Introduction

Damage are a main cause of structural failure and often occurs on structures. In the past decades, special attention was given to avoid the sudden failure of structural components by detection damage in structures in the early state. More specifically, structural health monitoring based on the vibration of structures has been at the focus of attention of many researchers in order to obtain very efficient tools of great importance for the civil, aeronautical and mechanical engineering communities. This is why, in recent years, various developments of non-destructive techniques based on changes in the structural vibrations have been extensively published not only to detect the presence of damage but also to identify the location and the severity of the damage. Moreover, the need to be able to detect in the early stage the presence of damage in complex mechanical structures has led to the increase of non destructive techniques and new developments. Not only extension of techniques that are based upon structural linear vibration analysis, but also the emergence of non-linear methodology and analysis have been investigated.

It is generally admitted that Rytter [START_REF] Rytter | Vibration Based Inspection of Civil Engineering Structures[END_REF] gave the four principal damage stages of structural health monitoring:

1-the determination of the presence of damage in the structure, 2-the determination of the damage location in the structure, 3-the quantification of the severity of the damage, 4-the prognosis of the remaining service life of the damaged structure.

If the last stage can be refer to the fields of structural design assessment or fatigue analysis, the first three states concern more specifically the problem of structural health monitoring techniques and the choice of the most appropriate method for the detection and identification of damages in structures.

At this point of the introduction, it must be said that the field of vibration-based structural health monitoring has been the subject of great interest with important comprehensive surveys covering various methodologies and applications. Comprehensive surveys have been proposed by Doebling et al. [START_REF] Doebling | Damage identification and health monitoring of structural and mechanical systems from changes in their vibration characteristics: A literature review[END_REF][START_REF] Doebling | A summary review of vibration-based damage identification methods[END_REF] and Sohn et al. [START_REF] Sohn | A Review of Structural Health Monitoring Literature: 19962001[END_REF] for structural health monitoring and damage detection techniques in the civil and mechanical engineering communities. Friswell [START_REF] Friswell | A simple nonlinear modal of a cracked beam[END_REF] presented a brief overview of the use of inverse methods in damage detection and location from measured vibration data. A review based on the detection of structural damage through changes in frequencies has been discussed by Salawu [START_REF] Salawu | Detection of structural damage through changes in frequency: a review[END_REF]. Different detection procedures to diagnose damage in rotors with various modeling of the cracked elements have been summarized by Wauer [START_REF] Wauer | Dynamics of cracked rotors: Literature survey[END_REF]. Dimarogonas [START_REF] Dimarogonas | Vibration of cracked structures: a state of the art review[END_REF] gave an extensive review about cracked structures including beam, rotor, shell and blades, plates and pipelines. Sabnavis et al. [START_REF] Sabnavis | Cracked shaft detection and diagnostics: a literature review[END_REF] proposed a review on cracked shaft detection and diagnostics. A review of vibration-based structural health monitoring with special emphasis on composite materials has been described by Montalvao et al. [START_REF] Montalvo | A review of vibration-based structural health monitoring with special emphasis on composite materials[END_REF].

However few efforts have been dedicated to discuss advantages and limitations of linear and/or non-linear approaches based on vibrational measurements with theoretical developments. So, in addition of the first three stages defined by Rytter [START_REF] Rytter | Vibration Based Inspection of Civil Engineering Structures[END_REF], the following questions need to be addressed: a-Are the classical effective tool of non-destructive testing based on a linear analysis sufficient for detecting and identifying the location and severity of damage ? b-If linear methods are not appropriate, how the non-linear measurements can be used for an efficient and robust detection and identification of damage ? c-What is the significance of the non-linear vibrational measurements for mechanical damaged structures ? d-What are the main advantages or limitations of linear and non-linear structural vibrational non-destructive techniques ? e-Where next uncoming for future research and further developments ?

In order to propose some partial answers for the five previous questions and considering the previous reviews done in the field of structural mechanics, the decision has been made not to explore all the structural health monitoring techniques that are described in the literature but to give a broad view of the most efficient and well-known damage assessment techniques based on structural dynamic changes and the liner or/and non-linear vibrational measurements. Thus the three basic types of data used in the measurement of structural dynamics (i.e. time series, frequency domain, and modal model) will be investigated. Non-exhaustive advantages and limitations of the damage assessment techniques proposed in this review will be discussed for practical engineering applications. Moreover, special attention will be given to methods in which civil engineering structures and rotating machineries are used as case studies. For various linear and non-linear techniques, the basic theory, definitions and equations will be briefly presented: the objective is to give the reader the more important and principal informations for briefly but comprehensive review. Having in mind that some researchers will be more interested by specific cases of linear or non-linear techniques, various references are given for each damage detection method to allow the interested reader to find more details about the theory. Illustrative (non-exhaustive) examples with applications in civil, aeronautics and mechanical engineering communities will be discussed and references of papers will be given.

To situate this review into the broad literature survey, we recall that the damage assessment techniques can be divided into three categories [START_REF] Sabnavis | Cracked shaft detection and diagnostics: a literature review[END_REF]: modal testing, vibration-based methods with signal-based and model-based methods, and non-traditional methods. The most popular methods are probably modal testing in which changes in modal parameters such as changes in frequencies, modes shapes and response to specific excitation are used for the damage detection. Signal-based methods analyze the steady-state or transient vibrational measurements to detect damage and consider different known indicators of the presence of damage in mechanical structures. Model-based methods propose to correlate the experimental signature of damaged structures with analytical or numerical models to identify the damage parameters. The non-traditional methods concern more specific techniques based on genetic algorithms, neural networks, signal processing techniques such as the wavelet analysis or Wigner-Ville transforms.

In this review, the damage assessment techniques have been divided into three categories in regard to the following types of data available in the measurement of structural dynamics to detect damage: linear, non-linear and transient vibrational measurements. For these three categories, modal testing, signal-based methods and non-traditional methods based on wavelet transform will be discussed.

The present review is organized as follows: firstly, a description of linear analysis and non destructive techniques based on changes in modal parameters and linear vibrational measurements are discussed. Secondly, explanation is given of the most common uses of non-linear assessment techniques to detect the presence of damage by only considering the non-linear contributions due to the presence of damage. Then, damage detection for linear or non-linear transient vibrational signals is discussed. Finally, a non-exhaustive list of topics of interest for further research in the field of damage detection is briefly discussed.

Methods of damage detection using linear analysis

Direct use of modal parameters

Change in the natural frequencies

The change of natural frequencies can be considered as one of the prevalent damage detection method in structural assessment procedures. When a damage exists in a structure, the stiffness is reduced and consequently decreasing of the natural frequencies of the system can be observed. One of the most advantages of this detection technique is that frequency measurements can be quickly and easily conducted. Moreover, experimental techniques used for the determination of resonant frequencies are classical vibrational measurement techniques; thus allowing the vibrational measurements to be extensive with a great number of measurement points and a very cheap experimental procedure. Another advantage is that the frequency measurements can be extracted with a relative confident accuracy, and uncertainties in the measured frequencies can be easily estimated if the experimental measurements are done with a perfect control of the experimental conditions. Moreover, the knowledge of the global dynamical behavior of undamaged systems is very easy to obtain by using analytical developments or finite element models; thus allowing the measurement points to be adequately chosen for not only a quickly and efficient detection of the changes in frequencies but also the identification of the damage location and gravity.

According to Doebling et al. [START_REF] Doebling | Damage identification and health monitoring of structural and mechanical systems from changes in their vibration characteristics: A literature review[END_REF], the first article that proposed to detect damage by using vibration measurement was written by Lifshitz and Rotem [START_REF] Lifshitz | Determination of reinforcement unbonding of composites by a vibration technique[END_REF]. They used the shifts in the natural frequencies via changes in the dynamic moduli to detect damage in elastomers. Hearn and Testa [START_REF] Hearn | Modal analysis for damage detection in structures[END_REF] demonstrated that the change in the i th natural frequency can be approximated by

∆ω 2 i = (ǫ N (Φ i )) T ∆k n (ǫ N (Φ i )) Φ T i MΦ i (1) 
where M is the mass matrix. Φ i defines the i th mode shape vector and ǫ N (Φ i ) the element deformation vector that is computed from the mode shapes. ∆k n is the change in the matrix stiffness due to the presence of damage. The previous expression assumes that the damage does not change the mass matrix. Hearn and Testa [START_REF] Hearn | Modal analysis for damage detection in structures[END_REF] also demonstrated that the ratio of the variations of the frequencies ∆ω 2 i ∆ω 2 j for two modes i and j is independent on the damage severity and so a function of the crack position only. So, this result allows the identification of the damage location. Hasan [START_REF] Hasan | Crack detection from the variation of the eigenfrequencies of a beam on elastic foundation[END_REF] illustrated this property for a damaged beam on elastic foundation.

Many other researchers have attempted to detect damage in structures by using changes in natural frequencies. Salawu proposed an intensive review in [START_REF] Salawu | Detection of structural damage through changes in frequency: a review[END_REF]. Some investigators [START_REF] Davini | Modal analysis of notched bars: tests and comments on the sensitivity of an identification technique[END_REF][START_REF] Dado | A comprehensive crack identification algorithm for beams under different end conditions[END_REF][START_REF] Boltezar | Identification of transverse crack location in flexural vibrations of free-free beams[END_REF][START_REF] Shifrin | Natural frequencies of a beam with an arbitrary number of cracks[END_REF][START_REF] Fernandez-Saez | Approximate calculation of the fundamental frequency for bending vibrations of cracked beams[END_REF][START_REF] Chaudhari | A study of vibration of geometrically segmented beams with and without crack[END_REF][START_REF] Morassi | Identification of a crack in a rod based on changes in a pair of natural frequencies[END_REF][START_REF] Zheng | Free vibration analysis of a cracked beam by finite element method[END_REF][START_REF] Chondros | Variational formulation of a rod under torsional vibration for crack identification[END_REF][START_REF] Nahvi | Crack detection in beams using experimental modal data and finite element model[END_REF][START_REF] Loya | Natural frequencies for bending vibrations of Timoshenko cracked beams[END_REF] compared the natural frequencies of the undamaged and damaged structures (and the associated decreasing in frequencies).

For example, the Normalized Natural Frequencies that defines the ratio of damaged natural frequency to the undamaged natural frequency of the structure may be proposed and is given by

N N F i = ω cracked i ω uncracked i (2) 
where ω uncracked i and ω cracked i define the i th -pulsation of the uncracked and cracked structure, respectively.

Others [START_REF] Narkis | Identification of crack location in vibrating simply supported beams[END_REF][START_REF] Narkis | Crack identification in a cantilever beam under uncertain conditions[END_REF][START_REF] Lee | A study on crack detection using eigenfrequency test data[END_REF][START_REF] Sinou | Influence of cracks in rotating shafts[END_REF] proposed the percentage changes in the natural frequencies %C i

%C i = 100 × ω uncracked i -ω cracked i ω uncracked i (3) 
For the two cases, to be able to detect the presence of damage, the natural frequencies of the undamaged structure need to be carefully estimated in order to be able to accuracy show if the measured frequencies are lower than expected. For the reader comprehension, it may be noted that the percentage change of the natural frequencies may be very low and inferior to 1% for small cracks or specific locations of the crack. So, uncertainties on the natural frequenices of the undamaged structures may hidden the small amount of frequency change.

Classical results indicated that the crack has low effect if it is situated near a node of the modes of vibration. High decrease in the factor %C i is shown if the crack is located where the bending moment of the i th mode is greatest. Then, increase the crack depth, decrease the factor %C i , indicating loss of stiff for the damaged beam.

A method similar to the above consists to estimate the crack gravity and location by only considering the frequencies of the damaged structures (without comparison with the frequencies of the undamaged structure). In this case, the crack detection and identification require the knowledge of the material properties (the Young's modulus E and the density ρ for example) that are estimated by using the uncracked natural frequencies. This last approach can be considered to be equivalent with the procedures using the factors N N F and %C factors previously defined: these two factors are not affected by the parameters of material properties or uncertainties on the Young's modulus E and the density ρ. However, the undamaged frequencies are used and the material properties are implicitely consider.

Sinou [START_REF] Sinou | Numerical investigations of a robust identification of crack location and size in beams using only changes in ratio pulsations of the cracked beams[END_REF] defined another indicator based on the changes in the ratio of frequencies. It is defined as follows

%Ψ cracked i,j = 100 × ω uncracked i ω uncracked j - ω cracked i ω cracked j ( 4 
)
where ω uncracked i and ω cracked i correspond to the i th pulsations of the uncracked and cracked structures, respectively. One of the advantages of this factor %Ψ cracked i,j is that the ratio of frequencies for the undamaged structures is generally known for academic structures such beams. For example, in the case of a simply supported beam this indicator can be rewritten as indicates the relative effect of the damage for the j th and i th modes; if %Ψ cracked i,j is higher than 0, it can be concluded that the mode of i th pulsation is more affected by the crack than the mode of j th pulsation. The scenario is reversed if %Ψ cracked i,j is lower than 0 and the more affected mode corresponds to the j th pulsation.

%Ψ cracked 2α-a,2β-b = 100 × α β 2 - ω cracked 2α-a ω cracked 2β-b (5 
Messina et al. [START_REF] Messina | Damage detection and localization using natural frequency changes[END_REF] proposed the Damage Location Assurance Criterion (DLAC) based on the changes in natural frequencies

DLAC (i) = |∆ω T A ∆ω B (i) | 2 ∆ω T A ∆ω A ∆ω B (i) T ∆ω B (i) (6) 
where ∆ω A is the experimental frequency shift vector and ∆ω B the theoretical change for damage that is situated at the i th position. 

M DLAC (i) = |∆ω T A Sδx i | 2 ∆ω T A ∆ω A (Sδx i ) T (Sδx i ) (7) 
where S defines the sensitivity matrix that contains the first order derivatives of n natural frequencies with respect to m damage variables x. The objective of the Multiple Damage Location Assurance Criterion (MDLAC) is to find the variable vector δx i that makes the MDLAC equal to one. The sensitivity matrix is given by

S =            ∂ω 1 ∂x 1 ∂ω 1 ∂x 2 • • • ∂ω 1 ∂x m ∂ω 2 ∂x 1 ∂ω 2 ∂x 2 • • • ∂ω 2 ∂x m . . . . . . . . . . . . ∂ω n ∂x 1 ∂ω n ∂x 2 • • • ∂ω n ∂x m            (8) 
Koh and Dyke [START_REF] Koh | Structural health monitoring for flexible bridge structures using correlation and sensitivity of modal data[END_REF] used the Multiple Damage Location Assurance Criterion (MDLAC) for the detection of single or multiple damages for long-span civil engineering structures.

Identification based on the frequency contours methods

The identification of the crack parameters can be done by using the different factors and the combined effects of the crack in changes of frequencies of the damage structure. Nikolakopoulos and Papadopoulos [START_REF] Nikolakopoulos | Crack identification in frame structures[END_REF] proposed to present in contour graph form the dependency of the first two structural eigenfrequencies on crack depth and location. The intersection point of the superposed contour of the frequencies variations between the undamaged and damaged structures allows the identification of both the crack depth and location. The authors indicated that one contour line may correspond in a combination of different crack depths and locations. They validated the proposed methodology of damage identification by undertaking experimental tests on a clamped-clamped plane frame. They concluded that experimental results are in good agreement with the theory and can allow easy diagnosis of crack depth and position in frame structures.

Yang et al. [START_REF] Yang | Crack identification in vibrating beams using the energy method[END_REF] used the frequency contours method and the intersection of contours from different modes for the detection of damage in a simply supported beam. They noted that the intersecting point of the superposed three contours line that correspond to the measured frequency evolution and/or the corresponding factors caused by the presence of a damage indicates only one crack depth but can give two probable crack locations due to structural symmetry in the simply supported beam.

Dong et al. [START_REF] Dong | Parameter identification of a rotor with an open crack[END_REF] proposed to use the evolution of mode shape (see section 2.1.) to avoid the non-uniqueness of the damage detection. Swamidas et al. [START_REF] Swamidas | Identification of cracking in beam structures using Timoshenko and Euler formulations[END_REF] proposed to add an offcenter mass in the initial structure to eliminate symmetrical solutions . Sinou [START_REF] Sinou | Numerical investigations of a robust identification of crack location and size in beams using only changes in ratio pulsations of the cracked beams[END_REF] demonstrated that this technique is not sufficient in all cases and may be very difficult to use. In practical cases, it is not very clear and evident that the three contour lines have only one intersection for each case: due to experimental conditions or uncertainties, the three curves do not meet exactly, and the centroid of the three pairs of intersections is taken as the crack position and crack size [START_REF] Lele | Modeling of transverse vibration of short beams for crack detection and measurement of crack extension[END_REF][START_REF] Li | Detection of crack location and size in structures using wavelet finite element methods[END_REF]. So Sinou [START_REF] Sinou | Numerical investigations of a robust identification of crack location and size in beams using only changes in ratio pulsations of the cracked beams[END_REF] proposed to extend the methodology of the adding-mass by realizing two tests for the crack size and location identification. The first test consists of adding a mass at the right end of the symmetrical structure, and the second test at the other end. However, the author concluded that this methodology is limited for general structures due to uncertainties and ambient conditions in real cases. A second solution to avoid the non-uniqueness of the damage location consists on an appropriate use of resonances and antiresonances [START_REF] Dilena | The use of antiresonances for crack detection in beams[END_REF][START_REF] Sinou | Damage assessment based on the frequencies' ratio surfaces intersection method for the identification of the crack depth, location and orientation[END_REF]. More details on this methodology are given in the section 2.1.. One of the advantage of this solution is that no additional tests is required (contrary to the previous methodology) and antiresonances like resonances can be easily extracted with a relative confident accuracy.

Sinou [START_REF] Sinou | Damage assessment based on the frequencies' ratio surfaces intersection method for the identification of the crack depth, location and orientation[END_REF] proposed an extension of the frequencies contour line method by considering not only the identification of the crack size and location but also the orientation of the front crack. The author indicated that the procedure works effectively only for measurement errors not exceeding 2% for small levels of damage. He also concluded that the quality of experimental data is an important key in order to achieve reliable results.

Change in damping

It appears natural to expect that an interesting indicator for damage detection would be the damping changes and dissipative effects due to the friction between crack surfaces. Modena et al. [START_REF] Modena | Damage localization in reinforced concrete structures by using damping measurements[END_REF] indicated that one of the advantages of using changes in damping is that undetectable cracks by using changes in natural frequencies (due to uncertainties or little decrease of frequencies) can cause important changes in the damping factor allowing damage detection. In general, it is admitted that increasing the crack severity increases the damping factor.

However, experimental results with an edge fatigue crack of mode I at bending vibrations done by Bovsunovsky [START_REF] Bovsunovsky | The mechanisms of energy dissipation in the nonpropagating fatigue cracks in metallic materials[END_REF] revealed that the energy dissipation in a non-propagating crack is not caused by the friction between crack surfaces but must be attributed mainly to the elasto-plastic zone in the vicinity of crack tip. Moreover, he concluded that changes in energy dissipation may be used for the damage detection based on the prediction of changes in damping factor.

Kyriazoglou et al. [START_REF] Kyriazoglou | Vibration damping for crack detection in composite laminates[END_REF] proposed the measurement of specific damping capacity (SDC)

for the detection of damage in composite laminates. The SDC factor is defined by

SDC = ∆U U (9) 
where ∆U and U are the energy dissipated in one cycle and the total energy stored in that cycle. Experimental measurements and analysis of the SDC of composite beams vibrated in free-free flexure in their first mode tests were performed, the energy stored by the beam in bending being calculated from the mode shape maximum deflection at the center of the beam, and the energy dissipated in one cycle being the energy input. They demonstrated that damping properties strongly support the measurements and changes of SDC in order to detect successfully initial damage in composites before the damaged material includes catastrophic crack density and severe further damage mechanisms occur. One interesting observation is that larges changes in SDC are found for carbon fibre-reinforced laminates even if no detectable changes in the resonant frequencies can be observed. It also appears that the SDC factor is very sensitive to small cracks and changes in the crack depth. Panteliou et al [START_REF] Panteliou | Damping factor as an indicator of crack severity[END_REF] showed that the damping factor increases with increasing the crack depth. They said that the identification of crack by using change in damping factor has the advantage to be relatively insensitive to boundaries conditions in comparison to the shifts in natural frequencies. Another advantage is that the However, it appears that a relative confident accuracy of changes in damping factor may be difficult to obtain for small cracks due to the uncertainties and experimental conditions.

On the same way, Leonard et al. [START_REF] Leonard | Free-vibration behaviour of cracked cantilever beam and crack detection[END_REF] indicated that the modal damping value of a damage structure depends on vibration amplitudes that induces the opening or closing mechanism for the crack. For a cantilever beam, they demonstrated that the modal damping decrease when the amplitudes vibration are too small to generate an open crack. When the opening and closing of the crack introduced contact effects, the modal damping of a lot of modes is the most important. Consequently, using variations of modal damping to detect damage appears to be difficult due to the dependence of the evolution dependence of modal damping to the vibration amplitude. Moreover, uncertainties and shifts in the modal damping may be observed due the temperature rise.

Mode shapes and changes nodes position

Mode shapes approach has also received considerable attention in conjunction with changes in natural frequencies due to the fact that a mode shape is a unique characteristic and spatial description of the amplitude of a mechanical structure for each resonant frequency. So a local damage can cause changes in the mode shapes and the evolution of the spatial description of the amplitude of each resonance may be used as a damage indicator. Moreover, change of mode shapes depends on both the severity and the location of the damage and the spatial description of magnitude change with respect to each mode may vary from one to another due to the crack location. The main disadvantage of using mode shapes as damage assessment technique is the number of measurements at each of the points of the structures to perform and the duration of each measurement in order to estimate the detailed mode shape.

Gladwell and Morassi [START_REF] Gladwell | Estimating damage in a rod from changes in node positions[END_REF] investigated the effect of damage on the nodes in an axially vibrating thin rod. They demonstrated that nodes of the mode shapes move toward the damage: each node located to the right of the damage in the undamaged structure moves to the left, and each node on the left of it moves to the right. They concluded that the damage is located between nodes which move toward each other for every mode that has at least two nodes.

Then, Dilena and Morassi [START_REF] Dilena | Identification of crack location in vibrating beams from changes in node positions[END_REF] defined the positive nodal displacement domain (PNDD) and negative nodal displacement domain (NNDD) that define the direction by which nodal points move. Using these domains allows the damage detection in the case of bending vibrations. One of the advantages to use the evolution of node shapes and the detection of the positive and negative nodal displacement domains is based on the fact that node positions are easier to measure than mode shapes because they only require the detection of modal component sign, rather than the measurements of amplitudes. They validated the damage assessment technique by undertaking experimental tests performed on cracked steel beams.

Damage detection based on the study of modal parameters (i.e. change in natural frequencies and mode shapes) conducted by Adams et al. [START_REF] Adams | A vibration technique for nondestructively assessing the integrity of structures[END_REF], Cawley and Adams [START_REF] Cawley | The location of defects in structures from measurements of natural frequency[END_REF] and Yuen [START_REF] Yuen | A numerical study of the eigenparameters of a damaged cantilever[END_REF] for the vibration of bridges. Only the few lower modes are used to perform the detection of damage.

Natke and Cempel [START_REF] Natke | Model-aided diagnosis based on symptoms[END_REF] used changes both in eigenfrequencies and mode shapes to detect damage in a cable-stayed steel bridge. Kullaa [START_REF] Kullaa | Damage detection of the z24 bridge using control charts[END_REF] indicated that changes both in the eigenfrequencies and mode shapes appear to be reliable indicators for the damage detection on the bridge Z24 in Switzerland [START_REF] Maeck | Damage assessment using vibration analysis on the z24-bridge[END_REF]. They performed automatic identification of the modal parameters from the response data by combining control charts that corresponds to one of the primary techniques of statistical process control [START_REF] Montgomery | Introduction to statistical quality control[END_REF]. They observed that one of the limitations of some control charts was that the cumulative sum (CUSUM), and exponentially weighted moving average (EWMA) control charts [START_REF] Montgomery | Introduction to statistical quality control[END_REF] are sensitive to small shifts and may cause frequent false damage detection.

Law and Zhu [START_REF] Law | Dynamic behavior of damaged concrete bridge structures under moving vehicular loads[END_REF] indicated that the deflection of mode shapes can be an effective indicator of damage in bridge structures. They observed that the deflection increases when the damage in the beam increases, the deflection also increases. However, they noted that the deflection of the damaged structure can be larger than the measured deflection under the light vehicle. They explained that a moving load (i.e. a vehicle in this case) can affect the opening of the damage so inducing evolutions of natural frequencies and mode shapes. So the breathing behavior of the crack due to moving load and the associated non-linear analysis is an important point to take under consideration for an efficient and robust detection of damage (see section 3. for more details).

MAC and other related assurance criteria

According to Doebling et al. [START_REF] Doebling | Damage identification and health monitoring of structural and mechanical systems from changes in their vibration characteristics: A literature review[END_REF][START_REF] Doebling | A summary review of vibration-based damage identification methods[END_REF], West [START_REF] West | Illustration of the use of modal assurance criterion to detect structural changes in an orbiter test specimen[END_REF] presented what was possibly the first systematic use of mode shape information for the location of structural damage without the use of a prior FE model. The Modal Assurance Criterion (MAC) is used to determine the level of correlation between modes from the test of an undamaged Space Shuttle Orbiter body flap and the modes from the test of the flap after it has been exposed to acoustic loading. The MAC criteria that compares mode i and j has the form [START_REF] Ewins | Modal Testing: Theory and Practice[END_REF] M AC

(Φ i , Φ j ) = | n k=1 (Φ j ) k (Φ i ) * k | 2 n k=1 (Φ j ) k (Φ j ) * k n k=1 (Φ i ) k (Φ i ) * k ( 10 
)
where * denotes complex conjugate and (Φ) k is an element of the mode-shape vector. The MAC value varies varies between 0 and 1. The MAC makes use of the orthogonality properties of the mode shapes to compare two modes. A value of one indicates that the mode shapes of the two sets of date are identical. If the modes are orthogonal and dissimilar, a value of zero is calculated. So, the low MAC value to some extent can be interpreted as a damage indicator in structures. Srinivasan and Kot [START_REF] Srinivasan | Effects of damage on the modal parameters of a cylinder shell[END_REF] noted that the changes in MAC values comparing the damaged and damaged modes shapes of a cylindrical shell are more sensitive than changes in resonant frequencies.

Although the MAC criteria can provide a good indication of the disparity between two sets of data and the detection of damage, it does not allow to show explicitly where the source of the damage in the structure lies. The Co-Ordinate Modal Assurance Criterion (COMAC) [START_REF] Lieven | Spatial correlation of mode shapes: The coordinate modal assurance criterion (comac)[END_REF] has been proposed from the original MAC. The Co-Ordinate Modal Assurance Criterion (COMAC) identifies the co-ordinates at which two sets of mode shapes do not agree. The COMAC factor at a point i between two sets of the mode shape is given by

COM AC (i) =   n j=1 | (Φ A ) ij (Φ * B ) ij |   2 n j=1 | ((Φ A ) ij | 2 n j=1 | ((Φ B ) ij | 2 (11) 
where n defines the number of correlated mode shapes. (Φ A ) ij and (Φ B ) ij denote the value of the j th at a point i for the states A and B respectively. Palacz and Krawczuk [START_REF] Palacz | Vibration parameters for damage detection in structures[END_REF] showed that the damage location prediction is clearer when more than two mode shapes are used. However, they noted that a small number of measurements may induced worse damage detection by using the MAC criteria. Other related assurance criteria can be proposed: the frequency response assurance criterion (FRAC), coordinate orthogonality check (CORTHOG), frequency scaled modal assurance criterion (FMAC), partial modal assurance criterion (PMAC), Modal assurance criterion square Root (MACSR), scaled modal assurance criterion (SMAC), and modal assurance criterion using reciprocal modal vectors (MACRV). A review of the significant of each criteria may be found in [START_REF] Allemang | The modal assurance criterion twenty years of use and abuse[END_REF]. For example, Kim et al. [START_REF] Kim | Application of the modal assurance criteria for detecting and locating structural faults[END_REF] investigated the use of the MAC and some of its forms for locating structural damage. By using the COMAC and the PMAC in conjunction, they demonstrated that the damage location can be clearly isolated.

One of the main disadvantage in using mode shapes and the original modal assurance criterion (MAC) or the other related assurance criteria as damage indicators is the capability to estimate a detailed mode shape; measurements at a lot of points are needed and the duration of measurements may considerably increase if the change of mode shapes obtained from successive tests is used as a damage indicator.

Performing experimental tests on a clamped board structure, Parloo et al. [START_REF] Parloo | Damage assessment using mode shape sensitivities[END_REF] used the modes shapes and the modal assurance criterion (MAC) and co-ordinate modal assurance criterion (COMAC) for damage detection. Experiments performed on the I-40 highway bridge in New Mexico allow the detection of damage. However they indicated that these criteria are not able to detect all the proposed damage scenarios. They indicated that only the most severe damage of the bridge was identified and that the presence of measurement noise strongly affected the damage detection.

Mode shapes curvature

Mode-shape derivatives such as curvature are widely used as an alternative to damage identification from mode shape changes to obtain spatial information about vibration changes.

Pandey et al. [START_REF] Pandey | Damage detection from changes in curvature mode shapes[END_REF] demonstrated that the absolute change in mode shape curvature can be an efficient indicator of damage. They proposed to estimate the mode shape curvatures using the central difference approximation

Φ ′′ q,i = Φ q-1,i -2Φ q,i + Φ q+1,i h 2 ( 12 
)
where h is the distance between the measurement co-ordinates. Φ q,i define the modal displacement for the i th mode shape at the measurement co-ordinate q. To detect and quantify damage, it is supposed that the local increase in the curvature Φ ′′ q,i is observed due to the local reduction in stiffness and so the presence of damage. Then the Mode Shape Curvature (MSC) defined by Pandey et al. [START_REF] Pandey | Damage detection from changes in curvature mode shapes[END_REF] is given by mode shape curvature (MSC)

M SC q = i | Φ damaged q,i ′′ -Φ undamaged q,i ′′ | (13) 
Ho and Ewins [START_REF] Ho | On the structural damage identification with mode shapes[END_REF] proposed other related criteria based on the mode shapes curvatures as damage indicators: Mode Shape Amplitude Comparison (MSAC), Flexibility Index (FI), Mode Shape Slope (MSS), and Mode Shape Curvature Square (MSCS) that are defined as follows

M SAC q = i |Φ damaged q,i -Φ undamaged q,i | (14) 
F I q = i | Φ damaged q,i 2 -Φ undamaged q,i 2 | ( 15 
)
M SS q = i | Φ damaged q,i ′ 2 -Φ undamaged q,i ′ 2 | ( 16 
)
M SCS q = i | Φ damaged q,i ′′ 2 -Φ undamaged q,i ′′ 2 | (17) 
Ho and Ewins [START_REF] Ho | On the structural damage identification with mode shapes[END_REF] indicated that the previous indicators and absolute changes in modeshape curvature serve as good indicators for damage detection. However, false damage detections can be observed at mode shape nodal points or at the boundaries. Then, one of the main disadvantage in using mode shape curvature as damage indicators is the quality of the measurements and uncertainties at the boundaries conditions that may drastically affect the methods based on mode shapes and their derivatives.

Maeck and De Roeck [START_REF] Maeck | Damage assessment using vibration analysis on the z24-bridge[END_REF][START_REF] Maeck | Damage detection on a prestressed concrete bridge and rc beams using dynamic system identification[END_REF] investigated the effects of different damage scenarios for the prestressed concrete bridge Z24 in Switzerland, tested in the framework of the Brite Euram project SIMCES [START_REF] Maeck | Damage assessment using vibration analysis on the z24-bridge[END_REF]. They used the mode shape curvatures in a direct stiffness calculation technique: an indicator for damage detection was established by examining the changes in the dynamic stiffness, given by changes in the modal bending moment over the modal curvature. They indicated that an increase of the relative curvatures in the damage zone and a deviation from the symmetrical character of the mode shape of the undamaged bridge appear when the damage is present. Moreover, they shown that modal curvatures are very sensitive to damage in the bridge.

Abdel Wahab and De Roeck [START_REF] Wahab | Damage detection in bridges using modal curvatures: application to a real damage scenario[END_REF] used the application of the change in modal curvatures to detect damage in simply supported beams and the concrete bridge Z24. The structures contain damage at different locations. They proposed the Curvature Damage Factor

CDF = 1 N N i=1 | Φ damaged i ′′ -Φ undamaged i ′′ | ( 18 
)
where N is the number of modes to be considered. By using measured data on a prestressed concrete bridge Z24, they indicated that the modal curvatures of the lower modes are more accurate than those of the higher ones for damage detection. Even if the detection of multiple damages can be difficult with the classical mode shape curvature from the results of only one mode, the authors proved that the Curvature Damage Factor (CDF) allows a clear identification of these damage locations. They also mentioned that irregularities in the measured mode shapes or uncertainties need to be carefully examined in order to avoid worse diagnostic. They concluded that future techniques that can improve the quality of the measured mode shapes are highly recommended.

The modes shapes curvatures were applied by Parloo et al. [START_REF] Parloo | Damage assessment using mode shape sensitivities[END_REF] for different damages on the I-40 highway bridge in New Mexico. The authors demonstrated that only the most severe damage is identified due to the uncertainties, measurement noise and ambient conditions. They concluded that the mode shape curvature can not be used in practical cases for the detection of small damages or in early state.

Dutta and Talukdar [START_REF] Dutta | Damage detection in bridges using accurate modal parameters[END_REF] investigated changes in natural frequencies, modes shapes and curvature mode shapes between the damaged and intact structures for continuous bridges containing damaged parts at different locations. They used the Curvature Damage Factor (CDF) previously defined by Abdel Wahab and De Roeck [START_REF] Wahab | Damage detection in bridges using modal curvatures: application to a real damage scenario[END_REF]. They demonstrated that a better localization of damage is obtained by considering curvature of the mode shapes instead of the mode shapes that are less sensitive to damage. They also noted that adequate numbers of modes are needed when multiple cracks are present and the choice of the modes for damage identification is a very important fact for proper and efficient evaluation of multiple damage locations.

Modal strain energy

A damage detection method based both on the changes in strain mode shape and change in resonant frequency was proposed by Dong et al. [START_REF] Dong | The sensitivity study of the modal parameters of a cracked beam[END_REF]. The difference between the damaged and undamaged structures was calculated by considering the index ∆Φ i that is given by

∆Φ i = ω undamaged i ω damaged i 2 Φ damaged i -Φ undamaged i ( 19 
)
where ω undamaged i and ω damaged i are the pulsations of the i th mode for the undamaged and damaged structures. Φ undamaged i and Φ damaged i are the i th strain mode shape of the undamaged and damaged structures, respectively. It was demonstrated that the index ∆Φ i is more sensitive to the damage severity than the similar index calculated by using the displacement eigenparameter.

Another damage detection method considers the decrease in modal strain energy between two structural degrees of freedom. This technique was proposed by Stubbs et al. [START_REF] Stubbs | An efficient and robust algorithm for damage localization in offshore platforms[END_REF][START_REF] Stubbs | Field verification of a nondestructive damage localization and severity estimation algorithm[END_REF]. For a Bernouilli-Euler beam, the damage index β ij is given by

β j = n i=1 µ damaged ij n i=1 µ undamaged ij (20) with µ damaged ij = b a Φ damaged i (x) ′′ 2 dx + L 0 Φ damaged i (x) ′′ 2 dx L 0 Φ damaged i (x) ′′ 2 dx (21) µ undamaged ij = b a Φ undamaged i (x) ′′ 2 dx + L 0 Φ undamaged i (x) ′′ 2 dx L 0 Φ undamaged i (x) ′′ 2 dx (22)
µ undamaged ij and µ damaged ij are the fractional strain energies for the i th mode of the undamaged and damaged structures, respectively. L corresponds to the length of the beam. a and b define the two endpoints of the element j of the beam where the damage is estimated. Increasing of the damage at element j of the beam increases the value of index β ij .

The modes strain energy was performed by Parloo et al. [START_REF] Parloo | Damage assessment using mode shape sensitivities[END_REF] for the identification of various damages on the I-40 highway bridge in New Mexico. It was shown that the method can not allow an efficient and robust detection of small damage due to measurement noise.

Alvandi and Cremona [START_REF] Alvandi | Assessment of vibration-based damage identification techniques[END_REF] used the strain energy method for damage detection not only in beam but also in civil engineering structures with experimental data. They showed that the the strain energy method presents a best stability regarding the noisy signals. Even if the strain energy method appears to be more efficient than three other methods tested by the authors (the changes in flexibility, see section 2.1.; change in mode shape curvature, see section 2.1.; and change in flexibility curvature, see section 2.1.) in the complex and simultaneous damage cases, they indicated that the detection of two damages in the structures can be more difficult and a specific procedure needs to be applied. The same conclusions were reported by the authors if the damage is located near the supports or joints.

Changes in dynamic flexibility

The dynamic flexibility matrix can be used as a damage detection method in the static behavior of the structure [START_REF] Pandey | Damage detection in structures using changes in flexibility[END_REF].

The dynamic flexibility matrix G is defined as the inverse of the static stiffness matrix

u = Gf ( 23 
)
where f is the applied static force and u corresponds to the resulting structural displacement. By only keeping the first few modes of the structure, the expression of the flexibility matrix can be approximating by

G = ΦΩ -1 Φ T = n i=1 1 ω 2 i Φ i Φ T i (24)
where ω i is the i th resonant frequency of the structure. Ω is the diagonal matrix of rigidity given by

Ω = diag (ω 1 , ω 2 , • • • , ω n ) (25) 
Φ i defines the i th mode shape and Φ is the mode shapes matrix given by

Φ = [Φ 1 Φ 2 • • • Φ n ] (26) 
Each column of the flexibility matrix represents the displacement pattern of the structure associated with an unit force applied at the associated degree of freedom. It is noted that small changes in the lower order modes can induce highly evolutions of the dynamic flexibility matrix due to the inverse relation to the square of the resonant frequencies ω i . Doebling et al. [START_REF] Doebling | Damage identification and health monitoring of structural and mechanical systems from changes in their vibration characteristics: A literature review[END_REF] reviewed five different approaches to detect damage by comparing the dynamic flexibility matrices of the damaged and undamaged structures: comparison of flexibility changes, unity check method, stiffness error matrix method, effects of residual flexibility and changes in measured stiffness matrix.

The changes in the flexibility matrices before and after damage in structures can be obtained by considering the variation matrix

∆G = G -G undamaged (27) 
where G and G undamaged are respectively the flexibility matrices of the damaged and undamaged structures. It is evident that the column of the flexibility variation matrix ∆G where the maximum variation is observed corresponds to the damage location. Lin [START_REF] Lin | Unity check method for structural damage detection[END_REF] proposed the use of the unity check method to locate damage in structures. This criterion was previously proposed by the author for location of modeling errors using modal test data [START_REF] Lin | Location of modeling errors using modal test data[END_REF]. The error matrix is given by

E = GK undamaged -I (28) 
As shown in the previous equation, the method is based on the pseudo-inverse relationship between the dynamic flexibility matrix G of the damaged structure and the structural stiffness matrix K undamaged of the undamaged structure: the product of a stiffness matrix and a flexibility matrix produces an unity matrix at any stage of damage. So, if no damage is present, the error matrix E returns a zero matrix. The plots of the stiffness error matrix E indicate the damage location that is related to the highest peak. The stiffness error matrix method is based on the definition of the following matrix

E = K undamaged (G -G undamaged ) K undamaged (29) 
that is a function of the flexibility change in the damaged structure ∆G = G-G undamaged and the stiffness matrix K undamaged of the undamaged structure. Gysin [START_REF] Gysin | Critical application of an error matrix method for location of finite element modeling inaccuraties[END_REF] demonstrated that the stiffness error matrix is very dependent of the number of modes retained to form the flexibility matrix. Park et al. [START_REF] Park | Weighted error matrix application to detect stiffness damage characteristic measurement[END_REF] proposed to extend the error stiffness matrix by the weighted error matrix which magnifies the amount of stiffness error only at certain nodal points related to the damaged element (by applying a division by the variance in natural frequency). It was demonstrated that this weighted error matrix is more sensitive to damage allowing the detection of structural damage at early state. The effects of residual flexibility are defined by

G = ΦΩ -1 Φ T + G residual ( 30 
)
where G residual defines the contribution of the flexibility matrix from modes no retained in the approximated flexibility matrix G. As explained by Doebling et al. [START_REF] Doebling | Damage identification and health monitoring of structural and mechanical systems from changes in their vibration characteristics: A literature review[END_REF], the purpose is to be able to obtain a good estimation of the static flexibility matrix allowing more accurate detection and identification of damage in structures. Aktan et al. [START_REF] Aktan | Modal testing for structural identification and condition assessment of constructed facilities[END_REF] proposed to apply changes in dynamic flexibility as an indicator for damage detection in bridge. Even if the influence of the truncation previously observed by Gysin [START_REF] Gysin | Critical application of an error matrix method for location of finite element modeling inaccuraties[END_REF] was observed by the authors, they concluded that evolution of the dynamic flexibility is suitable for damage detection.

Mayes [START_REF] Mayes | An experimental algorithm for detecting damage applied to the i-40 bridge over the Rio Grande[END_REF] used the measured dynamic flexibility for damage detection of the I-40 bridge over the Rio Grande.

Park et al. [START_REF] Park | Structural damage detection using localized flexibilities[END_REF] illustrated the use of the flexibility matrix for damage detection in tenstory building, a bridge and an engine structure. They demonstrated that the damage can be correctly predicted and located.

Topole [START_REF] Topole | Damage evaluation via flexibility formulation[END_REF] proposed to investigate the sensitivity and robustness of the dynamic flexibility matrix. Considering various damage scenarios, including multiple damages and damage at joints, he concluded that this damage assessment technique works well for locating and the location and quantifying a simple damage but provides erroneous results for multiples damages.

Parloo et al. [START_REF] Parloo | Damage assessment using mode shape sensitivities[END_REF] used the change in flexibility method on a clamped board experiments and the I-40 highway bridge in New Mexico for damage detection.

Alvandi and Cremona [START_REF] Alvandi | Assessment of vibration-based damage identification techniques[END_REF] used the change in flexibility to detect and identify damaged elements on a simple supported beam. However the authors used experimental data of various civil engineering structures (for example the Interstate 40 highway bridge in Albuquerque, Z24 Bridge in Switzerland, a High Speed Railway Bridge in France and Saint Marcel Bridge in Canada) and indicated that changes in dynamic flexibility shows less efficiency in the case of more complex and/or simultaneous damages, when damages are closed to joints or in the case of low quality of experimental data.

Dynamic flexibility curvature method

Zhang and Aktan [START_REF] Zhang | The damage indices for constructed facilities[END_REF] proposed to combine the mode shape curvature technique (see section 2.1.) and the change in dynamic flexibility matrix (see section 2.1.). They used the change in curvature obtained by considering the flexibility instead of the mode shapes as described for the mode shape curvature method.

The Dynamic Flexibility Curvature Change is defined by

DFCC = n i=1 | ΦΩ -1 Φ T ′′ -Φ undamaged Ω -1 undamaged Φ T undamaged ′′ | (31) 
where Ω and Ω undamaged are the diagonal matrix of rigidity for the damaged and undamaged structures, respectively. Φ and Φ undamaged correspond to the mode shapes matrix for the damaged and undamaged systems. n defines the number of modes shapes. So a localized increase curvature change in DFCC indicates a loss of stiffness at the same location indicating the presence of damage. Alvandi and Cremona [START_REF] Alvandi | Assessment of vibration-based damage identification techniques[END_REF] investigated the use of the dynamic flexibility curvature method for damage detection in beam structures with one or two damages and noisy measurements. They concluded that if the presence of damage is easily detectable in the case of one damage, it can be more difficult for multiple damages.

Sensitivity-based approach

The sensibility-based approach uses the mode shapes of the damaged and undamaged structures and the natural frequencies of the undamaged modes. The damage assessment technique localizes the damage by means of the mode shape sensitivities to changes in stiffness between adjacent structural degree of freedom or/and changes in mass in structural degree of freedom [START_REF] Vanhonacker | Differential and difference sensitivities of natural frequencies and mode shapes of mechanical structures[END_REF][START_REF] Heylen | Modal Analysis Theory and Testing[END_REF].

The sensitivity of the i th degree of freedom for the j th mode shape in stiffness between the p th and q th degrees of freedom is defined by

∂Φ ij ∂k pq = (Φ pj -Φ qj ) n r=1,r =j 1 λ r -λ j Φ pr Φ qr a r Φ ir (32) 
where λ r are the poles of the system and a r the modal scaling factors.

The sensibility of the i th degree of freedom for the j th mode shape to local mass at the k th degree of freedom is estimated by

∂Φ ij ∂m k = -λ j Φ 2 kj a j Φ ij + Φ kj n r=1,r =j λ 2 j λ r -λ j Φ kr Φ ir a r (33) 
n defines the number of modes retained for the approximation of the sensibility indicators. Generally, even if a limited number of modes is used for the calculation of these sensibility factors, a good approximation can be obtained in comparison with the exact expression that corresponds to the case in which all mode shapes of the structure are taken into account. Moreover, it is admitted that calculating mass sensitivities is numerically more stable that calculating stiffness sensitivities due to the presence of noise measurement. Parloo et al. [START_REF] Parloo | Damage assessment using mode shape sensitivities[END_REF] compared the mode shape sensitivities with various damage indicators such as the modal flexibility change method, the mode shape curvature change and the strain energy method. Comparisons were performed by conducting damage detection experiments on a clamped board as well as on the data from the I-40 highway bridge in New Mexico. The authors clearly indicated that the sensitivity-based approach is the most efficient damage assessment technique. Even if the damage is very small, this technique allows a correct identification of the damage. Moreover, it was observed that even if the survey can be done in only one part of the clamped board structure, the sensitivity-based technique is still able to identify the location of damage. However, the method is less efficient in the case of the real civil engineering structure due to the fact that the sensibility-based approach is strongly affected by the presence of measurement noise.

Changes in antiresonances

Structural modification due to the presence of damage can drastically change the phenomenon of antiresonances and the relationship between the resonance and antiresonance behavior. So physical interpretation of the phenomenon of antiresonances and the significance of antiresonances in experimental structural analysis can be used for the detection and location of structural damage in complex structure. The antiresonance frequencies can be interpreted as the resonance frequencies of the system fixed at the excitation points in the excitation directions. For mored details, we refer the interested reader to the book of Ewins [START_REF] Ewins | Modal Testing: Theory and Practice[END_REF].

First if all, it is well known that the resonances and antiresonances alternate continuously only for the Frequency Response Function (see section 2.2. for more details) of the driving point where the response co-ordinate and the excitation co-ordinate are identical. Increasing the distance between the excitation co-ordinate and the response co-ordinate, the number of antiresonance ranges decreases [START_REF] Wahl | On the significance of antiresonance frequencies in experimental structural analysis[END_REF].

Bamnios et al. [START_REF] Bamnios | Crack identification in beam structures using mechanical impedance[END_REF] proposed to study both analytically and experimentally the influence of damage on the mechanical impedance of beams under various boundary conditions. Experimental tests were performed on plexiglas beams damaged for different locations and for different damage severities. They demonstrated that the driving-point impedance changes due to the damage in case of flexural vibrations. For a cantilever beam, they indicated that the first antiresonance moves towards the first resonance as the driving point approaches the damage. Then, the antiresonance tends to coincide with the first resonance in the vicinity of the damage. Finally, the first antiresonances does not move after crossing the damage whereas the first antiresonances moves toward the first resonance in the case of undamaged structure. They also indicated that changes in antiresonances strongly follow definite trends depending upon the damage location. Then they showed that there is a jump in the slope of the curve of the changes in the first antiresonances in the vicinity of the damage. Increasing the damage severity increases substantially the jump phenomenon allowing an efficient prediction of the damage localization. The results were validated by considering both cantilever beam and beam clamped at both ends. Douka et al. [START_REF] Douka | A method for determining the location and depth of cracks in double-cracked beams[END_REF] studied changes in antiresonances in double-cracked beams. As previously noted in the paper of Bamnios et al. [START_REF] Bamnios | Crack identification in beam structures using mechanical impedance[END_REF], they concluded that a shift in the antiresonances of the damage structure occurs depending on the severity and location of the damage. Using changes in antiresonances and resonances allows the identification of the crack size and location of a double-cracked beam. Due to the presence of two damages, two jump in the slope of the curve of the changes in the first resonances were observed by the authors; each slope was detected in the vicinity of each damage. However, they indicated that the proposed method based on changes in antiresonances appears not to be efficient for small damage due to the fact that small irregularities in the slope of the antiresonance curve cannot be reliably estimated.

Showing the studies of Bamnious et al. [START_REF] Bamnios | Crack identification in beam structures using mechanical impedance[END_REF] and Douka et al. [START_REF] Douka | A method for determining the location and depth of cracks in double-cracked beams[END_REF], Dharmaraju and Sinha [START_REF] Dharmaraju | Some comments on use of antiresonance for crack identification in beams[END_REF] proposed to comment the methodology of the use of antiresonances by conducting experiments on a freefree beam with open cracks. They clearly demonstrated that the identification of the crack location due to the change in antiresonance can be difficult. Then, they finally concluded that a more robust identification based on the previous methodology has to be developed for practical applications.

Dilena and Morassi [START_REF] Dilena | The use of antiresonances for crack detection in beams[END_REF][START_REF] Dilena | Damage detection in discrete vibrating systems[END_REF] proposed to extend the previous results to avoid the nonuniqueness of the damage location in symmetrical beams by an appropriate use of resonances and antiresonances for damage identification in symmetrical beams. The study was conducted on a freefree uniform beam either under axial or bending vibration. They demonstrated that an appropriate use of the changes in ratio between the first resonance and the first antiresonance uniquely determines the damage localization. However, they indicated that the methodology may be more difficult to be extend in the case of complex structures due to the noise on antiresonances.

Changes in Frequency Response function

One of the limitations of the indexes based on changes in frequencies or modes shapes, evolution of modal shape curvature, and mode strain energy is the only use of the resonant frequencies and mode shapes for the vibrational description of the mechanical structures. So, extension of the damage detection based on the use of the Frequency Response Function must be investigated.

Theoretical description of FRF

The equation of motion for a complex structure is often described by the following equation written as

Mẍ + C ẋ + Kx = f (t) ( 34 
)
where x is the vector of nodal degrees of freedom of the structure. t defines the time instant. M, K and C are the mass, stiffness and damping matrices. f (t) is the external force vector, and dot represents the derivative with respect to the time.

For the case of harmonic excitation, the force vector can be defined as

f (t) = Fe iωt ( 35 
)
where ω is the forcing frequency, and F defines the force amplitude vector. Therefore, the response vector may be assumed as

x(t) = Xe iωt (36) 
and equation 34 may be rewritten as

-ω 2 M + iωC + K X = F (37) 
Consequently, the relation between the response X (ω) and the excitation F (ω) at each frequency ω is given by

X (ω) = H (ω) F (ω) (38) 
where H (ω) defines the receptance matrix of the system or the Frequency Response Function matrix that is given by

H (ω) = -ω 2 M + iωC + K -1 (39) 
The relation between the response at the i th co-ordinate with a single excitation applied at the j th coordinate defines the individual Frequency Response Function H ij (ω) that is given by

H ij (ω) = X i F j ( 40 
)
with F n = 0 for n = 1, . . . , m and n = j (m is the total number of degree-of-freedom).

It may be noted that Operational Deflection Shape (ODS) that describes the normalized structure shape at each frequency ω is given by the column vector of the receptance matrix H j (ω).

Extension of the MAC criteria for the Frequency Response Function

As previously explained, the stiffness and the damping of a structure are affected by the damage. So, changes in the receptance matrix of the damaged structure H damaged ij (ω) may be used as a damaged indicator.

As an extension of the MAC criteria in the frequency domain, Heylen and Lammens [START_REF] Heylen | FRAC : a consistent way of comparing frequency response functions[END_REF] proposed the Frequency Response Assurance Criterion

F RAC ij (ω) = |H damaged ij (ω) H undamaged ij (ω) * | 2 H undamaged ij (ω) H undamaged ij (ω) * H damaged ij (ω) H damaged ij (ω) * (41 
) where * defines the complex conjugate operator. In this case, the excitation is applied at the j th co-ordinate, and the response function at the i th co-ordinate. The values of F RAC ij varies between zero to unity. If the F RAC ij value is equal to unity, no damage is found. Increasing the damage decreases the value of F RAC ij .

Zang et al. [START_REF] Zang | Structural damage detection using artificial neural networks and measured frf data reduced via principal component projection[END_REF][START_REF] Zang | Structural health monitoring and damage assessment using measured frfs from multiple sensors, part i: The indicator of correlation criteria[END_REF] proposed the first Global Shape Correlation function (GSC) to detect damage in structure. The GCS indicator is defined by

GCS (ω) = |H * undamaged (ω) H damaged (ω) | 2 H * undamaged (ω) H undamaged (ω) H * damaged (ω) H damaged (ω) (42) 
where H undamaged and H damaged are the column of the Frequency Response Function data measured at frequency ω for the undamaged and damaged structures. This function exists for all frequencies and the sum is over all locations. The GCS (ω) returns a real value between zero to unity, indicating no match at all or a complete match (i.e. no damage). So if the value GCS (ω) is different from unity, damage is detected. Then Zang et al. [START_REF] Zang | Structural damage detection using artificial neural networks and measured frf data reduced via principal component projection[END_REF][START_REF] Zang | Structural health monitoring and damage assessment using measured frfs from multiple sensors, part i: The indicator of correlation criteria[END_REF] proposed the second Global Amplitude Correlation function (GAC) based on response amplitudes. The GAC indicator is defined by

GAC (ω) = 2|H * undamaged (ω) H damaged (ω) | H * undamaged (ω) H undamaged (ω) + H * damaged (ω) H damaged (ω) (43) 
They also proposed the averaged integration of first Global Shape Correlation function (AIGSC) and the second Global Amplitude Correlation function (AIGAC)

AIGSC (ω) = 1 N N i=1 GSC (ω i ) (44) 
AIGAC (ω) = 1 N N i=1 GAC (ω i ) ( 45 
)
where N is the number of frequencies chosen in the frequency range of interest. The AIGSC and AIGAC indicators are real constant between zero to unity to indicate total damage or undamaged structure. The authors investigated these various indicators to a bookshelf structure with various case of damage, including location and level for single or multiple presence of damage. They concluded that all the correlation criteria are able to detect the damaged structures. Zang and Imregun [START_REF] Zang | Structural health monitoring and localization using frf based model umdating approach[END_REF] proposed to use the sensitivity of the global correlation functions with respect to the damaged selected parameters for damage identification.

Pascual et al. [START_REF] Pascual | A frequency domain correlation technique for model correlation and updating[END_REF][START_REF] Pascual | On-line damage assessment using operating deflection shapes[END_REF] proposed to quantify the correlation between two operational deflection shapes and to detect the presence of damage by using the Frequency Domain Assurance Criterion (FDAC)

F DAC j (ω 1 , ω 2 ) = | n i=1 H damaged ij (ω 2 ) H undamaged ij (ω 1 ) * | 2 n i=1 H undamaged ij (ω 1 ) H undamaged ij (ω 1 ) * n i=1 H damaged ij (ω 2 ) H damaged ij (ω 2 ) * ( 46 
)
where n is the total number of co-ordinates. The measurement of correlation is done between the operational deflection shapes of the damaged structure for each frequency ω 2 and the operational deflection shapes of the undamaged structure for each frequency ω 1 . Generally, a simplified form of the Frequency Domain Assurance Criterion (FDAC) is proposed based on the measure of correlation between the operational deflection shapes of the damaged and undamaged structures at the same frequency ω with only one applied force [START_REF] Sampaio | The frequency domain assurance criterion as a tool for damage identification[END_REF]. This simplified form that is referred to as the Response Vector Assurance Criterion (RVAC) is given by

RDAC (ω) = | n i=1 H damaged i (ω) H undamaged i (ω) * | 2 n i=1 H undamaged i (ω) H undamaged i (ω) * n i=1 H damaged i (ω) H damaged i (ω) * (47) 
Sampaio et al. [START_REF] Sampaio | The frequency domain assurance criterion as a tool for damage identification[END_REF][START_REF] Maia | Damage detection in structures: from mode shape to frequency response function methods[END_REF] proposed to use an adaptation of the Response Vector Assurance Criterion, the Detection and Relative damage Quantification indicator

DRQ (ω) = ω RV AC (ω) N ( 48 
)
where N defines the number of frequencies. This indicator can be considered as an arithmetic average of the RV AC along the frequency range of consideration. If the DRQ factor is equal to unity no damage is detected. The larger the damage is, the smaller the degree of correlation between the operational deflection shapes of the undamaged and damaged structures. The value of DRQ returns a constant number between zero to unity. Moreover, Sampaio et al. [START_REF] Sampaio | The frequency domain assurance criterion as a tool for damage identification[END_REF] proposed to measure the degree of correlation between the second spatial derivative of the operational deflection shapes of the damaged and undamaged structures to locate damage. The relation is given by

RDAC ′′ (ω) = | n i=1 H damaged i (ω) ′′ H undamaged i (ω) ′′ * | 2 n i=1 H undamaged i (ω) ′′ H undamaged i (ω) ′′ * n i=1 H damaged i (ω) ′′ H damaged i (ω) ′′ * (49) 
Finally, the authors [START_REF] Sampaio | The frequency domain assurance criterion as a tool for damage identification[END_REF][START_REF] Maia | Damage detection in structures: from mode shape to frequency response function methods[END_REF] proposed to use an adaptation of the Response Vector Assurance Criterion, the Detection and Relative damage Quantification indicator

DRQ ′′ (ω) = ω RV AC ′′ (ω) N (50) 
They validated the use of the previous versions of the DRQ and DRQ ′′ on a free-free beam in transverse vibration. They indicated that the DRQ indicator is able to detect small damage and to distinguish different severity of damage. They also concluded that the versions of the DRQ ′′ indicator does not permit to enhance the damage assessment in comparison with the classical DRQ indicator.

Frequency response curvature method

This damage assessment technique is based on the extension of the mode shapes curvature for a given frequency range. The frequency response curvature can be estimated by using a central difference approximation and is defined by

(H ij (ω)) ′′ = H i+1,j (ω) -2H i,j (ω) + H i-1,j (ω) h (51) 
where H ij is the receptance or individual Frequency Response Function measured at the i th location with a single excitation applied at the j th coordinate for a given frequency ω. h is the distance between the measurement co-ordinates. One of the main advantage of this method is the simplicity of use due to the fact that the receptances are known and the calculation of the frequency response curvature approximation an be easily done.

The difference between the frequency response curvature of the damaged and undamaged structures for a given range of frequency ω = [ω initial ; ω f inal ] at the i th location with an applied force at the j th point is given by

∆ (H ij (ω)) ′′ = ω f inal ω=ω initial | H damaged ij (ω) ′′ -H undamaged ij (ω) ′′ | (52) 
Palacz et al. [START_REF] Palacz | Vibration parameters for damage detection in structures[END_REF] proposed the use of the frequency curvature technique for damage detection in a cantilever beam. They clearly demonstrated that increasing the number of measurements drastically increases the robustness of the damage location. Moreover, measurement errors can result in disturbances in proper assessment of the damage location if a small number of measurement points is considered. They also indicated that errors in the frequency curvature do not strongly affect the identification of the damage parameters.

Coupling responses measurements

Basic theory

Considering that the damage induces only a decrease of the stiffness at the damage location, the equation of motion for a damaged structure can be written as

Mẍ + C ẋ + Kx = f (t) ( 53 
)
where x is the vector of nodal degrees of freedom of the damage system. M and C are the mass and damping matrices. K is the global stiffness matrix that contains the stiffness reduction K crack at the crack location. f (t) is the external force vector, and dot represents the derivative with respect to the time.

As previously shown in Section 2.2., if the harmonic excitation force vector is assumed on the form

f (t) = Fe iωt ( 54 
)
where ω is the forcing frequency and F defines the force amplitude vector, the harmonic response vector can be determined by using the following form

x(t) = Xe iωt (55) 
and the previous equation of motion 53 can be rewritten as

-ω 2 M + iωC + K X = F (56) 
Due to the fact that the damage introduces a stiffness matrix K crack at the damage location, the equation of motion of the damaged system can be rewritten as

-ω 2 M + iωC + K X c X uc = F -F c = F c F uc - F c c 0 ( 57 
)
where K defines the stiffness matrix of the undamaged structure. The subscripts c and uc represent the cracked and uncracked elements (i.e. damaged and undamaged structures), respectively. F contains the external force vector, and F c represents the force vector only due to the contribution of the crack. It may be noted that the vector F c contains non-zero terms only at the crack nodal degrees of freedom due to the local reduction of stiffness into the global stiffness matrix of undamaged structure. The expression of F c c is given by

F c c = K crack X c (58) 
Then, assuming modal viscous damping and using the normal mode substitution

x = Φq = n r=1 q r Φr (59) 
the equation set 56 is diagonalized as follows:

∀r ω2 r -ω 2 + 2iζ r ωr ω q r = f r (60) 
q r defines the modal participation of the r th mode. Φr corresponds to the associated eigenvector. n is the number of retained modes for the normal mode substitution. f r is the generalized modal force given by

f r = ΦT r F m r ( 61 
)
and ωr is the r th mode undamped natural frequency of the cracked beam

ωr = kr m r (62) 
with

m r = ΦT r M Φr (63) kr = ΦT r K Φr ( 64 
)
ζ r is the r th mode damping ratio

ζ r = c r 2m r ω r (65) 
with c r = αm r + βk r due to the orthogonality property of M and K; here ω r = k r m r is the r th undamped natural frequency of the undamaged structure. k r is defined as follows

k r = Φ T r KΦ r ( 66 
)
where K defines the stiffness matrix of the undamaged system; and Φ r is the eigenvectors of the undamaged structure. Consequently, the relationship between the output vector X (ω) and the input vector F (ω) is given by

X (ω) = H (ω) F (ω) = n r=1 Φr ΦT r m r ω2 r -ω 2 + 2iζ r ωr ω F (ω) (67) 
where H (ω) defines the Frequency Response Function matrix previously defined in section 2.2.. H (ω) is the linear combination of each mode. Thereby, the Frequency Response Function H kl (ω) (that corresponds to an excitation force only applied at the l th degree of freedom with the response located at the k th degree of freedom) is given by

H kl (ω) = n r=1 Φlr Φkr m r ω2 r -ω 2 + 2iζ r ωr ω (68) 
It clearly appears that the amplitude of the resonance peaks are affected by the damage severity and location due to the fact that ωr and Φr are functions of the properties of damage.

Then, the equation of motion defined in equation 68 can be expressed by rearranging the equation of motion and extracting the force vector due to the contribution of the damage

X (ω) = n r=1 Φr ΦT r m r (ω 2 r -ω 2 + 2iζ r ω r ω) F (ω) - n r=1 Φr ΦT r m r (ω 2 r -ω 2 + 2iζ r ω r ω) F c (x, ω) (69) 
where ω r = k r m r is the r th undamped natural frequency of the undamaged structure.

So, considering this last equation 69, the possible coupling of response measurements (i.e. two lateral vibrations, lateral/axial or lateral/torsional vibrations for example) due to the damage can be clearly explained. The first term of equation 69 corresponds to the effect of the external force f (t) = Fe iωt where ω is the forcing frequency. The second term of equation 69 corresponds to the effect of damage in coupling vibrations. For a damaged structure, the term F c (x, ω) introduces an excitation force due to the damage. So the response of an excitation is observed not only in the direction of the excitation but also in other directions. It may be observed that the detection of damage based on coupling measurements is possible if the measurements of the Frequency Response Function are done not only in the direction of the external excitation force f (t) but also in another direction, and if the excitation of the external force f (t) and the excitation due to the damage F c are not in the same direction [START_REF] Sinou | Damage assessment based on the frequencies' ratio surfaces intersection method for the identification of the crack depth, location and orientation[END_REF]. Moreover, the coupling is strongly dependent on the position and severity of the damage (i.e. the intensity of the excitation force due to damage F c (x, ω)). One of the main advantage of the coupling responses measurements is that the detection is not sensitive to uncertainties and can be easily applied for the detection of small cracks.

Applications for damage detection in practical cases

The identification of damage in beams by coupled response measurements was proposed by Gounaris et al. [START_REF] Gounaris | Crack identification in beams by coupled response measurements[END_REF]. The methodology for the determination of the severity and the location of a transverse crack requires an external excitation to dynamically excite the beam and two response measurements at a point of the beam. By measuring the displacement in one direction when exciting in another direction allows the determination of the presence of damage. The authors indicated that the main advantage of this method is the possibility to detect damage for small cracks and that more than one coupling measurements are analytically obtained and may be experimentally observed allowing an efficient and robust identification of the severity and localization of damage.

Liu et al. [START_REF] Liu | Crack detection in hollow section structures through coupled response measurements[END_REF] illustrated both analytically and experimentally the damage detection in hollow section structure in freefree boundary conditions through coupled response measurements. They proposed to investigate the coupling measurements of the lateral and axial responses due to the presence of damage: for the uncracked beam, lateral or axial force only excite the corresponding bending or axial modes. When a damage is added in the structure, they observed the coupling behavior of axial and lateral displacements (i.e. the axial and bending modes). They demonstrated that the coupling of lateral and axial vibrations is clearly observable in experimental Frequency Response Function: the presence of damage introduces an extra peak in the bending direction close to the undamaged axial natural frequency. Moreover, they proposed to validate the coupling measurement method with the modal assurance criterion (MAC, see section 2.1. for more details) for physically interpreting the appearance of new peaks. They concluded that the coupling measurements of axial and lateral modes is a very good indicator of the presence of damage.

Chasalevris and Papadopoulos [START_REF] Chasalevris | Coupled horizontal and vertical bending vibrations of a stationary shaft with two cracks[END_REF] investigated the coupled bending vibrations of a stationary shaft with two cracks. They considered the case of bending vibrations caused by a vertical excitation. They noted that the coupling measurement is observable (i.e. response in the horizontal plane) when the crack orientations are not symmetrical to the vertical plane. Experimental tests in a clamped-free shaft were performed to prove that the coupling phenomenon is more intense for deeper damage. They also observed that the coupling becomes stronger or weaker depending on the relative angular position of the cracks and the damages severity.

Lee et al. [START_REF] Lee | Health-monitoring method for bridges under ordinary traffic loadings[END_REF] also proposed to use the coupling measurements in Frequency Response Function for the identification of damage parameters. Numerical examples for cantilever beam and simply-supported beam.

Extension of coupling measurements for rotating machinery

For rotating machinery, all the previous criteria and methodologies based on linear measurements can be useful for damage detection even if these approaches have to be carried out during static condition of rotor and are an "'off-line process"' and so time consuming for practical engineering applications in rotors. However extension of the detection of open cracks in rotating machinery based on coupling measurements presented in section 2.3. were also proposed by some researchers.

Papadopoulos and Dimaragonas [START_REF] Papadopoulos | Coupled longitudinal and bending vibrations of a rotating shaft with an open crack[END_REF] studied the coupling of longitudinal and bending vibrations of a rotating shaft, due to an open transverse crack. Then, they proposed to investigate the significant influence of the bending vibration on the torsional vibration spectrum [START_REF] Papadopoulos | Coupling of bending and torsional vibration of a cracked Timoshenko shaft[END_REF]. They also demonstrated that both the evolution of eigenfrequencies and the coupling of the vibration modes are verified analytically and experimentally and can be efficiency used for the detection of damage. They indicated that the severity of damage clearly affects the decrease of frequencies and the coupling measurements of modes [START_REF] Papadopoulos | Coupled longitudinal and bending vibrations of a cracked shaft[END_REF]. They concluded phenomena of coupling between bending and torsion, bending and tension, and the general vibration coupling [START_REF] Papadopoulos | Coupled vibrations of cracked shafts[END_REF] can be very useful for rotor crack identification in service, which is of importance to turbo-machinery.

Ostachowicz and Krawczuk [START_REF] Ostachowicz | Coupled torsional and bending vibrations of a rotor with an open crack[END_REF] demonstrated that an open crack can be detected by using coupling of torsional and bending vibration in a rotating shaft.

Collins et al. [START_REF] Collins | Detection of cracks in rotating Timoshenko shafts using axial impulses[END_REF] used the coupling mechanism in lateral and longitudinal directions of a cracked rotor. They introduced an impulse axial excitation to the cracked shaft and observed the responses in the longitudinal direction for diagnosis of damage.

Gounaris and Papadopoulos [START_REF] Papadopoulos | Coupled longitudinal and bending vibrations of a rotating shaft with an open crack[END_REF] proposed to identify the damage parameters in rotating shafts bu using the response coupled crack. The basis of the method is the measurement coupled response measurements. They introduced a model that considers the gyroscopic effect and the axial vibration with a single harmonic excitation in one direction (bending), while measuring in an other (axial). Considering different rotational speeds and excitations, they observed that the phenomena of coupled measurements is an easy and efficient way to detect the existence of damage in rotating shafts.

Non-linear analysis

Even if in the case of simple structures, the damage position and severity can be determined from changes by using various linear analysis previously presented in this review (changes in natural frequencies, modes shapes, MAC criteria, Frequency Response Functions, antiresonances, coupling measurements,...), some researchers have illustrated the fact that the presence of damage can induce more complicated behavior.

For example Gudmundson [START_REF] Gudmundson | The dynamic behaviour of slender structures with crosssectional cracks[END_REF] noted during experimental tests on a cantilever beam that decrease in natural frequencies is not always observed due to the closing of the crack. So the linear analysis appears to be insufficient to describe the non-linear behavior of the crack, the so called "'breathing phenomena"' corresponding to the fact that the crack alternately opens and closes during experimental tests.

Non-linear behavior and equation of damage structures

The equation of motion for a complete system with a damage can be defined as follows

Mẍ + D ẋ + Kx = Q + W + W damage (70) 
where overdots indicate differentiation with respect to time. M, D and K are the mass, damping and stiffness matrices. In the case of rotating machinery, the damping matrix includes not only the external damping but also the gyroscopic contribution. Q and W define the vector of gravity force and external force. W damage is the vector contribution due to the damage in the structure. This vector contains the non-linear expressions due to the breathing mechanism associated with the crack. In a damage structure, at the crack location, the part of the cross section which is cracked is not capable of supporting tensile. This fact induces that the crack may open and close according to the stresses developed in the cracked surface. When the crack is in a compression zone, the crack remains closed and the damage structure has the same stiffness as the intact structure. If the crack is in a tensile zone, the crack is open, resulting in reduced structural stiffness. It may be said that the two previous situations are generally completed by considering the transition situation where the crack is partially closed or opened and the extent of crack opening is determined by the proportion of the crack face which is subject to tensile axial stresses. So, during the transition from close to open crack or vice versa, the structure is more or less stiff due to the variation of the stiffness at the crack location.

To a first approximation, a damage structure may be treated by considering the resulting equations of motion linear with time dependent coefficients. However, in general cases for rotating machinery or civil engineering structures, the opening-closing effect of the crack may be a function of the vibration amplitudes of the system and thus a full non-linear treatment is needed: the equations become totally nonlinear because deflection give rise to local axial stretching and this effect the position of the neutral axis of any specified cross section of structure.

Generally speaking, equation 70 are rewritten as

Mẍ + D ẋ + (K + f (t) K damage ) x = Q + W (71) 
where K damage is the stiffness matrix due to the crack. f (t) is defined as the function describing the breathing mechanism and varies between zero to one. Modeling the breathing mechanism is one of the first difficulty when dealing with the non-linear effect of damage in dynamic responses of structures, the non-linear opening and closing of a crack being generally dependent on the physical system under study.

For example, in the case of rotating machinery, a simple model, called the "'hinge model"', of an opening and closing crack that assumes to change from its closed to open state abruptly as the shaft rotates was proposed by Gasch [START_REF] Gasch | Dynamic behaviour of a simple rotor with a cross sectional crack[END_REF][START_REF] Gasch | A survey of the dynamic behaviour of a simple rotating shaft with a transverse crack[END_REF]. When the crack is assumed to open and close during the revolution of the shaft, some researchers [START_REF] Davies | The vibrational behaviour of a multishaft, multi-bearing system in the presence of a propagating transverse crack[END_REF][START_REF] Mayes | Analysis of the response of a multi-rotorbearing system containing a transverse crack in a rotor[END_REF][START_REF] Schmied | Vibrational behaviour of a rotor with a crosssectional crack[END_REF][START_REF] Papadopoulos | Stability of cracked rotors in the coupled vibration mode[END_REF][START_REF] Jun | Modelling and vibration analysis of a simple rotor with a breathing crack[END_REF][START_REF] Pu | Quasi-periodic vibration of cracked rotor on flexible bearings[END_REF][START_REF] Sinou | Influence of cracks in rotating shafts[END_REF] proposed models in which the opening and closing of the crack was described by a cosine function. For more details on different non-linear breathing mechanisms for engineering applications, we refer the interested reader to the following references [START_REF] Papadopoulos | The strain energy release approach for modeling cracks in rotors: A state of the art review[END_REF][START_REF] Keiner | Comparison of different modelling techniques to simulate the vibration of a cracked rotor[END_REF][START_REF] Friswell | Crack modeling for structural health monitoring[END_REF][START_REF] Sinha | Simplified models for the location of cracks in beam structures using measured vibration data[END_REF][START_REF] Bachschmid | Some remarks on breathing mechanism, on non-linear effects and on slant and helicoidal cracks[END_REF].

For civil engineering applications, the breathing of the crack can depend on the deflection of the structure. For example, Law and Zhu [START_REF] Law | Dynamic behavior of damaged concrete bridge structures under moving vehicular loads[END_REF] proposed to open and close the crack zone when a load (that represents a vehicle) is moving along the beam.

Changes in frequencies and dynamic response due to the breathing mechanism

First of all, we have to compare the modal properties and changes in resonant frequencies obtained by considering a breathing crack and an open crack. The open crack corresponds to the case where f (t) = 1.

The first studies that investigated the closing and breathing effects of cracks on the dynamical characteristics were proposed by Carlson [START_REF] Carlson | An experimental study of the parametric excitation of a tensioned sheet with a crack like opening[END_REF] and Gudmunston [START_REF] Gudmundson | The dynamic behaviour of slender structures with crosssectional cracks[END_REF]. Considering an edge-cracked cantilever beam, they observed differences between the modal properties and dynamic response of damaged structures with open and closing cracks.

Later, the vibrations with the crack opening and closing has been proposed by Zastrau [START_REF] Zastrau | Vibrations of cracked structures[END_REF]. Changes in the spectrum of a simply-supported beam with multiple cracks and the bilinear nature of a beam with a breathing crack was also investigated.

Ostachowicz and Krawczuk [START_REF] Ostachowicz | Vibration analysis of a cracked beam[END_REF] studied changes in the dynamic characteristics of a structure with the assumption of an open and closed crack leads.

Qian et al. [START_REF] Qian | The dynamic behaviour and crack detection of a beam with a crack[END_REF] observed that a closing crack can induce modifications of the amplitudes responses of damaged structures. They indicated that the differences of displacement response between the damaged and undamaged structures are reduced due to the crack closure. They also performed numerical and experimental tests on a cantilever beam with an edge-crack that show good agreement. Finally they proposed to identify the modal parameters by means of an identification technique in the time domain to consider the closing effect of the crack.

Collins et al. [START_REF] Collins | Free and forced longitudinal vibrations of a cantilevered bar with a crack[END_REF] studied the non-linear vibration behavior by using direct numerical integration for forced vibrations of a beam with breathing crack. Chondros et al. [START_REF] Chondros | Vibration of a beam with a breathing crack[END_REF] investigated changes in vibration frequencies for a fatigue-breathing crack. As previously explained by Gudmunston [START_REF] Gudmundson | The dynamic behaviour of slender structures with crosssectional cracks[END_REF], a smaller drop in frequencies for a fatigue-breathing crack than an open-crack model predicts is observed.

Luzzato [START_REF] Luzzato | Approximate computation of non-linear effects in a vibrating cracked beam[END_REF] evaluated the evolution of the first three eigenfrequencies of a simply supported beam by considering an open crack and a breathing crack. He also found that the relationships between eigenfrequencies and damage severity for an open and breathing cracks are different. Decreases for the breathing crack appears to be less significant.

A numerical study of the vibration of edge-cracked beam on elastic foundation for different damage severity and location with both an opening crack and a breathing crack was performed by Hsu [START_REF] Hsu | Vibration analysis of edge-cracked beam on elastic foundation with axial loading using the differential quadrature method[END_REF]. The author also investigated the effects of axial loading and foundation stiffness. Using an excitation force at at the end of the beam, it appears that the responses with opening crack and closing crack are very different. A typical non-linear behavior of the beam with a breathing crack is obtained. A deformation of the mode shape is also observed when the vibration amplitudes increase.

Bikri et al. [START_REF] Bikri | Geometrically non-linear free vibrations of clampedclamped beams with an edge crack[END_REF] studied the non-linear free vibrations of a clampedclamped beam with an edge crack. They indicated that the non-linear frequencies increase with increasing vibration amplitudes. They also obtained the classical result that the natural frequency shift is smaller for the non-linear breathing crack than for the linear open crack. Moreover, they observed that the non-linear mode shapes with a breathing crack are very different from the mode shapes of an open crack. Increasing the damages severity increase the the deformation of the normalized first mode shapes. They concluded that a robust identification of damage parameters only based on changes in frequencies can be very difficult due to the non-linear effects of the breathing behavior of the crack.

Law and Zhu [START_REF] Law | Dynamic behavior of damaged concrete bridge structures under moving vehicular loads[END_REF] studied the effect of the breathing crack on the dynamic behavior of the concrete bridge. Using a damage model for reinforced concrete structures proposed by Abdel Wahab et al. [START_REF] Wahab | Parameterization of damage in reinforced concrete structures using model updating[END_REF], the crack zone is open or close when the vehicular loads is moving along the bridge. Even if the dynamic response appears to be a good indicator of damage in bridge, the authors indicated that significant changes in the dynamic responses are observed between the open crack and the breathing crack. So, a robust damage detection is possible, however, a complete identification of the damage severity is clearly dependent of the non-linear breathing behavior that has been chosen.

Higher-Order Frequency Response Functions or Order Function

As previously seen, the opening and closing of the crack can drastically change the modal properties of the damaged structures inducing worse damage identification. So a more complex non-linear analysis as to be taken into account based on the presence of the nonlinear components in the vibrational responses of damaged structures.

To be able to identify the effects of a breathing crack on the non-linear responses of damaged structures, the use of the Volterra series and Harmonic Balance Method are discussed in the two following sections. Firstly, the Higher-Order Frequency Response Functions based on the Volterra series and the motion of the order functions are discussed. Then, the different Harmonic balance decompositions based on a simple or multiple excitations are treated. In addition, non-exhaustive example for civil engineering systems and rotating machinery are given to illustrate the feasibility, advantages and limitations of the different indicators based on these non-linear formulations.

Basic theory of the Volterra series and higher-order Frequency Response Functions

Due to the fact that the damaged structures exhibit non-linear behavior if the crack is breathing, an extension of the Frequency Responses Functions used for linear systems (presented in section 2.2.) can be considered for harmonic excitations by investigating the higher-order Frequency Response Functions with the Volterra series.

Volterra [START_REF] Volterra | Theory of Functionals and Integral Equations[END_REF] proposed to extend the conventional input-output form that describes a linear system

y (t) = +∞ -∞ h (τ ) x (t -τ ) dτ ( 72 
)
by the Volterra series in the case of non-linear system. This extended non-linear form of y (t) can be written as

y (t) = y 1 (t) + y 2 (t) + • • • + y n (t) (73) 
where

y 1 (t) = +∞ -∞ h 1 (τ 1 ) x (t -τ 1 ) dτ 1 ( 74 
)
y 2 (t) = +∞ -∞ +∞ -∞ h 2 (τ 1 , τ 2 ) x (t -τ 1 ) x (t -τ 2 ) dτ 1 dτ 2 ( 75 
)
y n (t) = +∞ -∞ +∞ -∞ • • • +∞ -∞ h n (τ 1 , τ 2 , • • • , τ n ) x (t -τ 1 ) x (t -τ 2 ) • • • x (t -τ n ) dτ 1 dτ 2 • • • dτ n (76)
The kernels h n can be considered to be symmetric without loss of generality [START_REF] Schetzen | The Volterra and Wiener Theories of Non-Linear Svstems[END_REF] (i.e. h 2 (τ 1 , τ 2 ) = h 2 (τ 2 , τ 1 ) for example).

Then, the extension of the Frequency Response Functions can be defined for each corresponding Volterra kernels h i (for i = 1, • • • , n). The High-Order Frequency Response Functions (HOFRFs) or Volterra kernel transforms H n (ω 1 , • • • , ω n ) are defined by using Multi-dimensional Fourier Transforms (MFTs)

H n (ω 1 , ω 2 , • • • , ω n ) = +∞ -∞ +∞ -∞ • • • +∞ -∞ h n (τ 1 , τ 2 , • • • , τ n ) e i(ω 1 τ 1 +ω 2 τ 2 +•••+ωnτn) dτ 1 dτ 2 • • • dτ n ( 77 
)
It is noted that the visualization of the High-Order Frequency Response Functions (HOFRFs) can be difficult and generally expressions for only one periodic excitation composed of a single harmonic x (t) = e iωt are considered for damage detection. In this case, the nonlinear response up to the n th order is given by

y n (t) = H 1 (ω) e iωt + H 2 (ω, ω) e i2ωt + • • • + H n (ω, ω, • • • , ω) e inωt (78) 
One of the most important point to note is that only components of the output at multiples of the excitation frequency ω are observed. So the effect of damage and the breathing crack that characterize the non-linear behavior of the damaged system can be detected by following evolution of the High-Order Frequency Response Functions (HOFRFs). For the reader comprehension, it is remembered that no damage results in a linear structural system and only the first FRF H 1 with the associated linear response y 1 (t) = H 1 (ω) e iωt is observed.

To be more general and to allow a damage detection for mechanical structure with multi-excitations, expression of the non-linear response y (t) for a two-frequency harmonic input x (t) = e iω 1 t + e iω 2 t is given up to the second order by [START_REF] Kerschen | Past, present and future of nonlinear system identification in structural dynamics[END_REF] 

y n (t) = H 1 (ω 1 ) e iω 1 t + H 1 (ω 2 ) e iω 2 t +H 2 (ω 1 , ω 1 ) e i2ω 1 t + H 2 (ω 2 , ω 2 ) e i2ω 2 t + 2H 2 (ω 1 , ω 2 ) e iω 1 +iω 2 t + • • • (79) 
It can be noted that not only the multiples of the excitation frequencies ω 1 or ω 2 are observed, but also the component at the sum frequency for the excitation ω 1 + ω 2 is obtained for the second order Frequency Response Function H 2 (ω 1 , ω 2 ). It is not difficult to understand that for a multi-excitation with n frequencies (ω 1 , ω 2 , • • • , ω n ) the non-linear response is described by adding all the Higher-Order Frequency Response Functions with the all the components at the "'sum"' frequency

ω 1 + ω 2 + • • • + ω n .
So if the breathing behavior can be expressed by a non-linear function f (ω d ) (where ω d is the fundamental frequency of the opening and closing phenomena) and the damaged structure is excited by the multi-frequencies

(ω 1 , ω 2 , • • • , ω n ) (with ω d = ω i for i = 1, 2, • • • , n).
All components of the "'sum frequency"' including ω d (for example

m i ω i +m d ω d with i = 1, 2, • • • , n; m i = 1, 2, • • • , ∞ and m d = 1, 2, • • • , ∞
for the second order Frequency Response Functions) can be used for indicating the presence of damage in the structure. It clearly appears that all the Higher-Order Frequency Response Functions can be used for an efficient and robust detection of damage based on the non-linear responses and combinations between the fundamental frequency of the breathing crack and the excitation frequencies.

Basic theory of the Harmonic Balance Method and order n

In this section, the use of the Harmonic Balance Method for a simple excitation is developed to illustrate and to enhance the previous conclusions done by the Volterra series.

As previously explained in section 3.1., the breathing behavior of the crack induces the time-dependent coefficient of equation 71. So the system of the damaged structure can be rewritten in a "'non-linear"' form as

Mẍ + D ẋ + Kx = Q + W + f N L (x, ω, t) (80) 
with

f N L (x, ω, t) = f (t) K damage x (81) 
The expression f N L (x, ω, t) represents the non-linear breathing behavior of the crack. The general idea of the harmonic balance method is to represent the periodic solution of the non-linear system by its frequency content.

Firstly, we consider the case of an external periodic excitation force of frequency ω that is also the fundamental frequency of the breathing behavior of the crack. So the non-linear dynamical response of the damaged structure is represented as truncated Fourier series with m harmonics:

x (t) = B 0 + m k=1 (B k cos (kωt) + A k sin (kωt)) ( 82 
)
where ω defines the fundamental frequency of the breathing behavior. B 0 , A k and B k (with k = 1, • • • , m) define the unknown coefficients of the finite Fourier series.

Considering that the non-linear force f N L , the gravity force Q and the external excitation force W can be represented as truncated Fourier series of fundamental frequency ω, we have

f N L (x, ω, t) = C f 0 + m k=1 C f k cos (kωt) + S f k sin (kωt) (83) Q (x, ω, t) = C Q 0 (84) W (x, ω, t) = C W 1 cos (ωt) + S W 1 sin (kωt) (85) 
By substituting expressions 82, 83, 84 and 85 into 80, the analytical expressions of the various harmonic components of the non-linear response of the damaged structures can be easily obtained.

The constant terms B 0 of the non-linear responses are given by

KB 0 = C Q 0 + C f 0 ( 86 
)
The first harmonic components A 1 and B 1 are determined by considering the relations

K -ω 2 M -ωD ωD K -ω 2 M A 1 B 1 = S W 1 + S f 1 C W 1 + C f 1 (87)
Finally, the k th Fourier coefficients A k and B k for 2 ≤ k ≤ m are given by

K -(kω) 2 M -kωD kωD K -(kω) 2 M A k B k = S f k C f k ( 88 
)
For the reader comprehension, it is noted that the non-linear expression f N L (x, ω, t) is a unknown function in the frequency domain. The determination of the Fourier coefficients is generally obtained by using an alternate frequency-time procedure [START_REF] Cameron | An alternating frequency/time domain method for calculating the steady-state response of nonlinear dynamic systems[END_REF][START_REF] Sinou | A non-linear study of a cracked rotor[END_REF]. Showing equations 88, it clearly appears that the non-linear breathing behavior induces the appearance of the Fourier components of the n th order with n ≥ 2, whereas the influence of the external excitation force influences only the first order of the non-linear responses. This results can be compared with the appearance of the High-Order Frequency Response Functions presented in the previous section.

Extension of the Harmonic Balance Method for multiple excitation

Now, the general case in which the structural system is excited by several incommensurable frequencies ω 1 , ω 2 , . . . , ω n is discussed. The multiple excitations are contained in the external excitation forces W (ω 1 , ω 2 , . . . , ω n ).

For the sake of simplicity in the following developments, we supposed that at least one of the previous frequencies corresponds to the fundamental frequency of the non-linear breathing behavior f N L (x, ω j , t).

So, the non-linear response contains the frequency components of any linear combinations of the incommensurable frequency components

k 1 ω 1 +k 2 ω 2 +• • •+k j ω j +• • •+k n ω n with k j = -m, -m+1, . . . , 1, 0, 1, . . . , m-1, m (89) 
where m defines the order for each fundamental frequency.

Thus the approximation of the truncated Fourier series for the non-linear response can be written in the following form

x (t) = m k 1 =-m m k 2 =-m • • • m kn=-m A k 1 ,k 2 ,...,kn cos n j=1 k j ω j t + B k 1 ,k 2 ,...,kn sin n j=1 k j ω j t (90) 
A k 1 ,k 2 ,...,kn and B k 1 ,k 2 ,...,kn define the unknown Fourier coefficients of any linear combinations of the incommensurable frequency components ω 1 , ω 2 , . . . , ω n that have been previously defined in equation 89.

Then the non-linear expression that contains the presence of damage with the breathing mechanism f N L (x, ω, t) can be rewritten in the frequency domain

f N L (t) = m k 1 =-m m k 2 =-m • • • m kn=-m C f k 1 ,k 2 ,...,kn cos n j=1 k j ω j t + S f k 1 ,k 2 ,...,kn sin n j=1 k j ω j t (91) 
Considering that all harmonics at negative combination frequencies can be replaced by harmonic terms at positive combination frequencies due to the following trigonometric relation

cos   n j=1 k j ω j t   = cos   n j=1 -k j ω j t   (92) sin   n j=1 k j ω j t   = -sin   n j=1 -k j ω j t   (93) 
it may be concluded that only terms at positive combination frequencies (i.e. n j=1 k j ω j t ≥ 0) can be retained in the non-linear response and non-linear expression force. Finally the total number of harmonic terms N h is equal to N h = N c + N s where N c and N s correspond to the number of cosine and sine Fourier components.

So, the non-linear equation of motion 80 can be rewritten in the form of a linear algebraic matrix equation system for unknown vector of harmonic coefficients with only terms at positive combination frequencies

H • a = F N L + F ext ( 94 
)
where a defines the vector of harmonic coefficients

a = a T 1,cos a T 1,sin , a T 2,cos a T 2,sin , . . . , a T m,cos a T m,sin T (95) 
The superscript T denotes the vector or matrix transposition. Considering the previous relation, the j th contributions a j,cos and a j,sin contain the new Fourier decomposition of cosine and sine terms corresponding to the positive combination frequencies. They are defined by

a j,cos = a 1 j,cos , a 2 j,cos , . . . , a Nc j,cos T (96) 
a j,sin = a 1 j,sin , a 2 j,sin , . . . , a Ns j,sin T

For the reader comprehension, the relation between the non-linear response x (t) is given by

x (t) = Y • a (98) 
and the matrix Y is defined by

Y =       T 0 • • • 0 0 T • • • 0 . . . . . . . . . . . . 0 0 • • • T       (99) 
with

T = T cos T sin (100) 
By introducing τ j = ω j t, the sub-matrices T cos and T sin are composed from elements of cosine and sine terms:

T cos =   cos   n j=1 k 1 j τ j   , cos   n j=1 k 2 j τ j   , . . . , cos   n j=1 k m j τ j     (101) 
T sin =   sin   n j=1 k 1 j τ j   , sin   n j=1 k 2 j τ j   , . . . , sin   n j=1 k m j τ j     (102) 
where k i j (for i = 1, . . . , n) are integers. In equation 94, the expressions of the matrices and vectors H, F N L and F ext are given by

H = Y, n j=1 ω j n i=1 ω i M ∂ 2 Y ∂τ j ∂τ i + D ∂Y ∂τ j + KY (103) 
F N L = Y, f N L (x, t) (104) 
F ext = Y, Q + W (105) 
where •, • is defined by

P, R = 2π 0 2π 0 • • • 2π 0 P T Rdτ 1 dτ 2 . . . dτ n (106) 
In conclusion, the linear combinations of the incommensurable frequency components ω 1 , ω 2 , . . . , ω n are defined by the vector a (see equation 95) that verifies the linear multiharmonic equations given in equation 94. Du to the presence of damage and the non-linear breathing behavior that is assumed to be approximated by equations 91 and 104, not only harmonic components of a specific frequency k j ω j (with k j = 1, . . . , m, ω j = ω 1 , . . . , ω n ), but also the combination of harmonic components of multi-frequencies n j=1,k j ∈[0,...,m] k j ω j can appear. Moreover, new peaks of linear combinations of frequency ω i ± ω j (with i = 1 . . . n, j = 1 . . . n, and i = j) can appear due to the coupling measurements of lateral, axial or torsional vibrations that are not present if the structure is undamaged.

Examples of the identification of damage based on the non-linear responses and harmonic components

In the two previous section the basic theory of the effect of a non-linear breathing crack has been developed. In the following sections, illustrative examples and applications considering the non-linear responses, appearance of multiples harmonics based on the Higher-Order Frequency Response Functions and Order Functions for damage detection in civil engineering (non-rotating systems) and rotating machinery are presented.

Appearance of multiples harmonics for non-rotating structures

Ruotolo et al. [START_REF] Ruotolo | Harmonic analysis of the vibrations of a cantilevered beam with a closing crack[END_REF] used the Higher Order Frequency Response Function to characterize the non-linear behavior of the cracked beam. By performing a simulation of a cantilever steel beam with a closing crack, they clearly showed that the evolution of the non-linear behavior can be very useful for structural damage assessment in structures. The higher order function response functions are extremely sensitive to the damage location and severity. They indicated that the second, third and fourth orders change with increasing the damage severity whereas the first order does not exhibit dependence on the damage severity. Peng et al. [START_REF] Peng | Crack detection using nonlinear output frequency response functions[END_REF] used the concept of nonlinear output frequency response functions (NOFRFs) based on the Volterra series. The higher-order transform function (HOTF) of a cracked cantilevered beam was estimated by considering different experimental studies with small and large damages. The authors observed that the the nonlinear output frequency response functions are a quite sensitive indicator of the presence of damage.

The non-linear behavior of a beam with a breathing crack was also simulated by Friswell and Penny [START_REF] Friswell | A simple nonlinear modal of a cracked beam[END_REF]. Considering the dynamic behavior of first mode of vibration, they demonstrated numerically that the the frequency spectrum of the response contains the integer Fourier harmonics which are multiple of the exciting frequency due to the breathing crack.

Pugno et al. [START_REF] Pugno | Evaluation of the non-linear dynamic response to harmonic excitation of a beam with several breathing cracks[END_REF] studied the non-linear vibration of a cantilever beam with a harmonic force and different damage location and severity. They noted that the presence of multiple breathing cracks in a beam induces the non-linear dynamic behavior of the damage structure. The super-harmonics (i.e. harmonic components that are multiple of the forcing frequency) appear due to the presence of damage. The amplitudes of each harmonic are drastically dependent on the number, location and severity of damage. They also concluded that the use of the appearance and evolution of harmonics can be an efficient assessment technique for damage detection.

Kisa and Brandon [START_REF] Kisa | The effects of closure of cracks on the dynamics of a cracked cantilever beam[END_REF] proposed a numerical study with finite element modeling of the cracked beam. They indicated that the closure of crack drastically affects the evolution of the non-linear behavior of the damage structure.

Saavendra and Cuitino [START_REF] Saavendra | Crack detection and vibration behaviour of cracked beams[END_REF] simulated the non-linear behavior of a structure with an opening and closing of the crack that is assumed to vary with the excitation force. Based on experimental and theoretical tests on a free-free supported beam with one crack and a U-frame, they observed that the breathing effect drastically change the frequency spectrum of the steady-state vibration by introducing new peaks at integer harmonics of the forcing frequency. They also indicated that the second and fourth harmonics are the most important components due to the breathing crack.

Sinha and Friswell [START_REF] Sinha | Simulation of the dynamic response of a cracked beam[END_REF] simulated the experimental tests of Saavendra and Cuitino [START_REF] Saavendra | Crack detection and vibration behaviour of cracked beams[END_REF] in order to investigate the non-linear vibration behavior of the freefree beam with the breathing crack. They also observed the appearance of a response at twice the forcing frequency and concluded that the presence of the 2× components can be used for damage detection in beams.

The appearance of the second harmonic of the excitation frequency was observed by Loutridis et al. [START_REF] Loutridis | Forced vibration behaviour and crack detection of cracked beams using instantaneous frequency[END_REF]. Moreover, they indicated that the breathing of the crack is present due to the instantaneous frequency oscillations that vary between frequencies corresponding to open and closed states of the crack. Then, the magnitudes of the second harmonic component 2× increase with increasing the damage severity.

Bovsunovsky and Surace [START_REF] Bovsunovsky | Considerations regarding superharmonic vibrations of a cracked beam and the variation in damping caused by the presence of the crack[END_REF] proposed to detect damage by using both the appearance of sub-and super-harmonic resonances. They demonstrated that the evolutions of sub and super-harmonic are very sensitive to the damage parameters and can be used at very early stages. They also proposed to take into account the energy dissipated in a crack by means of the relationship between energy and the nominal stress intensity factor range. Then, the nonlinear effects that depends not only on the damage parameters but also on the level of damping, are investigated. It is shown that the non-linear effect are less important if the level of damping increases.

Combination of multi-harmonics frequencies for non-rotating structures

Luzzato [START_REF] Luzzato | Approximate computation of non-linear effects in a vibrating cracked beam[END_REF] studied the dynamic behavior of both open and breathing cracks in a flexural vibrating beam. The author proposed to apply two distinct excitation frequencies. The first excitation frequency f 1 is chosen to be very close to the first eigenfrequency of the simply supported beam. The second excitation frequency f 2 is chosen to be far from any eigenfrequency of the beam and as any harmonic of the first eigenfrequency. Considering the global Frequency Response Function of the non-linear responses, not only the multiple harmonics of the first excitation frequencies are obtained but also magnitudes obtained at modulation frequencies f 2f 1 and f 2 + f 1 are observed. The author indicated that the magnitudes of modulation frequencies are less important that the magnitudes of the harmonics of the first excitation frequency. Moreover, it clearly appears that the multiples harmonics and combination frequencies can be used for the detection of the early presence of a crack in structures.

Appearances of 1

n sub-critical speed for rotating structures In rotating machinery, one of the first study on the non-linear components contribution was performed by Gasch [START_REF] Gasch | Dynamic behaviour of a simple rotor with a cross sectional crack[END_REF][START_REF] Gasch | A survey of the dynamic behaviour of a simple rotating shaft with a transverse crack[END_REF]. He demonstrated that a slight decrease in the natural frequencies and the 2× harmonic components of the system in the frequency domain are key indicators for the detection of transverse cracks in a rotating shaft. The author also found that the new resonance can appear when the rotational speeds of the rotor reach 1 2 , 1 3 and 1 4 of the resonant frequencies of the rotor. He also suggested that the non-linear behavior of the damage rotor and the opening and closing of the crack during its rotation are due mainly to the shaft's self-weight.

Mayes and Davies [START_REF] Mayes | The vibrational behaviour of a rotating system containing a transverse crack[END_REF] analyzed the response of a multi-rotor-bearing system containing a transverse crack in a rotor both experimentally and theoretically. They also reported that the 1 2 sub-critical speeds appears due to the presence of damage. Moreover, they suggested that the vibrational amplitude at 1 2 sub-critical speeds reaches a maximum when the crack is in phase with the shaft's imbalance, whereas it is minimized in the case of specific angular separations between the crack and the imbalance. They also concluded that even if the appearances of the 1 2 sub-critical speeds can be used for damage detection, they can be rendered ineffective in the case of specific configurations.

Henry and Okah [START_REF] Henry | Vibration in cracked shafts[END_REF] observed the response of a cracked rotor at half of the sub-critical speed and other sub-critical speed. They explained that both the linear asymmetric and cracked shafts, in combination with gravity, resonate with a twice-per-revolution vibration at one-half of the resonant speed. So, only considering changes in the non-linear responses at one-half of the resonant speed of the cracked rotor is not sufficient for an efficient crack detection. Then, they indicated that only the cracked shafts exhibit resonant peaks at other sub-critical speeds. For the cracked rotor under study, the authors observed new peaks in the non-linear responses only at odd fractions of the critical speeds. They concluded that crack detection can be performed if the evolution of the non-linear responses is conducted not only at one-half but also one-third of resonant speeds.

Muszynska et al. [START_REF] Muszynska | Torsional-lateral vibration cross-coupled responses due to shaft anisotropy: a new tool in shaft crack detection[END_REF] demonstrated experimentally that damage induces the presence subharmonic torsional resonance when the rotating speed of the rotor system is at 1 8 , 1 5 , 1 4 and 1 2 of the first torsional critical speed. An extensive study of the effect of crack on sub-critical speeds was performed by Zhu et al. [START_REF] Zhu | The dynamics of a cracked rotor with an active magnetic bearing[END_REF]. They indicated that resonances appear when the rotational speeds of the shaft reach 1 2 and 1 3 of the critical speeds of the rotor system. With the increase of the crack depth, the 1 2 and 1 3 sub-critical resonant peaks increase. They mentioned that the amplitudes of the sub-critical speeds can be suppressed with any increase of damping.

Sinou and Lees [START_REF] Sinou | A non-linear study of a cracked rotor[END_REF] illustrated that the evolutions of the maximum vertical and horizontal amplitudes at the first critical speed are not only drastically affected by the crack parameters but also very different due to the breathing behavior of the crack. The authors concluded that an increase in the amplitude of the response, as well as a decrease in the rotor speed at which the response is maximum around half of the first critical speed, are two important characteristics of the presence of damage in rotating machinery.

Then, Sinou [START_REF] Sinou | Detection of cracks in rotor based on the 2x and 3x superharmonic frequency components and the crackunbalance interactions[END_REF] indicated that the vibration amplitudes in the 1 n sub-critical resonances (with n ≥ 2) depend not only on the rotor damping, unbalance, position and depth of the crack, but also on the combinations of the unbalance and the crack parameters. The sensibility of the magnitudes of 1 2 and 1 3 sub-critical resonances with respect to the unbalance angle and the unbalance-crack interactions are different in the vertical and horizontal directions. However, the author suggested that the magnitude of the sub-critical resonances peaks do not greatly change if the crack effect is predominant.

Appearances of harmonic components for rotating structures

Liao and Gasch [START_REF] Liao | Crack detection in rotating shafts -an experimental study[END_REF] proposed to detect crack by considering not only the non-linear response and appearances of new sub-critical resonances, but also the evolution of each har-monic components for different orders. Moreover, they indicated that observing the magnitudes amplitudes at the resonant frequencies, one-half and one-third of the critical resonant frequencies is not sufficient for early crack detection. They explained that the first harmonic component can be masked by the signal of the unbalance responses, and that the second harmonic can result from an unequal stiffness of the rotor. The evolution of the third harmonic component at one-third of the resonance peak was considered by the authors to be the most efficient signal for crack detection. However, the author observed experimentally that the third harmonic component can be very low and they suggested to compare the current state of vibrations of the damaged rotor with an initial reference state of the undamaged rotor to avoid worse diagnostic during crack identification. Experimental results indicated that both decreasing of the natural frequencies of the non-rotating shaft and the second and third harmonic components at one-half and one-third resonance peaks for the rotating shaft can be observed even if noise measurements due to ball bearing are present.

Schmied and Kramer [START_REF] Schmied | Vibrational behaviour of a rotor with a crosssectional crack[END_REF] observed that the detection of crack based on the first and second harmonic components can be affected by the position of the unbalance. For example, the first harmonic can decrease if the unbalance is opposite the crack. However, if subharmonic components are dominated by the weight vibration, the evolutions of the second and third harmonic at one-half and one-third resonant speeds clearly indicate the presence of crack in rotors.

Darpe et al. [START_REF] Darpe | Transient response and breathing behaviour of a cracked Jeffcott rotor[END_REF] illustrated the fact that that the measured signals of damage rotor clearly indicate predominant fifth, third and second harmonics while passing through the respective sub-critical resonances. The second harmonic component at one-half of the first critical speed was very strong, both in the vertical and horizontal directions. Comparing the breathing and switching crack models, the authors concluded that similar results are obtained at one-half of the first resonant speed.

The effects of damage on the harmonic components have been extensively studied in the paper [START_REF] Sinou | Detection of cracks in rotor based on the 2x and 3x superharmonic frequency components and the crackunbalance interactions[END_REF]. It was demonstrated that the third harmonic component increases near the rotational speeds at 1 3 , 1 2 and 1 of the critical speeds. Increasing the damage severity induces a decrease in the critical speeds of the rotor system due to the reduction in system stiffness. Moreover, the vibration amplitudes of the second, third and fourth harmonic components increase with increasing the crack depth. It was also suggested that the interaction between the crack and the unbalance may mask the presence of the crack: the second and third orders super-harmonic frequency components and the resonant amplitudes in the 1 2 and 1 3

sub-critical resonances may disappear for specific cases, depending on the relative angle between unbalance and crack vectors. Finally, the author suggested that the variation of non-linear harmonic components and the emerging of new resonance -antiresonance peaks of the cracked rotor at second, third and fourth harmonic component can provide useful information on the presence of crack and may be used on an on-line crack monitoring rotor system for different damage parameters even if the crack is very small. Cheng et al. [START_REF] Chen | Nonlinear response and dynamic stability of a cracked rotor[END_REF] studied numerically the non-linear behavior of a rotor system with considerations of the effects of the crack depth, the crack location, the locations of the disc, and the shaft's rotational speed. They found that the amplitudes of the second, third and fourth harmonic components of the rotor are clearly present due to the damage for different configurations of the rotor system. However, they noted that these amplitudes reduce dramatically when the crack depth is small and that the crack location is another main factor that affects the non-linear behavior of the rotor system and changes in the harmonic components.

Adewusi and Al-Bedoor [START_REF] Adewusi | Wavelet analysis of vibration signals of an overhang rotor with a propagating transverse crack[END_REF][START_REF] Adewusi | Experimental study on the vibration of an overhung rotor with a propagating transverse crack[END_REF] investigated an experimental study on the non-linear dynamic response of an overhung rotor with a propagating transverse crack. They observed that the appearance of second harmonic component is the first signature of the presence of damage. It was demonstrated that the third harmonic components are excited just before fracture, and so can not be used as an efficient and robust factor for the detection of damage in early stages. They showed that the first harmonic component may increase or decrease depending on the location of the crack and the direction of vibration measurement while the second harmonic components always increases during crack propagation. Finally, the authors suggested to follow changes in amplitudes of the first and second harmonic components at a constant running speed to detect a propagating crack. This procedure allows to distinguish the presence of damage from imbalance and misalignment that also introduce harmonic components in the non-linear responses of the cracked rotor.

Appearances of the loops phenomena for rotating structures

As explained by Sinou and Lees [START_REF] Sinou | A non-linear study of a cracked rotor[END_REF], the presence of damage in a rotating shaft can be done by using the evolution of the orbit over time at around one-half of the critical speeds.

The signature of the presence of damage based on orbital patterns indicates the change in amplitude and phase at half any resonance speed, and is also a characteristic for signals containing two vibration components with the same direction of precession. The authors explained that the orbit changes firstly from a simple loop to a double loop when the rotating speed of the cracked rotor is passing through half of the first critical speed. Then, one distortion in the orbit appears and the shape of the orbit changes finally to a simple loop containing a small inside loop. They also indicated that the shape of the orbit changes from a simple loop to a triple loop when the rotating speed passes through one-third of the first critical Changes in loops and orbital patterns were studied by Henry and Okah [START_REF] Henry | Vibration in cracked shafts[END_REF]. They indicated the shaft executes two, three and five loops per shaft revolution at the 1 2 , 1 3 and 1 5 sub-critical speeds, respectively. However, they indicated that appearances of the two-loops at one-half of the resonant speed can be generated by the gravity in combination with the linear asymmetric of an uncracked rotor. To avoid worse diagnostic, not only responses and orbital patterns at the half sub-critical speed but also at other sub-critical speed must be considered. Schmied and Kramer [START_REF] Schmied | Vibrational behaviour of a rotor with a crosssectional crack[END_REF] indicated that the orbits at one-half and one-third of the critical resonant speeds define double and triple loops due to the presence of the second and third harmonic components. They also observed that these orbits do not depend on the position of the unbalance, whereas the orbits at the resonant speeds change with the unbalance position.

Adewusi and Al-Bedoor [START_REF] Adewusi | Experimental study on the vibration of an overhung rotor with a propagating transverse crack[END_REF] observed experimentally the inside loops when a cracked rotor is passing through one-half of the first critical speed. They indicated that the orbital patterns are similar to the two-loop orbits that have been reported by Bently and Bosmans [START_REF] Bently | Case study of shaft crack failure[END_REF].

Darpe [START_REF] Darpe | Transient response and breathing behaviour of a cracked Jeffcott rotor[END_REF] studied both numerically and experimentally the evolution of orbital patterns during passage through sub-critical resonances. The authors explained that the inner loop that is present at one-half of the first resonant speed due to dominant second harmonic component. When the rotor is passing through the 1 2 sub-critical speed, the inner loop changes its orientation by almost 180 degrees.

However, in a recent study [START_REF] Sinou | Detection of cracks in rotor based on the 2x and 3x superharmonic frequency components and the crackunbalance interactions[END_REF], it was illustrated that the double or triple loops only appears for a deep crack in practical cases. Moreover, the author indicated that even if the damage severity is important, the inside loop or triple loop can be masked due to the predominance of the first harmonic component in the non-linear response due to the fact that the inside loop is the signature of the second harmonic component.

Appearances of multi-harmonics frequencies for rotating structures

Iwasubo et al. [START_REF] Iwasubo | Detection of a transverse crack in rotor shaft by adding external force[END_REF] proposed to detect crack in rotating shaft by adding a periodic external force or an impact force. The detection is based on the appearances of the combination harmonics in the non-linear responses with the frequencies of the rotor rotation and the external periodic force or the free vibration due to the impact force. If an external force ω 1 is adding, the non-linear time responses include the combination harmonics ω 1 ± nω due to the interaction between the rotation of the cracked rotor ω and the harmonic force. To demonstrate the efficient of the proposed methodology based on the appearances of the combination harmonics, the authors compared the non-linear responses of an uncracked and cracked rotors for an experimental rotor system. They observed that harmonics with frequencies ω, 2ω, 3ω and ω 1ω occur for the uncracked rotor. They explained that the second harmonic component is introduced by the asymmetric of the shaft rotor, and that the 3ω and ω 1 -ω are due to the non-linearities of the rotor system. However, they observed that the amplitudes associated with the combination harmonics are very small. Then, by adding a crack in rotor, the authors observed not only strong increases of the 2ω, 3ω and ω 1ω, but also the appearances of the combination harmonics ω 1 + ω and ω 1 ± 2ω. Increasing the crack depth increases the contribution of the combination harmonics in the non-linear responses. The authors obtained the same conclusions by using an impact force. Finally they suggested that the periodic external force should be selected in the neighborhood of the main or one of the combination resonance such as for example ω 0ω < ω 1 < ω 0 + ω (where ω 0 , ω 1 and ω define the natural frequency of the rotor system, the frequency if the external force and the rotational speed of the cracked rotor). Finally the authors indicated that the detection should be more robust and efficient if the rotational speed is very small, allowing the reduction of the influence of the unbalance force.

Darpe et al. [START_REF] Darpe | Analysis of the response of a cracked Jeffcott rotor to axial excitation[END_REF] used impulse axial excitation to a rotating cracked shaft to detect damage. It was demonstrated that the presence of damage induces not only the coupling mechanism in lateral and longitudinal vibrations but also the combination harmonics due to interaction of rotational frequency and its harmonics with the constant excitation frequency and its harmonics. Then the same results of coupling measurements and appearance of combination harmonics have been observed for slant crack in rotor: coupled longitudinal, bending and torsional vibrations for crack rotor and slant crack rotor have been studied by Darpe et al. [START_REF] Darpe | Coupled bending, longitudinal and torsional vibrations of a cracked rotor[END_REF][START_REF] Darpe | Coupled vibrations of a rotor with slant crack[END_REF]. In [START_REF] Darpe | Coupled bending, longitudinal and torsional vibrations of a cracked rotor[END_REF], Darpe et al. illustrated that the interaction of the torsional excitation frequency with the rotational frequency and its harmonics leads to the appearance of sum and difference frequencies around the bending natural frequency. However, they observed that the severity of damage does not change the amplitudes of the combinations harmonics. Then, the same results were proposed for the coupling of longitudinal and torsional vibrations by applying an axial impulse excitation. The authors demonstrated that adding a torsional harmonic excitation or/and a periodic axial impulse excitation to damage rotor can be an efficient tool for damage detection based on the response of the cracked rotor in torsional, lateral and axial directions and the appearance of interaction and combined torsional, lateral and axial frequencies and harmonics. In [START_REF] Darpe | Coupled vibrations of a rotor with slant crack[END_REF], Darpe demonstrated that not only the appearance of the components harmonics of the rotating speed can be used for damage detection but also the interaction of the torsional excitation frequency ω t with the rotational frequency ω and its harmonics ca be consider. The appearance of sum frequencies ω t + nω and difference frequencies ω tnω (with n integer) around the torsional excitation frequency is observed due to the presence of crack. So the torsional excitation frequency induces coupling between the torsional and longitudinal vibrations. However the author demonstrated that the amplitude of the sum and difference frequencies ω t + nω and ω tnω are not drastically affected by increasing the crack depth.

Ishida and Inoue [START_REF] Ishida | Detection of a rotor crack using a harmonic excitation and nonlinear vibration analysis[END_REF] proposed to extent the study of Iwasubo et al. [START_REF] Iwasubo | Detection of a transverse crack in rotor shaft by adding external force[END_REF] in the case of the non-linear vibration of a cracked rotor with external harmonic force. In their study, they investigated both experimentally and numerically the combination harmonics by exciting the shaft for different frequencies. First of all, they obtained the results of Iwatsubo et al. with the crack detection based on the combination harmonics ω 1 ± nω due to the interaction between the rotation of the cracked rotor ω and the harmonic force frequency ω 1 . Then, they observed that the appearances of resonances that satisfy the relationships mω 1 ±nω (with n and m integers) are useful for detection of cracks not only in a horizontal rotor system, but also in vertical rotor system (i.e. with the influence or not of the gravity on the non-linear responses of the cracked shaft). It was indicated that the amplitudes of additional peaks at mω 1 ± nω increases as the crack grows.

Transient signals and Wavelet Transform

Basic theory

Due to the limitation of the conventional Fourier analysis that is suitable for steady state vibration signals, but provides a poor representation of signals well localized in time, timescale signal processing tools have to be used for damage detection.

In civil engineering, Newland [START_REF] Newland | An introduction to random vibrations, spectral and wavelet analysis[END_REF][START_REF] Newland | Wavelet analysis of vibration. part 1: theory[END_REF][START_REF] Newland | Wavelet analysis of vibration. part 2: wavelet maps[END_REF] was one of the first researcher that proposed to apply the wavelet approach to analyze the vibration of structures. When a non-linear signal is judged non-stationary, the characteristics of transient responses and changes in the properties of non-stationary signal of damaged structures can be precisely described and analyzed by means of the Continuous Wavelet Transform (CWT). The signal is decomposed into wavelets, small oscillations that are highly localized in time, whereas the Fourier transform decomposes the signal into infinite length sines and cosines losing all time-localization information.

The wavelet analysis transforms a signal into wavelets that are well localized both in frequency and time. The continuous wavelet transform (CWT) of a function f (t) is a wavelet transform defined by

W (a, b) = +∞ -∞ f (t) ψ * a,b (t) dt (107) 
where

ψ a,b (t) = 1 √ a ψ t -b a (108) 
are the daughter wavelets (i.e. the dilated and shifted versions of the "'mother"' wavelet ψ that is continuous in both time and frequency). a is the scale parameter, b is the time parameter. The asterisk ψ * a,b indicates the complex conjugate of ψ a,b . The following admissibility condition has to be satisfied 0 < C ψ < +∞ where C ψ defines the admissibility constant

C ψ = +∞ -∞ | ψ (ω) | 2 |ω| dω ( 109 
)
and ψ is the Fourier transform of ψ

ψ = +∞ -∞ f (t) e iωt dt (110) 
For a time signal f (t) represented by N sampled data points (with uniform time step δt), the Continuous Wavelet Transform of equation 107 is a convolution of the data sequence f (n ′ ) (with n ′ = 1, . . . , N ) with a scaled and normalized wavelet. It can be represented as follows:

C (a, n) = N -1 n ′ =0 f n ′ δt a Ψ * 0 (n ′ -n) δt a (111) 
where n defines the localized time index and δt is the sampling interval. The specification of the mother wavelet is one of the main important point due to the fact that the mother wavelet has to be fully specified and serves as the source function from which which scaled and translated basis functions are constructed. Generally speaking, the notion of "'wavelet function"' is used to refer to either orthogonal or nonorthogonal wavelets whereas the notion of "'wavelet basis"' refers only to an orthogonal set of functions. The one-dimensional wavelet transform previously defined in this section can be extended to two-dimensional case for plate structures damage localization [START_REF] Rucka | Application of continuous wavelet transform in vibration based damage detection method for beams and plates[END_REF] or any dimensions dimensions [START_REF] Mallat | A theory for multiresolution signal decomposition: the wavelet representation[END_REF].

As previously explained, the selection of an appropriate type of a wavelet is essential for an effective damage detection based on wavelet analysis. Some of the most commonly used CWT wavelet [START_REF] Loutridis | Forced vibration behaviour and crack detection of cracked beams using instantaneous frequency[END_REF][START_REF] Hong | Damage detection using the Lipschitz exponent estimated by the wavelet transform: applications to vibration modes of a beam[END_REF][START_REF] Douka | Crack identification in beams using wavelet analysis[END_REF][START_REF] Rucka | Crack identification using wavelets on experimental static deflection profiles[END_REF][START_REF] Wang | Damage detection with spatial wavelets[END_REF][START_REF] Chang | Vibration damage detection of a Timoshenko beam by spatial wavelet based approach[END_REF][START_REF] Gentile | On the continuous wavelet transforms applied to discrete vibrational data for detecting open cracks in damaged beams[END_REF][START_REF] Naldi | Wavelet analysis of structures: statics, dynamics and damage identification[END_REF][START_REF] Messina | Detecting damage in beams through digital differentiator filters and continuous wavelet transforms[END_REF][START_REF] Bechou | Localization of defects in die-attach assembly by continuous wavelet transform using scanning acoustic microscopy[END_REF][START_REF] Ovanesova | Applications of wavelet transforms to damage detection in frame structures[END_REF][START_REF] Douka | Crack identification in plates using wavelet analysis[END_REF] are the Morlet, the Paul, the Gabor, the Derivative of a Gaussian (DOG), the Symlet, the Coiflet and bi-orthogonal wavelets. For example, the Morlet wavelet is a Gaussian-windowed complex sinusoid that quite well localized in both time and frequency space. The Morlet wavelet is defined as following in the time and frequency domains respectively

ψ 0 (η) = π -1 4 e imη e -η 2 2 (112) ψ0 (sω) = π -1 4 H (ω) e (sω-ω 0 ) 2 2 ( 113 
)
where m is the wavenumber and η is non-dimensional time parameter. H (ω) is the Heaviside step function with H (ω) = 1 if ω > 0 and H (ω) = 0 otherwise. ω 0 defines the frequency.

The Paul wavelet is given in the time and frequency domains by

ψ 0 (η) = 2 m i m m! π (2m)! (1 -iη) -(m+1) (114) ψ0 (sω) = 2 m ! m (2m -1)! H (ω) (sω) m e -sω (115) 
The Paul wavelet localizes most efficiently in the time domain whereas the Morlet offers the best frequency localization. The Derivative of Gaussian (DOG) wavelet is given in the time and frequency domains by

ψ 0 (η) = (-1) m+1 Γ m + 1 2 d m dη m e -η 2 2 (116) ψ0 (sω) = -i m + 1 Γ m + 1 2 (sω) m e -(sω) 2 2 (117) 
The GaussDeriv wavelet's adjustable parameter is the derivative order m. If m = 2 the wavelet is named the Marr or Mexican Hat wavelet.

For the interested reader, Kijewski and Kareem [START_REF] Kijewski | Wavelet transform for system identification in civil engineering[END_REF] presented a review of the use of wavelet transforms for system identification in civil engineering.

Staszewski [START_REF] Staszewski | Structural and mechanical damage detection using wavelets[END_REF] and Kim and Melhem [START_REF] Kim | Damage detection of structures by wavelet analysis[END_REF] proposed a global review of the damage detection in structures by wavelet analysis. They explained that damage detection via the wavelet-based methods can be divided into three categories: the first category considers the variation of wavelet coefficients and is used to detect the presence and severity of damage. The second class of methods allows the localization of damage by considering the local perturbation and irregularity of wavelet coefficients in a space domain near the location of damage. The last category is based on the reflections of wave caused by local damage involves to estimate both the position and severity of damage.

Application for non-rotating structures

Surace and Ruotolo [START_REF] Surace | Crack detection of a beam using the wavelet transform[END_REF] proposed to use the wavelet to detect the presence of a single crack in a cantilever beam. They clearly demonstrated that changes in the wavelet coefficients can be used for the damage detection: the non-linear behavior corresponding to the breathing of the crack (i.e. opening and closing of the crack) was identified via the wavelet analysis.

Wang et al. [START_REF] Liew | Application of wavelet theory for crack identification in structures[END_REF][START_REF] Wang | Crack detection of structure for plane problem with spatial wavelets[END_REF] investigated the localization of damage in a simply supported beam or a cantilever beam with a transverse open crack by considering the wavelet theory. They observed that the presence of damage induces an abrupt and local evolution of the wavelet coefficients near the location of damage. The authors explained that one of the advantages of the wavelet-based technique is the possibility to detect and locate damage without an accurate knowledge of the material properties of undamaged structures.

The same results were obtained by Lu and Hsu [START_REF] Lu | Application of wavelet transform to structural damage detection[END_REF][START_REF] Lu | Vibration analysis of an inhomogeneous string for damage detection by wavelet transform[END_REF]. Using the Marr or Mexican hat wavelet, they analyzed the vibration signal of the damage structure and an abrupt change in the wavelet coefficients is observed close to the damage location.

Loutridis et al. [START_REF] Loutridis | Crack identification in doublecracked beams using wavelet analysis[END_REF] investigated the feasibility of using the wavelet transform to doublecracked cantilever beams. They indicated that the wavelet transform allows the capture of local perturbations due to the damage in the structural response. The authors proposed to validate the numerical results of the wavelet analysis by performing experiments on a plexiglas rectangular cross-section beam. They concluded that even if measuring errors and noise corrupt the response data and the wavelet coefficients, the sudden changes in the spatial response at the damage location can be used to identify the doubled cracks in beam. However, they showed that the damage severity may be difficult to identify in practical case due to measurement errors and uncertainties. Finally, they also indicated that the application and limitation of the wavelet transform for the detection of damage need to be strongly investigated for more complex structures.

Chang and Chen [START_REF] Chang | Detection of the location and size of cracks in the multiple cracked beam by spatial wavelet based approach[END_REF] proposed to estimate the positions the positions and depths of multi-cracks in beam structures by using spatial wavelet based method. The authors used the mode shapes analyzed by wavelet transformation in order to identify the positions of damages. The authors proposed the use of the Gabor wavelet that was previously consider for damage detection by Kim and Kim [START_REF] Kim | A new damage deflection method based on a wavelet transform[END_REF] and Quek et al. [START_REF] Quek | Practical issues in the detection of damage in beams using wavelets smart materials and structures[END_REF]. The authors explained that the Gabor wavelet functions are used due to the fact that the magnitude of Gabor wavelet function can be used for the location of damage. The local perturbations in the mode shapes due to the presence of damage are found in the fine scale wavelets. The number of damages and the positions of damages are determined from the plot of wavelet coefficients. The authors demonstrated that a sudden change in the distributions of the wavelet coefficients allows the damage localization. The proposed method appears to be efficient even if the damage is small. However, the main limitation of the method is observed if the damage is near the boundaries.

Li et al. [START_REF] Li | Damage detection of cracked beams based on wavelet transform[END_REF] proposed a damage detection method based on the Gabor wavelet. Numerical and experimental tests are conducted on a plexiglas rectangular cross-section cantilever beam. The authors noted that not only the location of the damage but also the orientation of an inclined crack can be identify. By considering the relations between the flexural waves, reflections and transmission ratios of the inclining crack, an efficient identification of the crack depth and of the slanting orientation of the inclining crack can be provided.

Zhu and Law [START_REF] Zhu | Wavelet-based crack identification of bridge beam from operational deflection time history[END_REF] studied the dynamic behavior of a bridge beam structure under a moving load and proposed the detection of damage based on wavelet transform. The sudden changes in the spatial variation of the responses and the evolutions of the coefficients of the wavelet transform are used to locate and estimate the damage severity. The authors indicated that multiple damages can be easily identified in terms of location and severity even if noisy measurements are present. Moreover, different parameters of moving load (i.e. speed and magnitude) are tested and confirmed that the proposed methodology seems to be robust in regard to external conditions.

Ovanesova and Suarez [START_REF] Ovanesova | Applications of wavelet transforms to damage detection in frame structures[END_REF] noted that damage can be performed in structures through wavelet transform without the knowledge of the original undamaged structure. They pointed out that the most appropriate wavelet needs to be selected for an optimal identification of damage. They indicated that actual limitations such as elimination of the effects of the boundary conditions or unavoidable uncertainties associated with experimental procedures need to be extensively addressed in the future to establish a rigorous methodology for damage detection based on wavelet transform.

Damage location in plate structures based on the formulation of the two-dimensional continuous wavelet transform was investigated by Rucka and Wilde [START_REF] Rucka | Application of continuous wavelet transform in vibration based damage detection method for beams and plates[END_REF]. Considering an experimental steel plate with four fixed said that one of the main advantage of wavelet analysis is the possibility to identify small damage and the defect position without knowledge of neither the structure characteristics nor its analytical models.

Application for non-rotating structures

Some researchers [START_REF] Adewusi | Wavelet analysis of vibration signals of an overhang rotor with a propagating transverse crack[END_REF][START_REF] Sekhar | Crack detection and monitoring in a rotor supported on fluid film bearings: Start-up vs run-down[END_REF][START_REF] Sekhar | Crack detection through wavelet transform for a run-up rotor[END_REF][START_REF] Zou | A comparative study on timefrequency feature of cracked rotor by wignerville distribution and wavelet transform[END_REF] proposed to introduce time-scale signal processing tools based on wavelet transform for the detection of damage in rotating machinery due to the limitation of the conventional Fourier analysis that is suitable for steady state vibration signals, but provides a poor representation of transient signals due to a strong increase of the shaft's rotating speed.

Sekhar and Prabhu [START_REF] Sekhar | Condition monitoring of cracked rotors through transient response[END_REF] studied the effects of different factors such as crack depth, unbalance eccentricity and acceleration influencing transient vibrations. They observed that the measurement of transient response when the rotor is passing through the critical speed or one-half of the critical speed can be used for the non destructive detection of cracks in rotors.

The discrete wavelet transform were used by Adewusi and Al-Bedoor [START_REF] Adewusi | Wavelet analysis of vibration signals of an overhang rotor with a propagating transverse crack[END_REF] to detect experimentally a propagating transverse crack for an overhang rotor during transient vibration signals. The authors indicated that the crack reduces the critical speed of the rotor system. Changes in amplitudes of the first and second vibration harmonic components are easily detected and appear to be an important feature that distinguishes a propagating crack from imbalance and misalignment. Zou and Chen [START_REF] Zou | A comparative study on timefrequency feature of cracked rotor by wignerville distribution and wavelet transform[END_REF] used the wavelet transform and the WignerVille distribution that is yet another tool for analyze non-stationary non-linear responses of the cracked rotor. Comparing the two methods, they concluded that the wavelet transform is more sensitive to the stiffness variation. They also indicated that the crack can be easily identify even if the unbalance increases significantly.

Conclusion

This review aims to provide a comprehensive review of the state of the art in fault diagnosis techniques based on linear and non-linear vibrational measurements with particular regard to academics applications, civil engineering and rotating machinery. It can be observed that the area of crack detection is continuously evolving.

Firstly, basic methods based on linear condition monitoring techniques have been extensively developed by considering not only the changes in frequencies and modes shapes, but also the motion of anti-resonances, the changes nodes position, the changes in dynamic flexibility or mode shapes curvature, the appearances of resonant peaks due to vibration coupling or different changes in the measurements of the Frequency Responses Functions, the definition of the Modal Assurance Criterion and other related assurance criteria, etc... Secondly, the emergence of the common use of robust developments based on the nonlinear responses of mechanical structures due to the presence of crack allows a more efficient identification of crack in complex mechanical engineering structures. An important observation is the recognition of the appearances of the non-linear harmonic components due to the damage and the combination of harmonics if the mechanical system is subjected to multi-excitations.

Finally, the developments of tools to analyze the non-stationary responses of mechanical systems such as the wavelet transform allows the detection of crack for transient signals.

It clearly appears that one of the most important limitations of an efficient identification of the damage parameters is due to the effect of various controlled or uncontrolled factors such as the ambient conditions (evolution of the temperature for example), the evolutions of boundary conditions, the variations in the mass of the structure (due to the location of accelerometers in academic structures, position of vehicle or human in bridges structures or values of the unbalance mass in rotating structures for example), the variations in the stiffness in real engineering structures (more particularly in civil engineering applications and rotating systems). All these variations can introduce uncertainties in both the linear and non-linear vibrational measurements.

For a practical point of view, using condition monitoring techniques based on linear approaches can be considered to be the first step for a rapid estimation of the presence of damage if the damage is not very small. Even if a lot of robust and new tools based on linear measurements have been developed, using frequency shifts to detect damage appears to be more practical in engineering applications. Then, different techniques can be used in combination with changes in modal parameters to identify the damage parameters.

If the emergence of a non-linear behavior for mechanical structures is observed or if the undamaged mechanical systems is non-linear by nature, alternative indicators based on non-linear analysis can be more effective for a robust detection and identification of the presence of damage.

Even if new techniques and extensive studies have been undertaken in the past decade for both the detection and identification of simple or multi damages in structures, there are still many unanswered questions and future research must be attempted to increase the reliability and safety of complex engineering structures in civil applications and rotating machinery. One of the most crucial next step can be to be able to propose more practical and commonly implemented techniques only based on classical linear and non-linear vibration measurements by keeping in mind that the number of measured points is limited in practical case of civil applications or rotating machinery.

Given an exhaustive list of topics of interest for future developments is not possible. However, some non-exhaustive interesting further studies can be considered:

-the development and comparison of crack models by considering the effect of more or less complex breathing mechanisms or/and the effect of the propagating crack if necessary, -the effects of changes in damping and thermal effects for the damage identification, due to the linear or non-linear vibration in structures and the crack propagation, -the extension of criteria that have been developed for the linear theory, for the nonlinear detection of damage based on the harmonic components or the Higher Order Frequency Response Functions, -the development of linear and non-linear condition monitoring techniques by adding theories that take into account uncertainties due to the ambient conditions or the evolutions of boundary conditions, -the improvement of correlations between experimental and numerical analysis for linear and non-linear assessment techniques with the inclusions of modeling errors and uncertainties, -the developments of optimization procedures, genetic algorithms or artificial neural network (that have not been developed in this review even if they have been extensively used of damage identification in the past decade).

  ) with a and b are equal to 0 or 1, and α ∈ ℵ * and β ∈ ℵ * . For the reader comprehension, the pulsations ω 2α-a (or ω 2β-b ) are associated with the vertical mode deflections if 2αa (or 2βb) are odd numbers. If 2αa (or 2βb) are even numbers, the pulsations ω 2α-a (or ω 2β-b ) are associated with the horizontal mode deflections. In this case, the factors %Ψ cracked 2α-a,2β-b need only the knowledge of the pulsations of the cracked beam and do not change with the variations of the material properties like the Young modulus and the density. In the general case (academic beam or more complex structure such as civil engineering structures), this factor %Ψ cracked i,j