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Abstract

In this paper, we study 3 focussed sequent calculi that are based on Miller-Liang’s LKF
system for polarised classical logic, and integrate the possibility to call a decision procedure.

The main sequent calculus out of the three is LK(T), in which we prove cut-elimination.
The second one is less focussed, and is introduced for the proof that changing polarities do
not change provability, only the shape of proofs.

The third one features the possibility to polarise literals "on the fly", and is used in other
works to simulate the DPLL(T) procedure.

Finally, completeness of the 3 calculi is proved.

Contents
1 The sequent calculus LK(7) 2
2 Admissible rules 2
3 Invertibility of the asynchronous phase 3
4 Cut-elimination 5
5 Changing the Polarity of Predicates and Connectives 9
5.1 Changing the polarity of Predicates. . . . . . . .. .. ... ... ... ..... 9
5.2 Changing the polarity of connectives . . . . . . .. .. ... ... .. . ..... 13
6 The LKP(T7) sequent calculus: on-the-fly polarisation of literals 21
7 Completeness 24
8 Conclusion 29



1 The sequent calculus LK(7)

The sequent calculus LK(7") manipulates the formulae of first-order logic, with the specificity
that every predicate symbol is classified as either positive or negative, and boolean connectives
come in two versions: positive and negative.

Definition 1 (Formulae)
Positive formulae P p| AANTB | AVTB | 3zA
Negative formulae N pT | AN"B| AV B | VzA
Formulae A;B = P|N
where p ranges over a set of elements called positive literals. Formulae of the form p* are
called negative literals.

Definition 2 (Negation) Negation is extended from literals to all formulae:

T
(" = pt (r) = p
(ANYB)Y = AtV Bt | (An- B) = Atvtpt
(A\/*B) = A*ATBT | (Av™ ) = AtatBt
(FzA)* = VoAt (VzA)* = JzAt

Definition 3 (LK(7)) The sequent calculus LK(7") manipulates two kinds of sequents:
Focused sequents IF [A]
Unfocused sequents I'F A

where I is a multiset of negative formulae and positive literals, A is a multiset of formulae,
and A is said to be in the focus of the (focused) sequent. By lit(I") we denote the sub-multiset
of T" consisting of its literals.

The rules of LK(7), given in Figure 1, are of three kinds: synchronous rules, asynchronous
rules, and structural rules. These correspond to three alternating phases in the proof-search
process that is described by the rules.

If S is a set of literals, 7(.5) is the call to the decision procedure on the conjunction of all
literals of S. It holds if the procedure returns UNSAT.

2 Admissible rules

Definition 4 (Assumptions on the procedure)
We assume that the procedure calls satisfy the following properties:

Weakening If 7(S) then 7(S,S").
Contraction If 7(S, A, A) then T (S, A).

(
Instantiation If 7°(S) then T({%}5).
(

Consistency If 7(S,p) and T(S,p*) then T(S).
Inconsistency 7 (S, p, p™~).

where S is a set of literals.

Lemma 1 (Admissibility of weakening and contraction)
The following rules are admissible in LK(T ).
'+ [B] ' A

T,AF [B] AR A

[LA A [B] T,AAFA
I,AF [B] AR A

Proof: By induction on the derivation of the premiss. g



Synchronous rules
I+ [A] I+ [B] 'k [A)] I+ [{}A

I+ [AATB] T+ [A VT Ay T+ [Bzd]

o T (lit(T), p) :
——— p positive literal —— p positive literal
L,p+ [p] ' [p]

'-N

—— N negative
I [N]

Aynchronous rules
'k AA 'k B,A I'E A, Ay A 'k AA

'+ AN B, A T AV Ay, A Tk (Vad), A

z ¢ FV(T, A)

LAY+ A

—— A positive or literal
' AA

Structural rules
T, P+ [P] T (lit(I))
— P positive Em—
P+ I

Figure 1: System LK(T)

Lemma 2 (Admissibility of instantiation) The following rules are admissible in LK(T ).

I+ [B] T'FA
123 DLV D =i R 3 § ML £ PA
Proof: By induction on the derivation of the premiss. d

3 Invertibility of the asynchronous phase

Lemma 3 (Invertibility of asynchronous rules) All asynchronous rules are invertible

in LK(T).

Proof: By induction on the derivation proving the conclusion of the asynchronous rule
considered.

e Inversion of AA™ B: by case analysis on the last rule actually used
I'- AN B,C,A" T+ AN B,D,A

'+ AN"B,CA D, A’
By induction hypothesis we get
'+ ACA '+ A,D,A dr FB,C,A" T+ B,D,A
an
' A CA™ DA ' B,CA™ D, A
'+ AN B,C,D, A’

I'- AN"B,Cv™ D, A’

' AC, DA ' B,C,D,A
By induction hypothesis we get and

' A Cv DA '+ B,Cv D,A

' AN B,C, A’
T'F AN B, (VaC), A’

x ¢ FV(I,A', AN™B)



By induction hypothesis we get
' AC A '+ B,C,A
— 2 ¢FV(IL,A',A)and —— ¢ FV(T,A’, B)
I'F A, (Vz0), A’ I'F B,(VzCO), A’
I,Ct+ AN B, A
'+ AN B,C, A
By induction hypothesis we get
I,ctE AN I[,ct+ B, A
——— (C positive or literal and ——— C positive or literal
'+ A C A '+ B,C,A
e Inversion of AV™B
'+ AV B,C,A’ TF Av B,D,A’

'+ AV™B,CA D, A

C positive or literal

'k A,B,C,A T+ AB,DA
'k A,B,CA D, A

By induction hypothesis we get

I'- AV™B,C,D, A’
' AV"B,Cv™ D, A’

T+ A,B,C,D,A
T'F A,B,CV D,A

By induction hypothesis we get

' AV B,C,A’
- x ¢ FV(T,A")
I'F AV™ B, (VzC), A’

'+ A B,CA
By induction hypothesis we get x ¢ FV(T,A")
I+ A, B, (VzC), A’

I,Ct+ AV B, A’
- C' positive or literal
'+ AV~ B,C, A

I,C*++ A, B,A
By induction hypothesis we get —— C positive or literal
'+ A B,CA
e Inversion of Vz A
'+ (VzA),C,A" Tk (VzA),D,A’

I'+ (Vzd),CA™ D, A/

I ACA TFADA
By induction hypothesis we get xz ¢ FV(T,A")
' A CA DA

I'F (VzA),C, D, A’
I'F (VzA),Cv~ D, A’

T+ AC, DA

By induction hypothesis we get —— M8 ——
' ACv DA
T+ (VzA), D, A’
- x ¢ FV(T,A")
I F (VzA), (VzD), A’

'+ A,D,A
By induction hypothesis we get ——————— ¢ FV([', A')
I+ A, (VaD), A
[,Ch + (VzA), A
- C' positive or literal
T F (VzA),C, A’

[,CtF A A
By induction hypothesis we get ————— (' positive or literal
' ACA
e Inversion of literals and positive formulae (A)
' ACA TrFADA

T'F A, CA™D,A

LAY+ C,A T,4*+F DA

By induction hypothesis we get
LAY+ CA™D, A




'+ A C,D,A

't A,Cv DA
LAY+ C,D,A

A+ Ccv DA

By induction hypothesis

'+ A,D,A
-— 3¢ FV(T,A)
I'F A, (VzD), A’
LAY+ D, A
By induction hypothesis we get x & FV(T,A")
I, A" + (vazD), A/

B + AN
— ——————— B positive or literal
'+ A B,A
LAY, Bt A
By induction hypothesis we get — B positive or literal
LAY+ B, A

4 Cut-elimination

Theorem 4 (cut; and cuty) The following rules are admissible in LK(T ).

TUit(T),p") T,pk A T(lit(T),p*) T,p+ [B]
cuty cutz
T'FA T+ [B]

Proof: By simultaneous induction on the derivation of the right premiss.

We reduce cutg by case analysis on the last rule used to prove the right premiss.
I''p- B,A I'ipkC,A

T (lit(T), p™) I',pk BA™C,A
L'+ BA C,A

cuty

reduces to

T(lit(T),p") I,pF BA T(lit(T),p") I,pk C,A
cut cuty
'k B,A TkCA

I'F BA™C,A
[,pF Bi, Bz, A T(it(T),p™) T,pF Bi, B2, A

T(it(l),p") T,pk BV Ba, A reduces to I'F By, By, A
cuty e
' BiV By, A '+ BiV Bg, A

I,pk B,A T(it(T),p") I,p+ BA

T(it(T),p") T,pk VzB,A reduces to '+ B,A
cuty -
I'-VzB, A I'FVaB, A

I,p,Bt+ A T(it(D, BH),p) T,p,B*+F A

T(it(T),p") T,pk B,A reduces to I,B*F A
cuty -
' B,A ' B,A

We have T (lit(T'), p=, B+) as we assume the procedure to satisfy weakening.

If P e (T,p),

cuty

cuty

cuty

T,pk [P T(it(T),p") T,p* - [P]

T(lit(T), p™) Iyptk reduces to T+ [P]
cuty

Ik NS
as P+ € (D).

cuto




T (lit(T"), p)

T (lig(T
T (lit(T), p*) I,ptk reduces to L))
cuty I'+

using the assumption of consistency.
We reduce cutz again by case analysis on the last rule used to prove the right premiss.
IpH[B] Tpk [C]

T(it(T),p")  Topk [BATC]
cuts
I+ [BATC
reduces to
T(it(),p") T.pF [B] T(it(r),p") T.ph [C]
cuts cuts
T+ [B] L'E[C]
'+ [BATC
Tpt [Bi] T(it(T),p") T.pt [Bi]
_— cut
T(it(),p") T,pF [BiVT By reduces to '+ [B] o
cuts - -
I+ [BiV'By] '+ [BiV© By
Lot ({4} Bl T(ieC),pt) Topt e}B)
cu
T(it(D),p")  T,pk [FzB] reduces to I+ [{%}B] ’
cut ——
[+ [3zB] ’ I'F [F3zB
I,pk N T(it(l),p") T,pk N
— cut
T(it(r),p") T,pt [N] reduces to '-N "
cuts
I+ [N] 'k [N]
Ifp' €T,p,
H L /
TUit(T),p™) T,pt [p] cuts reduces to T+ [p] if p el
LF ]
T(it(T),p*) . ,
reduces to - - - if p=p
LF ]
Finally,
7 (lit(I).p.p"")
L — T(it(1),p")
T (lit(T),p™) T,pk [p] reduces to - - 7
cuts ' [p/]
IE[p]
since weakening gives T (lit(T'), p*, p’") and consistency then gives 7 (lit(T'), p’"). O

Theorem 5 (cuts, cuty and cuts) The following rules are admissible in LK(T ).
IH[A TFANA

cuts
A
'EN T'NFEFA 'EN TI,NFl [B]
cuty cuts
A I+ [B]

Proof: By simultaneous induction on the following lexicographical measure:

e the size of the cut-formula (A or N)

e the fact that the cut-formula (A or N) is positive or negative
(if of equal size, a positive formula is considered smaller than a negative formula)

o the height of the derivation of the right premiss

Weakenings and contractions (as they are admissible in the system) are implicitly used
throughout this proof.



In order to eliminate cuts, we analyse which rule is used to prove the left premiss. We
then use invertibility of the negative phase so that the last rule used in the right premiss is
its dual one.

L'+ [A TF [B] I+ A", BT A '[A TF A" BYHA
_————  EEEEEE— cuts
[+ [AATB] '+ AV B, A reduces to T [B] I+ B A
cuts cuts
'k A kA
I [A] ' A7, A TF Ay, A
IH[A] TFASA
' [AVT Ay I'F AN As, A reduces to cuts
cuts T'FA
A
Tk [{% ) A] Ik AY A L'k AY A A
_ _ e e = —xz ¢ FV(T,
[+ [3z4] Ik (YzA"), A reduces to Tk [{/,}A] TF (§}Ah),A #RVIT.A)
cuts cuts
A 'k A
using the admissibility of instantiation.
r-N INFA
'N TI,NFA
'k [N] L (NY, A reduces to cuty
cuts ' A
‘We will describe below how cuty is reduced.
Lppk A
Iip,pF A
I,pk [p] Ipk (pJ‘),A reduces to —-———— =
cuts Tpk A
I,ptk
using the admissibility o?contraction.
T(lit(T),p") L,pk A
T(it(D),p™) D,pkF A
T+ [p I+ (ph),A reduces to cuty
cuts ' A
'k A
In order to reduce cuty, we analyse which rule is used to prove the right premiss.
T (lit(T))
—_— T (lit(T))
I'EN I''NF reduces to _
cuty I
I+
if N is not an literal (hence, it is not passed on to the procedure).
I T (lit(T), p*
He®.»7) T(it(M),p")  T,pk
Ik pt L,pt + reduces to cuty
cuty '+
'k
if p* is an literal passed on to the procedure.
I,NF [N N T,Ntk[NY
_— cuts
N I,NF reduces to I+ [N N
cuty cuts
Ik T+
I,PY N+ [P)] I,P-+N I,P- Nt [P
_— cuts
r,P--N T,P" Nk reduces to T, P* + [P]
cuty _—
Pt r, P+
N+ B,A T',NFCA
LN IN+ BAC,A
cuty
I'- BA"C,A
reduces to
I'N I,NF B,A I'N I,NFC,A
cuty cuty
' B,A r-cA
'+ BAC A



TN+ B,C,A I'FN I,NF B,CA

—_— cuty

'N TI'NF BV CA reduces to I'-B,C,A
cuty -

'+ BV C,A ' BV C,A

I,N + B,A 'N I,NF B,A
- cuty
'EN T ,NFVzBA reduces to ' BA

cuty _—

I+ VaB, A I+ VzB, A
I'N,B*+ A I''B*-N T,N,B*F A
_— cuty

N T,NkBA reduces to I,B "+ A
cuty -
L'+ B,A I'+ B,A

using weakening, and if B is positive or a negative literal.
We have reduced all cases of cuts; we now reduce the cases for cuts (again, by case analysis
on the last rule used to prove the right premiss).

[N F [B] T,NF[C] I'N I,Nt [B] N I,NF[C]
cuts cuts
I'EN I, N+ [BATC] reduces to '+ [B] 'k [C]
cuts
T+ [BATC) T+ [BATC)
I',N + [Bj]
_— 'N TI,NFk B
I'N T,NF [BiV'By] reduces to cuts
cuts '+ [Bz]
'k [B1VT By)
TN+ [{/2}B] I'tN I,NF [{%}B]
- - - - cuts
I'N TI,NF [3zB] reduces to I+ [{/}B]
cuts - - - -
'+ [3zB] '+ [3zB]
LN+ N 'N T,NFN'
- cuty
I'FN T,NF [N reduces to '+ N
cuts _
'[N T F [N
'EN T,NF[p
cuts reduces to Tk [p]
: SR N 2)
since p has to be in I'.
T(Iie(T),p™)
— T(it(I),p™)
=N I',N + [p] reduces to R
cuts 'k [p]
I'F [pl



Theorem 6 (cutg, cutr, cuts, and cuty) The following rules are admissible in LK(T ).

'FNA T,NFA I'FAA TFALHA
cute cuty
' A A
ILiFA T,5FA Do, ..o ln B A D0V VL) FA
cutg Cutg
TFA kA

Proof: cutg is proved admissible by induction on the multiset A: the base case is the
admissibility of cuts, and the other cases just require the inversion of the connectives in A.
For cuty, we can assume without loss of generality (swapping A and A1) that A is negative.

Applying inversion on T' - A+, A gives a proof of I', A - A, and cuty is then obtained by cute:
'-AA T/AF A

T'+A

cutg

cuts is obtained as follows:
s+ A Ik A

1A Lkl A
cutry
'kA
cutg is obtained as follows:
Do, B A
D,V ...V FA Tk, A
TF LAY AT, A Dk (v ...V, A
cuty
T'kA

5 Changing the Polarity of Predicates and Connec-
tives

5.1 Changing the polarity of Predicates

In this section we try to show that changing the polarity of the predicates and the connectives
that are present in a sequent, does not change the provability of the sequent in LK(7"). First,
we deal with the polarities of the predicates and then we deal with the polarities of the
connectives.

Lemma 7 Let p and q be positive literals, and let us write I/ = {p*,p/q,q¢*}I', A" =
{pr,p/q,a YA, A = {p*,p/q,q YA, Assume that q and p* have the same meaning for
T, i.e. T(it(T)) if and only if T (lit(T")).
1. If T Frgem [A], then
(a) I',p Frrem [A].
() I',p*" Frrey [A] or TV, p" Frgr -
2. If I Frg(m) A then
(a) I',p Frxem A
(b) F/7PL FLK(T) AL

Proof: By simultaneous induction on the last rule of the derivation.

1. For the first item of the lemma, by case analysis on the last rule of the derivation, we
get
[ ]

Ik [A]  TF[A)]
I'F [AiAT Ay

Wlth A = Al/\+A2.



(a) The induction hypothesis on I' by [A1] (1(2)) gives I, p Fri(r) [A1] and
the induction hypothesis on I' b i () [A2] (1(a)) gives I, p Frx (1) [A3]. Now,
we get:

Iopk (A Tpk [43]
I, p b [AJATAY)

(b) The induction hypothesis on I' b1 (7 [A1] (1(b)) gives IV, p* () [A]] or
I',p* Fri(r and the induction hypothesis on I' Fpx () [A2] (1(b)) gives
I, p* Frrer [Ab] or TV, p* Frger -

If we get a proof of IV,pt Fri(¢r from one of the two applications of the
induction hypothesis, we are done. If not then we get:

Ipt - [Al] Tpk [4))]

I, p* F [AL AT AY]
I F [A]
T'F [AvT A,
Wlth A = A1V+A2.
(a) The induction hypothesis on I' () [Ai] 1(a) gives I',p Fri(r) [Ai]. We
get:
I pk [A]
I,p b [AvT A
(b) The induction hypothesis on I' 17 [4i] (1(b)) gives I, p* Frx(r) [Al] or
I p* brrem -
In the latter case we are done. For the former case, we get:
' pt+ [A7]
I, p* - [ALvTAY]
Ik [{%}A]
Ik [FzA]

with A =3zA
(a) Theinduction hypothesisonT () [{%2} Al 1(a) gives IV, p Fric () [{Fa} A
We get:
F/,p |_ [{793}‘4/]
I,pF [3zA']

(b) The induction hypothesisonT Fr () [{% } A] (1(b)) gives I, p* Frr(r) [{Pa}A]

or Flypl Freer) -
In the latter case we are done. For the former case, we get:

N VAV Y
TptF [EeA]
rA
'+ [A]

where A is Negative .
— Either A = ¢ and therefore:
(a) A’ = p and we get:
T (i), p,p™)
I',pk [A]
by the inconsistency of the theory 7.

10



(b) T+ A can only be proved by
I'qF

'+ A

The induction hypothesis on T, ¢ Fr (7 (2(b)) gives I, p*, p* Frx(7) and
then we get:

by contraction.
— Or A # ¢* and therefore
(a) The induction hypothesis on I' by A (2(a)) gives I, p Fri(r) A" and

we get :
I'pk A
I,p = [A]
(b) The induction hypothesis on T’ 17y A (2(b)) gives IV, p* (1) A’ and
we get:
F/’pL l_ A/
1—\/7pL |_ [A/]

T(lit(T),p' ")

I+ [p]
where p’ is a positive literal.
— Either p’ = ¢ and therefore
(a) We get:
T(it(T), p,p)
Ippt
I,pt [p']

We derive T (lit(T"), p, p) from T (lit(T"), p’ ") since p has the same meaning as
gt =p'" and T satisfies the weakening.
(b) We get:
T (i), p", p)
U, ptpt
Ip™ F [p]
using the fact that 7 satisfies inconsistency.
— or p’ # q and therefore

(a) We get:
T(it(I").p.p'")
pt [p]
using the fact that 7 satisfies weakening.
(b) We get :

T (@), p",p"")
F/’pj_ '_ [p/]
using the fact that 7 satisfies weakening.
2. For the second item of the lemma, by case analysis on the last rule of the derivation, we

get:

I'+ Al,A F" A27A
I+ A1/\7A2,A

fOI‘ A = Al/\_A27A

11



(a) The induction hypothesis on I' Fpx ) A1, A (2(a)) gives IV, p b A1, A’
and the one on I' Fp (1) A2, A (2(a)) gives IV, p Fri () As, AL
We get:
I,pk AL A I,pk A5 A

T',pk ATAT AL A

(b) The induction hypothesis on T' Fp () A1, A (2(b)) gives IV, p* b () Al A
and induction hypothesis on I' b7 (1) A2, A (2(b)) gives I, p Fpp () Ab, A
We get:
pt FALA T pt - Ay A

I pt AN AL A
Tk Ay, As, A
Tk AV As, A
for A = A1V Az, A
(a) Theinduction hypothesisonT' Fpx 7y A1, A2, A (2(a)) gives IV, p by AL, A, AL

We get:
I pk Al Ay A

T',pk AjvT AL A

(b) The induction hypothesison T' Fp (1) A1, A2, A (2(b)) gives I, p* Fpx(r) AL, A, A/,
We get:
I pt - AL A, A
I pt = AV Ay, A
I'EAA
Tk (VzA), A

z ¢ FV(T, A)

with A = (VzA), A
(a) The induction hypothesis on I' Fr ) A, A (2(a)) gives IV, p Fri ) A, A
We get:
Tk A A
T r¢FV(I,A)
I F (vzA'), A’
(b) The induction hypothesis on I' Frx (1) A, A (2(b)) gives IV, p* Frx(r) A A
We get:
1—\/7p1_ [ A/,A/
I, pt + (vzA'), A
LAY - A

TFAA
for A = A, A where A is positive or negative literal.
(a) The induction hypothesis on I', A" Fr (1) A (2(a)) gives IV, p, At Frrxm A
and we get:

-a ¢ FV(I', A')

rp, AT+ A
Ipk A A
(b) The induction hypothesis on I', A b () A (2(b)) gives IV, p*, At Frrerm A
and we get:
F/’pLyA/J_ - Al
F/7pJ_ - A,,A/
T+ [4]
'k

with A is positive and AL € T.

12



— Either A = ¢, and then ¢* € T and 7 (lit(T"), ¢*)

(a) We get :
T (lie(r), p)
I,pk
since p and ¢* have the same meaning for 7
(b) We get :
T(it(r"),p")
p*
since p € I'' and by using the fact that 7 is inconsistent.
—orA#q
(a) The induction hypothesis on I Fr (7 [A] gives IV, p Fri () [A’] and we get
I,p = [A]
I',pk

(b) The induction hypothesis on I' b r () [A] gives either I, p*™ Fp () [A'] or
I, pt Fri(r) - For the latter case we are done and for the former case we
get:

1—\/7pL |_ [A/]

,pt+

Corollary 8 IfI' Fri(r) A then IV Frmy A

Proof: Lemma 7 (2) provides I',p Frx(r) A" and IV, p* Frx(r) A’. Then we can con-
struct:

1—1/7p/ - A/ 1—‘/’p/J_ - Al
'+ A

and we use the admissibility of cuts. O

cuts

We have proven that changing the polarities of the predicate that are present in a sequent,
does not change the provability of that sequent in LK(T).

5.2 Changing the polarity of connectives

Definition 5 (LK™(7)) The sequent calculus LK™ (7)) manipulates one kind of sequent:
' [X]A where X 1o | A

Here T is a multiset of negative formulae and positive literals, A is a multiset of formulae,
X is said to be in the focus of the (focused) system. By lit(T') we denote the sub-multiset of
I’ consisting of its literals and lit(A) we denote the sub-multiset of A consisting of its literals.

The rules of LK™ (7), given in Figure 2, are of three kinds: synchronous rules, asynchronous
rules, and structural rules. These correspond to three alternating phases in the proof-search
process that is described by the rules.

The LK™ (7) system is an extension system of LK(7).
Remark 9 As in LK(7), weakening and contraction are admissible in LK™ (7).

Lemma 10 + [A1]A is provable in LKT(T).

Proof: By induction on A using an extended but well founded order on formulae:
a formula is smaller than another one when either it contains fewer connectives, or the number
of connectives is equal the former formula is negative and the latter is positive.
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Synchronous rules
'k [4]A 'k [B]A I'F [A]]A I+ {7} A]A

I+ [AATB]A T+ [AVTAy)A I+ [FzA]A

e T(lit(T), p, lit(A))
—— p positive literal p positive literal
I'pt [plA I'k [p]A

T+ [o]N

—— N negative
I [N]

Aynchronous rules
'k [X]A4 A '+ [X]B,A T'F [X]41, Az, A ' [X]A4, A

x ¢ FV(I, X, A)
I F [X]AA"B,A [k [X]AV= A5, A Tk [X](V2A), A

I, At F [x]A

A positive or literal
' [X]4,A

Structural rules
I, P+ [PA T (lit(T), lit(A))
———— P positive =
I, Pt [o]A [+ [o]A

Figure 2: System LK™ (T)

o A= AN A
F A A F [A2T]As
= [AlLVJFAQL]Al = [AlLV+A2L]A2
F At VT AT AN Ay
We can complete the proof on the left-hand side by applying the induction hypothesis
on A; and on the right-hand side by applying the induction hypothesis on As.

o A=AV A

F AP AT Ao AL As
[ [A1LA+A2J']A1V7A2

We can complete the proof on the left-hand side by applying the induction hypothesis
on A; and on the right-hand side by applying the induction hypothesis on As.

o A=VzA

F[A1]A
————— - choosing t=x
F[{t/z}A7]A

F [FzAt)A
— Y ¢ FV(3zAt)
F [FzA"VzA
We can complete the proof by applying the induction hypothesis on A.
o A=pt

pF [p]

F [plp™
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e A = P where P is all positive formulae:

We can complete the proof by applying the induction hypothesis on P.

Lemma 11 (Invertibility of asynchronous rules)
All asynchronous rules are height-preserving invertible in LK™ (T).

Proof: By induction on the derivation proving the conclusion of the asynchronous rule
considered.
e Inversion of AA™ B: by case analysis on the last rule actually used
'+ [X]JAANB,C,A" T+ [X]AN" B, D, A’
T'F [X]AAN™B,CA™ D, A’
By induction hypothesis we get
L'k [X]A,C, A" Tk [X]A DA 1 'k [X]B,C,A" TF [X]B,D,A
an
'+ [X]A,CA™D, A’ '+ [X]B,CA™D,A
'k [X]AN"B,C, D, A’

'+ [X]JAA"B,CVv™ D, A’

I'F [X]A,C, D, A’ '+ [X])B,C,D,A
By induction hypothesis we get: and
I [X]A,CV™D,A T+ [X]B,Cv™ D, A’

I+ [X]AA"B,C, A
- z ¢ FV(I, X,A’, AN B)
T F [X]AA™ B, (VzC), A’

By induction hypothesis we get:
Tk [X]A,C A Ik [X]B,C, A

x ¢ FV(T, X, A, A) and ¢ FV(T,X,A', B)
T+ [X]A, (VzC), A T+ [X]B, (VzC), A’

I,C* F [X]AN B, A
- C' positive or literal
I'F [X]AANB,C, A’

By induction hypothesis we get:
I,Ct F [X]A, A r,C* F [X]B,A
——————— ( positive or literal and ——————— ( positive or literal
' [X]A,C A '+ [X]B,C,A'
'+ [C]JAAN"B,A" T [DJAAN” B, A’
'+ [CATD,JAN B, A’
By induction hypothesis we get
Tk [C]A,A" T F [D]AA] . '+ [C]B,A" T [D]B,A’
an
'+ [CATD]A, A’ I+ [CATD]B, A’
I'F [Ci)AAT B, A’
'+ [C1vTC)AA™ B, A’
By induction hypothesis we get
I'F[Ci]A, A q 'k [C)]B, A

an
I [CivTey)A, A I+ [CivTC)B, A

15



Ik {2} CIAN B, A
© TF [32C]AN B,A
By induction hypothesis we get
I'F [} C1A, A o 'k [{%}C]B, A
[+ [3zC)A, A I+ [3zC)B, A’

e Inversion of AV™ B
'+ [X]AV™B,C,A" T F [X]AV™B,D,A’

I+ [X]AV™B,CA™ D, A’
I+ [X]A,B,C,A" T+ [X]A,B,D,A

T [X]A, B,CA™ D, A’

By induction hypothesis we get

'+ [X]AV™B,C,D,A’
'+ [X]AV™B,Cv™ D, A’

T+ [X]A,B,C,D,A

By induction hypothesis we get
Ik [X]A,B,Cv™D,A’

'+ [X]AV™B,C, A’
- z ¢ FV(I, X, A)
I'F [X]AV™ B, (VzC), A’

T'F [X]A,B,C, A’
By induction hypothesis we get x ¢ FV(T, X, A")
I F [X],A, B, (VzC), A’

I,C*t + [X],Av™ B, A
- C positive or literal
T'F [X],AV™B,C,A’

[,C*" + [X],A, B, A
By induction hypothesis we get C positive or literal
I+ [X],A7B7C7A'

I+ [C]AV™B,A" T F [DJAV™ B,A’
[+ [CATDIAV™ B, A’

I'+ [C]A,B,A" T+ [D]A,B,A

By induction hypothesis we get
'+ [CATD]A, B,CA™ D, A’

I+ [C]JAV™ B, A’
I+ [CivTC]AVT B, A’

T [Ci]A, B, A’
L'+ [CivCa)A, B, A

By induction hypothesis we get

'k {2} ClAV™ B, A
I'F [3zClAV™ B, A’

'k [{%}CIA, B, A

By induction hypothesis we get
'+ [3zC)A, B, A’

e Inversion of Vx A
I+ [X],(VzA),C,A" T+ [X],(VzA), D, A’

I'F [X],(VzA),CAT D, A’
' [X),A,C,A" TF[X],A DA
By induction hypothesis we get z ¢ FV(T, X, A")
T+ [X],A,CA™D,A’

T F [X],(VzA),C, D, A’
T+ [X],(Vzd),CV ™D, A’

'+ [X],A,C,D,A
Ik [X],A,CVv™ D, A’

By induction hypothesis we get

I+ [X],(VzA), D, A
- z ¢ FV(IT, X, A
T F [X],(VzA), (VzD), A’
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T+ [X],A,D, A
By induction hypothesis we get x ¢ FV([, X, A)
'k [X],A, (VzD), A’

[,C*t + [X],(VzA), A
- C' positive or literal
T+ [X],(VzA),C, A

I, C* +[X),A,A
By induction hypothesis we get Cpositive or literal
I'F [X],A,C, A

I F [C],(VzA),A’ T F [D],(VzA), A’

I'+ [CATD](VzA), A
I'F[C,A,A" TF [D],A A
By induction hypothesis we get z ¢ FV(I,CATD,A")
I [CATD],A, A

Tk [Ci],(VzA), A’
I [CiVTCa),(VzA), A

T F [Ci],A, A

By induction hypothesis we get
'k [CivtCa),A, A

_ TH[{%}D(Vad), A x ¢ FV(T,3zD, A')
[+ [BeD],(VzA), A’

I+ [{%}D]A A
By induction hypothesis we get x ¢ FV(T,3zD, A")
[+ [3zD],A, A’

e Inversion of literals and positive formulae (A)
I+ [X],A,C,A" TF [X],A,D,A’

'k [X],4,CA™ D, A’

I, A" - [x],0,A" T,A" F [X],D,A’
By induction hypothesis we get

[, At F [X],CA™D, A
[+ [X],A,C,D, A

T+ [X],4,CV™ D, A’

I, A" F [X],C,D,A’
[, A"+ [X],cv D, A

By induction hypothesis

T+ [X],A, D, A
- z ¢ FV(I, X, A)
I'F [X],A, (VaD), A’

I, At F [X],D, A
By induction hypothesis we get x ¢ FV(T, X, A)
I, A" - [X],(VaD), A’

[, B* F [X],A,4A]
- B positive or literal
' [X],A, B, A

I, A", B+ F [x],A
By induction hypothesis we get B positive or literal
I, A"+ [x],B,A

T'F[C],A,A" T [D],A A
'+ [CATD,],A, A

[, AT F[C,A" T,A" + [D]A
I, A"+ [CATD,],A

By induction hypothesis we get

Ik [Ci,A A
'k [CivTCa),A, A

D, A" - [C)A)
DAY F [CivTey),A)

By induction hypothesis

'+ [{:}D]A A
I'+ [3zD]A, A’
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T A - [P DA

By induction hypothesis we get
I, A* + [3zD],A’

Lemma 12
1. IfT + [A] is provable in LK™ (T ), then T & [A] is provable in LK(T).
2. IfT + [8]A is provable in LK (T ), then T = A is provable in LK(T).

Proof: By simultaneous induction on the assumed derivation.

1. For the first item we get, by case analysis on the last rule of the derivation:
[ ]
't [A1] TF [A]
Tk [AIAT A

with A = A;AT Ay, The induction hypothesis on ' Fri+ ) [Ai] givesT Frrem [Ad]
and the induction hypothesis on I' k1 j+ () [A2] gives T' Fri () [A2]. We get:

CF[A] TF [A4g
I [AAT Ay
L+ [A]

I'F [AVT Ay

with A = A;v1As.
The induction hypothesis on I' Fp j+ () [As] gives ' Frg(r) [Ai]. We get:
' [A4]
[+ [AVT A
' [{t/x}A]
Ik [FzA]
with A = JzA.

The induction hypothesis on T' -y ety [{t/x}A] gives T Frgr) [{t/z}A]. We

get:
IF [{t/z}A]

T+ [3z4]
T(lit(T), p*)

I'F [p]
with A = p where p is a positive literal.
The induction hypothesis on 7 (lit(T"),p*) gives T (lit(T', p1)) in LK(7)and we get:

T (lit(r), p*)
T+ [p
I [o]N

'k [N]
with A = N and N is negative.
The induction hypothesis on I' &1yt (1) [8]N gives I' Frg () N. We get:

r-nN

'+ [N]

2. For the second item, we use the height-preserving invertibility of the asynchronous rules,
so that we can assume without loss of generality that if A is not empty then the last
rule of the derivation decomposes one of its formulae.
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I }_ [O]Al,Al I |— [.}AQ,Al
'k [O]A1A7A27A1

with A = A;A7 A2, A;. The induction hypothesis on T’ I—LK+(T) [0] A1, A1 gives
I Friery A1, A1 and the induction hypothesis on T' b7 j+ (1) [0] A2, Az gives T Frx (1) A2, As.
We get :

TF AL A Tk A A
' AN Az, A
' [o]A1, Az, Ay
Tk [o] A1V Az, A

with A = A1V~ Az, Aq. The induction hypothesis on T’ I—LK+<7—) [0] A1, A2 A1 gives
I' Frrery A1, A2A1 and we get :

T Ay, Ag, Ay
T AV Ag, Ay
T+ [o]A, Ay
— 2 ¢FV(I,A)
T+ [o]VzA, Ay

with A = VoA, A;.
The induction hypothesis on I' Fp j+ (1) [0]A, A1 gives T Frg () A, A1, We get:

D AA
I+ VoA, A
[, AT F [e]A,

' [e]A, Ay
with A = A, A; and A is a positive or literal.
The induction hypothesis on T', A+ Fri+r [#]A1 gives T, At Frrr) Al We get

xz & FV(T, Aq)

AT - Ay
'+ A A
r, P+ [PlA
[, P* - [o]A
where P is positive.
As already mentioned, we can assume without loss of generality that A is empty.
The induction hypothesis on I', P* t s+ (1) [P] (1) gives I', P* by () [P]. We
get:
I, P+ [P]
I, P+
T (lit(T), lit(A))
I'F [e]A
As already mentioned, we can assume without loss of generality that A is empty.

We get:
T (lit(T))

'k
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Lemma 13 We have:
1. FLK(T) (A/\+B)L,(A/\73) and

2. Frxer (AA"B)Y, (AATB).

Proof:
1. For the first item we get:

F[AtA + [BY]B

AT A B (645

At [o]A Bt [eo|B

F [o]A*, A + [o]B*, B
Featsia "t eatsts

F [o](A*V™B™h), (AA” B)
 [o](AATB)", (AN B)
F (AATB), (AN B)

Lemma 12(2)

Both left hand side and right hand side can be closed by Lemma 10.

2. For the second item, we get:

+ [BY]B F [A)JA* + [B]B*
F [A*vTBYB + [AJA*, B+ + [B]AY, B+
F[AT]A AN B [A'VTBYB F [AATBJA*, BT
_ —_— e - WK
F[AtvTBYA AN BF [o]B A*VTB* F [ANTB]AY, B
——————————— WK ———— Lemma 12(2) — —
AN B [AtvTBHA AN"BF B AtV Bt [o]AN, B
777777 — WK n N ——— Lemma 12(2)
AN BF [o]A o) AN BF AT B A*VTB*+ AT B
———— Lemma 122} ————— — — — — — — — -WK & - — WK
AN"BF A (AN"B),(A*v BY) F AT B (AN B),(A*v~BY) F A+, B+
77777777777 — WK cuty
(AN B),(A*V BH) F A (AN B),(A*v™BY) + A*

(AAN"B),(ANTB)
- (AN B)T, (AATB)
All branches are closed by Lemma 10. d

Lemma 14 IfT' Frxr) A,C and T Frgry D,C* then T b A,D.

Proof:

Corollary 15
1. IfT'+ ANTB,A thenT' = AA™ B, A. Proof: By Lemma 14 and Lemma 13(1).

2. IfT' - AN B,A thenI' - AATB,A. Proof: By Lemma 14 and Lemma 13(2).
3. IfT' - AV'B,A then T - AV™B,A. Proof: By Lemma 14 and Lemma 13(1).
4. IfT' - AV B,A thenT' = AVt B, A. Proof: By Lemma 14 and Lemma 13(2).

o 0o oo
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We have proven that changing the polarities of the connectives that are present in a
sequent, does not change the provability of that sequent in LK(T7).

6 The LK?(T) sequent calculus: on-the-fly polarisa-
tion of literals

Definition 6 (Literals) From now on we distinguish polarised literals and unpolarised lit-
erals. The former are those literals used so far in LK(7); the later are introduce as follows:
Let £ be a set of elements called unpolarised literals, equipped with an involutive function
called negation from £ to L. In the rest of this paper, a possibly primed or indexed lowercase
1 always denotes a literal, and I* its negation.
From now on, the expression literals refers to unpolarised literals.

Definition 7 (Formulae, negation) The formulae LKP(7) are given by the following gram-

mar:
Formulae A, B,...
where [ ranges over literals.

Let P C £ such that if L € P, [- ¢ P .
We define P-positive formulae and P-negative formulae as the formulae generated by the

following grammars:
P-positive formulae P, ...

P-negative formulae N, ...
where [ ranges over P.

Negation is extended from literals to all formulae using the following definitions:

n= | ANTB| AVt B | AN"B| AV B

| ANYB | AvtB
=Y |AAN"B|AV™B

(ANYB)T == Atv Bt [ (AnB)Y = AtviBt
(AVtB)" = A'A"B* | (Av " B)" = A*AtBt
(3zA)* = VzAt (VzA)* = At

Definition 8 (System LK?(7)) The sequent calculus LKP(7) is given by the rules of Fig-
ure 3, where I' and A are multisets of formulae.

D7 [A] T+ (B 7 (4]
T F7 [AAT B] [ HZ[A VT Ay
T (i), 1) L L7 N
———5—— L is P-positive ———— IV is P-negative
7 -7 [N]
TP AA TH? B A | N P PN LA 2T
= 5 = A is P-positive or literal
I' -7 AN B, A M7 AlvT A, A br AT
r -2 T, Pt 1 (P T (lit(T))
5 5 P is P-positive 5
'+ I, P~ F+ '+

Figure 3: System LKP(T)
There are two cuts that we use in LKP(7).
e Analytic cut:

| AR W A YA
r+7
o General cut:
| U A A (Ful VARV bl

r+?
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Definition 9 (¢ compatible with P) Let ¢ be a function that maps every unpolarised
literal to a polarised literal that has the same meaning for 7 and such that (i) = ¢(I)* for
all I. Let P be a set of literals of LK?(T).

e ¢ is said to be compatible with P if VI € P, ¢ (1) is a positive literal of LK(T).

e ¢ is extended into a mapping of formulae, and multisets of formulae, so that we can

write ¢ (A) ,¢ (B) ¢ (') , ¢ (A), etc. .

Corollary 16

o IfT F7 A in LKP(T) then for all ¢ compatible with P, ¢(I') F ¢(A) in LK(T).

o IfT 7 [A] in LKP (T) then for all ¢ compatible with P, ¢(T') F [p(A)] in LK(T ).
Proof: In our proof we use I'' for ¢(T"), A" for ¢(A), B’ for ¢(B) and A’ for ¢(A), etc.

1.
r Pt

r+»
since ¢ is compatible with P, .
e If (1) is positive, then the induction hypothesis gives ¢(I") |-.

e If ¢(l) is negative, let p be a positive literal with the same meaning as ¢(l) for 7.
Then let ¢’ be defined as:

SU)=o(l') iU #land I # 1

o'(l)=p

¢'(1t) =p*
¢’ is compatible with P, [, so by induction hypothesis we get ¢'(T") . By corollary 8,
we have {¢(1), (1) /¢' (1), ¢’ ()" }¢'T .

I'EP (4] TFP (A

I |—P [Al/\JrAg}

for A = Al/\JrAz.
The induction hypothesis on T' -7 [A;] gives I I [A}] in LK(T) and the induction
hypothesis on I' F” [A5] gives T' F [A%] in LK(T). We build:

' E (A Tk (A3
I’ + [ALAT AL

I'F7 [A]
T -7 [AvT A

fOI‘ A= A1V+A2.
The induction hypothesis on I' F¥ [A;] gives I - [A}] in LK(7") and then we build:

I+ [A]]
I+ [AjvT AL
T (lit(), 1)
r =2
for A=1.
Let p = ¢(I) and we can build:
T(lit(r), p")
'+ [p]
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r+? N
I F? [N]

for A = N where N is P-negative.
The induction hypothesis on I' F¥ N gives I - N’ in LK(7") then we build:

'+ N
I+ [N']
6.
P A, A TEF A3 A
T FP AN As, A
for A = A1/\7A2,A
The induction hypothesis on T' F* Ay, A gives T - A}, A’ in LK(7) and the induction
hypothesis on I' 7 Ay, A gives IV - A5, A’ in LK(7). We get:
' A,A Tk B, A
I+ AN B A
7.
T FP Ap, As, A
r+*7 .41\/7‘/427 A
for A = Al\/*A%A_
The induction hypothesis on I' F” A;, A», A gives IV - A}, Ay, A" in LK(T). We get:
I+ A} AL A
I+ Ajv— AL A
8.
AT FE A
FHFZ A A
for A = A, A where A is P-positive or literal.
The induction hypothesis on I', A* % A gives I, A’ - A’ in LK(T). We get:
AT F A
- AL A
9.
r, P~ +7 [P]
———— P is P-positive
r, Pt +”
where P is P-positive.
The induction hypothesis on I', P+ 7 [P] gives T', P'* + [P'] in LK(T). We get:
TP+ [P
P E
10. .
T(Iit(T))
'k
We get:
T (lit(T"))
'+
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11.
I,lFP Tt 7

r+7
For analytic cut in LKP(T).
The induction hypothesis on I, [ F7 gives I',!’ - in LK(7) and the induction hypoth-
esis on T, I+ FP gives I', I’ - in LK(T). Then we build:

- TR
cutsg

I+
and we eliminate the cuts by Theorem 6.

12.
Do, o FP O T,V ...V FP

r'+7
The induction hypothesis on T',l1,...,I, F* gives I',14,...,l, - and the induction
hypothesis on T, IV~ ...V I;5) FP gives TV, (I5"v~...v~I4") . Then we build:
OV NS N (Ve NAVaY (e NS
I

cutg

and we eliminate cuty by Theorem 6.

7 Completeness

Definition 10 (Formulae) Let £ be the set of unpolarised literals as defined in Section 6.
Let A be a subset of £, whose elements will be called atoms, and such that the image of
A by *+ is its complement in £: £\ A.
The formulae of first-order logic are given by the following grammar:
Formulae A,B,... = a|AVB|AANB|VzA|3zA|-A
where a ranges over atoms.

Definition 11 (¢ and ¢) Let ¢ be a function that maps every atom to a polarised literal
that has the same meaning for 7.

Let ¢ be the function that maps every formula of first-order logic to a set of polarised
formulae defined as follows:

é(a) = {p(a)}
d(ANB) = {AN B ANB |A €¢(A),B €¢B)}
#(AvB) = {AV B AVTB | A €¢(A),B € ¢(B)}
¢(IrA) = {3zA" | A" € ¢(A)}
o(Vzd) = {vzA' | A" € ¢(A)}
P(—A) = {A | A" € g(A)}
(A A) = {AL AT [ A" € ¢(A), A" € p(A)}
¢(0) = 0

Remark 17 ¢(A) # 0

Remark 18 If A’ € ¢(A), then {#,} A" € ¢({/=} A").
If C' € ¢({/=} A), then C" = {#,} A’ for some A" € $(A).

Notation 19 In the rest of this section we will use the notation A A* B (resp. A V' B)
to ambiguously represent either AAN™B or AA™ B (resp. AVTB or AV~ B). This will make
the proofs more compact, noticing that Corollary 15(2) and 15(4) respectively imply the
admissibility of

I+ A, AN B THA AV B

'+ A AN B 'AAV'B
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Lemma 20 For all A', A" € ¢$(A), we have Frw(T) AL A

Proof: In the proof below, for any formula A, the notations A" and A” will systematically
designate elements of ¢(A).
The proof is by induction on A:
1. A=a.
Let A', A” € ¢(a) = {#(a)}. Therefore A’ = A” = A = ¢(a).

¢(a) F [¢(a)]
¢ (a), p(a)
- ¢(a), ¢ (a)
2. A= A1 N Ay
Let A7, A7 € ¢(A1) , Ay, AY € ¢(Az) and A" = A} AT Ay, A" = A} AT AY.
AL AT - Ay, AL

- WK @ —
1 1 1 1
B AL AT, AY F Ay, AV, AY

— 1. — L
F AN AL ATV AL

AL AT AL

F AL AT
We can complete the proof on the left-hand side by applying the induction on A; and
on the right-hand side by applying the induction hypothesis on A,.
3. A=A,V Ay
Let A}, A} € (A1) , Ab, AY € $(As) and A’ = A} V7 A), A” = AY V" AY.

L 1
F AL AY F A5, AL
nL

/ / L WK /
F A17A27A/1, F A17A,27A2
F AT Ay, AVAT AL

nL nL

F A AT AT AS

- AL A
We can complete the proof on the left-hand side by applying the induction on A; and
on the right-hand side by applying the induction hypothesis on A,.

Let A’ =Vz A} and A" = VzAY.
- [Ay 1Ay

- BrAl]A]

VoAl o] AV

WK

Lemma 12(2)

FAY JpAlT AL AT
Y H:L‘A”l Lemma 14
1 1
R =" U

We can complete the proof on the left-hand side by Lemma 10 and the right-hand side
by applying the induction hypothesis on A;.

Let A =3z A} and A" = 3z AY.
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(A4
F [A]]3z A}
FUSSETY
———— Lemma 12(2) N
F AT, 3x A, F A3, AY
b 3zAl, ALt

Lemma 14

nL

F 3zAl, Yz Al
We can complete the proof on the left-hand side by Lemma 10 and the right-hand side
by applying the induction hypothesis on A;.
6. A=-A4A;
Let A', A" € ¢(—A1).
Let A’ = A} with A € ¢(A1) and A” = AY™ with A} € ¢(A1).

The induction hypothesis on A; we get: Frxr) A, A"* and we are done.

Theorem 21 Let Ty = {l1V--- Vi, | T(lit, - ,1,") returns UNSATY} .
IfT'7,A Fror A then for all A € $(A) and A’ € $(A), Frr(m AN

Proof:

For any formula A, the notation A’ will systematically designate elements of ¢(A) and for
any multiset of formulae A, the notation A’ will systematically designate elements of ¢(A).
The proof is by induction of I'r; A Fror A, and case analysis on the last rule:

e Axiom:
— Aelr,A
I'r,AF A
By case analysis:
— If A€ A then:
- A/ A//J_
Taar

with A’, A” € ¢(A).
We can close the branch by Lemma 20.
— If A e€I'7 then:

A'is of the form Iy V --- VI, with T(¢(l)", -+, ¢(ln)"). Let C" € $(A). C" is of
the form ¢(l1) vV’ -V’ é(ln).

T(o(h)* -+ b))

o))", o)t
F o), 6(In))

F )V V()

BNGNe
This is a complete proof since T(¢(l1)", - -+, ¢(l,)") returns UNSAT.
e And Intro:
I AF A Ty, A As
T, AE AL A As

A’ € $(A1 A As) is of the form A} AT A} with A} € ¢(A1) and A} € ¢(As).
The induction hypothesis on I'r, A Fror A1 gives bFrrr A, A" and the induction
hypothesis on ['r, A Fror As gives Fpx(ry Ab, A", We build:
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FALAT R AL AT
AN Ay AT
I'r,A+ AAB

~ ~ I'r,AF A B
— Since ¢p(B) # 0, let B’ € ¢(B) and C' = A’/A~ B’ (C' € ¢(A A B)).
The induction hypothesis on the premise, with A’ and C’, gives g C, At

e And Elim

and we get:
oA
by Lemma 3.
I'r,A+- AAB
I'r,A+ B

— Since ¢(A) # 0, let A’ € $(A) and C' = A/A™ B’ (C' € (A A B)).
The induction hypothesis on the premise, with A’ and C’, gives Fp(7) c ANt

and we get:
- C/ A/J_
- B, A"
by Lemma 3. '
e Or Intro
I'r,AF A

I'r,AF A1V As
A’ € $(A1 V As) is of the form A} V7 A} with A} € ¢(A1) and Ab € ¢(As).
The induction hypothesis on I'r, A Fror As gives Frxr) A, A'* and we build:
F AL AT
“/ 1L WK
F AL AL A
F ALV Ay, A
ALV Ay AT
e Or Elim
I'r, A AiVAy, T, AAEC T, AAFC

I'r,AFC
Let D' = A1V~ A5 with A} € ¢(A1) and A5 € ¢(A2).
The induction hypothesis on I'r, A Fror A1 V Az gives Frg(r D', A'*, the induc-
tion hypothesis on I'r, A1, A Fror C gives brrm A’lL,CﬂA’L and the induction
hypothesis on I'7, A2, A Fror C gives bFrgm AL C' AL We get:
FACT O AT R AL A
F AT AT AL O ATt

D, C, A" F (Al Ay, AT
- oAt i
e Universal quantifier Intro
I'r,AF A
—— 2 ¢7T
I'r,AFVzA

C' € $(VzA) is of the form Yz A’ with A’ € 4(A).
The induction hypothesis on I'r, A Fror A gives brxry A, A", We get:
- A/ A/J_

FvzA, AT
e Universal quantifier Elim
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I'r, Ak VzA
I'r,AF {4}A
C' € ({2} A) is of the form {;} A’ with A’ € ¢(A) (by remark 18).
The induction hypothesis on I'r, A Fror VzA gives Fpyr) VoA, A", We get:
- vz A

by Lemma 3 and Lemma 2.
e Existential quantifier Intro

I'r, Ak {4}A
B Ir,AF 3zA
C’ € ¢(FzA) is of the form Jx A’ with A" € ¢(A).
Let A} = {2} A" (A] € ¢({/=} A) by remark 18).
The induction hypothesis on I'r, A Fror {/ } A gives Frx () Al At
By Lemma 14 it suffices to prove Fpp ) JzA’, A, in order to get Frxem C7) At
- A A
F [BzA A"
vz A b o] A,
F3zA AL
We can complete the proof by applying Lemma 10.

Lemma 12(2)

e Existential quantifier Elim
'r,AF3dzA T,A;A+ B

z¢I',B
~ I'r, A+ B
Let ¢’ = 3z A" with A’ € ¢(A).
F AT B AT
F vz AT B AT
Fo At F o't B AT

- B, AT
We can complete the proof on the left-hand side by applying the induction hypothesis
on I'r; A Fror, 3zA and on the right-hand side by applying the induction hypothesis
on FT,A,A }_FOL B.

e Negation Intro

cuty

rr,AJA+ BAN-B
I'r, Ak -A
If C' € $(—A) then C'" € ¢(A). Let D' = DiA~ Db with D} € ¢(B) and D} € ¢(—B).
Therefore Dy € ¢(B), D' € $(BA—B) and A',C'" € ¢(A, A).
- D/J_ D/J_
1 2

F D)tV DLT
— " Corollary 15(4)

F D't

FATC,D FATC,D

At
We can complete the proof on the left-hand side by applying the induction hypothesis on
I'7,A, A+ BA-B and on the right-hand side by applying Lemma 20 with A"~ = D}
and A’ = D5
e Negation Elimination

cuty

Tr,AF A
I, Ak A
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A’ € $(A) is such that A’ € ¢(——A).
The induction hypothesis on '+, A - ——A gives - A’", A’ and we are done.

8 Conclusion

It is worth noting that an instance of such a theory is the theory where 7(S) holds if and
only if there is a literal p € S such that p~ € S.

We proved the admissibility of cuts and cutg as they are used to simulate the DPLL(T)
procedure [NOTO06] as the proof-search mechanism of LK(T).
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