8)]loo < [<esej 1>0‘—Nﬁ i (esej 1)& i (esej 1>a+ﬁ] K,

< 6K,, (5.4)

for any s > In2 > 0, where K is the constant in (2.8). Finally, the pointwise upper bound
(2.23) reads

ly[*/Pu(s,y) < C

sup {uo(2)]27} + |y|1/B] (5.5)
|z|>ylefs /4

for (s,y) € (0,00) x (RV\ {0}).

Step 3. Lower bound for v. We infer from [22, Proposition 1.8] that u(t,z) > 0 for
(t,2) € Quo. In particular, u(1,0) > 0 and, since u(1,-) € C(RY), there is mg > 0 such
that

u(l,z) > mg, x € B1(0). (5.6)

Next, according to the analysis performed in [23] (in particular, Lemma 2.1, Lemma 2.8,
Lemma 2.10, Proposition 2.11, and Proposition 2.16 therein), there exists a, > 0 such
that, for a € (0, a,), the maximal solution g, defined on [0, R,,(a)) to the Cauchy problem

N -1 _
(lgalP~2g0)"(r) + (192172 96) () + aga(r) + Brgy(r) — |g,(r)|* =0,
(5.7)
94(0) = a, g,(0) =0,
has the following properties: there is R(a) € (0, R,,(a)) such that
0<ga(r)<a for rel0,R(a)), ga(R(a))=0, and g, (R(a))<0. (5.8)
Introducing
p/(2-p) -BY i 8
Gun(t,z) = A £ go (Nz[t™7) ?f |z| € [O,R(cﬁz)t /A,
0 if |z| > R(a)t’/A,

for (a,\) € (0,a4) x (0,1), the properties of g, guarantee that G » € C(Q) and is a sub-
solution to (1.1) in Qo (it can be interpreted locally as the maximum of two subsolutions
to (1.1) in Qu, namely the zero function and (¢, z) — \P/(~P) t=a g, (Alz[t=P)).

Now, we set

A 1 mo 2P 3
= — ), to:= — , = th
ag 5 € (0,ay) 0 R(ao)? <a0> Ao == R(ao) tg
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and observe that, if » € B, (0) = B1(0), then (5.6) implies that

(a0)t5 /2o
- _NPIC=D) o
Guaono (to, 1) < agXl/ G Pz = g (/\Otoﬁ)p PP g < w1, 7).

Since u(1,z) > 0 = G, (to, ) if © & BR(aO)tB/)\O(O)’ we have u(1,z) > G, \,(to, ) for
0

all x € RY and the comparison principle entails that
u(t +1,2) > Gag o (t +to, ), (t,z) € Qoo -

In particular, for ¢ > 0 and = € Bp(ag)(t449)5 /20 (0)

u(t+1,2) > )\g/(zfp) (t+to)™ gap <)\0]x\(t + to)75> )

In terms of v, the previous lower bound reads

s & S B
> \P/2P) ¢ - :
/U(S,y) = )‘0 es — 2+ to Yag )‘0|y| es — 2+t ) (5 9)

for s > In2 and |y| < (R(ag)/Xo)((e® — 2+ to)e™*)".

Step 4. Half-relaxed limits. To complete the proof of the convergence, we introduce
the half-relaxed limits [2], in a similar way as it has been previously used in papers on
large-time behavior, see [24, 32] for instance. We thus define

- o o . e o
Wy(s,y) = (wl’lar)nﬁl(r;fy’o)v (;,Z>, w*(s,y) = Wth}i‘L mv (g,z)

for (s,y) € Q. It is a standard fact that w, and @w* do not depend on s > 0, so that we
can define

wi(y) = Wa(l,y) = Wu(s,y), w(y) =a"(l,y) =w"(s,y), s>0.

In addition, it follows from [2, Théoréme 4.1] that w, is a viscosity supersolution and w*
is a viscosity subsolution to the stationary equation associated to (5.2), that is, the elliptic
equation (4.41). Moreover, the definition of w, and w* and (5.9) ensure that

w, <w* in RY and )\g/(zfp) Gao(Nolyl) S wsly) for y € Briag)/a(0).  (5.10)

An obvious consequence of (5.8) and (5.10) is that w, and w* are both not identically
equal to zero.

Our aim now is to show that w, = w* with the help of Theorem 4.15. In order to apply it,
we translate the estimates for v in Step 2 above into estimates for w, and w*. We readily
notice that (5.3) implies

wi(y) < w(y) <Tpglyl), for any y € RY, (5.11)
and that (5.4) implies that

wi(y) S w'(y) < 6Ky, [[Vws| < 6Ky, |[Vo'|| < 6Ky, yeRY, (5.12)
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whence w, and w* belong to the space L'(RY) N W1°(RY). In addition, taking into
account the condition (1.8) on ug, we deduce from (5.5) that

wi(y) < w*(y) < Cly|~ @By e RN,

Consequently,
/ (wa(y) +w*(y)) [y|*P N dy < C/ sUP 1 qs = Cr=1/8, (5.13)
{ly|>r} r

which converges to 0 as 7 — co. Gathering (5.10), (5.11), (5.12), and (5.13), we are in a
position to apply Theorem 4.15 and conclude that w* < fy < w, in RV,

Recalling (5.10), we have established that w, = w* = fr7, which in turn implies that

(29) s

for any compact subset K of RY by [1, Lemma V.1.9] or [2, Lemme 4.1]. Owing to (5.3)
and the decay of fir as |x| — 0o (see Theorem 4.2), the above convergence can be improved
to the convergence of v(s) to fyr in L>°(RY) as s — co. Going back to the original variables
gives (1.9) and ends the proof. []

lim sup
e—0 yeK
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