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The I'-limit for singularly perturbed functionals of
Perona-Malik type in arbitrary dimension

Giovanni Bellettini * Antonin Chambolle f Michael Goldman *

Abstract

In this paper we generalize to arbitrary dimensions a one-dimensional equicoercive-
ness and I'-convergence result for a second derivative perturbation of Perona-Malik type
functionals. Our proof relies on a new density result in the space of special functions
of bounded variation with vanishing diffuse gradient part. This provides a direction of
investigation to derive approximation for functionals with discontinuities penalized with a
“cohesive” energy, that is, whose cost depends on the actual opening of the discontinuity.

1 Introduction

We investigate in this paper a singular pertubation problem whose limit is defined on piece-
wise constant functions, and corresponds essentially to a subadditive penalization of the
discontinuity:.

More precisely, we consider for 2 a bounded open subset of R™ with Lipschitz boundary, and
v € (0,1], the functional F), : L?(2) — [0, +-oc] defined by

L 32, 12 1 :
+0o0 elsewhere in L?(Q).

Here V2u is the hessian of u and, for a symmetric real (n x n)-matrix M, we set |M| :=
max{(M¢,€) : £ € R",[¢] < 1}. Moreover the function ¢ : R — [0, 4+00) is continuous, even,
nondecreasing, typically nonconvex and nonconcave with ¢~1(0) = {0}, and has sublinear
growth at infinity, in the sense that

Ja € [0,1) such that lim o) =\ A > 0. (1.2)

p—+oo P(p)
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In this paper we prove that the sequence (F,) is equicoercive and I'-converges [25, 16] as
v — 0% to the functional F : L?(Q2) — [0, 4+oc] defined as follows:

O'a/ lut — u_|421—LZ dH™ ifu e X(Q) N L2(Q),

Flu) := (1.3)

+oo elsewhere in L?(Q),

where X () consists of special functions of bounded variation in  having gradient with no
absolutely continuous part (see Section 2) and o, > 0 is a constant depending only on a.
Our results generalize an equicoerciveness and I'-convergence result obtained in [9] in the
one-dimensional case.

The interest in these results are twofold. A first important application of such variational
problems is in the numerical analysis of fracture mechanics, and in particular the variational
approach to fracture growth popularized in the 90’s by G. Francfort and J. J. Marigo, built
upon the Mumford-Shah functional of image processing [31, 40]. The original model allows
to approach the so-called “Griffith” model, where the cost for opening a crack is proportional
to its length or area surface. Its success for predicting realistic fractures is impressive [14],
however its physical relevance is still a matter of discussion. More physical models (known as
“cohesive” and initially introduced by Barenblatt), consider that for a fracture with a small
opening, the cost should rather be proportional (through some non-linear correspondence)
to the size of the discontinuity. Mathematically, the study of such models is more tricky.
Also, finding reasonable approximations of such energies is a difficult problem (still only
partially solved, if one really wants to consider linearized or non-linear elasticity energies).
Some approaches need to consider a small non-cohesive term [7, 26]. A more physical term
(with slope one when the opening goes to zero) is obtained in [3], which can approach quite
general cohesive energies in the scalar setting (and is, to our knowledge, the best and most
useful result in this direction so far). It is built as a variant of Ambrosio and Tortorelli’s
approximation of the Mumford-Shah functional [8]. The variant in [36], built upon finite-
differences approximations, lies in between the previous results since it allows to approach a
partially cohesive term with an infinite slope for infinitesimal openings.

This latter result is close to the model that we present here, which is however built upon
different ideas. Instead of introducing a phase-field [3] or considering finite differences, we
penalize the variations of the gradient by a higher order term. This is similar to the two-wells
problem which has been studied in the celebrated paper [21] of Conti, Fonseca, Leoni. Our
energy could be considered as a special case, where one well is at 0 and the other at infinity,
just as [13, 41] are to the standard Modica-Mortola energy!.

The second motivation is the relation of our result with the long-time behaviour of solutions
to the Perona-Malik equation [42], obtained as the formal L2-gradient flow of the functional

1
PM(1) := 5/Qlog(1+|vu|2) dz,

and corresponding to the choice

o(z) =log(1 + |z|?), =z €R", (1.4)

See also [1, 30, 22, 15] for related problems.




and @ = 0 in (1.2). The Perona-Malik equation therefore reads as

Vu
=di - 1.
Uy iv <1 n |Vu|2> , (1.5)

and it is ill-posed?, due to the nonconvexity of ¢. In order to overcome the backward parabolic
character of (1.4), various regularizations have been suggested in the literature (see [9] and
references therein); in particular [27] one can consider, for € € (0, 1], the functionals

PM,(u) := %/ e?|V2ul? + log (1 + |Vu|2) dx,
Q
and take the corresponding gradient flow equations, which amounts to add to the equation
(1.5) a fourth order term multiplied by £2; see also [44]. On the basis of the numerical
experiments [9] performed when n = 1, one observes various distinct time scales for the
regularized equation; in particular, in a slow time scale, the regularized solutions seem to
converge to a piecewise constant function with the plateaus suitably evolving in the vertical
direction. The functionals F,, are related to this slow time scale® setting £2 := v*1log(1 + V%)

: PM,
and takmg m.

gradient flow of F,, should shade some light on the behaviour of solutions to (1.5) for large
times. This problem has been addressed in [9] when n = 1. The n-dimensional case seems
much more difficult, and requires a preliminar study of the asymptotic limit of F}, and of its
variational properties, and this is the content of the present paper. The most original part
of this paper concerns the proof of the I'-limsup inequality (Theorem 5.5), which relies on a
new density result of simple plateaus functions in the space of special functions with bounded
variation with vanishing diffuse gradient part, see Lemma 4.1. Differently with respect to the
density theorem in [24], our result is valid without assumptions on the measure of the jump
set of the limit functions. This allows us to get a full I'-convergence result, differently from
other related works [4, 39], see Remark 5.6.

The plan of the paper is the following. In Section 2 we introduce the notation and recall
some definitions about SBV functions and the slicing method. In Section 3 we remind the
results of [9] regarding the one-dimensional problem. In Section 4 we state and prove our
density result and eventually in Section 5 we prove the equicoerciveness and I'-convergence
theorems.

Therefore, one expects that the asymptotic limit as v — 07 of the

2 Notation

In what follows n > 1, © C R™ is a bounded open Lipschitz set, and A(2) is the class
of all open subsets of 2. We denote by (eq,...,e,) a fixed orthonormal basis of R", by
| - | (respectively (-,-)) the euclidean norm (respectively the euclidean scalar product) in
R™. We denote by H"~! and by dx, the (n — 1)-dimensional Hausdorff measure and the
Lebesgue measure in R™. The open ball of radius p > 0 centered at = € () is denoted by
By(x). Throughout the paper, with a small abuse of language, we call sequence a family
(u,) of functions labelled by a continuous parameter v € (0,1]. A subsequence of (u,) is any
sequence (u,, ) such that v, — 0 as kK — 4o0.

2See for instance [38, 37, 33, 35, 11, 10, 12, 28].
$We refer also to [20] for the study of the slow time behaviour in a related semi-discrete approximation.



2.1 BV(Q2) and SBV(f2) functions

BV (Q) is the space of functions u € L*() having as distributional derivative Du a measure
with finite total variation. For u € BV (Q2), we denote by S,, the complement of the Lebesgue

set of u. That is, » ¢ S, if and only if lim, o+ / " lu(y) — 2| dy = 0 for some z € R. We
By(z

say that x is an approximate jump point of u if there exist £ € S*~! and distinct a,b € R

such that

1

1
lim ——— lu(y) —al dy =0 and lim 7/ lu(y) — b dy =0,
=0 | B (2,8)] /i (z) B; (@.6)

=0 By (2,8))|

where B;t(:v,g) ={y € By(x) : £(y — x,&) > 0}. Up to a permutation of a and b and a
change of sign of &, this characterize the triplet (a, b, &) which is then denoted by (u™,u™,v,).
The set of approximated jump points is denoted by J,,. The following theorem holds [6].

Theorem 2.1. The set S, is countably H" '-rectifiable and H" (S, \Ju.) = 0. Moreover
Dul_J, = (ut —u ")y, H L J,.

We indicate by Du = Vu dxr + D?%u the Radon-Nikodym decomposition of Du. Setting
D¢y := D*ul_(Q\S,) we get the decomposition

Du=Vudr + (v —u ), H"LJ, + D,

where L denotes the restriction. When n = 1 we use the symbol ' in place of Vu, and
u(zT) to indicate the right and left limits at 2. We let

SBV () :={u € BV () : D = 0},
GSBV(Q) := {u € L}(Q) : max(—T,min(T,u)) € SBV(Q) VT € R},
and

X(Q) :={ue SBV(Q) : Vu=0}.

2.2 Slicing

In this section we recall the slicing method for functions with bounded variation. Let ¢ € S*~1
and let

e :={y € R": (y,€) = 0}.
If y € Il and £ C R", we define the one-dimensional slice

Eep:={tcR:y+t e E}.
For u : 2 — R, we define ug, : ¢y — R as
u§y(t) = u(y + 755), t e ng. (2.1)

Functions in GSBV(Q2) can be characterized by one-dimensional slices (see [15, Thm. 4.1]).



Theorem 2.2. Let u € GSBV(Q). Then for all £ € S*™! we have
ug, € GSBV (Qg,)  for H" ! —ae. y € Il

Moreover for such y, we have

ug, (t) = (Vu(y +t€),€)  for a.e. t € Qgy, (2.2)
Jue, = {t eR:y+t€ € Ju}, (2.3)
and
ugy () = u(y +1€)  or ugy(t*) = uT (y +££), (24)
according to whether (vy,§) > 0 or (v,,&) < 0. Finally, for every Borel function g : Q — R,
[ s o) = [ glwag) ant 2:5)
i t€Jug, Ju

Conversely if u € L(Q) and if for all £ € {e1,...,e,} and almost every y € Ilg we have
ugy € SBV (Qey) and

| Dug () am ) < +oc,
3
then u € SBV ().

3 The one-dimensional case

In this section we briefly record the main results of [9], obtained in dimension n = 1, that will
be necessary in order to analyze the problem in arbitrary dimension. For I C R a bounded
open interval we consider the functional

1 v3(u")? L u’ r if u
[+ qen] o itue w2

2 vo(l/v
. o(1/v)
+00 if we LY(I)\ H?(I)
and -
Oa Z lu(zt) —u(z™)|3= if ue X(I),
Flu,I) := z€y
+00 if we LY(I)\ X(I),
where X(I) is defined, accordingly to the n-dimensional case, as X(I) := {u € SBV(I) :
u' = 0}.

Then the following results hold [9, Lemma 3.2 and Section 4].

Lemma 3.1. There exist 7 > 0, a decreasing function w : (0,7) — (0,400) with lim w(s) =

v—0t
0, and a constant C > 0 such that for any u € H*(I) and v € (0,7),

/I|u'| dx < |Ilw(v) + CF,(u,I). (3.1)



Theorem 3.2 (Equicoerciveness). Let (u,) C H?(I) be a sequence satisfying

sup Fy(uy,I) < 400
ve(0,1]

and such that /uV dx =0 for any v € (0,1]. Then there exist a function uw € X(I) and a

I
subsequence of (u,) weakly* converging to u in BV (I).

Theorem 3.3 (I'-convergence). We have

L(LY(1)) = lim F,(-,I) = F(-, 1),

v—0t
and the same result holds true for the T'(L?(I))-limit.

We also remind the construction of the recovery sequence in the proof of the I' — lim sup
inequality in Theorem 3.3. For any n > 0 and s > 0, let

Yy (s) == {4 € H*((0,m)) : 9(0) = 0,4(n) = 5,¢'(0) =1’ (n) =0} .

Define

1- " /a .
eq(s) = §1nf{/(0’n) [(¢ 2+ ¥ ] dx :m >0, EYn(s)}.

Then it turns out that

2
eq(s) = Jas;Z ,

for a suitable constant o, > 0.
Fix now b > 0 and s > 0. Let (n,v) € (0,400) x Y;(s) be such that

n 2+a
[ w11 do < ous 2 4,
0

For a function of X (/) of the form u = s 15 ), a recovery sequence (u,) C H?(I) is given
by

0 z <0,
uy(x) == ¢ (&) z€[0,n],
S xr > nv,

in the sense that for every § > 0 we have that (u,) tends to u in L'((—4,9)) and

limsup F,, (uy, (—6,0)) = 045 b= F(u, (—6,0)) + b,

v—0t

so that in particular lim limsup F, (u,, (—6,0)) = F(u,(—9,6)). A similar construction can
b—0+ v—0+t

be made for s < 0.



4 The n-dimensional case: a density result

Let 0 : R — R be an even lower semicontinuous function, subadditive and nondecreasing on
(0,+00), and continuous at ¢ = 0, such that 6(0) = 0, lim;_,q @ = 400. Let us notice that

the functions s — ]s]fl—ig satisfy these properties.
Define
P(Q):={ue GSBV(Q): Vu=0in Q}

and for any A € A(f2) set
/ 0 (ut —u) dH™ ! if u e P(A),
E(u,A) = Jund

+00 elsewhere in L1(A).

We recall that £(-, A) is L'(A)-lower semicontinuous [6, Ex. 5.23].
In this section we want to prove the following result, which is the main technical tool of this
paper, and will be used in the proof of Theorem 5.5.

Lemma 4.1 (Density). Let u € P() be such that E(u,) < 4+o00. Then there ezists a
sequence (up) C P(Q) with the following properties:

- i = in L*(Q);
Jim up = in L1(€),

- lim & ) =E(u,N);
h;r(r)l‘F (uh’ ) (u’ );

- Ju, 15 contained in a finite union of facets of polytopes* for any h € N. In particular
for any h € N,

H QN T,,) =H" QN J,) and H"Y(J,,) < +oo.

Proof. Let ' DD Q be an open set and let us denote still by v € P(Q)') an extension of u
such that H"~1(J,NAN) = 0 (see [32]). We also fix a representative of u defined everywhere.
We will need an auxiliary functional & defined as follows: for any open set A C ¢

/ ol O(vT —v™) dH™ 1 if v e P(A),
JuNA

Eo(v, A) == (4.2)

+00 elsewhere in L'(A),
where, for £ = (&1,...,&,) € R™, we let

1€l == 1&a] + -+ - + 1€l

Again by [6, Ex. 5.23], the functional &(:, A) is L'(A)-lower semicontinuous.

4A polytope is a set whose boundary consists of a finite number of pieces of hyperplanes.



Observe that v € S"~! implies ||v||; > 1, with equality only if v coincides with one of the
vectors of the orthonormal basis (eq,...,e,) of R™. In particular

E(u, Q) < &(u, Q).

From our assumptions on 6, we have that £(u,2) decreases under truncation. By the lower
semicontinuity of £(u,2), this implies that setting uz := max(—7", min(7,w)) for any T' > 0,
then &(ur, ) converges to E(u, Q) as T' 1 +00. Hence, with no loss of generality, we can
assume that u € L*°(Q).

We divide the proof into five steps. In the first step we construct a suitable discrete approx-
imation uZ of u, defined on points of a lattice. For any § > 0 set

00 = {z e R" : dist(z,Q) < 6}.

1/2

Step 1. Let € > 0 be such that Q. := Q?"'"¢ cC Q' and, for any y € [0,1)", set

u(z) == u(z +ey), reeZ"NQ.
Define the discrete energy DY of u as

DY =t Z Z 0(ul(z + ee;) — ul(x)). (4.3)
i=1

i = z,xtee; €€ /o

where () 5 := Q"% We claim that

| pray <) (4.4
(0,1)™

To show the claim, we will follow some arguments in [34], [17] [18] and [19]. Let us first
establish an inequality in one dimension: given a bounded open interval I C R, ¢ > 0
sufficiently small and v € P(I), we have

g7t / O(v(t+e) —v(t)) dt <> 0wt (t) — v (1)) (4.5)
Indeed, for almost any ¢ € I N (I —¢), using the subadditivity of # it follows
Bo(t+e)—o(t) < Y 0T (s)—v (s)
s€JuN(t,t+e)
Therefore, using Fubini’s Theorem,

v —v s v(s) — v (s
/m(le)e( (t+e) —o(t) di g/m(le) D Lo ()0 (v (s) — v (s)) dt

SGJ’U

=3 0 () — v (5) / Losso(s) dt,

sET, IN(I—¢)



which implies (4.5).

We can now prove claim (4.4). Since
n
/ DY dy = g”*IZ Z / x—l—ay—i—se,)) —u(w—i—ay)) dy,
(0,1)n =1 za+ee;€Q 2 0,1

making the variable change 2’ := ey + x (for fixed x) gives

/(071)71 DY dy <e* Z /8/2 u(x’ + ee;) — u(x’)) da’
1 Z/ / u(C+ (t+e)e;) —u(C+ tel)> dt dH™L(0).
5/2

If, for any i = 1,...,n and H" '-almost every ¢ € II., we define as in Section 2.2, the one-
dimensional slice ue,¢c as uec(t) := u(¢ +te;) for almost each ¢ € R such that { +te; € ', we

get,
/ DY dy <! Z/ / 0 (tesc b +2) — ue,c(t)) dt aH"(0).
(0 1) 5/2

Hence, using (4.5),

/(0’1) DY dy < Z/ 0 (U;C(S) — Uég@)) den—l(C).

¢ SEJu ;¢ (Qs)

Therefore, by (2.5),

/ DY dy < Z/ (v, €:)] 6( u_) dH" ! = Eo(u, ),
(0,1)n WM

which is claim (4.4). The proof of Step 1 is concluded.

In the next step we define a suitable piecewise constant interpolation u? of uZ having the
property that £(uZ, Q) and & (ul, ) coincide.

Step 2. Let € and y be as in Step 1. Define the function 7% : Q — R as

W(z) = Y wl(x) loy(2),  z€Q, (4.6)

reEL™
where C¥(x) denotes the open coordinate hypercube centered at x + ey of side e, i.e.,
C{w) i= o+ ey + (—2/2,2/2)".

Clearly wu;, € P(Q2) and its jump set is contained in the union of the facets of the hypercubes
CZ(z). Let us prove that

(i) lim @ — ull1(q) dy = 0;

e—0 (071)n



(i) E@,Q) =& @e, Q) < DY.

To show (i) and (ii), we assume without loss of generality that all functions are extended to
0 outside Q'. Making the variables change

(x,y) €cZ" x [0, )" =9 :=ey+a

and then
Yy ER" = ¢ =2—19y (for fixed 2),
we obtain
/ @ — ul 1) dy = / / Z u(ey + x) 1oy (g (2) — u( z)| dzdy
GOk TEel™
/ Y (e a) = ) ezl dedy
o,1)m TEEL™
/ 3 / w(ey + ) — u(2)| 1oy oy(2) dady
0,1)" rEeZn

/” /” A g oz —y) dedy
= [ o = = g€ e

= [ = e de

£ £
272

=, =2 Ol

which tends to zero as ¢ — 0 by the dominated convergence theorem. This proves (i).
The equality in (ii) follows from the fact that

lvge ()|l =1 for H Ll —ae 2 € Jays

since the jump of %Y is contained in facets of coordinate hypercubes.

The inequality in (ii) follows from the definition of & (see (4.2)) and definitions (4.3) of DY
and (4.6) of uf.

From (i) we deduce that there exists a set A C (0,1)” with |A] = 1 and a subsequence
(e) C (0,1) converging to zero such that u¥, — u in L'(Q) as k — oo for any y € A.

From Step 1 and Fatou’s lemma we have

k—+o00

/ liminf DY dy < Eo(u, ).
o,

Hence there exists a point 7 € A and a further subsequence (still denoted by (e)) such that
in addition there exists the limy_, o, DZ, and

lim Dy < &(u, Q).

k—+o00

10



Summarizing, we have shown that given u € P(2) N L>°(Q), if we set

up = u? keN,

€L
the sequence (ug) C P(£2) has the following properties:
(@) llukllz() < llullL=(q) for any k € N,
(b) Jim |uk, — ullL1 @) = 0,
—00

(c) limsup & (ug, ) < Eo(u, ),
k—o0
(d) Eo(ug, ) = E(ug, Q) and J,, is contained in a finite union of facets of coordinate
hypercubes for any k.

To prove the theorem, it remains to show that we can replace &y(u,2) with £(u,) on the
right hand side of the inequality in assertion (c).

Step 3. Let A C R™ be a bounded open set with Lipschitz boundary and let v € P(A)NL>*(A)
be with (v, A) < +o0o. Let (v;) C P(A) be a sequence converging to v in L'(A) such that
vkl oo (ay < V]| Looa) for any & € N and limy o Eo(vk, A) = Eo(v, A). Then

lim [ [Ty —To| dH"" =0, (4.7)
k—oo JoA

where Tvy (resp. Twv) denotes the trace of vy (resp. of v) on JA.

This follows from the fact that, if v € P(A) N L>°(A), then there exists a constant ¢ >
0 depending only 6 and [[v[|pe(4) such that [, |Dv| < c&(v,B) for any open set B C
A. A careful analysis of [6, Theorem 3.88] (see also [29, Section 5.3]), the L!(A)-lower
semicontinuity of v — &(v, B) for any open set B C A and the fact that (v, ) is a regular
measure, imply (4.7).

Step 4. Let i be a Radon measure on 2 with values in R%, d > 1, with total variation measure
|| and [1](Q) < +o0. For any h € N, let us consider a family {B}'}, where B! are nonempty
Borel subsets of 2 with B,@l N Blfj2 = () when k1, ks € N and ki # ko, and

m(e\Ust) =o. (4.8)
k
If in addition
lim sup diam(B}) =0, (4.9)
h—+00  LeN
then
Q) = i BY. 4.1
/() h;rfmzk:\u( bl (4.10)

To prove (4.10) it is enough to show that for any ¢ € (C.(2))¢ with l¢llne @) < 1, we have
< i BY.
JRETE i S )

11



For any h,k € N pick a point xz € Bl', and define
on(@) =Y o)) 1yp(a), e
k

Using the uniform continuity of ¢ and assumption (4.9), we have limy, 1 [0 —@n || oo (0,0) =
0. Therefore

Awwwaéwmm+[yw—%»mg%ymwm+mn, (4.11)

and (4.10) follows.

In the next (final) step we show that it is possible to replace &(u, 2) with £(u, ) in (c), by
suitably modifying the sequence (uy).

Step 5. Let § > 0 and y € (0,0)". For each z € 0Z" let us denote by Cs(z) the open
hypercube y 4+ z + (0,6)™. Possibly modifying the choice of the origin y, we can assume that

|Du|(Q\ U cg(z)) = 0. (4.12)

ZESL™

We will apply the construction described in Steps 1,2 to each of the sets QN Cs(z) and then
glue together the sequences thus obtained. Notice that it may happen that the set QNCjs(z) is
not Lipschitz (if non empty); however we already know that w is defined on Q" which strictly
contains 2. Let us define the vector-valued Radon measure u as

w(B) = / 0 (ut —u”) v, dH™ T, B Borel set C (.
BNJy

Observe that [u|(B) = [, 0 (u" —u”) dH™ L.
With any hypercube Cs(z) we associate a unit vector £, € S"~! such that

(€2, n(2N Cs(2))) = (2N Cs(2)) |- (4.13)

If we consider an orthonormal basis of R™ having &, as the first vector and if we let || - || . be
the || - |1 norm in this basis, from Steps 1 and 2 we can find a sequence (ul) C L*(Q2N Cs(2))
converging to u in L'(Q N Cs(2)) and satisfying properties (a)-(d) with Q N Cs(z) in place of
), and such that

lmsupE(uf, 0N Cs) < [ e din
k—o00 JuN 6Z)
s/' |@m%ﬂﬂM+c/’ VI (G m)? dlu
JuNCys(z) wNCs(z)
:E(U,Qﬂc(g(z))—{—c/ V1= {&,1)? dlul,
umcé(z)

12



where ¢ > 0 is a constant controlling the euclidean norm of a vector with its |- ||;-norm. Using
the same construction for all z such that J, N Cs(z) # 0, and gluing together the functions
obtained in each hypercube, we construct uj, € L*(€) such that

E(ug, Q) = E(u, QN Cs(z 0 (uf —u;) dH" L. .
)= 3 Sl 05())+/Q\U05(Z) (uf — ;) (4.14)
zESL"

We notice that the jump set of the uy’s consists of the union of the facets of the lattice and
of the jump set inside each hypercubes. Recalling (4.12) and Step 3, possibly passing to a
(not relabelled) subsequence, we can assume that the traces of u; on both sides of each facet
of a hypercube Cj(z) converge |u|-almost everywhere to the same limit (which is the trace
of u) as k — 400, hence the last term on the right hand side of (4.14) tends to zero by the
continuity of @ at 0. Therefore there exists k € N such that, if & > k, then |juj, — ull i) <9
and

E(ug, ) < Z |(€2o vu)| dlp| +c V31— <£Z,Vu>2 dlpl| +9
J
287 wNCs(2) JuNCs(z)

<E(u, Q) +c Y / \/1— (&, va)? dlp| + 6,

FISy/Al uNCs (2

(4.15)

where in the last inequality we made use of (4.13). The proof is therefore achieved if we show
that the last sum on the right hand side of (4.15) can be made small for 6 > 0 sufficiently
small. We have

> [ VImEnrd

EISy/AL uNCs (2

-/ mC()%(1—<uu,£z>><1+<uu,gz>> A (416)

ZEOL™

1/2
— (v, &) d| \) 2| | ().
<z6%” /“OC‘S > g 8

Observing that from (4.13)

/Wé(z) (1= () dlul <1l — 3 1n(@N sl

ZEL™

by Step 4 we see that the right hand side of (4.16) can be made arbitrarily small if § > 0 is
small enough. This concludes the proof. O

5 Equicoerciveness and ['-convergence

Using a slicing argument and Theorem 4.1, the results of Section 3 can be generalized in
n-dimensions.

13



We remind that F, : L*(Q) — [0,+0cc] and F : L?(2) — [0, +00] are defined in (1.1) and
(1.3), respectively. If A € A() and u € H?(A) we define the localized functional F,(u, A)
as

5 o(|Vul)| dx.

Similarly, if u € X(A4) N L?*(A), we set

1 31242 1
F,(u,A) := /A[ |V \+V¢(1/V)

Flu, A) == aa/ - u | dHn
ANy,

We will need the following lemma on the supremum of a family of measures (see [15]).

Lemma 5.1. Let p: A(2) — [0,4+00) be a superadditive set function and let X be a positive
measure on Q. For any i € N let 1; be a Borel function on Q such that p(A) > fA i d\ for
all A € A(Q). Then

1(A) > / vdN VA AQ)
A
where 1 1= sup ;.
1€N
We start our n-dimensional analysis with the following two results, which are independent of
Lemma 4.1.

Theorem 5.2 (Equicoerciveness). Let (u,) C H?() be a sequence satisfying

sup F, (u,, ) < 400 (5.1)

and such that | w, dz = 0. Then there exist a function u € X ()N L*(Y) and a subsequence
Q
of (uy) weakly* converging to u in BV (Q).

Proof. By Lemma 3.1, there exist v € (0,1], a decreasing function w : (0,7) — (0, 400) with
lim,_,o+ w(s) = 0 and a constant C' > 0 such that for every interval I C R, every v € H?(I)
and v € (0,7), inequality (3.1) holds, namely, for v € (0,7),

/I|v/| dz < I w(v) + CF,(v,1).
Therefore, if v € H?(2) and £ € S*~1, by (5.5),
[ 1o.gias = | é / IVl +18.8) e )
_ /H 5 /Q Wl a1 (y) )

< /I:[g (!ng! w(v) + CFV(U£y7Q£y)) dH" ! (y)

< |9 w(v) + CF,(v,Q).
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Letting £ = e; and summing (5.2) over i € {1,...,n}, we deduce using (5.1), that there exists
a positive constant s such that

sup/ |V, | do < ksup <]Q\ w(v) + Fy(vy,Q)) < +o0. (5.3)
v (9] v

Thus if / uy, dr = 0 then there exist a function v € BV(Q2) and a subsequence of (u,)
Q
weakly* converging to u in BV (Q). O
Theorem 5.3 (I'-liminf). We have
F(,A) <T(L*(Q)) — lim F,(-,A), A€ AQ). (5.4)

v—0t

Proof. The proof follows closely [4, Prop. 3.4]. Fix £ € S*™!, u € H?(Q), A € A(Q) and let
as usual ug, : A¢y — R be the slice defined as in Section 2.2, i.e.,

ugy(t) == uly + &), t € Agy.
Since for almost every ¢t € A, and H" -almost every y
ug, (t) = (Vu(y +1€),€)  and g, = (Vu(y + t)E,€),
by Fubini’s Theorem and being ¢ nondecreasing,

F,(u,A)

— 1 V3 2u 2 1 Y _
_/HE [2 /A&, [VZu(y + )] +V¢(1/V)¢(|V (y +t€)]) dt]d?—[ (y)

Z/’
¢

_ / Fy(ugy, Aey) dH™ 1 (y).
II¢

) (5.5)

Z 3 2u 2
[, P60+

1
vo(1/v)

o((Vuly + t£)€,€)) dt] dH" " (y)

Let now (u,) C H?(A) be a sequence converging to u in L?*(A) as v — 07. By Fubini’s
theorem and Fatou’s lemma we have (uy )¢, — ugy in L*(Ag,) for H"!-almost every y € Il;.
Hence by (5.5) and Theorem 3.3,

—\|2ta .
Ta Z lugy (27) — ugy(z7)| 4o < lminf F, ((uy)ey, Agy) -

Z'EJugymAgy v=07
Thus, applying once more Fatou’s lemma,
2+a
/ Oa Z |ugy (27) — u{y(x_)|4t“ A" (y) < lim inf F, (u,, A). (5.6)
e v—07t

$6Ju§yﬂz45y

15



Let us first show that
u € X (). (5.7)

Let T > 0 and set uy := max(—7,min(7,u)). By the results of Section 3 we know that
(ur)ey € X(Agy) and thus by (5.6) and (5.1),

/ |D(ur)ey|(Agy) dH™ Hy) < 400,  £€S" L H" ! —ae yeTl.
IT¢

Therefore, by Theorem 2.2 it follows that v € GSBV(A). By (5.3) we also know that
u € BV(A) and thus u € SBV(A). Now for every £ € S" 1,

_ U n—1
A|<Vu,£>|dx—A£A£y|<v (y+16),€)] dt aH™(y)

— [ ] e ani)
I J Agy
=0.

Hence Vu = 0 almost everywhere, so that v € X (A). This concludes the proof of (5.7).
By Theorem 2.2 (a), we get

v—0t

lim inf F, (t, 4) > 0 /A ) (e ) R o &) (). (5.8)

We now let v be the superadditive increasing set function defined on A(2) by

v(A) :=T — liminf F, (u, A)

v—0t

and we let A be the Radon measure defined as
A= |u(zt) — u(x_)]i%z H L,

Fix a sequence (£;);en dense in S"~1. By (5.8) we have

w(A)z/w@- A\, ieN,
A

where
1/11(.%') =
0 if € A\J,.

Hence by Lemma 5.1,

' —liminf F),(u, A) > / sup;(x) dX = F(u, A).
A i

v—0t

O

We next pass to the proof of the I-limsup inequality. We start by studying the particular
case u = slg, adapting the proof from [4, Prop 3.5].
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Proposition 5.4. Let Q' 2D Q be a bounded open set and let E be such that E = E' N Q
where E' is a set of finite perimeter in ' such that OE' N Y is a smooth hypersurface. Then

' —limsup F,(slg, A) < 0a|5|421—% H" L (ANOE), (5.9)

v—0*

for all s € R and A € A(Q).

Proof. Let
d(z) := dist(z,R" \ E') — dist(z, E'), z € R",

be the signed distance function from E’ positive in E’. Take § > 0 such that d € C*(V; N Q)
where Vs := {x € R" : |d(z)| < &} (see for instance [5]), and recall that |Vd|? = 1 in V5N Q.
Let b > 0 and (u,) be the one-dimensional recovery sequence given in Section 3 converging
to slg=oy in L2((—6,4)), so that

lim F, (uy, (—3,0)) = oa|s|ia +b. (5.10)
v—07+
We next define
Uy (x) = uy(d(z)), x €.

Then @, € H?(2) and @, — slg in L?(2) as v — 0. Using the coarea formula, we find

1 / |:I/3’ull,/(d)(Vd ® Vd) +ul, (d)V2d|* +
ANV

F,(t,,A) 5

1 /
AT @vd)| o
! " v (t))? v u S 212 712
: 2 /0 /{meA:d(x):t}[ (1 (£))" + 207, (1) V(t)H_{_ (u, (0))7]IV7d| |5

1

o)

¢<|u;<t>|>] Y dt

1 nv " 1 , . i —
S /o <y3(uy(t))2+ I/gb(l/y)(b(‘u”(t)‘)) W= ({z € A d(z) = 1)) dt

nv 1
w08 [ (1Ol ) + S PV ) 10 (o € A ) = 1))
0
We now claim that

F,(u,,A) < S(Blp ) [ (s, (0,mv)) H* H({z € A:d(z) = t})] + o(v).
te(0,nv

Indeed, since lim+ F,(uy, (—0,06)) < 400, we have
v—0

6
sup V3/ (ull)? dt < +o0,
—0

14
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Thus by Cauchy-Schwarz’s inequality,

3 " ",/ WS//Q % K N2 %_
1//0 |uV||uV|dt§V</0 v (u,)) dt> </o (") dt) =O(v).

We can similarly bound the term v* [ (u},)? dt [|[V2d||% . Finally since OF is smooth,

lim H" '({x € A:d(z) =t}) = H" (AN IE).

t—0t

Therefore, using the one-dimensional result in Section 3, we obtain

limsup F,, (u,, A) < aa\s\gﬂnﬂ(zﬁl NOE) + b.

v—0t

Letting b — 0" we obtain the thesis. O

We can now prove the I'-limsup, following the proof of [4, Prop 3.6].

Theorem 5.5 (I'-limsup). We have

[(L*(A)) — limsup F,(-, A) < F(-, A), Ae A(Q).

v—0t

Proof. Thanks to the density Lemma 4.1, it is enough to prove the I'-limsup inequality
on those functions having a jump set contained in a finite union of facets of polytopes.

Accordingly, we take
k
U = Z silg;,
i=1

where kK € N, s; € R and C; C A are closed polytopes with pairwise empty intersection of
their interior parts. We can further assume that all C; are convex. Set

k
Ck+1 = A\ U Cl

i=1
and
Z:={(i,5) :4,§ € {i,...,k+1},i <4, H"HC;NCy) #0}.
For 6 > 0 let i
Vo= {x cA: dist(x, U 8C,~> < 5}
i=1
and

VZ‘JS = {x € A:dist(z,0C; N IC;) < 6}, (1,7) € T.
For any (i,7) € Z choose functions g;; € C>°(R™) such that

gij = 1 on Vi, gij =0 on A\ V2,

and

C C
Vgilleo < S0 19%gi1llo0 < 55,
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where ¢ > 0 is a constant independent of §, ¢ and j. We now let
-1

higi=gi5 | Y. gm+ [[ O=gm)|

(IL,m)eZ (IL,m)eT

and
-1

ho = H (1_glm) Z 9im + H 1_glm

(I,m)ex (I,m)ex (I,m)eT
These functions are defined so that
ho + Z hij =1
(4,9)€Z

and

hij = gij on VZ?& U Vlf,‘f and ho =1 on A\VZ‘S.

(I,m)#(i,5)
It can be verified that
c
hijlloo < =, hollso < =,
(Vhillo €5 [ Vholloc < 5
c c
1V hijlloe < 57 IV2ho]|oe < =

Let (uy;) C H 2(Q) be the recovery sequence constructed as in Proposition 5.4 related to

s; —sj on SZT;-
Us5 =
0 on Si;,
where §;; is the hyperplane containing C; N C; and
Siﬁ ={reQ:x=yxty;, yec Sy, t e RTY,

with v;; the unit internal normal to C; on C; N Cj. We fix then § = nv where 7 is given by
the one-dimensional profile. Let also

Uy = hou + Z hij(ug; + s5).
(4,9)€T

Then u, € H*(Q) and u, — u in L*(Q) as v — 07. Now on V3 \U(lm (ij Vlm, y =

(1—gij)u+gij (u + 5;) and since on V-Q‘S\
Vu, = 0. Thus

i» Ui = Wij, we then have on this set v, = u and

Blw v U V@) =R |wvi U V| < (wA0v). (511
(L) £.5) (L) £.5)
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On Vi% N V2, we have (remember that IVugs| < [|[¢']|oo/v)

1a

V| < [ullVho| + D (IVhijllsj| +[Vuizl) < —.

(1,5)€T
for a suitable constant C' > 0 independent of v. Since H"2(C; NC;NC;NCy,) < 400 (where
H" 2 is the (n — 2)-dimensional Hausdorff measure) we have |VZ?‘S NV2| = O(v?) and thus

# ¢(C/y)
/Vi?&ﬂvlf,i ng(l/l/) ¢(|Vu1/|) de < Cv

o(1/v)
As lim,,_,q+ % = (C?, this shows that
1
li ———¢(|Vu,|) de = 0.
D Jysenas vty VD) 4
Similarly,
lim AIV2u,|? de =0
o0t v av
and therefore
lim F,(u,, Vi3’ NV2) =0. (5.12)
v—0+t
Eventually on A\V%, u, = u and Vu = 0, thus
F,(u,, A\V*) = 0. (5.13)

Putting together (5.11), (5.12) and (5.13) we find by Proposition 5.4,

lim F,(u,,A) < Z lim F), usz‘?&\ U Vi

v per 0" (L m)2(i.4)
< Y lim F,(u), V)
(4,9)€Z v=07
= Z hm+F( L A)
Gner” 0
=0, Z ‘Si — Sj‘ii;g Hn_l(Aﬂ C; N Cj)
(4,5)€T
=F(u, A).

O

Remark 5.6. Differently with respect to the results of [4, 39] (which rely on the density
theorem of [24]) using Lemma 4.1 we obtain a full I'-convergence result. Moreover, we have
compactness in BV for the n-dimensional problem which is a missing feature in most of the
papers tackling similar problems such as [4, 39].

We conclude by mentioning that our theorems are a first step toward a general approximation
theorem in SBV (see the related papers [23, 24, 2, 4]) for free discontinuity functionals having,
in general, also a bulk term.
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