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Abstract

We aim to reconstruct an inclusion w immersed in a perfect fluid flowing in a larger
bounded domain (2 via boundary measurements on 0. The obstacle w is assumed to
have a thin layer and is then modeled using generalized boundary conditions (precisely
Ventcel boundary conditions). We first obtain an identifiability result (i.e. the unique-
ness of the solution of the inverse problem) for annular configurations through explicit
computations. Then, this inverse problem of reconstructing w is studied thanks to the
tools of shape optimization by minimizing a least squares type cost functional. We
prove the existence of the shape derivatives with respect to the domain w and char-
acterize the gradient of this cost functional in order to make a numerical resolution.
We also characterize the shape Hessian and prove that this inverse obstacle problem
is unstable in the following sense: the functional is degenerated for highly oscillating
perturbations. Finally, we present some numerical simulations in order to confirm and
extend our theoretical results.

Keywords: geometric inverse problem, shape calculus, generalized impedance bound-
ary conditions, Ventcel boundary conditions, identifiability result
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1 Introduction

A method to solve the inverse problem of reconstructing an object living in a larger domain
is the shape optimization methods and particularly the geometric shape optimization.
This kind of studies was realized for the impedance electric tomography by Afraites et
al. in [2] or for the Stokes and Navier-Stokes equations by Badra et al. in [6] or Caubet
et al. in [14] 13, 12] using technics of shape differentiation with respect to the domain.
These technics are exposed for example in the books of Henrot et al. and Sokotowski et
al. |21, 27]. In the previous references [2 [6l 14, 13], the authors proved that the studied
inverse problems, treated as a shape optimization problems, are severely ill-posed (i.e.
unstable), for both Dirichlet and Neumann boundary conditions on the object. Thus, they
have to use some regularization methods to solve them numerically.

Here, we focus on the case of generalized impedance boundary conditions (of order two)
on the obstacle, precisely Ventcel boundary conditions which deal with a Laplace-Beltrami
operator. This kind of non classical boundary conditions appear in the modeling of thin
layer or of corrosion effects. The study of this type of boundary conditions is an emerging
research theme and the analysis of the Ventcel boundary conditions was recently made by
Bonnaillie-Noél et al. in [7]. We can here mentioned the work of Haddar et al. in [I§]
where they propose a new construction of generalized impedance boundary conditions and
develop a complete mathematical analysis for the approximate problem. The construction
of generalized impedance boundary conditions is also treated for example by Antoine et
al. in [4], by Poignard in [26] or by Haddar et al. in [19]. One topic is then to identify
the coefficients corresponding to these conditions as treated by Bourgeois et al. in [9] §].
Another is to identify the shape while the coefficients are known. We consider this question
here: our aim is to adapt the classical shape optimization methods used to solve inverse
problems to the case of immersed obstacles modeled by Ventcel boundary conditions. In
the recent work [IT], Cakoni et al. address the question of recovering simultaneously the
unknown boundary and the unknown coefficients by an integral equation approach.



A method to solve this inverse problem of determining the shape of an immersed obsta-
cle is then to make a boundary measurement on the exterior boundary. A first study of this
problem is given by Cakoni et al. in [I0] using a boundary integral equation method in the
spirit of the method proposed by Kress et al. in [22]. In particular, in [I0], the authors give
an example of non identifiability result. Even if we do not obtain a general identifiability
result (as the one stated for Robin boundary conditions by Bacchelli in [5]), we here prove
it for annular configurations with the same center using two well chosen measurements.
Then, following previous works on electric impedance topography (see [I7, 2, B]) or on
the same topic in the Stokes and Navier-Stokes cases (see [0, 14}, [13]), our strategy is to
minimize a least squares functional.

We prove the existence of shape derivatives for this type of boundary value problem
pursuing the studies initiated by Dambrine et al. in [I5]. We compute the shape gradient
and characterize the shape Hessian. We then prove, using a local regularity argument,
that the Riesz operator corresponding to this shape Hessian is compact and it follows that
the functional is degenerated for highly oscillating perturbations. Finally, we make some
numerical simulations in order to confirm and complete our theoretical study. These nu-
merical experiments point out that, contrary to the case of classical boundary conditions
treated in [2| [14], we can achieve acceptable reconstruction without regularization meth-
ods. Indeed, the presence of the Laplace-Beltrami operator in the generalized impedance
boundary conditions of order two seems to somehow regularize the problem.

This paper is organized as follows. We first introduce the precise problem under con-
sideration and useful results. Then, we prove an identifiability result in the case of an
annulus in dimension two. In Section [4f we prove the existence of shape derivatives (of
order one and two) when Ventcel boundary conditions are imposed. The differentiation
with respect to the domain of the problem and of the cost functional are detailed in Sec-
tion [5 This section ends with the proof of the instability of the inverse problem. Finally,
we make some numerical experiments which underline the fact that we do not need some
regularization method to obtain efficient results. In order to be complete, we recall some
results concerning the Ventcel boundary conditions in Appendix [A] and some reminders of
useful shape differential calculus in Appendix [B]

2 The problem setting

2.1 General notations and reminders

Let us introduce the notations that we adopt in this paper. We denote by LP, W™P
and H*® the usual Lebesgue and Sobolev spaces. For k € N and an open set Q C R?
(d > 2), we denote by C¥(Q) the space of functions with continuous k first derivatives
compactly supported in © and by || - ||5,c0 its natural norm. We note in bold the vectorial
functions and spaces: L?, WP H?, etc. Moreover, n represents the external unit normal
to 012, and for a smooth enough function u, we note respectively d,u and 92 u the normal
derivative and the second normal derivative of u. We also denote by M, 4 the space of the
matrix of size d x d. The tangential differential operators will be noted by the subscript 7.
We recall some definitions and useful results in Appendix [B] For more details on tangential
differential operators, we refer for example to Section 5.4.3 in [21]. In particular, we recall
the following integration by parts result which will be used many times in this paper.

Theorem 2.1. Let Q be a bounded open set of R (d > 2) with a C? boundary. Let



f e WHH(99Q) and W € WLL(0Q). Then,

W .V.f= —fdiv,W + Hf W - n,
o0 o0

where H is the mean curvature of 0S).

2.2 The studied problem

Let © be a smooth (at least C?) bounded open set of RY, where d > 2 is an integer
representing the dimension. Let 6 > 0 be a fixed (small) real number. We define

Os = {w CC Q) be a smooth (at least C?) open set such that d(z,09Q) > § Vr € w
and such that Q\w is connected}. (2.1)

Let g € H32(9Q) be an admissible boundary measurement and let f € H%/2(9Q) such
that f # 0. We then consider, for w € Oy, the following overdetermined boundary values
problem:

—Au = 0 in Q\w
u = f on 02 (2.2)
Ot +au+ BA;u = 0 on dw
Ohu = g on 01},

where a > 0 and 8 < 0 are fixed real number.

We assume here that there exists w* € Og such that has a solution. This means
that the measurement ¢ is perfect, that is to say without error. Thus, we consider the
following geometric inverse problem:

find w € O and u which satisfy the overdetermined system (2.2]). (2.3)
To solve this inverse problem, we consider, for w € Oy, the least squares functional
1
Iw) =5 [ 1oau(w) - gl (24
o0

where u(w) € HY(Q\@) solves

—Au = 0 inQ\w
u = f  ondQd (2.5)
Ot +au+ BA;u = 0 on Jw,

measuring in the misfit to data in the L? sense. Notice that, according to Theorem |A.2
the boundary value problem (2.5) admits a unique solution u € H3(Q\@).
Then, we try to minimize the least squares criterion J:
w* € argmin J(w). (2.6)
weOs
Indeed, if w* solves the inverse problem ({2.3)), then J(w*) = 0 and (2.6 holds. Conversely,
if w* solves the optimization problem (2.6) with J(w*) = 0, then it is a solution of ([2.3]).

Remark 2.2. Using the local reqularity of the solutions in a neighborhood of Ow, notice
that we can only assume that O is Lipschitz and that f € HY/2(99Q) and g € H-1/2(09)
(see for example [6, [13, [T]]). However, in order to simplify the proof and the notations,
we assume the announced regularity.

Moreover, we could assume that the measurement g is made only on a part O C OS2
and not on the whole exterior boundary as made for example in [0, [13)].



The needed functional tools. Let us introduce the following notation for k£ € N:
HE (Q\@) = {u e HY(O\@), u =0 on aQ} .
Let us define 25 an open set with a C'°° boundary such that
{r e Q; d(z,00) > §/2} C Q5 C {x € Q; d(x,00) > 6/3}.

Then, in order to make a shape sensitivity analysis (of order two), we define

U= {6 € W*>(R'); supp(6) € 0} and U = {o € U, 6]ls. < min (g 1)}

(2.7)
as the space of admissible deformations. These spaces permit to perturb only the object w
and not the fixed domain 2. Notice that if @ € U, then (I + ) is a diffeomorphism. For
such a @ € U and w € Oy, we check that Q = (I 4 0)(2) and we define the perturbed
domain

wp = (1+0)(w)

which is so that wy € Os.
Let T > 0, that we will have to fix small. We use the shape calculus introduced by
Murat and Simon in [25]. Thus, we consider the function

¢:t€0,T)—1+tV e WH(R?), (2.8)

where V' € U. Note that for small ¢, ¢(t) is a diffeomorphism of R? and that ¢/(0) = V
vanishes on 92 and even on the tubular neighborhood Q\Qs of Q. For t € [0,T), we
define

we = ¢(t)(w)

where ¢ is defined by . For the rest of the paper, we use a subscript ";" to indicate that
the quantity is defined on the time ¢ dependent domain. For instance, n; is the external
unit normal of Q\w;.

Finally, we introduce the following notation: for V € U,

Vo=V -n

3 On the identifiability result on rings

In this section, we will analyze the question of identifiability of the shape w. The question
is the following: does a measurement (or several measurements) determine uniquely the
domain w? This kind of result was recently proved by Bacchelli in [5] for Robin boundary
conditions. In the case of generalized impedance boundary condition, the literature is
reduced to the discussion by Cakoni et al. in [I1].

In order to try to answer to this question concerning the non classical Ventcel boundary
conditions, let us focus on particular geometries in the bi-dimensional case. More precisely,
we consider an annulus with two concentric circles: the inner circle T'; := dw = pS! has
a radius p and we denote by R the radius of the outer circle I' := 9Q = RS! (where S*
denotes the unit sphere). Hence,

Q\w:={z €R? p<|z| <R}=Bg\ B,



Let u the solution of the following problem

Au = 0 in Q\w=Bgr\B,
u = f on I'=00=RS! (3.1)
Ot +ou+ fAu = 0 on Iy =0w=pSt.

We deal with the inverse problem of reconstructing the inner circle (i.e. find the radius p)
from boundary measurements on the outer circle 0. We give a result for identifying
uniquely the obstacle from two pairs of Cauchy data (f1, Ohu1= g1|r) and (f2, Ohuz= g2|r),
where uq and us are the respective solutions of Problem with the Dirichlet data f;
and fo. Precisely, we show the following result:

Theorem 3.1. Given a > 0 and 8 < 0, one can determine uniquely I'; (i.e. the radius p)
with two pairs of measurements (f1,91) and (fa, g2), provided f1 and fa are suitably chosen.

The idea of the proof is the following. We consider two inputs of the form f; =
R"™ cos(ni#) and fo = R™ cos(ngf). We assume that two inner radii p and p generate
the same Cauchy data for both inputs. We obtain a system of equations in ¢ := p/p with
respect to nq and ngy of the kind

hy,(t) = ho () Vi=1,2,

where the hf% are real valued functions of the real variable. We will show that for n; and no
suitably chosen, the unique solution of the previous system is ¢t = 1 meaning p = p.

Proof. In the sequel, the couple (r,0) represents the polar coordinates. Moreover, a,(f)
and b, (f) (respectively a,(g) and b,(g)) represent the respective Fourier coefficients of f
and g. We subdivide the proof in two parts.

First step: preliminary computations. Assume that (f,g) is a Cauchy pair for
Problem set in the annulus By \ B,,. Its solution is of the following form

u(r,0) =a_1Inr+ag+ Z(anr” +a_pr~ ") cos (nb) + Z(bnr" + b_p,r ") sin (nh)

n=1 n=1
where, for n > 1,
apR"+a_,R™" = an(f)
R
anR" —a_,R™™ = —an(9)
n
—Bn®> n 3 —Bn?> n
anp” s—— —ta|+anpp" s—t+t—tal = 0
p p p p

(and with the same system replacing a,, by b,,). Since the matrix of the linear system is of
rank two, we get the relation

2a,(f)Xn(p) = (RnYn(p) - Xn(p)> (fan(g) - an(f))

p2n

where we set




Hence,

2an(f) WYn(p) - Xn(p)

Xn
(o) — anlf) v

Notice that the left hand side does not depend on the inner radius p.
Second step: derivation of an equation using two measurements. Assume

now that (f = R" cos(nf), g) is a Cauchy pair for the boundary value problem (3.1)) in the
annuli B\ B, and Bg\ B (where 0 < p < R). The previous remark provides the relation

RQn R2n
ﬁYn(p) - Xn(p) ﬁginyn(ﬁ) - Xn(m
Xn(p) a Xn(p)
Hence -
D n

pﬁyn(p)Xn(m = Yn(an(p)

Setting ¢ := B, we then get
p

p2n pn? —ntp + at?p? - Bn? + ntp + at?p?
—pn? —np+ap?®  —pn?+np+ap?
np + Bn? — ap?
Denoting b, := pHb 5 p2’ we check
np — pn® + ap

2np

2R

np— Bn? + ap?
and see that ¢ is solution of

2n ntp + pn? — at?p?

ntp — fn? + at?p? -

or equivalently

n tp

1+p——a—

2n tp n
t =by,

n tp

1-B—+a—

tp n

. n p ..
Setting P, (t) := —Bt— + a—, this gives
p n

£2"(1 = Pa(t)) = ba(1 + Pa(t))
and then the equation in t at fixed p

2" — b, n tp

" _p— o= 3.2
2" + by, Btp + n (3:2)

If there are two distinct inner radii p and p such that the measurements g; are the same

for the annuli Br \ B, and Bg \ Bj, then Equation (3.2) has at least two solutions one of



which is 1. We will prove that when we fix n; and choose no sufficiently large, the only
common solution of

t2ni — b, n; tp
—_— = — i =1,2 3.3

n;
is t = 1 and then p = p. This means that only two measurements are necessary for the
identifiability.

Third step: the identifiability proof. We see the solution of Equation as the
intersection in R™ of the two curves (Cy) and (Cy) where

by
St 4b,

t
and  (Cy) @t h2(t) := —5tﬁ+a—p> p
p

. 1 . _
(C1) + tes hE(t): ~> .

Fix n; = 1, then Equation is polynomial of degree 4, it has at most four solutions
in R, one of them is 1. Set S the set of positive real solutions of distinct of 1. It has
at most three elements.

If S # 0, take t € S and consider the sequences hé (t) for i = 1,2. The sequence h2(t)
clearly goes to infinity. For the sequence hl(t), we have to distinguish the case ¢t > 1 and
t < 1. Ift > 1, then hl(t) tends to 1 since

2by, 2

2" + by,

() = 1] =

pon 1y 2R

g
For t < 1, hl(t) goes to —1. Hence, from the uniform in p bounds in the estimations
for these two sequences, there is a rank ns, such that for n > n;, ¢ is not solution of
Equation (3.2)). Taking the maximum N of n; for ¢ € S, we conclude that, for a fixed
ny = 1 and ng > N, the unique common root of (3.3 is ¢ = 1 and then that only two
boundary Cauchy measurements are sufficient to identify the inner circle. O

4 Existence of shape derivatives

In the previous section, we have proved an identifiability result in annular configurations.
We want now to reconstruct the obstacle by minimizing the least squares functional
and solve the optimization problem (2.6 using shape optimization methods. Hence, we
want to use the notion of shape derivatives. Thus, in this section, we prove that the
solution u of Problem is twice differentiable with respect to the shape w € Oy.

Let & € U. We recall that Oy is defined by , U by and that we define
wy := (I+6) (w). Then, we consider uy € H!(Q\wy) solution of

—Aug = 0 in Q\wg
upg = f  ondfd (4.1)
Ongtg + g + BA7,upg = 0 on dwy.

Notice that uy belongs to H3(Q2\@). Let us consider F' € H3(Q\w) such that
—AF=0inQ, F=fond2 and F =0in Q.

Then, we define
Vg = (ug—F)o(I+9)



and the variational formulation of Problem (4.1]) is then given by

Vg - Vipg +/ (vvgpg — BV ryve - Vrypg) = AF @y Vg € Hpo(Q\wp),
Q\Fg Owg Q\@
(4.2)
since / —BA,vep9 = BV 7,09 - Vo,09. We will apply the general method exposed
Owg Owg

in [21, Chapter 5| using the implicit function theorem on vy.

4.1 Characterization of vy

Lemma 4.1 (Characterization of vg). For 8 € U, vy satisfies for all ¢ € H,(\w)

VAOwW) Vet [ awous- [ BCOTw) Vo= [ AFg,
Q\w Ow Ow AN\w
where -
Jo = det(I+V0) € W2 (Qy),
wy = det(I+ V) Ht(l +ve)! nH € W2 (),
AB) = vJe(I+ V) I+'VO)~! € W2 (Q5, Mqa),
CO) = we(I+VO) {1+ V) € W2 (Q5, Mya) -

Moreover, vy belongs to H3¢,(Q\W).

Remark 4.2. Hence, we characterize vg as the solution of

—div (A(G)V’Ug) = AFJy in Q\w
vg = 0 on 0N
(A(0)Vvyg) - n + avgwy + Bdiv, (C(0)V,rvg) = 0 on Jw.

Proof. Let ¢ € H}o(Q\w). We define
09 =po(I+0) € Hyy(Qw) and T(0):= (I+'VO) " € W (Rd,Md,d) .
Thus, using g as a test function in the variational formulation (4.2]), we obtain
/ (T(O)Vvg) o (1+6)7] - [(T(O) V)0 (1+6) ']
MN\wg
+/ a [u@ ° (I+0)*1} [cpo (1+9)*1}
Odwg

J. {ﬁ (@) V)0 (146" — (no@+6)7) - ((T@O)Vw) o (1+6)7) - (noX+6)7"))]

J@Ove o @0~ (no@+o)) - (((1O)V¢) o +6)7") - (no@+86)7"))] }
=)o AF (Lp o(I+ 9)—1> _
Hence, using the change of variables z = (I + 6)(y), we obtain
/ B (A(@)Vvy) - Ve +/ Vg P Wy
Q\w Ow

-/, B [T(0)Vvg —n(T(0)Vuvg-n)] - [T(0)Ve —n(T(0)Vy - -n)wy = . AF ¢ Jy.



Therefore, we obtain the announced result. Notice that Jy is the volume Jacobian and wyg
is the surface Jacobian. ]

4.2 Differentiability of 0 — vy
Lemma 4.3 (Differentiability of 8 — vy). The function

0 €U s vp € Hin(Q\W)
is differentiable in a neighborhood of 0 (and even C°).

Proof. Let us consider the application the application F : U x H23,(Q\w) — L*(Q\w)
defined for all ¢ € H},(Q\w) by

Fow o= | @) Ve /

avowg— | B(CO)Vv)-Vop— AF ¢ Jy.
Ow Ow

0\@
We have, for 8 = 0, F(0,v9) = F(0,u — F') = 0. Moreover, we prove analogously to what

is done in [21, Proof of Theorem 5.3.2| that the application F is C*°. Finally, we compute
for all w,w € H},(Q\w),

D, F(0,u— F)(w) -w = Vw-Vu?—i—/ aww — BV rw - V.
AN\w Ow Ow

Thus, D, F(0,u — F') is an isomorphism.

Hence, the implicit function theorem applies and then there exists a C°° function
0 € U — v(0) € H3,(Q\w) such that F(0,v(0)) = 0 in a neighborhood of 0. Using the
uniqueness of the solution of such a problem, we obtain that 8 € U — vy € H3,(Q\©)
is C*. U

4.3 Existence of shape derivatives

Lemma 4.4 (Differentiability of @ — wug). There exists ug an extension in Q of ug €
HY(Q\wg) such that
0 cU— 1y € HY(N)

is differentiable at O (and even C™ in a neighborhood of 0).

Proof. For @ € U, ug = vgo (I+0)"" € H2,(Q\@g). According to the differentiability of
0 — vy (see Lemmal[4.3) and Stein’s extension theorem (see for example [I, Theorem 5.24]),
there exists U, an extension of v, such that 8 € U — Uy € HZ,(Q) is differentiable at 0.
Moreover,

OcUd— (I+6)"' —Iec W>®R?)
is differentiable at 0. Thus,

010U~ (vg, 1+0)" - 1) € H2,(Q) x W22 (RY)
is differentiable at 0. We apply [2I, Lemma 5.3.9] to get that
2 : (9, 1) € HY(RT) x W>®(Q) i g o (14 p) € H'(RY)

is C! in a neighborhood of 0. By composition, 8 € U + Ty := p2 0 p1(0) € Hi(Q) is
differentiable at 0. O

10



Using the Fréchet differentiability given by this lemma, we obtain the Gateaux dif-
ferentiability in the direction V' € U: there exist u, extension in 2 of u; such that the
function t € [0,7) — u; € H(Q) is differentiable at 0 by composition. Hence, we prove
the following result:

Lemma 4.5. The solution u of Problem ({2.5)) is differentiable with respect to the do-
main w € Ogs. We denote by v’ its derivative at 0.

Proceeding in the same way (using H3,(2\w) instead of H3,(2\w) and W (R?)
instead of W2°(R%)), we prove the following result:

Proposition 4.6. The solution u of Problem (2.5)) is twice differentiable with respect to
the domain w € Og5. We denote by u” its derivative at 0.

5 Shape calculus

Since we proved in the previous section the differentiability with respect to the domain, we
can now compute the shape derivatives of the state and of the coast functional J that we
want to minimize. Thus, we aim to make a sensitivity (with respect to the shape) analysis.
Then, let us consider the problem on Q\w;

—Au; = 0 in Q\w;
w = f  onodQ (5.1)
On,ut +aur + AL uy = 0 on Ows.

Let us remain the definition of the shape derivative in our situation (see [2I] for details).

e If the mapping 8 € U +— ugo (I+80) € H(Q\w) is Fréchet differentiable at 0, we say
that @ — ug possesses a total first variation (or derivative) at 0. In such a case, this
total first derivative at 0 in the direction 6 is denoted by ug.

o If, for every 2 CC Q\w, the mapping 8 € U > ug 5 € H'(2) is Fréchet differentiable
at 0, we say that 6 — wy possesses a local first variation (or derivative) at 0. In such
a case, this local first derivative at O in the direction @ is denoted by uy, is called
shape derivative and is well defined in the whole domain Q\@w:

d
up = a(utm@) l,—o ineach 2 CcC Q\w.

We define similarly the higher order shape derivative. In the following, for V- € U, we
denote by ' the local first variation w}, which is referred as the shape derivative of the
state.

We first characterize the shape derivative of the state differentiating with respect to the
domain the Ventcel boundary conditions. Then, using this characterization, we compute
the shape gradient of the functional J and obtain a formula with an explicit dependance
with respect to the perturbation direction V introducing an adapted adjoint problem. We
also characterize the shape Hessian and finally prove the instability of our shape optimiza-
tion problem using a local regularity argument.

11



5.1 Shape derivative of the problem

Proposition 5.1 (First order shape derivative of the state). Let V' € U. The shape
derivative u' of u which belongs to H'(Q\w) is the only solution of the following boundary
values problem
—Au =0 in Q\w
u 0 on 99 (5.2)
Ot/ + au + BAU = E(u,Vq) on Ow,

with

E(u, V) := Vi (—alhu — aHu + Aru) + Vou -V Vy
— BA; (Vadnu) — Bdiv, (VaHV,u — 2V,D*0 V,u),  (5.3)

where H is the mean curvature of Ow and b is the signed distance.

We refer to Appendix [Blwhere we state some useful results concerning shape differential
calculus (in particular concerning the signed distance b).

Proof. For t € [0,T), we consider Problem (5.1). By differentiating with respect to the
shape at t = 0, we classically obtain (see for example |21, Chapter 5])

—Au'=0 mQ\w and ¥’ =0 ondQ.

Now let us compute the shape derivative of the Ventcel boundary condition Oy, u; +
aug + BAnus = 0 on Qwy at t = 0. Let p € H?(Q2\@W) compactly supported in Qs. Using
Stein’s extension theorem, ¢ admits an extension in H?(R) still denoted by ¢ and which is
still compactly supported in 5. This extension belongs in particular to H?(\@;). Using
© as a test function in the variational formulation of Problem , we have

Vug -V + / (augp — BV rup - Vo) = AF .

O\wr duwr Q\wr

Then, by using Hadamard formulas (on the volume and on the surface: see |21, Proposi-
tion 5.4.4 and Proposition 5.4.18|), we obtain

Vu' -V + Vu- VeV,
Nw Ow

d d
+ /8 |:04u/§0 - Ba (V’Ttut) : VT(P - ﬁVTU T (Vrt@) ‘

t=0 dt t=0

+ V4 (0n (aup — BV u - Vi) + H (aup — BV u - Vﬁ@))} = / (AF ¢) V4.
Ow

Moreover,

d
(VTtUt) ‘t— = % (Vut — (Vut . nt) nt) ‘

= V,ou' + (Vu-V Vy)n+ 0,uV, Vy,

12



using the fact that n’ = —V.,V], (see Proposition [B.1)). Hence, using the same result for
% (VTtSO) ‘t:o’ we Obtain

Vu' -V + Vu- VeV,
N\w Ow

+ / [au’g@ = B (V' + 0yuV,Vy + (Vu -V, Vy)n) - Vyp
Ow
= BVru- (OnpV:Va + (Vo - V. Vi) n)

+ Vi (On (aup — BV u - Vi) + H (qup — BV u - Vﬂp))} = / (AF @) Vy.
Ow

Since V,¢ -n =0 and V. u - n = 0, this equality writes

Vu' -V + Vu - VeV,
Q\w Ow

+ / [au’g@ -8 (VTu/ + c%uVTVn) -Vrp—BVru- (0hpV:Vh)
Ow
+ Vi (On (aup — BV u - Vo) + H (aup — fVu - Vﬂp))} = / (AF o) Vy. (5.4)
Ow
We also have using Problem ([5.1))

Vut-Vap—/ On,ut p = AF .
Q\wr Owg Q\w

Thus, using Hadamard formulas, we obtain

Vu' -V + Vu - VeV,
QN\w Ow

_ /a [Butd o — (V- V1 Vi) o+ Vi (On(Bnu ) + OpupH)] = /8 (AF @) Vi (5.5)

Subtracting ((5.4) and (5.5)), we obtain
/ (8nu’ + o + BATu’) = /
Oow

[ — Bdiv, (OauV: Vo) o + BV u - (OnpV . Vh)
Ow

— Va (O (qugp — BVru - V) + H(aup — BV u - V.r(p)):|
- / [— (Vu -V Vh) @ + Vi (0n(0nu @) + Onup H)J.
Ow

Since Oy (Onu p) = Oy Onyp + 02, ugp, this leads

/ (ﬁnu/ + o + BATU’) 0= /
Ow

Ow

[ — Bdiv, (OauV,Vy) ¢ + BoweVru - V.V
— Va (@0hup + auwdyp — BOn (Vru - Vi) + Houp — HEV ru - V,o)

- /8 [— (Vu-V: Vo) p+ Wy (anu O + 02 up +Hoyu gp)] .

13



Using an integration by part and the decomposition of the Laplace-Beltrami operator (see
for example [21], Proposition 5.4.12|) given by

Au = Aru+Hoyu + 02 u on Jdw,

we obtain

/ (8nu’ + au + ,BATu’) = /
ow

ow
— Vi (aOhu + aHu — Azu) o — Vi (udnp — BOh (Vru - Vi) + Oqu Onp)

[ — Bdiv; (OhuV Vi) ¢ — Bdiv, (OnpVru) Vi

— div, (VnH B VTU/) ®+ (Vu ’ VTVH) P

Since (see Theorem (B.2))
On (Vru- Vi) + D2bVTu -Vro =V, (0wu) Voo + Vi (Oup) - Vru

and since dyu + au + BAru = 0 on Jw, we have

/ [ — Bdivy (OnpVru) Vi — Vi (qudnp — BOn (Vru - Vi) + Onu 81190)]

Ow

= - / [BATU Onp + BV ru - Vi (0hp) + audne + Opudne — Bon (Vru - Vi) ] Va
= - j [BVTU/ : VT(anSO) — Bon (VTU : VTSO) ] Va

(%9

= — [ B[=V:(0au) Vrp+0n(Vru- Vi) +2D?bV,u- Vi — 0y (Vou - Vep) |V
Ow

_ / div, (8 Ve (~Vr () + 2D?6 V1)) .
ow

Hence, we finally obtain

/ (ﬁnu/ + o + BATU’) 0= /
Ow

[ — Bdiv, (0auV V) o — Vi (@dhu + aHu — Aru) ¢
ow

—div, (ViHBV,u) o+ (Vu-V Vo) @ +div, (BVy (=V- (Onu) + 2D*0 V,u)) ¢|.

Then, using the density in L2(0w) of the traces on dw of functions H2(Q\w) with compact
support in )5, we obtain

o’ + au’ + A =V, (—adyu — aHu + Aru) + Vu - V.V,
— Bdiv, [00uV Vi + VaHVu+ Vy Vi (9qu) — 2V,D* V1] .

Noticing that this equalities can be rewrite as

o’ + au’ + A =V, (—adhu — aHu + Aru) + Vu -V, Vy
— BA; (VaOyu) — Bdiv, [VuHV,u — 2V,D*b Vu]

we obtain the announced result using the fact that Vu - V.V, = V,u - V.V, on dw. L]
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5.2 Shape derivatives of the functional
5.2.1 First order shape derivatives of the functional

Using the previous characterization of the state, we now compute the shape gradient of
the functional J in the following statement:

Proposition 5.2 (First order shape derivative of the functional). For V in U, the least
squares functional J is differentiable at w in the direction V' with

VI(w)-V = —/ [— oHuw + (=14 S(HI - 2D2b)) (Vyu - Viw) 4+ Oqudqw |V, (5.6)
Ow

where H is the mean curvature of Ow, b is the signed distance and where w € HY(Q\@) is
the solution of the following boundary values problem:

—Aw = 0 in Q\w
w = OJyu—g  ondfd (5.7)
Ohw +aw+ BAyw = 0 on Ow.

Proof. We define, for t € [0,T),
. 1
)= I i= 5 [ 10w g
0N

where u; € HY(Q\@;) solves Problem (5.1)). Using Hadamard’s formula, we immediately
obtain

DJ(w) -V =j'(0) = - Ot (Oqu — g).

In order to obtain an expression of j'(0) as an integral on dw with an explicit dependance
in the perturbation direction V, let us introduce the solution w € H!(Q\w) of the adjoint
problem ([5.7)). Hence, using w as a test function in (5.2)) and «’ as a test function in ([5.7)),

we use the Green’s formula to obtain

/ Ot/ w = / Opw .
(D) H(O\D)

Thus, adding / (au' w—+ B ATu’w) in each side of the previous equality and using the fact
ow

that BA U w = BA;w,
Ow Ow

/ Ot/ w + / (Bnu’ +au' + 6A7u') w = / Opywu' + / (Ohw + aw + BA w) v
[2)9] Ow o0 ow

Using the boundary conditions satisfied by u" and w, we obtain the following characteriza-
tion of the shape gradient of the functional

DJ(w) -V =— &(u, Vi) w,
Ow
where £ is given by (j5.3)). Finally, using integration by parts,

DJ(w)-V:—/

{ — adhuw — aHuw + Ayuw — divy (Vyuw)
ow

— BOulew + B (HV - Vow = 202 V- Vow) |V

Thus, since —fA,;w = Jyw + aw on Jw, we obtain the announced result. O
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5.2.2 Second order shape derivatives of the functional

Let us consider w* € Qg solution of the inverse problem . In order to study the
stability of the optimization problem at w*, we want to compute the second order
shape derivative of J, i.e. the shape Hessian. First of all, notice that we prove in exactly
the same way than we proved the existence of the shape derivative v’ that the adjoint
state w is differentiable with respect to the shape w € Qs and we denote by w’ its shape
derivative. Then, we state the following result:

Proposition 5.3 (Characterization of the shape Hessian at a critical shape). For V € U,
we have

D*J(w*) -V -V = —/ [—aHuw' + (=14 8 (HI — 2D%) (V,u - V ') + Oqudaw’] Vi,
Ow*

where H is the mean curvature of Ow*, b is the signed distance and where w' € H(Q\w*)
1s the solution of the following problem.:

—Aw' = 0 in Q\w*
w' = oyu/  on I (5.8)
o' + aw' + BAW = 0 on Odw*.

Proof. Using Hadamard’s formula, we obtain

3"(0) = O (Oqu — g) + }8nu"2.
o0

We then characterize the shape derivative of the adjoint state in the same way that we
characterized v/, i.e.

—Aw' = 0 in N\w
w = Oy on ON)
' + aw’ + fAW = E(w,Vh) on Jdw.

Noticing that for w = w*, dyu = g on IN and then w = 0 in Q\w*, we obtain the
characterization (5.8). Then, using the same trick than in the computation of the first
order shape derivative of the functional J (with v’ and w’ as respective test functions

in (5.8) and (5.2))), we obtain

/ lﬁnuf:/ —&(u, Vy)w'.
o0 Ow

We then conclude using the same manipulations than the ones used for the computations
of the shape gradient (see proof of Proposition [5.2]). O

5.3 Instability of the problem

Now let us prove the instability of the inverse problem using the method already
used in [17, [0, 14, [I3]. Thus, we use a local regularity argument in order to prove the
compactness of the Riesz operator corresponding to the shape Hessian at a solution w* € Og
of the inverse problem. An alternative proof could be to use the potential layers as what
is done in [2].

Proposition 5.4 (Compactness at a critical point). The Riesz operator corresponding to
the shape Hessian D2J(w*) defined from H'Y?(9w*) to H™/2(dw*) is compact.
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Proof. The idea of the proof is to write the shape Hessian as a composition of linear
continuous operators whose one is compact (the compactness being obtained using the
compactness imbedding between two Sobolev spaces).

Let us focus on the term / aHuw'V; of the characterization of the shape Hessian

Ow*
given in Proposition [5.3] The other terms can be treated in the same way. We decompose
this term as

/a ) aHuw'Vy = (K(V), L(V)>H*1/2(8w*),H1/2(3W*) ’

where

L : VeH?0uw*) = aHuV, € H/?(8u")
K : VeHY?(0uw*) — w' € H2(w*).

Since u is independent of V', the operator L is clearly linear continuous as multiplier
by a smooth function (see [24]). Now, let us prove that the operator K is compact which
will be conclude the proof.

According to the characterization of w’, we decompose the operator K as follows:
K = K2 @) Kl with

K, : V eHY?(0uw*) — oy’ € H/?(090)
Ky : UeHY?0w")— &eH V20w,

where v/ is the solution of Problem (5.2) and ® € H!(Q\w*) solves

-AP = 0 in Q\w*
® = U  ondf (5.9)
Oh®+ad+ A0 = 0 on Ow*.

The operator K; is clearly linear continuous. Then, we decompose the operator Ko as
K2 = K2’3 o) K2’2 e} K271 with

Koy @ U e HY20Q) — & e H(Q5\w¥)
Kyy @ ® e HY(Q5\w") — & € H/2(9w*)
Koz : ® e HY?(0w*) — ® € H/2(aw*).

Notice that the regularity H3(Qs\w*) is due to a local regularity argument (as the one
used in [6] [14] [13]): since the object w* has a C® boundary and since the condition on dw*
is homogenous (and then smooth), the solution of Problem is globally H!(Q\w*)
but locally H3(Qs\w*). The operators K21 and K2 are then linear continuous and the
operator Ko 3 is the compact imbedding of H/?(dw*) into H~/2(dw*). Hence, we obtain
the compactness result. ]

This result points out the lack of stability of the optimization problem : it means,
roughly speaking, that, in a neighborhood of w* (i.e. for ¢ small), J behaves as its second
order approximation and one cannot expect an estimate of the kind C't < \/J(w;) with a
constant C uniform in V. Hence, this proposition emphasizes that the gradient has not a
uniform sensitivity with respect to the deformation directions: J is degenerate for highly
oscillating perturbations.
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6 Numerical experiments

In this section, we want to make some numerical simulations in order to confirm and com-
plete our previous theoretical results. We use a classical shape variation descent algorithm
without any regularization method in order to solve numerically the optimization prob-
lem as what is done in the cases of Dirichlet or Neumann boundary conditions (see
for example [2] [14]). Indeed, it seems that, in our case, the degeneracy of the functional
does not lead to apparition of oscillations in the numerical reconstruction. This problem
seems to be less unstable than the cases of classical boundary conditions.

6.1 Framework for the numerical simulations

The numerical simulations presented are made in dimension two using the finite elements
library FREEFEM+-+ (see [20]). We use a P2 finite elements discretization to solve Prob-
lem and the adjoint problem . The framework is the following: the exterior
boundary is assumed to be the unit circle, the coefficients «, 8 are such that a = 1,
8 = —0.1 and we consider the exterior Dirichlet boundary condition

f =cos(f), 6 € [0,27).

In order to have a suitable pair (measure g, domain w*), we use a synthetic data: we fix
a shape w*, solve Problem in Q\w* using another finite elements method (here a P3
finite elements discretization) and extract the measurement g by computing d,u on 9SQ.

The optimization method used for the numerical simulations is here the classical gradi-
ent algorithm. We use initially Ng.: := 100 discretization points for the exterior boundary
and N, := 70 points for the interior boundary. Then, we use the function movemesh
of FREEFEM-+-+ in order to change the shape of the objects at each step and the func-
tion adaptmesh to refine and avoid degeneracy of the triangles in the meshes. In order to
be completely explicit, we detail this algorithm:

Algorithm 1

1. fix a number of iterations M and an initial shape wyq;

2. solve Problems and with w = w; (where w; denotes the it" iterate of the
approximate shape);

3. compute the kernel of VJgy (w;) in Formula ;

4. move the shape using the function movemesh;

5. get back to the step 2 while i < M.

Remark 6.1. We can notice that we have to solve only two problems (Problems ({2.5))
and (5.7) ) to compute the descent direction. Indeed, the directional perturbations V' depen-
dance is explicit in Formula (5.6)).

The stopping criterion of the algorithm is here the number of iterations. Obviously,
this criterion can be modified and even improved but this simple one permits to obtain
efficient results. Moreover, we precise that we stop the algorithm if the value of the residual
increase between two steps.

Let us be more precise about the step [ of the algorithm. In order to have a descent
direction, we solve the following problem

AP+ D = 0 in O\w
h® = 0 on 0f?
0hd = — [—aHuw + (—I + B(HI -2 D2b)) (Vru-Viw) + Onuanw] on Ow.
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where the Neumann boundary condition on 0w is the kernel of the shape gradient V.J.
Thus, the descent direction is given by V®. Let us precise that the step size is simply
chosen testing the value of the functional: we decrease it if the value of J increases and we
increase it for the next iteration if the value of J decreases.

6.2 Reconstruction of some obstacles

We first test our algorithm on simple shapes as circle or ellipse, centered or not. The results
are quite efficient as showed in Figure [l We precise here the color code that we choose

Iterationl0 = : Iterationl5 : :

Figure 1: Reconstruction of simple shapes

and that we will use in the sequel. The exterior boundary is represented in red, the initial
shape in purple, the exact shape in cyan and the obtained shape in green.

The reconstruction seems to be efficient to reconstruct "simple obstacles". Now, we
aim to detect shapes with concavity or with corners. More precisely, we want to detect a
square and a kite shape represented by

0.3 (cosf + 0.65cos(26) — 0.65
Owy ::{< ( O.45sin0( ) )>,9€[0,2ﬂ')}.

We represent the results in Figure [2] where we see that the reconstruction is again efficient.

Iterationl3 : : Tterationl3 Q

Figure 2: Reconstruction of non trivial shapes
Finally, we present in Figure [3] the reconstruction of the kite shape w; with respectively

3% and 10% artificial noise. Even if the error of detection increase with the percentage of
noise, we obtain reasonable results.
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Iterationl? Iterationll

Figure 3: Reconstruction with 3% and 10% artificial noise

6.3 Influence of some parameters

Location and shape of the object. We wonder to know if our method is efficient
to detect small obstacles. Thus, in Figure [} we represent the result when we want to
reconstruct a small square. We see that the detection is not good because of the object is
then far away from the exterior boundary (that is where we make the measurement). It
seems that, in this case, we detect efficiency the position of the obstacle but not its shape.
We also see in Figure [4] that when we want to detect obstacles whose some parts are far

p

Iterations Iteration35

Figure 4: Detection non trivial shapes

away from the exterior boundary, the detection is not efficient. Here, the exact shape is
represented by

Dy = {0.5(1 + cos(30)) ( :sz > e [O,ZW)}.

It seems that, in this case, we detect only the convex hull of the object.

Measurement. The imposed Dirichlet boundary conditions f on 9f) seems to have an
important role in the efficiency of the detection. Indeed, if we impose f = cos(50) instead
of f = cos(f) (§ € [0,27)), the result is significantly worse as represented in Figure
where we want to reconstruct the kite shape w;.
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Iterationl0

Figure 5: Detection non trivial shapes

7 Conclusion

We have partially reconstructed an obstacle immersed in a perfect fluid by minimizing a
least squares functional using boundary measurements. The object w was assumed to have
a thin layer and was then modeled by using generalized boundary conditions (precisely
Ventcel boundary conditions). We have first proved an identifiability result in the case of
two concentric circles which claims that two pairs of measurements (u; |90, Ontiloq), @ = 1,2
ensures the identification of the obstacle w. It is a first step in the investigations of the
general identifiability result. Then, we have used shape optimization methods to compute
the gradient of the cost functional and the shape Hessian. Thus, we have differentiated with
respect to the domain the non classical Ventcel boundary conditions on dw. We have then
proved that this problem is unstable in the sense that the functional degenerates for the
highly oscillating perturbations of the boundary. However, the numerical simulations made
in the bi-dimensional case were effective even if we do not use some regularization method to
reconstruct the obstacle. It seems that the generalized impedance boundary conditions of
order two lead to a problem less unstable than in the cases of classical boundary conditions.

This work may be followed by some others investigations. First of all, the general
identifiability result for the shape from one or several boundary measurements is still an
open problem. Moreover, a natural extension would be to study the determination of both
the shape and the coefficients «, 8 of the Ventcel boundary conditions with the use of shape
derivative.

A Some results concerning Ventcel boundary conditions

For reader’s convenience, we here recall some results concerning the Poisson’s equation
with Ventcel boundary conditions. We refer to [29] and [7] for complements (see also [28]).

Let us first state a result concerning the Laplace-Beltrami operator (see for example [29]
or [28] for details).

Theorem A.1l. Let s € R and w a smooth open set. The operator
—A; + 11 (0w) — B (0w)
1S an isomorphism.

Now let us prove the following existence and uniqueness result:
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Theorem A.2. Let s € R. Let Q and w be two smooth bounded connected open sets of R?
(d > 2 and integer) such that w CC Q and Q\w is connected. Let a > 0 and B < 0 two
real numbers and let f € H72(0) and g € H*(Ow). Then there exists a unique solution

u € HSJF%(Q\E) of the following boundary value problem

-Au = 0 in Q
u = f ondQ (A1)
Ohwu+au+ BAu = g on Ow

and there exists a constant C > 0 such that
[l gy < € (1 2oy + Nallin o) -

Proof. Let F € H5+S(Q) the unique solution of

—AF = 0 in Q2
F = f onodQ

with ||F||H < C|fllgs+2(a0) (Where C' > 0 is a constant). Then, Problem (A.1)) can

s-‘r% (Q)
be rewritten as the problem consisting of finding u :=u — F' € HetS (€2) such that
—Au = 0 inQ
u = 0 onodQ (A.2)
Ohwt+aou+BAu = g  on dw,

where g := g — O F + aF + A F on Ow.
Now, let us introduce the Dirichlet-to-Neumann operator A,, defined by

A, : U e H2(0w) — 0,0 € H L (0w)
where @ € H*3 (Q2\@) is the unique solution of

-Au = 0 in
u = 0 on 0f)
v = U on Ow.

This operator A, is classically well-defined (see for example [23] for details). Notice that
there exists a positive constant (still denoted by C') such that

Then, Problem (A.2) (and thus Problem (A.1))) can be rewritten as the surface equation
AU +aU + BAU =79 (A.3)

where U is the trace of % on dw. Problems (A.2) and (A.3) are clearly equivalent in
the sense that if u solves , then its trace on Ow solves ED and, conversely, if U
solves , then its harmonic extension defined through A, solves @

Hence, we obtain the announced result if this surface equation (]-AED admits a unique
solution in H*%2(dw) and if there exists a constant C' > 0 such that

Ul s+200) < Cl9llms 00y »

which is proved in the following lemma. O
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Lemma A.3. The surface equation (A.3) admits a unique solution U € H**2(0w) and
there exists a constant C > 0 such that
Ul gs+2(90) < Cll9lms o) -

Proof. Let us begin by considering the simplest situation s = —1. Then, the variational
formulation of problem (A.3]) is given by

AwU¢+a/ Up— B/ V.U -V.p= / dgo Vo eHY (0w).
Ow Ow Ow Ow
Applying Lax-Milgram theorem to the bilinear form
a(U,V):—/ AwUV—i—a/ uv -3 VU V.V,
Ow Ow Ow

we prove the existence of a unique solution of Problem (A.3) for s = —1 with the corre-
sponding estimate. Indeed, the bilinear symmetric continuous form a is coercive since

aU,0) = | AUU+alUlEaen) = BIV:UlLx )
> IVl 2 gy + @ 101200 = BIV-Ull2 (00
> i + U260 — BIV-U 200
> U 2w + @ 1UlE200) — BIVAUIIE2 (o)
> C HUHIQ-II(BUJ)a

where C' := min(c + a,—3) > 0, since HU”iz(aw) + HVTU”iz(aw) is (the square of) an
equivalent norm in H!(dw).

Consider now the case s > —1. Problem admits a unique solution U € H!(dw)
using the previous step. Moreover

1 .
A U+U=— (§— AU+ (=8 — a)U) € A0} ().
Hence, according to Theorem m, U e H™in{s+22} - Consequently, by a bootstrap argu-
ment, we obtain U € H¥"2(dw). The estimate is obtained using the Closed Graph Theorem

since the operator
Vi= Ay + ol + BA, : H 2 (0w) — H*(0w)

is bounded and since we just proved that it is bijective.

To conclude, let us treat the case s < —1 by transposition. The operator V continuously
maps H¥"2(dw) into H*(Qw) for all s € R. Its adjoint is V himself which maps H~*(dw) into
H~*72(0w), which is bijective according to above since —s — 2 > —1. Hence, we conclude
as in the previous case. L]

B Shape differential calculus

In this section, we recall some elements that are useful to compute shape derivatives. For
more details on the shape calculus, the reader can consult the books [16] and [21] of Delfour
et al. and of Henrot et al. In the sequel Q will denote an open bounded set of R? (d > 2)
with a C!' boundary.
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B.1 Tangential differentiation
Given h € C1(09), we define the tangential gradient V,h of h by

V:h = <V?L — Onh n) ‘BQ on 0},

where h € C'(R%) is an extension of h. It is shown that the definition does not depend
on the extension. Moreover, we extend this definition by density to the functions h €
WLHL(0Q).

Given a vector field W € C*(99), we define the tangential divergence div, W of W
by

div, W = (divﬁvf — <[ﬁ//,} n) -n) ‘GQ on 0},

where W € C'(R?Y) is an extension of W and [ﬁv/] is the Jacobian matrix of W. It

is shown that the definition does not depend on the extension. Moreover, we extend this
definition by density to the functions W € WhH1(99Q).

Assume that © has a C? boundary. We define the Laplacian-Beltrami operator A,h of
a function h € W21(9Q) by

Arh = div.(V,h) on 0.

Let u € H3(Q). It is known (see for example [21, Proposition 5.4.12]) that the relation
between A and A, is given by

Au = Aru+ Hogu + 02 u on 01},

where
d%u
8%181‘ yi

d
o2 u = (Dzu n) -n= Z

i,7=1

nin;
and where H is the mean curvature of 0f2 defined by H := div.n.

B.2 Shape derivative of functionals

We essentially need the result concerning the shape derivative of boundary integral that we
recall here (see [21, Proposition 5.4.18]). Assume that  has a C® boundary. We consider

the functional J(02) = / U, where ¥ belongs to W21(9Q). The shape derivative of J
o

in an admissible perturbation direction V'€ W1*(R9) is given by
d(09, V) = / qu'+/ (0a0 + H) (V -7),
o0N o0
where U’ is the shape derivative of W.

B.3 Shape tangential derivation

When 012 is subject to a deformation, we have to define an extension of the exterior unit
normal n to a no variable domain. This can be done with the signed distance to 9€2. Then,
we recall an important result that we need to compute shape derivative of the least squares
functional.
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For x € R?, we define b(x, 99) the signed distance to 9 by

d(z,0Q) if xcRN\Q
b(x,00) := 0 if z€09Q
—d(z,0Q) if zeqQ.
)

In [21], page 198-199], it is shown that Vb(z, 0f2) is a smooth extension of the exterior unit
normal n. Furthermore, we have

n = Vb(z,00)|sq on 0N}

and D?b = Vn = V,n is symmetric in a tubular neighborhood of R%. We can resume the
needed result on b in the following two results.

Proposition B.1. The shape derivative of n is
n'=-V,(V-n),
where V' represents a perturbed direction.

!/
Proof. Since Vb- Vb =1, we have (|Vb|2) =0, i.e. VI’ -Vb=0. Hence

Vb laa = V' |gq + (VY - n)n = Vb [5.
Since b’ = =V -n on 99, we have n' = V.V |5 = =V (V - n)|4q. O
Theorem B.2. Given u, ¢ € C?(S2), we have
On(Vru - Vrp) = Vi (0nu) - Vi + Vi - Vo (Onu) — 2D*V,u - Vo,
where b is the signed distance to 05).
Proof. We have, on 0f2,

h(Vu-Vip) = V(Viu-Vip)-n
= V(Vu-Vy—04udyp) n
= D*uVy -n+D?*pVu n— 02 udyp — 92,000u
= O (D2u n) -n+ (D2u Vfgo) ‘n+d,uD?on-n
+D%p V,u - n — 02 udyp — 02, pdhu
= (D*uV,¢) -n+ (D¢ V,u) - n. (B.1)
Moreover, since Vn = D?b, we have
V(Vu-n) V,p = (D?un) V,p+ (D*bVu) -V,

and since D?bn = 0, it comes

V(Vu-n)- -V, = (Dzu n) -V, + (DQb VTu) -V, .

Hence,

(D*uV,¢) n =V (0nu)  Vrp—D*»V,u-V,p. (B.2)
Reporting in (B.1)), we get the announced result (since (B.2) is also valid interchanging the
role of u and ¢). O
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