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Fast spectral methods for the shape identification problem
of a perfectly conducting obstacle

Frédérique Le Louér *

Abstract

We are concerned with fast methods for the numerical implementation of the direct and
inverse scattering problems for a perfectly conducting obstacle. The scattering problem is
usually reduced to a single uniquely solvable modified combined-field integral equation (M-
CFIE). For the numerical solution of the M-CFIE we propose a new high-order spectral
algorithm by transporting this equation on the unit sphere via the Piola transform. The
inverse problem is formulated as a nonlinear least squares problem for which the iteratively
regularized Gauss-Newton method is applied to recover an approximate solution. Numerical
experiments are presented in the special case of star-shaped obstacles.

Keywords : Maxwell equations, perfectly conducting interface, boundary integral equation,
spectral method, Fréchet derivative, regularized Newton method.

1 Introduction

In this paper we are concerned with the numerical aspects of the solution of the direct and inverse
electromagnetic scattering problems for a three-dimensional bounded and perfectly conducting
obstacle lit by time-harmonic incident plane waves.

We assume the perfect conductor be represented by a bounded domain € in R3. Let ¢ denote
the exterior domain R*\Q2 and n denote the outer unit normal vector to the boundary I'. Let
K denote the exterior wavenumber. The propagation of electromagnetic waves are governed by
the system of Maxwell equations and the time-harmonic Maxwell system can be reduced to a
second order equation for the electric field only. In this case the forward problem is formulated
as follows : Given an incident electric wave E™ which is assumed to solve the second order
Maxwell equation in the absence of any scatterer, find the electric scattered wave E® solution to
the time-harmonic Maxwell equation

curlcurl E* — x*E* =0 in Q°, (1.1a)
and satisfying the boundary condition,
n x (E°+ E™) =0 onT. (1.1b)

In addition the scattered field E® has to satisfy the Silver-Miiller radiation condition:

lim |x||curl E®(x) x x ikE*(x)| = 0. (1.1c)

|x|—+oc0 |X‘
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This scattering problem can be reduced in several different ways to a single modified combined-
field boundary integral equation (M-CFIE). In section 2, we describe, via direct and indirect
approaches, the single integral equations that are usually used to solve the problem -.

The construction of efficient inverse obstacle scattering algorithm greatly depends on an ac-
curate approximation of the solution to the forward problem. Among all the existing numerical
methods to solve integral equations, we focus here on spectral methods. Ganesh and Hawkins
already proposed in [8, 9] [10, [IT] several spectrally accurate methods to implement the electric
field integral equation (EFIE). One of them [II] consists in transporting the EFIE on the unit
sphere via a normal transformation acting from the tangent plane to the boundary I' onto the
tangent plane to the unit sphere, so that one only have to seek a solution in terms of tangential
vector spherical harmonics. To treat numerically the M-CFIE, we need to implement the hy-
persingular part of the electromagnetic double layer boundary integral operator. This requires a
transformation that move the nullspace of the surface divergence on I' onto the nullspace of the
surface divergence on S?. The implementation of a hypersingular integral can then be avoided by
involving integration by parts and surface derivatives of the vector spherical harmonics that can
be computed analytically. Such a transformation is well known as the Piola transform. In section
3 we give the reformulation of the integral equation in spherical coordinates, based on this ap-
proach, and describe an appropriate splitting of the various singularities. The fully discrete high
order spectral algorithm and numerical examples are presented in section 4. The Piola transform
is already used by Hohage and Le Louér [15] to implement systems of second-kind boundary
integral equations in an inverse dielectric obstacle scattering algorithm. Therefore, section 3 and
4 use notations and contain various results from [I5] that are essential for this paper.

The radiation condition implies that the scattered field E° has an asymptotic behavior of the
form

eir@\x| R 1
E’(x) = E*X)+0|— ], [|x|—= oo,
]| x|
uniformly in all directions X = ﬁ The far-field pattern E°° is a tangential vector function

defined on the unit sphere S? of R? and is always analytic.

Let consider the scattering of m incident plane waves of the form E"®(x) = p,, ¢*'% where
dy,p, € S? and dj, - p,, = 0. We denote by F), the boundary to far-field operator that maps
the boundary I' onto the far-field pattern E}° of the solution to the forward problem —
for the incident wave Eiknc. The inverse problem is formulated as follows: Given noisy far
field measurements ET%, ..., E.7 5 obtained from the scattering of the m incident plane waves
characterized by the couples of directions and polarizations (d, py)k=1,....m, solve

Fy(T) = ESs, fork=1,...,m. (1.2)

1
m 2

Here, the noise level is measured in the L*-norm, i.e. (Z |Eys — E;Oﬁz) < 4, and the error
k=1

bound § is assumed to be known. Kress [I6] proved that a perfect conductor can be uniquely

determined from the knowledge of the far-field pattern for all incoming plane waves. However, it

remains an open question whether or not the boundary I" is uniquely determined by only a finite

number of incoming plane waves.

To solve the inverse problem 7 we reformulate it as a nonlinear equation posed on an open
set of parametrized boundaries. Then we apply the iteratively regularized Gauss-Newton method
(IRGNM) to the nonlinear equation via first order linearization. The computation of the iterates
requires the analysis and an explicit form of the first Fréchet derivative of the parametrized form
of the boundary to far-field operator. The first Fréchet derivative is usually characterized as the
far-field pattern of the solution to a new exterior boundary value problem. The fast spectral solver



of the direct problem is then incorporated in the IRGNM to compute the far-field pattern of the
solution and its derivative at each iteration steps. In electromagnetism, Fréchet differentiability
was first investigated by Potthast [2I] for the perfect conductor problem, using the boundary
integral equation approach. The characterization of the first derivative was then improved by
Kress [I6]. In section 5, we formulate the IRGNM for the inverse problem . We also recall
the main result on the Fréchet differentiability of the boundary to far-field operator and give
a characterization of the adjoint operator, following ideas of [I4] [I5], which is needed in the
implementation of the utilized regularized Newton method. We present numerical experiments
in the special case of star-shaped obstacles.

2 The solution of the perfect conductor problem

In this paper, we will assume that the boundary I" of 2 is a smooth and simply connected closed
surface, so that €2 is diffeomorphic to a ball.

Notation: We denote by H*(f2), H; (Q°) and H*(T') the standard (local in the case of the
exterior domain) complex valued, Hilbertian Sobolev space of order s € R defined on 2, Q¢ and
I respectively (with the convention HY = L2.) Spaces of vector functions will be denoted by
boldface letters, thus H® = (H*®)3. If P is a differential operator, we write:

H*(P,Q) = {veHQ):Pve H Q)
Hj, (P,Q¢) = {ve Hj(Q): Pve H(2°)}

|

2

The space H*(P, ) is endowed with the graph norm ||v|| g+ (p o) = <||v||§q(ﬂ) + HPvHQHS(QD
This defines in particular the Hilbert spaces H*(curl, Q) and H?®(curlcurl, ) and the Fréchet
spaces Hj .(curl, Q) and Hj .(curlcurl, Q). When s = 0 we omit the upper index 0.

We use the following surface differential operators: The tangential gradient denoted by grady,
the surface divergence denoted by divr, the tangential vector curl denoted by curlr and the
surface scalar curl denoted by curlp. For their definitions we refer to [I5, Appendix A] or [I7],
pages 68-75]. For s € R, we introduce the Hilbert space

s (0)={j e H'T); j-n=0and divrj € HT)},
rlD)y={j e H’(T'); j-n=0and curlpj € H*(T)},

curl

endowed with the norms

, /
ey = (1 1By + dive: Beg)

- le

curl

1/2
o = (11 B + e )

Recall that for a vector function u € H(curl,2) N H(curlcurl, (), the traces n x upr and
_1 _1
n x curlur are in H ;;? (T'). The dual space of H ;2 (I") for the L? duality product is H_2,(T)
and the exterior product with the normal vector defines a bicontinuous isomorphism between

_1 _1
H,2(T)and H_?

curl

1
2

_1
(I'); so that (n x wr) x n and (n x curlu;p) x n are in H_2/(T').

iK|z|

Let ®(k,2z) = ——
47|z
For any solution E°® to the Maxwell equation (1.1a)) that satisfies the radiation condition ([1.1¢|),

be the fundamental solution of the Helmholtz equation Au + x?u = 0.



it holds the Stratton-Chu representation formula:
B = [ ewt” {0 x - y)(ny) x ) Jds)
r
1 X S
+ = / curl curl {@(n,x —y)(n(y) x curl E (y))}ds(y).
K= Jr
Conversely, for any j € H ;1% (T") the potentials

S = l /F curl curl® {q)(,{’ . y)j(y))}ds(y) and 77 = / curl® {@(5,~ — y)j(Y)}ds(Y)

K r

satisfy the Maxwell equation and the Silver-Miiller radiation condition.

Using these results, the forward problem — can be reduced, in several different
ways, to a single uniquely solvable modified combined-field integral equation (M-CFIE). We will
consider the following two different approaches. The first one can be used to solve electromag?etic
scattering problem with general Dirichlet conditions of the form n x E* = f where f € H ;2(T")
is given. It is based on the layer ansatz :

E* = 9§ +inSAj, (2.2)

where A is a bounded operator from H ;é (I") to itself, self-adjoint and elliptic for the bilinear
form

(j,m)»—)/rj-(nxm)ds (2.3)

and 7 is a non vanishing real constant. By the jump relations, the field E® given by (2.2) solves
the Dirichlet boundary value problem (L.1al)-(1.1¢c) if the density j solves the following integral
equation

I-M,—inC.A)j=2f onT. (2.4)
Here the single layer potential C,; and the double layer potential M, are defined by

M) = = [ () x curP (200 x — y)i(y)as(y).
Chj(x) = —%/Fn(x) x curl curl*{2®(x,x — y)j(y)}ds(y)

—kn(x) X A2©(/{, x—y)j(y)ds(y) + %curlp /F 20(k,x —y)divr 7 (y)ds(y).

_1 _1
The operator M,, : H;;2(I') — H 42(T') is compact and the operator C, has a hypersingular
1

kernel but is bounded on H ;2(T"). The operator A is then chosen such that (I — M, — C,A) is
a Fredholm operator of index zero. Kress first proposed a compact regularization Aj = n x Sij
where Sy is the single layer boundary integral operator of the Laplace equation [3], thus (I +
M, +CyA) is a Fredhom operator of the second kind. One can also use the elliptic and invertible

1
operator Aj = Cpj which is a variant of the operator C,; [5}, 22] defined on H ;2 (T") by

Cog =n x Spg + curly Sy divr 3.
The far-field pattern can be computed via the integral representation formula E> = F, j where

the far-field operator F, : H(;é (T') — LZ(S?) is defined for X € S? by :

Pud(®) = [ e @ i) asty) +ing [ e (% x Ady) x %) ds(y).



The alternative boundary integral equation approach is based on the Stratton-Chu represen-
tation formula (2.1)) and the following equality for x € Q¢

1 .
0=— / curl curl® {(I)(K, x—y)(n(y) x curl E™(y)) }ds(y)
K= Jr
+ /1“ curl” {@(m,x —y)(n(y) x Einc(y))}ds(y).
Adding the last equation to (2.1)) and using the boundary condition of E?, it yields
1 i
E'(x) = — / curl curl® {@(n,x —y)(n(y) x curl (E*(y) + E‘“C(y)))}ds(y), x € Q°.
K= Jr
Taking the Neumann and Dirichlet trace of the above equation we obtain
1 s inc inc
Cy | =n x curl (E° + E™) | =2n x E™,
K

and : 1
(I+ M) (n x curl (E® + Einc)) —9 (n « curl Einc) .
K K

Setting m = £~ 'n x curl (E° + Einc), by a linear combination of the two above equalities we
obtain the integral equation

(I+ M, +inACy)m =2 <<in x curl Einc) + inA(n x Einc)> onT, (2.5)

where A is still an elliptic operator for the bilinear form ([2.3)).
The far-field pattern can then be computed via the integral representation formula

E®(X) = % /F e*iH*'Y((i x m(y)) x §) ds(y).

3 Spherical reformulation of the integral equation

We transport the surface integral equations (2.4) and (2.5)) on a spherical reference domain and
work in the spherical coordinate system. We denote by 6, ¢ the spherical coordinates of any point
X € §?, that means we can write

% = (6, ¢) = (sinfcos ¢, sinBsin g, cosh)", with (6, $) €]0;7[x[0; 27[ U{(0,0); (0, )}

The tangent and the cotangent planes at any point X = (6, $) € S? is generated by the unit
vectors ey = %’(9, ¢) and ey = Siieg—’g(& ¢). The triplet (X, eq, e4) forms a direct orthonormal
system. The determinant of the Jacobian of the change of variable is Jy (6, ¢) = sin#.

Let g : S* — T be a parametrization of class ¢! at least. The total derivative [Dg(X)] maps
the tangent plane T to S? at the point X onto the tangent plane T4x) to I at the point g(X). The
latter is generated by the vectors 1 (X) = [Dg(X)]es and t5(X) = [Dg(X)]es. The determinant
Jq of the Jacobian of the change of variable q : S* € T' and the normal vector n o g can be

computed via the formulas Jq = |t1 X t2| and T4(n) = tlJﬂ The parametrization g : S> — T
q

being a diffeomorphism, we set [Dg(X)]~' = [Dq~'] o ¢(X). The transposed matrix [Dq(X)*]~*
maps the cotangent plane T to S? at the point X onto the cotangent plane TZ@) to I' at the



point g(X). The latter is generated by the vectors t'(X) = W%Q)) = [Dq(X)*] ey and

£2(8) = MRl  Dg(R)"] ey,

To transport the boundary integral equations on the unit sphere, we use the Piola transform

of g, which is an invertible operator from H ;‘% (T) to H ;1% (S?) defined as follows |15, Lemma
3.1]:
_1 _1
Pq : Hdi; r — ] H (Sf) (3.1)
j = Js = Ja[Dal" (G oq).

This allows us to use the following identities stated in [15]:

1
(gradpu) o ¢ = [Dg*] ! gradg:(u o q), (curlpu)oq = J—[Dq] curlgz (u o q),
1 T (3:2)
(divprv)oq = T divg (Jg[Dq] ' (voq)), (curlpw)ogq= 7 curlgz ([Dg*J(w o q)).
q q

The construction of the spectral method is based on the combination of the boundary integral
operators M, and C, with the Piola transform (3.1) and its inverse. In practice, we apply the
operator (3.1)) to both sides in the boundary integral equations (2.4)) and (2.5 and we insert the

identity I = PaPy ! between the integral operators and the unknown. We thus replace

the operato?sv A, M, and Cy in (2.4) and (2.5) by the following operators defined for any density
_1
Js € H42(S?) by:
Asjs = Py APgjs,
Mnjs = Pq_anqus = _Jq[Dq]
Crjs = PqCrPqjs = —k J4|Dq]

/ rq(n) x curl{28(x. |q(-) — a(5))[Da(3)]4,(7)}ds(5).
)

[¥]

_1/5 Tq(n) x {20(x, [q(-) — q(¥))[Da(¥)l4s(¥) }ds(y)
1 ~ . .~ ~
2 curle /S (28(x,la() ~ a(9)]) dives 4,(9)}ds().
The new unknown will be a tangential vector density in H ;‘%} (S?) obtained by applying the Piola
transform (3.1) to the unknown in (2.4) or (2.5).

_1
Lemma 3.1 The operator A is an elliptic operator on H ;;2(I") for the bilinear form (2.3)) if and
only if As is an elliptic operator on H ;2 (S?) for the bilinear form

H ! (8%) x Hyl(59) = c 0

(js7ms) = N js ' (§ X ms) ds .
S

_1
PROOF.  Let j; € H2(S?). Notice that we have (P, 'j,) o q = +[Dglj,. In view of the
definition of the vectors t! and 2, we obtain the following equality :

(nx (P7'.) ) ea = Dg"] ™" (% % 4. (3.4)



Now, we set j = P, 1j,. We have Aj = P, 'Ayj, and

[ai-mxiyas = [ J(Ad) o) () oa)ds
4 (P 8ed) - (nx (P 50)) ) o s
;

= [ (PaA) - (D'} ) ds

S

2
/ Asjs ’ (SE X js) ds.
s2

It follows that the ellipticity of Ag for the bilinear form (3.3) results from the ellipticity of A for
the bilinear form (2.3)), and conversely. |

Remark 3.2 A suitable choice is to define Ag such that j, — (Asjs) X X is the duality operator
1 ~
(S?) [1%, pp. 208/, that is

_1 _1
from H 32 (S?) to H_2

Asjs = —VS2 (—A52)7% Curlgz — Cur152(—As2)7% diVSQ .
In practice we will use the operator defined by Asj, =X X j,.

The implementation of the operator M, is already discussed in [I5]. Here, we focus on the
operator C,.. We introduce the functions :

o~ 1 ~ ~
S1(q; K, X,y) = 7 cos(k[q(X) — q(¥)])

) sin(k|q(X) — q(¥)|)

BN = = X#Y,
S2(g; kX, Y) = o la(X) —a(y)] o
K X=y
and %3]
~ ~ X—-Yy
R(q,x,y) = = =
la(%) —q(¥)|
The operator C,, can then be rewritten as
. R(q;X,y e g e PSSRSO
Crds(X) = / |(5E§,|)W1(q; K, %, ¥)3s(V)ds(¥) +i [ Walg; k, X, 9)5s(¥)ds(Y)
S2 - s2
R(q;X,y ~ s RSO
+— curlg: / M&(q; K, X, ¥) divse ,(¥)ds(¥)
K g XYl

) ~~ g .~ ~
+ocurle | Sa(gir.X,Y) dive 4o (¥)ds(y)
SQ
where Wi (q; k,X,¥) and Ws(g; k,X,y) are 3 x 3 matrices given by
Wl(q7 li,)?,?) = F':Sl(q;’{viv y)V(q,}/E7 y)a

WQ(qv sz)?a S;) = HSQ(q;Haﬁa ?)V(qvia ?)a

with
V(g:X,y) = t2(X) t(y)es(X) ® ep(y) +t2(X) - t2(¥) es(X) ® e (¥)
t1(X) - t1(Y) es(X) @ ea(¥) — t1(X) - £2(¥) es(X) ® ey(y).



Next, we introduce a change of coordinate system in order to move all the singularities in the
weakly singular integrals to only one point that is chosen to be the North pole. For X € S? we
consider an orthogonal transformation T which maps X onto the North pole denoted by 7. If
X = X(0, ¢) then Ty := P(¢)Q(—0)P(—¢) where P and @ are defined by

cos¢p —sing 0 cosf 0 sing
P(¢)=|sing cos¢p O and Q) = 0 1 0
0 0 1 —sing 0 cos¢

We also introduce an induced linear tranformation 7 defined by Tzu(y¥) = u(T; 'y) and we still
denote by 7% its bivariate analogue Txv(y1,¥2) = v(T){lﬁ,T){l?Q). If we write Z = T}y then
we have the identity
% -9l =15 (7 - 2)| = 0 — 2.
The boundary integral operator C,, can be rewritten in the form:
€)= [ [ B D 10 0.2) + T Walaim1.9)| T 01052

1 <R(q;m,2 o~ o~ . AN
srcurtss [ (BB 1, (g 2) + 1Tesalain,,9) ) T(divs ) s ().
S? -

(3.5)

and it can be shown that the mappings (¢',¢') — TxR(q;n,2(0',¢'))TxS1(q; k,7,2(6, ¢')) and
(0", 9") — TR(q,'r], z(0',¢))TxC1(q; k,7,2(0, ¢')) are smooth. An important point is that the
singularity r— z(e/ 1 = L o~ is cancelled out by the surface element ds(z) = sin 0'd0’d¢’.

2S1n5

Finally, setting f; = Pqf, the parametrized form of the equation ({2.4) is

I v — iNCils ) js =2 S? .
(Lot gy = Mo = 1CeAs) g =2, on 82, (3.6)

and setting ul™® = Pg(n x E™) and ulf® = Py(n x curl E™) the parametrized form of the
equation ([2.5) is

: s 1 inc . inc 2
(IH;V% @) + M, + mASCH)gS =2 ((HuQ ) +inAsuy ) , onS°. (3.7

4 A high order spectral algorithm

The parametrized boundary integral equations and are now propicious to obtain spec-
trally accurate approximations of the solution by combining the spectral method of Ganesh and
Graham [7] and the hybrid spectral method of Ganesh and Hawkins [I0, IT]. The numerical
scheme is based on the numerical integration formula over the unit sphere for a continuous func-
tion

2n+1n+1
[ s = Y 3 pal(6:,0,) (4.1)

§? p=0 7=1
where 6, = arccos (; where (., for 7 = 1,...,n 4+ 1, are the zeros of the Legendre polynomial
P 1 of degree n+ 1 and v;, for 7 =1,...,n+ 1, are the corresponding Gauss-Legendre weights

and

0 pm
= , = , for p=0,...,2n+1.
Ho= g G = e nt



ForleNand 0 <j <, let Plj denote the j-th associated Legendre function of order I. When
7 = 0 we write Pl0 = P,. The spherical harmonics defined by

s [21 0=l

1] cos ijp
(rm eoste

Y1,5(%) = (=1)

for j = —1I,...,land [ = 0,1,2,... form a complete orthonormal system in L?(S?). The formula
(4.1) is exact for the spherical polynomials of order less than or equal to 2n + 1 (see [20]). This
induces the discrete inner product (-, ),

2n+1n+1

90134102 Z Z/pr‘r(pl XpT 4102(Xp7)

p=0 7=1

on the space P, of all scalar spherical polynomials of degree less than or equal to n. We have
(o1, p2)s2 = (1, 92)n for all p1,ps € P,. We introduce a projection operator ¢, on P, defined
by

n l
gnu = Z Z (uayvl, ) }/l,j7
1=0 j=—1I
and we set
gnul
Lou= | Lhus where u = (uq, ug, u?,)T.
gnu3

The tangential vector spherical harmonics defined by

1 2) 1
y“) = ———grad«. Y;; and y( =———curlge Y} ;
(T (D R
—I,...,land [ = 1,2,... form a complete orthonormal system in L(S?). The formula

.M

is exact for the vector spherlcal polynomials of order less than or equal to 2n and we have

yl(] y(’“ ) € Popyq for LI < n, 7] <1, |7'| <V and k, k" = 1,2 (see [20]). This induces the

discrete i 1nner product
2n+1n+1

v1|'U2 Z ZMervl Xp‘r 'U2(Xp7')

p=0 7=1

1
on the subspace T, C H 42 (S?) of finite dimension 2(n + 1) — 2 generated by the orthonormal
basis of tangential vector spherical harmonics of degree less than or equal to n € N. We introduce
a projection operator L£,, on T,, defined by

2 n l
L= 3 @Y.y

i=1 1=1 j=—I

In a first step, the operator C, is approached by

o 8a(®) = [ | g LA TR (a0 ) T (.. Ty (O} @)
1 - Jn’{TQWQ (qa R, ,flv )7}(.73()}(2)(18(2)
+ %curlgz /S2 P |Z ATzR(q; X, ) Tz51(g; K, X, - )7;<(le82 Js(: ))}(E)ds(i)

+ %curlgz / Lo {TzS2(q; K, X, -)E(disz gs())}(i)ds(i)
SZ

Nej



for some n’ = an + 1 with fixed @ > 1 and n’ —n > 3 (see [1I] and [8, Appendix A]). By the use
of the fact that the scalar spherical harmonics are eigenfunctions of the single layer potential on
the sphere and additional identities [4] we obtain

~ N 1 . N
Cron Js(X) = Wi 3o (X) + - curlse Sy v divsz j, (X)), (4.2)

with

2n'4+1n'+1
Wn,n’ js (ﬁ) = Z Z Hpr VT’CVT’ITQR(Q; 7772;)/7/)7-2)/\)1((1; R, 'f’a/z\p"r’)z?js (/Z\p“r’)
p'=0 17'=1
2n/+1n'+1

+ 1 Z Z /U'P’VT/,E&WQ(q;Kaf]a/z\p’r’)Tijs(/z\p"r’)a

p'=0 17'=1
and

2n'+1n'+1
Sk Ps (x) = Z Z Hp v TeR(g; ﬁv/z\p’T’)TﬁSI (q; K, ,fh/z\/)/T/)E(ps (/Z\p'T')
p'=0 17'=1
2n/+1n'+1

Y Y v TaSa (@ 51, B ) Tapa (B ),

p'=0 17'=1

where o, = Zio P;(¢/). We proceed in the same way for the operator M, as for the weakly
singular part of C,; and we denote by M, ,/ its approximation. Our fully discrete scheme for
(3.6) is as follows: compute j,, € T,, such that

jn - LnMﬁ,n’jn - in‘cncn,n’Asjn = 2£nf57 (43)

where A is defined as in remark Since any density j,, € T,, can be written

n l

. 1 2
Gn=22 D Vi) + B,
1=1 j=—1
the equation (4.3) is equivalent to a system of 2 x ((n+1)?—1) equations for the 2x ((n+1)2—1)

unknown coefficients (o ;) and (3;,;) by applying the scalar product ( - |y§1j>)n and ( - |y§?j))n,
for il =1,...,nand j = —I,...,l to the equation (4.3). The same remarks hold true for the

equation (3.7)).

In the remaining of the section we briefly describe the fully discrete scheme for the equation
(4.3) and give numerical results. The discrete approximation W, of the weakly singular part of
the operator of C, is of the form

Wii Wiy
WR = ’ ’ 3
<W2,1 Wz,z)

where W, for a,b=1,2isa ((n+1)? — 1) x ((n+ 1) — 1) matrix. The coefficients of W,
for 1 <1,I" <n, |j| <land |j/| < are given by

151’5’ b a
Wa],bj = (‘anmn’yl(’j) |yl(/j)/)n.

10



The discrete approximation of the operator M, is obtained in the same way and is denoted by M.
We refer to the paper of Hohage and Le Louér [I5] for details on their numerical implementation.
The discrete approximation of the hypersingular part of the operator C, is of the form

0 0
H, = <H2,1 0) ’

where Ty 1 is a ((n+1)% — 1) x ((n+1)? — 1) matrix. The coefficients of Hy 1, for 1 <, <n,
|7] <1 and |j'| <1 are given by

ng;ll/jl = H*I(Ln curlg: S, divge yl(}j) |y§?j),)n

= —r" eurlge S VI + 1)Yi 5, Y0
=k S VI + V)Y, VU + 1) Y0 ),

where S v is the discrete approximation of the acoustic single layer potential and we refer to
the paper of Ganesh and Graham [7] for details on its numerical implementation. The discrete
approximation of the operator C,; is C,, = W + H,;. The discrete approximation of A; is of the

form
A = 0 _IC(7L+1)271 )
" I([:(n+1>2—1 0

Finaly, the discrete approximation of the integral operator associated to (2.4 is I—M,, —inC, A,
and the discrete approximation of the integral operator associated to s I+ M, +inA,,C..
The discrete approximation of the right-hand side 2f, = 2P¢ f of one of the boundary integral
equations is the vector 2f, where f = (f, fg)T, whose coefficients are given for k =1,2,l=1,...,n

and j = —1,..., 1 by £ = (L, PefI¥{)).

The parametrized form of the far-field operator Fi is Foojs = Fi1 Js + inFa2 AsJg, with

(Fi) &) = 1= [ %19 ((e09) - 5, F)% % 01(5) + (e4(5) -1, (F)% % 129) ) ds(5),
and
(Fama) () = 1= [ e (e0(§) - m3)% x 01(F) + (€4(5) - mulF)R % ta(5) X Rds(3).
™ Js2

The discrete approximation of F., evaluated at the 2(n. + 1)? Gauss-quadrature points on the

unit far sphere is
| P 0
F. = (F1 Fy) (c2< 61) 2 n)

with
F, = (F1,1 F1,2), Fy = (F2,1 F2,2)
where F, 3, for a,b = 1,2 is a 6(n + 1) x ((n + 1)? — 1) matrix. The coefficients of F,_, for
a,b=1,2, 1<V <n, |j|<Vand p=0,...,2n + 1 and 7 = 1,...,nx + 1 are given by
Tl 5’ b =
P = (F0)) Rpr):
Table [2] exhibits emphasized fast convergence for the far-field pattern E> for boundaries with

parametric representations given in Table [II As a first test we compute the electric far-field

denoted, Egz, created by an off center point source located inside the perfect conductor :

E™(x) =grad ®(k,|x — s|) xp, scQandpeS?

11



Table 1: Parametric representation of the perfectly conducting obstacles [II, [I8]

surface parametric representation
sphere qoy(0,9) = Ry(0,9), R € RYy;
great stellated dodecahedron go(0,¢) =0.337(6, )1 (0, ¢), where (8, ¢) > 0 solves

p= (0.0 F(B.E0)IP | p=Ir(0,8)f(5,=€,0)P 4 p,—17(0,6)f(0,6,8)[7
+p=Ir@.0)£(0,6, =P 4 p=Ir(0,8)f(£,0,0)I7 4 p=Ir(0,6)f(=£,0,9)I” =95
with f(a,b,c) = asinfcos¢ + bsinfsin ¢ + ccosb,

§=1/5505,6=/25 peN p>2

Table 2: Numerical examples for the perfect conductor problem

surface n |IIERIn — BZactlloo Re[EX(d)]n-p  Im[ER (d)]n-p
sphere 5 3.0071E — 04 0.153 874899 2.392810874
R=1 10 2.2449E — 12 0.156 527151 2.383319427
K = 4.49340945 15 1.0175E — 14 0.156 527163 2.383319428
20 9.5447E — 15 0.156 527163 2.383319428
great stellated dodecahedron 25 1.1905E — 03 —0.292692 794 2.229490 540
p=4 35 2.1864E — 04 —0.294 669 310 2.234 334948
K= 45 5.0831E — 05 —0.294 839 844 2.232714273
55 1.4777E — 05 —0.294 712 464 2.233078537

In this case the total exterior wave has to vanish so that the far-field pattern of the scattered
wave E° is the opposite of the far field pattern of the incident wave:
= K ks o
Egact(x) = 756 s (X X p)

We choosed s = (O, %,f%f and p = (1,O,O)T. In the tabulated results we indicate the

uniform-norm error (by taking the maximum of errors obtained over 1300 observed directions, i.e
Noo = 25) :

] — EGactlloo = glgggHESE]n — Bt

o0

As a second task we compute the electric far field denoted, E T,

an incident plane wave :

created by the scattering of

EinC(X) — ‘pei,‘@x‘d7 where d7p c S2 and d - p= 0.

In the tabulated results we indicate the real part and the imaginary part of the polarization
component of the electric far field evaluated at the incident direction : [E ] (d)],, - p. We choosed

d= (0,0, l)T and p = (1,0,0)". In each of the examples we take 1 = 1.

5 Numerical solution of the inverse problem and IRGNM

With the objective of using a regularized Newton-type method to solve numerically the inverse
problem we first reformulate it as a nonlinear equation posed on an open subset of admissible
parametrizations of a Hilbert space. More precisely, we choose some reference domain .o with
a simply connected closed boundary I'.ot and consider mappings q : I'.et — I' belonging to

Q = {q € H*(T'.et,R?) : q injective, det(Dgq(X)) # 0 for all X € Tt}

12



For s > 2 the set Q is open in H®(I'yer, R?) and H*(Tyer, R?) C € (Lref, R?). Since now, for g € Q
we define I'q := q(T';er) and denote by ng the exterior unit normal vector to I'q. More generally we
will label all quantities and operators related to the perfect conductor problem for the boundary
T, by the index g. We denote by Fy : Q — LZ(S?) the boundary to far field operator that
maps the parametrization g of the boundary I'q onto the far-field pattern E . corresponding to

the scattering of the incident wave EmC by the perfect conductor I'q. These operators may be
combined into one operator F' : Q — Lf(S2)m,F(q) = (Fi(q), .- .,Fm(q))T. We also combine

the measured far-field patterns into a vector E§” := (ET, ..., ;’f’é)T € L?(S*)™ such that the
inverse problem (|1.2)) can be written as the following nonlinear equation

F(q) = BY. (5.1)

A regularized iterative method can then be applied to the linearized equation F’[g]€ = E5°—F|q].
Here, we use the Iteratively Regularized Gaus-Newton Method (IRGNM). This requires to
prove the Fréchet differentiability of the boundary to far-field operator F' and an explicit form of

the first Fréchet dérivative F'[q] and its adjoint F’[q]". Then the iterates of the IRGNM can be
computed by

Q1 = argminge g se g {lIF'[Q‘?v}(q —qN) + Flay) — E¥|: +anlla —qollH- |, (5:2)

Here g, = qg is some initial guess and the regularization parameters are chosen of the form

an = ag (%)N The updates (9q) n := q‘;VH —q‘ISV are the unique solutions to the linear equations

(anT+ F'lak]" F'lak]) (9@)k = F'lad])" (B — F(ak)) +an (@) —ak) . (53)

For the analysis of the derivative and its adjoint, we restrict ourselves to the case m = 1
since the general case can be reduced to this special case by the obvious formulas F'[q]€é =

(Fl[ql¢, ..., F.|ql¢)" and F'[q]"h = S L, Fllg"h. The following theorem is a rewriting, for
the electric field only, of the theorem established in [16] by Kress.

Theorem 5.1 (characterization of F'[q]). The mapping F : Q — LZ(S?) with s > 2 is Fréchet
differentiable at all ¢ € Q for which Tq is of class €2, and the first derivative at q in the direction
&€ € H* Ty, R?) is given by

[ }g Eq &
where Eoog is the far-field pattern of the solution E: q.¢ to the Mazwell equation in Sy that
satisfies the Silver-Miiller radiation condition and the following Dirichlet boundary condmon

. _ 1 _ .
ngx By =~ (5 oq! -nq) Ug X Ng — s curlp, ((5 oqt- ng) divr, uq). (5.4)

on I'q where uqg = ng X curl (Es + Emc) and Ey is the solution of the scattering problem
E ) satisfying the Dirichlet boundary condztzon

x (Ej+E™) =0 onT,.

To define the adjoint of F’[q] : H*(T'er; R?) — L2(S?), we interpret the naturally complex Hilbert
space L (S?) as a real Hilbert space with the real-valued inner product Re(-, -) L2(s?)- For bounded
linear operator between complex Hilbert spaces such a reinterpretation of the spaces as real Hilbert
spaces does not change the adjoint.

13



Proposition 5.2 (characterization of the adjoint F’[q]™). Let
~ 1 KRy g (SN (e
Epy) = - [ e "hR) ds®, v e B
47 S2

be the vector Herglotz function with kernel h € L%(S?) and E, j, the total wave solution to the

scattering problem for the perfectly conducting interface I'q and the incident wave Ei,—fc. Moreover,
let jprsc,r2 denote the embedding operator from H®(Tier, R3) to L?(Trer, R?). Then

Fl[q] h = j:IS‘—)L2 (Jq (nq Re{ - (nq X CurlEqJ—l) ’u/iq

1 .. —_ N
+ 2 divp, (nq X curlEqﬁ) ~divp, uq }) o q) .
PRrROOF. Tt suffices to follow the three-step proof of Proposition 6.3 in [I5]. |

Remark 5.3 As mentioned in [15], the implementation of the formulas in Theorem and
Proposition[5.9 is straightforward using our discretization. Indeed, by the use of the Piola trans-
form it remains to compute some surface derivatives on S? and both divse: and curlge are diagonal
with respect to the chosen bases of spherical harmonics and vector spherical harmonics.

For the numerical experiments, we consider perfectly conducting scatterers that are star-
shaped with respect to the origin. In this case, it is natural to choose the unit sphere as a
reference boundary (.o = S?) and to consider special parametrizations of the form g = Rr where
(Rr)(X) = r(X) X for all X € S* and 7 is a positive-valued function defined on the unit sphere.
The function r is uniquely determined by I'. We restrict the set of admissible parametrization
to radial parametrization and choose Qgar = {r € H*(S?,R) : r > 0}. We have R(Qgtar) C Q,
and we can define Fytar @ Qstar — Lf(SQ)m by Fstar := F o R. Then Fy., is injective if a star-
shaped interface I is uniquely determined by the far field data E{°, ..., E;°. Using [12, Corollary

4] we obtain that F/,, [r]"h = jgs_2r?Re{...} o q where the expression in the curly brackets
coincides with that in Proposition[5.2} In practice, we apply the IRGNM to the nonlinear equation
Fiar(r) = E5°. We refer to [15] for details on the inverse scattering algorithm.

Our tests concern the reconstruction of the (rounded) stellation of the dodecahedron defined
by the implicit equation given in table [II This shape consists of 20 peaks located at the 20
vertex of the regular dodecahedron. The diameter of the obstacle is roughly 2. To compute the
exact far-field data we use the boundary integral equation with n = 30. To compute the
far-field data at each iteration step we use the boundary integral equation with n = 25. This
allows us to retrieve the boundary value data of the scattered field that are needed to evaluate
the adjoint. To compute the Fréchet derivatives of the boundary to far-field operator we use
the boundary integral equation . In each of the following test, we use a mesh grid of 128
(n = 7) degrees of freedom to evaluate the far-field pattern. The radial functions describing the
reconstruction belong to the space of spherical harmonics of order less than or equal to 20. The
initial guess is the unit sphere. We choose ag = 1072.

Test 1: We reconstruct the obstacle from noisy far-field measurements corresponding to the
scattering of 6 incident plane waves from top, bottom, front, back, left and right. The noise level
is 5%. The wavenumber & is chosen such that the diameter of the obstacle is equivalent to the
wavelength, that is Kk = 7. After ten iterations we obtain the result, presented in the top right
picture below, which is pretty good. We observe that all the peaks are recovered.

Test 2: We reconstruct the obstacle from noisy far-field measurements corresponding to the
scattering of one incident plane wave from bottom and polarized in the (Oz) direction. The

14
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Figure. Reconstruction of the (rounded) great stellated dodecahedron.

other parameters does not change. After twenty iterations, we obtain the result presented in the
bottom left picture below.

Test 3: We reconstruct the obstacle from noisy far-field measurements corresponding to the
scattering of 6 incident plane waves. The noise level is 1%. Here The wavenumber x is chosen
such that the diameter of the obstacle is greater than the wavelength, that is k = T After twenty

iterations, we obtain the result presented in the bottom right picture below.

Acknowledgment: We would like to thank Olha Ivanyshyn and Rainer Kress for matlab code
and for helpful discussions. Financial support of DFG through CRC 755 is gratefully acknowl-
edged.
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