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New entropy for Korteweg’s system, existence of global weak
solution and new blow-up criterion

Boris Haspot *'

Abstract

This work is devoted to prove the existence of global weak solution for a general

isothermal model of capillary fluids derived by J.E Dunn and J.Serrin (1985) (see
[18]), which can be used as a phase transition model. More precisely we shall derive in
a first part new entropy estimates for the density when we are dealing with specific
capillarity coefficient k(p) = % (let us emphasize on the fact that this choice of
capillarity exhibits particular regime flows in the case of the compressible Euler
system with quantic pressure which corresponds here to the capillarity, see [2]). This
allows us in particular to get enough compactness estimates in order to prove the
stability of the global weak solution, the used method follows the works of A. Mellet
and A. Vasseur (see [35]). Let us point out that the key of the proof is related to the
introduction of a new effective velocity (which depends strongly on the structure of
the viscosity and capillary coefficients).
In a second part, we shall give the main result of this paper which consists in new
blow-up criterion of Prodi-Serrin type for the Korteweg system involving only a
control on the vacuum. It is up our knowledge the first result of this type for a
compressible fluid system.

1 Introduction

We are concerned with compressible fluids endowed with internal capillarity. The model
we consider originates from the XIXth century work by Van der Waals and Korteweg
[45, 32] and was actually derived in its modern form in the 1980s using the second gradient
theory, see for instance [18, 30, 44]. The first investigations begin with the Young-Laplace
theory which claims that the phases are separated by a hypersurface and that the jump
in the pressure across the hypersurface is proportional to the curvature of the hypersur-
face. The main difficulty consists in describing the location and the movement of the
interfaces.

Another major problem is to understand whether the interface behaves as a discontinu-
ity in the state space (sharp interface SI) or whether the phase boundary corresponds to
a more regular transition (diffuse interface, DI). The diffuse interface models have the
advantage to consider only one set of equations in a single spatial domain (the density
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takes into account the different phases) which considerably simplifies the mathematical
and numerical study (indeed in the case of sharp interfaces, we have to treat a problem
with free boundary).

Another approach corresponds to determine equilibrium solutions which classically con-
sists in the minimization of the free energy functional. Unfortunately this minimization
problem has an infinity of solutions, and many of them are physically wrong. In order
to overcome this difficulty, Van der Waals in the XIX-th century was the first to add
a term of capillarity to select the physically correct solutions, modulo the introduction
of a diffuse interface. This theory is widely accepted as a thermodynamically consistent
model for equilibria. Alternatively, another way to penalize the high density variations
consists in applying a zero order but non-local operator to the density gradient (we refer
to [39], [40], [41]). We refer for a mathematical analysis on this system to [12, 14, 24, 27].
Let us now consider a fluid of density p > 0, velocity field u € Q (both are defined on
a subset  with Q = RY or the torus TV), we are now interested in the following com-
pressible capillary fluid model, which can be derived from a Cahn-Hilliard free energy
(see the pioneering work by J.- E. Dunn and J. Serrin in [18] and also in [1, 11, 21]). The
conservation of mass and of momentum write:

gp + div(pu) =0,
%t (1.1)
a(pu) + div(pu ® u) — div(u(p) Du) + VP(p) = divK,

where the Korteweg tensor reads as following:

divK = V(pr(p)Ap + %(ﬂ(p) +pr (p))|Vpl?) = div(k(p)Vp® Vp).  (1.2)
Here k is the capillary coefficient and is a regular function of the form k(p) = kp® with
a € R. The term divK allows to describe the variation of density at the interfaces
between two phases, generally a mixture liquid-vapor. P(p) = ap” with v > 1 is a
general v law pressure term, pu(p) > 0 is the viscosity coefficient and Du = %(Vu +tVu)
is the strain tensor.

Remark 1 In the sequel we are focising on the case of shallow-water viscosity coeffi-
cients, it means pu(p) = 2up with p > 0.

In the sequel we shall study the more general system:

0
—p+div(pu) =0,
p) .
a(pu) + div(pu ® u) — div(up Vu) — div(ap Vu') + V(ap?) = divK,
1 and « are the two Lamé viscosity coefficients and satisfying:

pw>0and p>a>0.

In particular, it allows to write the diffusion tensor under the form (u — «)div(pVu) +
adiv(pDu) which implies the following energy inequality after multiplication of the mo-



mentum equation by wu:

[ (ptelu o) + 00 + 619 VAP ) do
t — X U2 o (6] X U2 X .
+ [ (= ot a) 9ue.) + aptt, ) Dufe.a) (1.4)

< ([ (@@ + —p)(@) +rIV V7L do).

Now before recalling the main results on the existence of global weak solutions for com-
pressible Navier Stokes equations and Korteweg system, we would like to point out also
on an another aspect of the Korteweg system (1.3). Indeed this system is also used in a
purely theoretical interest consisting in the selection of the physically relevant solutions
of the Euler model by a vanishing capillarity-viscosity limit (especially when the system
is not strictly hyperbolic, which is typically the case when the pressure is Van der Waals).
Indeed in this last case at least when IV = 1 it is not possible to apply the classical theory
of Lax for the Riemann problem (see [33]) and of Glimm (see [20]) with small BV initial
data in order to obtain the existence of global weak-entropy solution (we refer also to
the work of Bianchini and Bressan see [6] for the uniqueness). Inthis spirit, we prove
recently in [12] with F. Charve that the global strong solution of the Korteweg system
in one dimension (we obtain also in this paper the existence of global strong solution in
one dimension for Korteweg system inspired by DiPerna [17]) converges in the setting of
a v law for the pressure (P(p) = ap?, v > 1) to weak entropy solution of the compress-
ible Euler equations. In particular it justifies that the Korteweg system is suitable for
selecting the physical solutions in the case where the Fuler system is strictly hyperbolic.
The problem remains however open for a Van der Waals pressure.

Weak solutions for compressible Navier-Stokes and Korteweg system

When the viscosity coefficients are constant and the pressure is P(p) = ap?, with a > 0
and v > 1, Lions in [34] proved the global existence of weak solutions (p,u) to the
compressible Navier-Stokes system (which corresponds to the system (1.1) when k = 0
and pu(p) = p a constant) for v > % it N >4, ~v> ]3—]):2 if N = 2,3 and initial data
(po, mp) such that:
2
py € LY(Q) and WpLO’ e LY(Q).
0
Notice that the main difficulty for proving Lions’ theorem consists in exhibiting strong
compactness properties in Lf o Spaces for the density p what is required in order to pass
to the limit in the pressure term P(p) = ap?.
Let us mention that Feireisl in [19] generalized the result to vy > % by obtaining renor-
malized solution without assuming that p € LZQOC, for this he introduces the concept of
oscillation defect measure evaluating the loss of compactness.
In the context of the viscosity coefficients depending on the density the situation is rad-
ically different essentially because we loss the structure of effective pressure introduced
in [34], in particular it is not clear how to get a gain of integrability on the density in
order to deal with the pressure term. However let us mention some new results due
to Mellet and Vasseur in [35] who prove the stability of the global weak solution when



P(p) = ap” with v > 1 by using new entropy estimates on the density due to Bresch
and Desjardins (see [8]). We also refer to [9] in the case of a cold pressure. The main
difficulty is coming from the degenerescence of the viscosity coefficient, indeed we lose the
control of Vu € L2((0,T) x RY) what makes delicate the treatment of the term pu ® u
because the vacuum. In order to overcome this difficulty they obtained new entropy on
the velocity which gives them a gain of integrability on the velocity.

In the case x > 0, we can observe that via the energy inequality (1.4), the density \/p
belongs in L>°(0, 00, H'(RY)). Hence, in contrast to the non capillary case one can easily
pass to the limit in the pressure term. However let us emphasize on a new obstruction
which consists in dealing with the quadratic terms in gradient of the density appearing
in the capillary tensor (see (1.2)), recently Bresch, Desjardins and Lin in [10] got some
stability result for the global weak solutions of the Korteweg model with some specific vis-
cosity coefficients and capillarity coefficient u(p) = p, A(p) = 0 and k(p) = k a constant.
However the global weak solutions of D. Bresch, B. Desjardins and C-K. Lin require some
specific test functions which depend on the solution itself (in other words they obtain the
stability of global weak solution for the Korteweg system where the momentum equation
is multiplied by p). In [31], Jiingel obtains by using an effective velocity v the existence
of global weak solution when x(p) = % modulo that as in [10] the test functions depends
on the density p.

In [26], we improve this result by showing the existence of global weak solution with
small initial data in the energy space for specific choices on the capillary coefficients and
with general viscosity coefficient. Comparing with the results of [10], we get global weak
solutions with general test function ¢ € C% (R™) not depending on the density p. In
fact we have extracted of the structure of capillarity term a new energy inequality using
fractionnary derivative which allows a gain of derivative on the density p.

In the present paper we are interested in proving the stability of the global weak solution
for large initial data and without any condition on the test functions as in [10].

Global strong solutions and Blow-up criterion

Concerning the existence of global strong solution with small initial data, we would like
to mention the works of Danchin and Desjardins [16] in the framework of critical initial
data for the scaling of the equation. This last result has been recently improved in [22] by
working with more general initial data space which are the same for the velocity ug than
Cannone-Meyer-Planchon (see [15]) for incompressible Navier-Stokes equations. Let us
also point out a result of global strong solution with large initial data on the rotational
part when we add friction term for the Korteweg system (see [29]).

In a second part we are presenting the main result of this paper where we exhibit new
blow-up criterion for the Korteweg system (1.3). Generally for the compressible system
the classical blow-up criterion follow the Beale-Kato-Majda criterion discovered in the
context of incompressible Euler equation (see [4]) which consists roughly speaking in
controlling the Lipschitz norm on the velocity fOT IVu(s)| Leds. Indeed it appears crucial
to control the velocity in a Lipschitz norm in order to estimate the density via the mass
equation. It is one of the main difference with incompressible Navier-Stokes equation,
how to deal with the density, that is why in particular it seems very tricky to generalize
the famous Prodi-Serrin criterion (see [38, 43]) to compressible Navier-Stokes equations.



However we would like to mention in the context of the compressible Navier-Stokes
equations with constant viscosity coefficient a recent result involving only a control in a
LE(L9(£2)) norm on the density (see [28]). We would like to emphasize on the importance
of the structure of the viscosity coefficient, indeed in the case of the compressible Navier
Stokes equations when the viscosity coefficients are constant, we can exhibit a structure
of effective velocity (see [34, 28]) which plays a crucial role in the sense that this effective
velocity is regular in some sense. When the viscosity coefficients depend on the density,
the picture is less clear (in particular the problem of global weak solution remains open).
In our case we are going to prove that we can obtain new blow-up criterion involving only
a control on the vacuum, or more precisely a control on 1 in LF(LP) for suitable p with
T > 0. Similarly we also get a criterion of Prodi-Serrin for the Korteweg system for an
effective velocity v (in particular the strong solutions blow up in time 7 if ||v|| LB (Lay = 00

: 1 N 1

1.1 Derivation of the models

We are going to prove that we can derive new entropy estimates when we choose specific
regime for the coefficients of viscosity and of capillarity. Indeed in the sequel we will
consider the following physical coefficients:

K
u(p) = pp and k(p) = >

with p, k > 0.

Remark 1 Let us give some explanations on this choice of capillarity (p) = %, indeed
this regime flows exhibits particular phenomena in the case of the compressible Korteweg
Euler system (which is called quantum compressible Euler system when k(p) = %)
Indeed, at least heuristically, the system is equivalent via the Madelung transform to
the Gross-Pitaevskii equations which are globally well-posed for large initial data in
dimension N = 1,2,3 (we refer to [5]). One of the main difficulty to pass from Gross-
Pitaevskii to Quantic Euler consists in dealing with the vacuum. This is one of the
reasons why the mathematical community is interested in building solitons for this type
of problem (one of the main other reasons corresponds to give a negative answer to the
problem of scattering and after to study the stability of the soliton). Finally we would
also like to mention very interesting results of global weak solutions for the compressible

quantic Euler equation with a regime k(p) = % due to Antonelli and Marcati (see [2])

Let us do some computation in order to express in a friendly way the capillary tensor,
more precisely we obtain that (see the appendix for more details):

divK = rdiv(pVV1np) = kdiv(pD(V Inp)).

It means in particular that the capillary term has the form of the viscosity tensor. It is
then natural to introduce the new unknown v = u+ ﬁV In p (let us point out that Jiingel
in [31] has used the same type of effective velocity). We now want to rewrite system (1.3)
in terms of the variables (p,v).When a = g we have the following system:

Bep + div(pv) — “Ap =0,
p (1.5)
pov + pu - Vo — div(up Vv) + VP(p) =0,



When o = 0 and k = p?, we obtain the following simplified model:

Op + div(pv) — EAp =0,
Iz (1.6)
PO + pu - Vo — div(up Vv) + VP(p) = 0,

Remark 2 Let us give some few words on the choice k = p?. It gives a specific structure
of effective velocity, but is also reasonable on a physic point of view (see [41] for more
details). Finally we recall that in [14], we prove in the one dimension case the convergence
of the global strong solution of the Korteweg system to an entropy weak solution when
k= p? = €. This algebraic relation between k and p? corresponds to an intermediary
regime, indeed an important research line (see [41]]) is to model the capillarity tensor and
to understand how fast the solutions converges to the Euler system when the capillarity
and the viscosity coefficients tends to zero. We want point out here that it exists three
different regimes, more precisely if we assume the viscosity coefficient equal to € with

€ — 0. Then we have the three different regimes:
1. Kk << €2, the viscosity dominates so the parabolic effects is primordial.
2. Kk = €2, intermediary regime.
3. k >> €2, the capillarity dominates so the dispersive effects are predominant.

For more details on the computation, we refer to the appendix. Let us mention that
system () is also equivalent to the following system:

K
Op + div(pv) — —Ap =0,
1p (pv) LA w7
O(pv) + div(pu ® v) — div(up Vv) + VP(p) = 0,

Our goal is now to prove new entropy inequalities for these two systems and to prove
the stability of global weak solution for these two systems. To do this we are inspired by
works of Mellet and A. Vasseur in [35].

2 Notations and main result

2.1 Existence of global weak solution for Korteweg system

We say that (p,v) is a weak solution of (1.7) on [0,7] x €2, which the following initial
conditions

Pri=0 = po > 0, pus—g = my. (2.8)
with:
po € L(Q) N L' (), /poVInpy € L*(), po >0, 29
1 2.9
Vpovo € L2(Q), peTvg € L*(Q)  for somme small 6.
if

e pe LF(LYQ) N L), \/p € LF(LA()),

o Vv € LF(LX(Q).



e /pVuve L*(0,T) x Q),
with p > 0 and (p, \/pv) satisfying in D'([0, 7] x RY):

e + div(y/py/pv) — gAp =0,
p(O,CL‘) = po(w).

and if the following equality holds for all ¢(¢,2) smooth test function with compact
support such that ¢(7,-) = 0:

T
/(pv)o (0, )dz + / / VP(/pv)Orp + \/pu @ \/pv : Vdx
@ 0 /e (2.10)

T
+/ / pldivp— < up Vo,V >=0,
0 Q

where we give sense to the diffusion terms by rewriting him according to \/p and /pv:

< pVu,Vp >=— /ﬁ(ﬁvj)aiigojdx dt — /2\/ﬁvjai\fp8i90jdm dt

Similarly we have exactly the same type of definition for system (1.1).
< pVu,Vp >= — / VPV pvj)Osp dx dt — /2\/ﬁvj3i\/ﬁ8i<pjdm dt.

Main results

We obtain in this paper the existence of global weak solutions (more exactly the stability
of global weak solutions) for systems (1.5) and (1.7). For system (1.7) we obtain the
following theorem.

Theorem 2.1 Let 1 < v < p withp=+4oc if N =2 and p =3 if N = 3. Assume that
we have a sequence (pp, vy) with v, = U, + ﬁVIog pn of weak solutions of system (1.7)
satisfying entropy inequalities (3.23) and (3.24) with initial data:

(pn) ji=0 = po(x) and (pnvn) 1=o = Povg (x)

where pg and vy such that:

pr >0, pb— po in LNQ), phvy — pove in L*(Q), (2.11)
and satisfy the following bounds (with C' constant independent on n):
n|2 7)Y 1
/ (pnleel” 2wy o / L\ mde < C, (2.12)
Q 2 -1 Q Po
and:
,Un’2+6
/ P dx < C, (2.13)
Q 2

Then, up to a subsequence, (pn,/PnVn,+/Pntn) converges strongly to a weak solution
(p,\/Pv,\/pu) of (1.1) satisfying entropy inequalities (3.23) and (8.24) (the density py

3
converges strongly in C°((0,T), L2 (), \/Pnvn converges strongly in L*(0,T, L} ) and

loc

the momentum m, = ppv, converges strongly in L'(0,T, L} (Q)), for any T > 0).

loc



Remark 3 Let us emphasize on the importance of the gain of integrability on v. This
is due to the specific structure of the diffusion on v which is of the form div(pVv) and
not under the form div(pVv). Following Mellet and Vasseur in [35] we obtain a supple-
mentary entropy on the effective velocity v which is a angular stone of the proof. It also
shall play a crucial role in the theorem 2.4.

Let us emphasize that when N = 3, we have the restriction 1 < v < 3 essentially because
in other case we are not able to derive a gain of integrability on v.

Remark 4 Let us mention that the problem of the existence of global weak solutions
remains open. Indeed in the previous theorem we prove the stability of the global weak
solutions, however it seems very complicated to constructed approzimate global weak so-
lution which verify uniformly all the entropies. We have the same problem in the case of
the shallow water system (see [35]).

Remark 5 Let us point out that compared with [10] we prove the stability of the global
weak solution without assuming that the test functions depend on the solution.

Remark 6 Let us mention that unfortunately we are not able to prove the strong con-
vergence of \/ppn and V. /py in L120c but only the strong convergence of \/pnvn in L?

loc®

Remark 7 We could also obtain exactly the same result for system (1.5).

In the specific case of the system (1.1) we obtain new blow-up criterion in the case of
the torus TV which improves the results in [22]. In the sequel, we will set m = pv and
qg=p—1and ¢ =1In p. We start with recalling some results about the existence of
strong solution (see [22]). Considering the unknown ¢  leads to write the system under
the following form:

g +u-Vq +divu =0,
Oy +u - Vu — pAu — pVdivu — pVq - D(u) + VF(p) = VAG +iV(|Vq ),

(¢, u) t=0 = (In po, ug),
(2.14)

/

with ' (p) = P{Sp ). Let us recall a result coming from [22].

Theorem 2.2 ([22]) Let N > 2 and p € [1,+o0[. Assume that P(p) = ap with a > 0.
Furthermore we suppose that:

/ o L]
9o € Bpo and up € Bylso -

There exists a time T such that (2.14) has a unique solution (¢ ,u) on (0,T) with:

N

A = ~ N2 ~ I
q € LT (Bpoo) N Ly(Bpeo ), and w € LF (Byleo ) N L1 (Bpoo ).

’ N_1
Furthermore it exists €y such that if in addition q, € By, and:

!
q N _ N +l|lugl| ~_, < €.
bl -1+l s



then the solution (¢ ,u) is global and:
~ N_ 1 N ~ Noq N ~ N_4q ~ Noq
g€ L®(Bloo N Byse) N L (Bl N By ), and ue L®(Blw )N LY (B ).
(2.15)

Remark 8 Let us point out that we only solve the system (2.14) which is equivalent to
(1.3) only if we control the vacuum. In [22], we obtain the previous theorem only when
p = 2, we are going briefly giving a sketch of the proof in the appendiz.

Theorem 2.3 ([22]) Let P be a suitably smooth function of the density and 1 < p <

ﬁ—l—i—e X ’ ’ ﬂ+€
+o00. Let ug € Bpoo with € >0 and ¢y € Bss such that py > ¢ > 0.
There exists then a positive time T such that system (1.1) has a unique solution (q ,u)
with p bounded away from 0 and:

Ny +e +e Noittd

’ ~ € ~1 %+2 ~ %71 € ~ p
q € C([()?TLB ) N LT(Bp,l )7 u € C([OaT];Bp,l ) NnL ([O¢T]aBp,1 )7

D)1
and it exists C > 0 and § > 0 depending only on the physical coefficients such that:

C
>
(L fluoll x_yo +Ilopoll v, )P
Bf B

b, p,00

(2.16)

Remark 9 We are going to give a sketch of the proof of this theorem in the appendiz.
In particular we will emphasize on the estimate (2.16).

Let us give briefly the initial data space in which we will work in theorem 2.4.

Definition 2.1 We say that the initial data (po,uo) verify the conditions (H) if:

N1+ ’ / Ny
® Uy € By © with € > 0 and 9 € B)4 ‘ for any 1 < p < +oo and we assume
that pg > ¢ > 0,

e vy € L, qp € B;,Oo for any 1 < p < 400 and the initial data are in the energy
space, it means:

Vpouo € L?, Vi/po € L? and T(p) € L.
(we refer to the proposition 3.1 for the definition of 1)

Let us give now our main result.

Theorem 2.4 Let P(p) = ap with a > 0. We assume that (po,uo) follows the condition
(H) of the definition 2.1 and let (p,u) the solution of system (1.1) on the interval (0,T").
We can then extend the solution beyond (0,T) if:

N

1 1
ve LP((0,T), LYTY))  with =+ 30 =5 d 2<p <400, N < g <+, (2.17)
P 2q



v e C([0,T], LY (TV)) (2.18)

or if for any € > 0 arbitrary small:

plel{psa} € L=((0,T), LY(TY)). (2.19)

Remark 10 This result has to be considered like a Prodi-Serrin theorem on the effective
velocity v. In terms of blow-up condition, he improves widely [22]. In fact the second
condition could be improved as follows (we refer to the proof of theorem 2.4):

p1€1ﬂp|§5} € I7((0,T), L(TY))  with ]19 2]\;: % (2.20)
Let us observe that compared with the compressible Navier-Stokes equation when the vis-
cosity coefficients are constant, we do not need to control a LP*((0,T), L9 (TY)) norm
on p with suitable (p1,q1) but to estimate the vacuum (it means ). In particular it
means that the creation of vacuum is a main obstruction to the existence of global strong
solutions.

Remark 11 We would like to give some comments on the choice on the initial data. In
particular we are working with subcritical initial data in order to have some information
on the lifespan of the strong solution. Indeed it is classical than the time T of existence
18 bounded by below in function of the initial data, this plays a crucial role in our proof.

Remark 12 Let us mention that the condition (2.20) serves essentially to control the
vacuum, we refer to the lemma 12 for more details.

Remark 13 In fact the key of the proof correspond to get a gain of integrability on the
1

effective velocity v, more precisely we are able to control for any 1 < p < +o0 prv in
L>=((0,T), LP(TN)). Unfortunately it seems quite difficult to translate this information
on v only. We would like to mention a very interesting work of Mellet and Vasseur (see
[37]) who gives a criterion for estimating the velocity u in LP((0,T'),L?) space modulo
some integrability control on the pressure terms and some bound by below on the viscosity
coefficients. Let us point out that we can not apply the estimate of Mellet and Vasseur
essentially because the viscosity coefficient is degenerate, it means p(p) = p. In particular
this wviscosity coefficient can not ben bounded by below due the apparition of eventual
vacuum.

Remark 14 We could probably extend this previous result for more general pressure
terms. However it would requires additional informations on the integrability of the den-
sity or on the vacuum, i.e %1{|p|§5} and maybe some restriction on the v if we choose a
v low.

It would be also possible to deal with the euclidian space RN (it does not change a lot,
except that we need to be carreful when we apply interpolation argument.

10



The paper is structured in the following way: in section 3 we prove some new entropies.
In section 4, we give a few notation, some compactness results and briefly introduce
the basic Fourier analysis techniques needed to prove our result. In section 5 we prove
theorem 2.1 and in section 6 we show the theorem 2.4. An appendix is devoted to justify
rigorously the computations involving the effective velocity.

3 New entropies

3.1 Entropy for the system (1.5)

We now want to establish new entropy inequality for system (1.5) and (1.1). More
precisely if we assume that (p,u) are exact solutions of system (1.5), we obtain the
following proposition.

Proposition 3.1 Assume that (p,u) are exact solutions of system (1.5) with P(p) = ap”
(v > 1) then for all t > 0:

/[p|u|2(t,x)+/€|Vﬁ|2(t,:p)+ﬂ(p)(t,x)] dx—l—/ /Vlnp-vadxdt
Q 0 Ja

t t t
b= [ [ olvuPdsdtrs [ [ piDuPdzat v [ [ p(oym e, a)deds
0 Ja 0JQ 0 /0

<] (polol?a@) + Mpo(a)) + w95, Pt.) o).
(3.21)
with (s) = s [* [5 %dz.

Proof: We now want to obtain this new entropy by taking profit of the specific structure
of effective velocity involved in the system (1.5). It suffices to multiply the momentum
equation in (1.5) by v, we then obtain:

¢
/Q (p(t,2) o(t,2) + LL(p) (t,) ) da + / /Q (ot 2) Vo2 (t, 2)
K
+ P ()| Vol (1)t < O /Q (po (@) vo () 2 + TL(po) () da).
By the previous inequality and (1.4) we obtain the desired result. [l

The following proposition comes from [36].

Proposition 3.2 Smooth solutions of system (1.5) satisfy the following inequality when
P(p) = ap” with v > 1:

2
d i 5172 2y—1-3ya25 7\ 2 ° / 25 3\5
= - do < 2l 2-34 dx)? 3.22
yr Qp2+5+4/§2p!v|!W! < /Q(p 2)rde ) () plvlde)?, (322)

for § € (0,14).

Proof: The proof follows exactly the same lines than in [35].
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Remark 15 Let us menti0n5 that from proposition 3.1, we can easily show by interpola-
tion that pY is bounded in L3 ((0,T) x Q) for N = 3 (we refer to the lemma 3 for more

details). In order to prove that pTiév belongs in L>((0,T), L*°(Q)) for § small enough,
2
it is necessary to control the integral fOT Jo (p27’173)2—5 dxdt. Since p is bounded in

L%((O,T) x ), a necessary condition is:
)
2y-l<3ver<s.

It explains in particular why in the theorem 2.1, we assume that v < 3 for N = 3.

For N = 2, we show that p is bounded in L"((0,T) x Q) for any 1 < r < 2. In particular
we have always 2y — 1 < 27, that is why we do not need any assumption on v for N =2
in the theorem 2.1.

3.2 Entropy for the system (1.1)

By proceeding similarly we obtain the following propositions for system (1.1).

Proposition 3.3 Assume that (p,u) are exact solutions of system (1.1) then for all
t>0:

/Q(Plv|2(t, ) +(p(t, x))) dx+/0 /vap Ve dedt (3.23)

+ r.;/o /Qp(aij In p)?(t, z)dtdz < C(/ (polvol*(z) + (po(x))) dz).

Q

Proposition 3.4 The smooth solutions of system 1.1 satisfy the following inequality
when P(p) = ap” with v > 1:

2
d [v]? > § 2 2y—1-3\ 225 2 27 V% 4
+ \V/ < v 235 2 3.2
7 Py 5 /p|v| |Vo|“dx / (,0 2) dx (/ plv] d:U) , )

for 6 €(0,1).

Remark 16 We have the same remark than remark 15 for the system (1.1).

4 Littlewood-Paley theory and Besov spaces

Throughout the paper, C' stands for a constant whose exact meaning depends on the
context. The notation A < B means that A < CB. For all Banach space X, we
denote by C([0,T],X) the set of continuous functions on [0,7] with values in X. For

€ [1, 4], the notation LP(0,T, X) or L%.(X) stands for the set of measurable functions
on (0,T) with values in X such that ¢ — || f(¢)||x belongs to LP(0,T). Littlewood-Paley
decomposition corresponds to a dyadic decomposition of the space in Fourier variables.
Let ¢ € C(RY), supported in the shell C = {¢ € RV /3 < |¢] < %} and xy € C®(RY)
supported in the ball B(0,3). ¢ and y are valued in [0, 1] such that:

doe =1 if ££0.

leZ
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We set QY = (0,27)Y and ZV = (Z/1)"N the dual lattice associated to TV. We decom-

/ . . .
pose now u € S (TV) into Fourier series:

u(x) = Z e’ with g = ] Ne_w'yu(y)dy.
BEZN T

Denoting;
he(x) = ) p(2798)e,
BEZN
one can now define the periodic dyadic blocks as:
1

Agqu(z) = Z (2793 ge P = TV Jow he(y)u(x —y)dy, forall ¢ €Z
BELN

and we have the following low frequency cut-off:

Squ(z) =To+ Y Apulx) = Y x(279B)ige’ .

p<q—1 BEZN

It is obvious that A,u = 0 for negative enough p and formally, one can write that:

u = U + Z Apu.
keZ

This decomposition is called non-homogeneous Littlewood-Paley decomposition.
Furthermore we have the following proposition where C = B(0, %) +C

Proposition 4.5
k= k| >2 = suppp(2™) Nsuppp(2™ ) =1,
k>1 — suppx Nsuppp(2*) = 0,
\k—k/] >5 — 28 Ccn2kc = .

4.1 Non homogeneous Besov spaces and first properties

Definition 4.2 For s € R, p € [1,+c], q € [1,+00], and u € S’ (TN) we set:

1
lullss,, = ([Gol? + > (2" Agullz»)?) 0.
lEZ

(4.25)
(4.26)

(4.27)

The non homogeneous Besov space By . is the set of temperate distribution u such that

”“”Bgﬂ < +00.

Remark 17 The above definition is a natural generalization of the monhomogeneous
Sobolev and Holder spaces: one can show that BS 1s the monhomogeneous Holder

00,00
space C* and that Bj 5 is the nonhomogeneous space H®.

13



Proposition 4.6 The following properties holds:

—N(1/p1—1/p2) ]

1. If py < po and r1 <19 then B; — B;MQ

1,71

! . / . /
2. By, =By, ifs >sorifs=s andry <.

Let now recall a few product laws in Besov spaces coming directly from the paradiffer-
ential calculus of J-M. Bony (see [7]).

Proposition 4.7 We have the following laws of product:

e Forall s € R, (p,r) € [1,+00)? we have:

luvllsg, < Cllullze=llvliz;, + lvllzellulls;,) - (4.28)

e Let (p,p1,p2, 7, A1, A2) € [1,400]? such that.% < p% + p%, p1 < A2, p2 < A, ;1, <
p% + % and % < p% + )\—121 Welhave then theNfollolftfuing inequal]i\lfties:N
if51+52+Ninf(0,1—p—1—p—2) >0, s+ 5 < m and82+x < then:
[|uv]| s1+sa-N(g+5-1) N HUHB;%’T”UHB;S’(X_)? (4.29)
p,r

when s1 + % = pﬁl (resp so + )\ﬂl = p%) we replace Hu”Bf,},rHUHBE%,oo (resp HUHng’O@)

by HUHB;}JHUHBQ,T (resp HU”BZ;mmLOO)’ if 51+ % = pﬂl and sy + % = p% we take
=1.
;fsl—i—sQ:O, s1 € (%—%,%—%} and -+ - <1 then:

HUUHB;LVO%+%_%> S lullgsr vllggs - (4.30)

If |s| < % forp>2 and —g <s< % else, we have:
luvllss, < Cllullsg, vl ~ . (4.31)

Byloo
Remark 18 In the sequel p will be either p1 or ps and in this case % = p%_ p% if p1 < po,

111
resp x = 5> — 5y W2 < p1

Corollary 1 Letr € [1,400], 1 <p <p; < 400 and s such that:

N N\ 1 1
i SE(_pTvE) Zfﬁ"’agl;

N 1 1 Ny ¢l 1
° SE(—E+N(5+E—1),E) Zf5+]71>1,

N

then we have if u € By, and v € BEOO N L>:

<C .
Juvl|g, < HUHB;””UHBﬁmeoo

14



The study of non stationary PDE’s requires space of type LP(0,T,X) for appropriate
Banach spaces X. In our case, we expect X to be a Besov space, so that it is natural to
localize the equation through Littlewood-Payley decomposition. But, in doing so, we ob-
tain bounds in spaces which are not type L”(0,T, X) (except if » = p). We are now going
to define the spaces of Chemin-Lerner in which we will work, which are a refinement of the
spaces L.(Bj ).

Definition 4.3 Let p € [1,400], T € [1,+00] and s; € R. We set:

~ I
lullzo oy = (ol iy + 3027 A0 1))
lEZ

1
p

We then define the space Z%(B;}T) as the set of temperate distribution u over (0,T) x RV
such that ||lul|z, (B < +oo.
T p,r

We set éT(Eng) = E%o (E;l,,) N C([0,7], ByL). Let us emphasize that, according to
Minkowski inequality, we have:

lullze mony < Nullposzyy i = p0 Nullze oy = Nl sy i 7 < p.

Remark 19 [t is easy to generalize proposition 4.7, to E%(B;}T) spaces. The indices s1,
p, r behave just as in the stationary case whereas the time exponent p behaves according
to Holder inequality.

In the sequel we will need of composition lemma in Eé(B;J) spaces.
Lemma 1 Let s >0, (p,7) € [1,+00] and u € E;(B;ﬂ,) N LYP(L>).

1. Let F € WET2®(RNY such that F(0) = 0. Then F(u) € LA(B2..). More precisely
T p7r

loc

there exists a function C depending only on s, p, r, N and F' such that:

HF(U)HZ;(B;,T) < C(H“HL%’?(LOO))HUHZ;(BZW)-

2. Let F € W[SH?”OO(RN) such that F(0) = 0. Then F(u) — F (0)u € E%(B;T). More

loc

precisely there exists a function C depending only on s, p, r, N and F' such that:
! N 2
1)~ F O)ullzy g, ) < Cllulage o) g e

Let us now give some estimates for the heat equation:

Proposition 4.8 Let s € R, (p,7) € [1,+c]? and 1 < ps < p1 < +oo. Assume that
up € BS, and f € Lf? (B;;2+2/p2). Let u be a solution of:

p,T
{ O — plAu = f

Ut=0 = UQ -
Then there exists C' > 0 depending only on N, u, p1 and py such that:
~ L L,l 1+L,L
Hu - uOHEpTl(BZ,tQ/pl) < C((l + T )HUOHBS,T +prz (1 +T" e 2 )Hf”Z?(B;;Q'*'wp?)) :

If in addition r is finite then u belongs to C([0,T], B, ).
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We would like to finish this section by giving very useful propositions of compactness
that we shall often apply. We are going to recall the so-called Aubin-Lions theorem.

Proposition 4.9 Let X << B < Y be Banach spaces (with X which is compactly
imbedded in B) and (fn)nen a sequence bounded in L((0,T),B) N L'((0,T),X) (with
1 < q < +00) and (& fo)nen bounded in L'((0,T),Y). Then (fn)nen is relatively compact
in LP((0,T), B) for any 1 <p <gq.

Let us recall now the theorem of Arzela-Ascoli.

Proposition 4.10 Let B and X Banach spaces such that B —— X is compact. Let
fn be a sequence of functions I — B (with I an interval) uniformly bounded in B and
uniformly continuous in X. Then there exists f € C°(I, B) such that f, — f strongly in
f€CI,X) up to a subsequence.

Lemma 1 Let K a compact subset of RN (with N > 1) and v¢ a sequel such that:
e v is uniformly bounded in L'T(K) with o > 0,
e v converge almost everywhere to v,

then v¢ converges strongly to v in L*(K) with v € L'T¥(K).

Proof: First by the Fatou lemma v is in L*%(K). Next we have for any M > 0:

/ |v€ —v|dx < / |v¢ — v|dz +/ |v¢ — v|dz. (4.32)
K Kn{|ve—v|<M} Kn{|ve—v|>M}

We are dealing with the second member of the right hand side, by Holder inequality and
Tchebychev lemma we have for a C' > 0:

/ o oo < ([ ot = ol edn) FE (o - of 2 M,
Kn{|ve—v|>M} K

C
<.

- MT+a

(4.33)

In particular we have shown the strong convergence of v¢ to v, indeed from the inequality
(2) it suffices to use the Lebesgue theorem for the first term on the right hand side and
the estimate (4.33) with M going to +oo. O

5 Proof of the theorems 2.1

We now present the proof of theorem 2.1 inspired by [35]. To begin with, we need to
make precise the assumptions on the initial data.
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Initial data:

We recall that the initial data must satisfy (2.8), and (2.9) in order to take profit of the
entropy inequalities from section 3:

e p is bounded in LY(Q) N L7(Q), p > 0 a.e in €,
e pf|up|? is bounded in L'(Q),

e V./p§ is bounded in L?(Q2),

e pB|vg|?*° is bounded in L'(£).

With those assumptions, and using the entropy inequalities (3.21), (3.22) and the mass
equation, we have the following bounds:

IVPnll o= ((0,1),22(02)) < C

lonll Lo 0,m),L7(2)) < C,

IV/Pnunll L (01),2(2) < € (5:34)
v/Pn0ii 0 pull 20,1y <) < C,

VP Vun |l 20,1)x0) < C,

and for ¢ small enough:

R

-1
% VZpZIIB«O,T)xm <G (5.35)
Hpn|vn| * ‘|L°°((0,T)7L1(Q)) <C.

Remark 20 Let us point out that the gain of integrability on v, in (5.35) is a direct
consequence of the remark 15.

From the previous inequalities, the bounds (5.34) and (5.35) yields the following uniform
bounds on the effective velocity v,:

[vonVn| r201)x0) < C,
IVVonllLe 0,302 (02) < C,s

., (5.36)
IVoi ll2(0,1)x0) < C,

llonlvn > || Lo (07,11 (0)) < C-

The proof of theorem 2.1 will be derived in three steps and follows the proof of [35].
In the first step, we deal with the strong convergence of the density (which enables us
to treat the convergence of the pressure term). In the second step we prove the strong
convergence of \/ppv, in LY ((0,T) x R) (it allows us to give sense to the momentum
product ppv, @uy,) by taking advantage of the uniform gain of integrability on v™ via the
entropy inequality (3.22). Indeed it will suffice to use the lemma 1 after proving almost
everywhere convergence via Sobolev injection. In this part, we also shall deal with the
strong convergence in the distribution sense of the product \/pn/pnvn. The last step

shows the convergence of the momentum term /p,v, to \/pu + vap.
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Step 1: Strong convergence of p,

The first step consists in proving the convergence almost everywhere of p, to a limit p
in order in the sequel to apply the lemma 1 for proving the strong convergence of P(p,,)
to P(p).

Lemma 2 For any T > 0, p, converges up to a subsequence strongly to a limit p in
LP((0,T), L} () with 1 < p < 400 and ¢ = 3 — a with a > 0 small enough if N = 3

loc
and 1 < q < +oo if N =2.
As a consequence up to a subsequence, /py, converge almost everywhere to p. Furthermore
l—a,%

pn strongly converges to p in C(0,1;W, (Q)) with o > 0 small enough.

oc

Proof: Indeed from (5.34) and (5.36), we know that V. /p,, is bounded in L>((0, T'), H(£2)).
Furthermore from the mass equation, we have:

1 .
Ot/ Pn = —5,/pnd1vun — Uy, - V/Pn
1
= 5,/pndivun — div(up~/pn),

From (5.34) we obtain that d;,/p, is bounded in L%((0,7), H1(Q)) for any T > 0.
Thanks to Aubin-Lions Lemma 4.9, we conclude to the strong convergence in Lf ((0,T), L(2))
of p, to a limit p up to a subsequence. A direct consequence is that p, up to a subse-

quence converges almost everywhere to p.

1—a. 3
We are now interesting in proving that p, strongly converges to p in C(0,T; W, “2(f2))

loc
with o > 0 small enough. To do this we are going to use the Arzela-Ascoli proposition

4.10.Sobolev embedding implies that /p;, is bounded in L*>(0,T"; L4(2)) for ¢ € [2,400]
if N =2andq € [2,6] if N = 3. It implies that p,, is bounded (by interpolation for
N = 2 and the fact that p, is bounded in L>((0,T), L*(2))) in L>°(0,T; L3(2)), and
therefore:

Pnln = \/pPn/Pnln is bounded in L*(0, T} L%(Q))

By the mass equation we deduce that O:p, is bounded in L*°(0, T} Wﬁlg(Q)) More-
over since Vp, = 2,/p,Vy/pn, we also have that Vp,, is bounded in LOO(O,T;L%(Q))
and finally p, is bounded in L*(0, T} ng(Q)) (by using still an interpolation argu-
ment for proving that p, is bounded in LOO(O,T;L%(Q)) ). Since 0;p, is bounded in
L*>((0,T), Wﬁlg(Q)) we show that p, is uniformly continuous on (0,7") in Wﬁl’%(Q).
By interpolation between Wwl2 (©2) and whs (), we obtain that p,, is uniformly contin-
uous on (0,7 )Sin Wl_a’%(Q). We conclude by using the Arzela-Ascoli proposition 4.10

3 a3
with B =W, 2(Q) and X = W,_"2(9).
Lemma 3 The pressure p,, is uniformly bounded in L%((O,T) x Q) when N = 3 and

L™((0,T) x Q) for all r € [1,2] when N = 2. In particular, p,, converges to p? strongly
in L}, °((0,T) x Q) with € > 0 small enough with p=32 if N =3 and p=2 if N = 2.

loc

X
Proof: Combining inequalities (5.36) and (5.35) implies that ps is uniformly bounded
in L2(0,T; H'()).

18



X
When N = 2 by Sobolev embedding p7 is uniformly bounded in L?(0,T; LP(2)) for all

/

p € [2,00[. We deduce that p;, is uniformly bounded in L(0,T; LP (Q)) N L*(L1(£2))
for all p’ € [1, +oo[, hence by interpolation py, is bounded in L"((0, T) x Q) for all ~ € [1, 2].
When N = 3, we get by Sobolev embedding that pj, is uniformly bounded in L' (0, T'; L3(£2)).
As p;, is also uniformly bounded in L>((0,T), L*(€)), by interpolation we have:

2 3
||p%||L%((07T)><Q) S ||p’7yl||[5/°°(07T;Ll(Q))Hp%Hzl(O,T;[ﬁ(Q)) S M < +OO

Hence p,, is bounded in L3 ((0,T) x Q). By using that p,, converges up to a subsequence
almost everywhere to p and the previous uniform bounds on p;, we conclude the proof
via the use of the lemma 1. O

Step 2: Convergence of ,/p,u, ® /pnvn and /prvn,

The strategy remains the same, it suffices to prove that in a certain way /p,v, converges
up to a subsequence almost everywhere to a limit /pv and to use the lemma 1 by taking
advantage of the gain of integrability on v, via (5.36).

Lemma 4 Up to a subsequence, the momentum m,, = p,v, converges strongly in L>=¢(0, T} Ly .(Q))
(for any € > 0 small enough) to some m(x,t) for all p € [1, %) It implies that:

PnUn — m  almost everywhere (z,t) € (0,T) x €.

Remark 21 We observe that we can define v(t,z) = ?((ttf)) outside the vacuum set

{p(t,z) = 0}, the only thing to check is to know if m(t,z) is zero on the vacuum set.

Proof: We have:
PnUn = A/ Pn/ PnUn,

where /p, is bounded in L>(0,T; L4(Q)) for q € [2,+oc[ if N = 2 and ¢ € [2,6] if
N = 3. Since \/ppvy, is bounded in L*°(0,T; L%(£2)), it shows that p,v, is bounded in
L>(0,T;L9(2)) for all ¢ € [1,3]. Next we are going to prove that m,, is bounded in
Sobolev space in order to use Aubin-Lions proposition 4.9. We have:

9i(pnvl) = pnOivl + v10;py,
= VPnv pnazvqjl + 2\/ anﬁ;aiv Pn-

Using (5.36) the second term is bounded in L°°(0,7T; L'(£2)), while the first term is
bounded in L2(0,T; L4(Q)) for all ¢ € [1, 3]. Then V(p,vy,) is bounded in L2(0, T; L}, .(2)).
It implies that p,v, is bounded in L?(0,T; VVi)cl(Q)) It remains to obtain estimates on
O¢(pnvn), more precisely we have:

for all compact K, 9(p,vy,) is bounded in L*(0, T} W_Q’%(K)). (5.37)
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To show (5.40), we consider the momentum equation of system (1.7), first we observe
that using (5.34) and (5.36):

div(y/pPrvn @ /poun) € L0, T; W HHK)),
Vpl € L®0,T; W LK),

So we only have to deal with the terms div(p,Vv,). In this goal, we write:
pnVun, = V(ppvyn) — vy 0 Vo, (5.38)

The second term in (5.38) can be written as:

v Vpp = 2\//Tnvnv\/ P,
which is bounded in L>(0,T; L*(9)) in view of (5.36). The first term in (5.38) can be

rewritten:

Vipnvn] = V[M(mvn)]a

which is bounded in L*°(0, T’ W‘lg(Q)) thanks to lemma 2.

It implies that p, Vv, is bounded in L*(0, T} W_l’%(K) + LY(K)), and by Sobolev em-
bedding we have L'(K) C W_l’%(K) and W_l’%(K) C W_l’%(K). It suffices to show

that div(p, Vv,) is bounded in L*°(0, T} W‘Z%(K)). We have final proved (5.40).

Since ppvy, and 8 (pnvy) are respectively bounded in L2(0, T; W,= (Q)) and in L2(0, T'; W_Q’% (Q)),

loc loc
by the Aubin-Lions proposition 4.9, p,v, strongly converges up to a subsequence to a
limit m in L27¢(0,T; LP(K)) for all p € [1,2) and any € > 0 small enough. O
Lemma 5 The quantity \/pnvnconverges strongly in L _((0,T) x Q) to % (defined to
be zero when p =10).
In particular, we have m(t,x) =0 a.e on {p(t,z) = 0} and there exists a function v(t,x)

such that m(t,x) = p(t,z)v(t,x) and:

V/Prtn is bounded in L®((0,T), L*T*(Q)) for a > 0 small enough,
VP = \/pv strongly in L3.((0,T) x Q).

(Let us point out that v is not uniquely defined on the vacuum set {p(t,x) = 0}).

Proof: First of all, since \’7/}% is bounded in L>(0, T; L*(Q2)), Fatou’s lemma yields:

2
/liminf M gy < +00.

Pn
In particular, we have m(t,z) = 0 a.e. in {p(t,z) = 0}. So if we define the limit velocity

by v(t,z) by setting v(t,x) = ?((tt’xx)) when p(t,z) # 0 and v(t,x) = 0 when p(t,z) = 0,

we have:
m(t,x) = p(t,)v(t, )

2
/mdac = /p|v|2da: < +o00.
p

20
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For o small enough, we have:

a1l —2«

a 1)
/(pn|vn|2)1+ad$ < (/ pn|Un‘2+ad1:) 22++26 (/ pn572ad$)—2+6 )
Q Q Q

We observe that when a goes to 0 then 55"‘_‘% goes to 1. By using (5.35) and the

fact that p, is a least bounded in L>((0,T),L*(2)), we conclude that ,/pnv, is in
L>=((0,T), L?*t%(2)) for a small enough.

Moreover, Fatou’s lemma implies that:
/p]v|2+5d:v < /lim inf pp|vn|>Toda
< lim inf/pn\vn\2+5dx,
and so plv|?*? is in L>(0,T; L' (Q)).

Next, since m,, and p,, converge almost everywhere, it is readily seen that in {p(¢, z) # 0},
/PnUp = \/mpln converges almost everywhere to /pu = %. The natural idea now consists

in applying the lemma 1, we have only to be careful as ,/pnv, converges a priori almost
everywhere only on A = {p(¢t,z) = 0}. In order to overcome this difficulty we are just
going to decompose 2 as follows:

Q= (“Cyy A)u(‘CyynA)ucCy
with: )
Cir ={lpa" va| = M}.
We have then:

/|,/pnvn—m|2dx:/ --~dx—|—/ ---d$—|—/ eedx. (5.39)
Q VP e, A) c (cCTNA)

Concerning the two first terms on the right hand side, we easily prove that theses terms
goes to 0 when n goes to +oo by following the proof of the lemma 1. The only new term
is the last one on the right hand side of (5.39) which deals with the set A. More precisely

on (“°CY; N A) we have % =0 and on (“C}; N A):

n
M

m 1—52
|/ Prvn — %|2 = |\/pnvn|* < M?p, 7 =0 ae.,

because p,, converges to 0 on A. From the fact that p, converges almost everywhere on
(°CYy N A) and the bounded on p, in L*>((0,7), L2(£2)) by the lemma 1 we deduce that:

It conclude the proof of the lemma. O

Lemma 6 /p,u, ® /pnvn converges in the distribution sense to /ppu @ \/ppv.
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Proof: It suffices to observe that \/pnu, converges weakly in L?(0,T,L*(Q)) to \/pu
and /pnvy, converges strongly in L? ((0,T) x Q) to V/pv. We have then for all ¢ €
C3e((0,T) x ):

/OT/Q(\/Pinun@J\/p*nvn)cpdxdt% /OT/Q(\/EU(X)\/ﬁv)cpdxdt.

Lemma 7 We have:

’

pnVu, = pVu in D,

Proof: Let ¢ be a test function, then:
/anUngZ)d:cdt = /pnvnv¢dxdt+/vann ¢dxdt

_ / VB Prvn)V pdadt + / VononV (24/pm) dadt.

Thanks to lemma 2 and 5, we know that /p, and \/pp vy, converges strongly in L7 ((0,T)x
1) what is enough to obtain the convergence of the first term.Next as \/p,, converges
strongly to /p in L7 _((0,T) x Q) and that V./p, is bounded in L} ((0,T) x ), it
implies that:

V/pn = V/p Li.((0,T) x ) — weak.

And we conclude for the second term as \/p,v, converges strongly in L? ((0,T) x ). O

: 2K
Step 3: Convergence of ,/p,v, to /pu + m Vp

Lemma 8 Up to a subsequence, the momentum (mi), = ppu, converges strongly in
L2750, T; LY (Q)) (for any e > 0 small enough) to some my(z,t) for allp € [1,3). It
implies that up to a subsequence:

Py — m  almost everywhere (z,t) € (0,T) x .

The quantity \/ppuy strongly converges in ngojf((o, T) x Q) (for any € > 0 small enough,)
to % (defined to be zero when p =0).

In particular, we have my(t,x) = 0 a.e on {p(t,z) = 0} and there exists a function u(t,x)
such that m(t,z) = p(t,x)u(t,z) (Let us point out that u is not uniquely defined on the
vacuum set {p(t,z) = 0}).

3_¢

The quantity Vp, strongly converges in L*~<((0,T),L2_. (Q)) (for any € > 0 small

enough) to Vp. It implies that up to a subsequence V./py,, converges almost everywhere
to Vy/p on {p # 0}.

Finally we have:

2 /
Prtn — /pu+ fv\/ﬁ = Jpv in D (Q),

Remark 22 Let us mention that unfortunately we are not able to prove the strong con-
vergence of /pntn and V./py in L120c but only the strong convergence of \/pnvn in L?

loc®
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Proof: We have:
PnUn = +/Pny/PnUn,
where /p,, is bounded in L*(0,T;LI(2)) for q € [2,4o00[ if N = 2 and ¢ € [2,6] if
N = 3. Since /ppuy is bounded in L>(0,T; L?(R)), it shows that p,u, is bounded in
L>(0,T;L9(2)) for all ¢ € [1,3]. Following the lemma 4 we are interested in proving
that pnpu, is bounded in Sobolev space in order to use Aubin-Lions proposition 4.9. We
have: A A A
9i(ppu,) = pnoiul, + ul,0ipn
= VPnv pnazu% + 2\/ pnugzai\/ Pn-

Using (5.34) and (5.36) the second term is bounded in L>(0,7T; L*(R2)), while the first
term is bounded in L%(0,7;L4(Q)) for all ¢ € [1,2]. Then V(p,u,) is bounded in
L*(0,T; L}, ().

It implies that p,u, is bounded in L?(0,T; T/Vlicl(Q)) It remains to obtain estimates on
O(pnuy,), more precisely we have:

for all compact K, 0;(pnuy) is bounded in L?(0, T; W_Z%(K)) (5.40)

In order to prove (5.40), we deal with the momentum equation of system (1.1), first we
observe that using (5.34) and (5.36):

div(y/pntin @ /potn) € L0, T; W H(K)),
Vol € L0, T; W 1(K)).

So we only have to deal with the terms div(p,Du,) and divK,. From the appendix, we
recall that:

divK,, = div(y/pn/pnVV 10 py,).

Then by (5.34), we check that \/p,\/pnVV Inp, is bounded in LQ((O,T),L%(Q)), then
div(y/Pur/AnV'V In p,) is bounded in L2((0,T), W12 (€)).

It remains to treat the term div(p, Duy,) which is bounded in L2((0,7), W~12(Q2)). By
Sobolev embedding we conclude that 0;(p,uy,) is uniformly bounded in L2((0, T, WwL3 (€Q)).

93
Since pnu, and O (p,uy, ) are respectively bounded in L2(0, T’ I/Vllocl(Q)) and in L2(0, T} VVZOCQ’2 (Q)),
by the Aubin-Lions proposition 4.9, p,u, strongly converges up to a subsequence to a
limit my in L*7¢(0,T; LP(K)) for all p € [1,3) and any € > 0 small enough.
To prove that \/ppu, converges strongly in LZQO_CE((O7 T) x Q) is a direct application of the
lemma 1 in the spirit of the proof of the lemma 5.
3
5—€

In order to prove that Vp, strongly converges in L?>~¢((0,T), L} (€)), we are going to
take advantage of the bounds on /p,Aln p, in L?((0,T), L*(2)). Indeed we have:

Apn = /pu(VPnA 0 py) + 4V /P2,

we can show by (5.34) that Ap,, is uniformly bounded in LS°(L(2)) + L%((0,T), L%(Q))
and so in L?(0,T), L*(2)). We easily prove that 9;(Vp,,) is bounded in LOO(W_2’% ). BBy

3_
5—¢€

Aubin Lions theorem, we deduce that Vp, strongly converges in L*~¢((0,T), L2 (2)).
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It implies that up to a subsequence Vp, converges a.e to Vp and prove that V./p,
converges almost everywhere to V,/p on {p # 0}.

As \/pn and /ppu, strongly converge, it is easy to see that \/pv = /pv + ﬁV\/ﬁ which
concludes the proof of the lemma. O

6 Proof of theorem 2.4

Concerning the existence of strong solution on a finite interval (0,7) in the theorem
2.4 with such initial data, we refer to [22] or to the appendix for a sketch of the proof.
Let us mention that in the sequel we shall work in many case with unknowns of null
average, in particular we will have to consider the variables p(¢,z) — ﬁ Jon p(t,y)dy,
u(t,z) — TLN Jpn v(t, y)dy.For the simplicity we will omit this fastidious notation and we
will only use the notation p and v. Let us mention briefly that we control TLN o~ Pt y)dy
as v Jpn p(t,y)dy = TLN Jr~ po(y)dy. It will be also the case for TLN Jp~ v(t,y)dy due to
some control on the vacuum (indeed we observe that the momentum pv is controled).
We now would like to focus on the result of blow-up of the theorem 2.4 and in particular
to prove that the estimate (2.17) and (2.20) are sufficient in order. To do this, we shall
derivate new regularizing effects on the density p combining with some important gain
of integrability on the effective velocity v. Indeed the key of the proof is to obtain
enough integrability on v (more precisely we will see that for any 1 < p < 400 v belongs
in L>((0,7), LP(T™)) in order to get regularizing effects on the density via the first
equation of system 1.1 (which is a heat equation with a remainder term which depends
on v).

First step: Gain of integrability on v, for any 1 < p < +oo v is in L>((0,T), LP(TV))

In this part, we are going to prove that the effective velocity v is in L>°((0,T), LP(TY))
for any 1 < p < +o0 due to our choice on the pressure P, it means P(p) = ap with a > 0.
We also refer for a similar result to [37].

Lemma 9 Let (p,v) our strong solution defined in the definition 2.1, then it exists
C(T) > 0 depending only on the initial data of theorem 2.4 (more precisely from the
energy data conditions /poug € L*(TV), I(pg) € L*(TN) and V/py € L*(TV)) and of
the time T such that:

1 t
G [ ohpades [ [ plop Vol (s.apdsds
TN 0 JTN

p
+ (- 2)/0 /TN p(z 0;(Jv[?)? v~ (s, x)dtdx) < C(T).

Proof: As in [28], we now want to obtain additional information on the integrability of

1
v, and more precisely to show that prv is in any L (LP(TV)) with 1 < p < +o00. To do
it, we multiply the momentum equation of (1.1) by v|v[P=2 and integrate over TV, we
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obtain then:

1
/ p@t(\v]p)dx—l—/ pu - V(’ Ll )dm—i—/ plvP~2|Vo|2da
pJrN TN ™ (6 41)
+(p—2) / vajvkalv](?vﬂﬂp 4d:n+/ lv|P~2v - V(ap)dz = 0.
™~
4,9,k
Next we observe that:
1 2 1
S vsdiusdie = 3 (3 viding)” = 3 [0:(0P)] = V()P
ij.k i i
We get then as div(pu) = —dyp and by using (6.41):
1 2 _
> ooloPraa [ ol 2iutas+ B2 [ oo tas
b JrN TN 4 TN (642)

—I-/ [v|P~v - V(ap)dz = 0.
TN
We have then by integrating over (0,¢) with 0 < ¢ < T"
1
/ (p]v|p)(t x dx—i—/ / plvP~2|Vo|?(s, 2)dsda
p
p 2) 4 1
HP P4 (s, 2)dsdx < < (p0|v0\p)( )dx (6.43)

+|// [v|P~v - Vap(s, x)dsdx|.

We now want to take the sup of the previous estimate on (0,7"), we have then:

sup (2 /TN(MUV’)@ . d:c+/ / P02 (Vo (s, ) dsda

t€(0,T)
p 2 p—4 1 D
)P wP~4(s, x)dsdr) < — (Po’vo| )(x)dx (6.44)
+ sup |/ / [v|P~2v - V(ap(s, z))dsdz|.
te(0,T) TN

By integration by parts we have:

t t
/ / [v|P~2v - Vap(s, x)dsdx = —a/ / div(|v|P~%v)p(s, z)dsdz.
0 JTN o JTN
We have then:

div(|v|P~2v) = |v|P~2div(v) + (p — 2)|[v[P~ % - (v - Vo).

We now are interested in bounding the term supe (o 1) | fg Jon [P0 - Vp(t, z)dtdz| in
(6.43). To do this, we would like to apply Hélder’s inequalities, indeed we have:

p—4 P_1q %_l p_q 1
ool (v V)| < Cly/plul-190] x |oF 5 [ol 1] x |p5).
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By Hélders inequalities we can prove that |p|v|P~%v - (v - Vv)| is in L} (L' (TY) with:

sup // lplvP~4 - (v - Vv)|deds < sup (\/%||\/E”U|§_1V'U||L%(L2(TN))
te(0,T) N te(0,T

p
1\H

1
(L%(TN))HWHL;"’(LP(TND)’

< sup (VE|y/plult 1vv\|Lg(L2(1rN)) sup (/’JFN plol [P (z)dz)

t€(0,T) s€(0,t)

x [|p? 7 o] #

_1
P

=

1
”ppHLtOO(LP(TN)))‘

(6.45)
Now we set:

AW =G [ ez [ [ ol 9o s

b JrN§
) t
+(p)/ / p|Vvlv[P~4(s, z)dtdz).
4 0 TN

_1 L
sup A(t) < C(l + \/T( sup A(t))1 p”pOHEOO(LI(TN)))
te(0,T) te(0,7) T

We have then from (6.44) and (6.45):

We deduce then that supc(o ) A(t) is finite. In particular, we obtain that p%v is in any
L (LP(TN)) for 1 < p < +oo. O

Step 2: Regularizing effect on the density p

Lemma 10 The density p belongs in LOO((O,T),B}),OO) for any N < p < +oo and the
nom in L>°((0,T), B} .,) depends only on the initial energy data.

1
Proof: We have then obtain that for any 1 < p < 400, p»v belongs to L>((0,T), LP(T)).
We now want to take into account this information to obtain regularizing effects on the
density via the first equation of (1.1) (which is a heat equation):

Oq — gAq = —div(pv). (6.46)

In the previous equation and In the sequel we assume that ¢ has zero average (it suffices
just to consider the unknown q — T% fT ~ qdzx). Our goal is to transfer the information on
the integrability of v (which is a subscaling estimate) on the density p. More precisely
we have by proposition 4.8 for any 1 < p < 400:

Hq”ZOO((O,T),B;,OO) < C(T)(HQOHZoo(le)’OO) + ||pv||Z%O(ngoo))' (6.47)

We now need to prove that pv is in L>((0,T), B) ). As p%v is in L>((0,T), LP(TV)),
we have then:

_1_ 1 1 _1
H(Pl p)PpUHLOO((O,T),LP('JTN)) < ||ppv||L°°((O,T),LP(’JTN))||P1 p”L;O(Loo(TN)), (6.48)
1 .

1 -2
< C(p)HpPUHLOO((O,T),LP(TN))(1 + ||Q||LoTo(Loo(TN)))-

26



By injecting (6.48) in (6.47) and using the fact that LP(TY) is embedded in B ., we
obtain that:

1
gl zoe 0,1y, ) < C@T)l90l goe sy ) + 07 0ll oo (0,7, Lo(T))
’ 1 (6.49)

+ ||P”’||L°o ((0,T),Lp(TN) HQHLNE T)J/oo(er)))'

By Besov embedding we know that B;,oo is embedded in L>°(TY) for p > N large enough.
We obtain by (6.50) that:

1—-

1
lalizoe sy < CO ol gy + NPl oy ol ). (6:50)

We conclude then by bootstrap that ¢ is in L%O(B;’Oo) for p large enough (in fact p > N).
O

Step 3: Estimates on % if we control p% in L2 (LY(TYN))

Now we are interested in getting informations on the vacuum in order to express the

regularity of ¢ =In p in function of the regularity on ¢. To do that we are going to apply

energy estimate on %.

Lemma 11 Let e > 0 and assume that % belongs in L°°((0,T), L*(TN)) then for any

1<p< 4o, ; is bounded in L*°((0,T), L (TN)). Furthermore this bound depends only
on T and the energy initial data.

Proof: We now would like to obtain estimates on %, to do this we will consider the first

equation of (1.1) that we multiply by —pip with p > 2:

1 1 K 1 4dpk 1

p— 1 -0 T - 1)2|V(p%_

1
2

)2 = plpdiv(pv), (6.51)

indeed we have:

K K 1 4pk 1
+ \Y
pp‘l) u(p — 1)2| (p%*

)P

1
2

Our goal is now to integrate over (0,%) x TV the equality (6.51), we obtain then:

1
d 2dsd
—1/TNpp 1(7533) x+ —1 //’J[‘N g%gx)” e

1 1 (6.52)
p—1J~ Pﬁfl(x)dx i |/o /JIN Ediv(pv)(s’x)d‘gdx‘-
We now pass to the sup on (0,7"), and we have:
1 1
G e s | G
pi 1 Jon p‘gi( dm"‘teSl(l]pT / /’ﬂ‘N —div(pv)(s, z)dsdz|).

27



By integration by parts we get:

—di )dsd. ; dsd
//JI‘N iv(pv)(s, z)dsdx| = |p2// Dipv' (s, x)dsdzx|.

We recall that:

| x \vi|(t,1‘). (6.54)

1 : 1
—O;p0*|(t,x) = X
|,0p iP |( ) |p§+2 dip| ‘p

In the sequel we only shall deal with the case N = 3, the other cases are similar to treat.
Now as on the left side of (6.53), we have information on —1—+ in L>((0,T), L?(TV))
p2 2

and on V/( p ) in L2((0,T), L?(TY)) we can assume by Sobolev embedding and inter-
p2 2
polation that:

1 1 1

y
2

NI

2 1
— Lk h-+— = - with 2 2,6].
(pg_% TN Jon pg_%dx)e P(LA(TY))  wit q+3/£ 5 with k € [2,+00],q € [2,6]
(6.55)
We have then:
1 1 1-2 1 2
HEHL';(LQ(TN)) < ||pg_% HL%"p(L?('JI‘N))Hpgi”i%(LG('ﬂ‘N))’
1 1—% N Ly 2
= ﬂ—l”L%(LwN))(”V( |l 3 22 +\f” ez ey T 7).
pz2 pt
(6.56)

We now want to take advantage of the fact that L o belongs to L (LY(TV)) for e arbitrary
small. Indeed the idea is now to use interpolation results in order to absorb the term on
the right side of (6.53) by the left side. More precisely we have by (6.55) that:

1 1
m e LL(LY(TY)) and e e L) (LD (1Y), (6.57)
with:
I =t (6.58)
’“< 2t Lq(pz;el)('ﬂ‘N)) L% (L9(TN))’ ’
Now by interpolation we can show that:
1 1
|| “llze ey < || llLoo L1(TNY) || ||9k(p 1 (6.59)

(LA ()

G 1l 20 1_ 2¢0)
with £ = 727555 and 5 = (1-6)+ oo and 0 < < 1.
We check easily that:

1 Lo
1 T . 6.60
HPGHLT(Lﬁ(TN)) Hpg %”Lg P (1,59 (i) .

From (6.58), (6.59) and (6.60), we obtain finally that:

1 2e6
% H 225a (Lpziﬁl (TN)) || ||Loo 1 TN Hpg_% ||L172(Lq(']1‘N)),(P*1) (661)

HB
2

p
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or:

1 2
N ( 1) p—1) 1)
gl ) S e g Ly 662
We recall that: k: 28 5
e € €q
- d = . 6.63
178 M LTI T 00— g+ 20 (6.63)

By using (6.54), (6.56) and (6.62) we obtain by Hélder’sinequelities:

|/ / —dlv (pv)(t, z)dtdz| < C'H zPHL2 (L2(T))
TN

1
x H g "L§(1+a1)(Lq(1+a2)(T1\l)) HUHLgl (qu (TN))

(6.64)

with a7 > 0, ag > 0 arbitrary small, # depending on a; > 0 and ay (such that 0 < 6 < 1
and 6 goes to 1 when a; and as go to 0) and k', k? such that:

! + 71 + ! 1 d L + 71 + L 1
— _— = an — — = 1.
2 k(l4+a1) k! 2 q(l+oag) K2

From (6.56), (6.64) and (6.62) we have finaly:

‘/ / —dlv (pv)(t,z)dtdz| < C( sup B(t ))H( )%
™ e0.T) (6.65)

H*HLpooz)Ll(TN HvHLkl Lat(TN))

with:

20 1 1 -
B(t) = (p—l/TN ppfl(t,:r)d —1 / /’]I‘N g % t x))| dtd )

When (p—1) > 2¢ we can absorb the term | fg S pipdiv(pv)(t7 z)dtdz| because from the
previous inequality, we have:

(sup B®)><C(+( sup B) @0

v
te(0,T) te(0,T) H HLkl La (TN)))

with 1+ (( 2¢ ))29 < 2. Indeed we can show easily that v is bounded in Lk (Lq (TV)).

To do this, we recall that ,op v is bounded in L3 (LP(TY)) for p enough big. As we control
pl—é in L°(LY(TY)) and that:

1
v = pp’l}7

e
T

It means that v is bounded in L%O(L%(TN )) for p enough big and then v is bounded in
Lk (Le'(TV)).
We have then proved that for any p > 0, pip is bounded in L (LY(TV)). O
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Step 3 bis: Estimates on % if we control v in LI (L% (TV)) or in C([0,T], LY (TV)
with}%—i—%:%and2§p1<+oo,3<Q1§oo

1

Lemma 12 Lete > 0 and we assume that v belongs in LE* (L9 (TN)) orin C ([0, T], LN (TY)
with p%—i-% = % and?2 < p; < 400, 3 < q1 < 0. Then% is bounded in L>°((0,T), LP(TV)).
Furthermore this bound depends only on T and the energy initial data.

Proof: For the sake of the simplicity we are only dealing with the case N = 3, indeed the
case N = 2 is similar. It suffices only to bound ’fg S pipdiv(pv)(t,x)dtdx‘ as follows,
we recall that we have from (6.56):
1
| lzr2((0,7),L02(rvy) < C(T)B(T),

_1
p2 2

with q% + % = % By using (6.54) and the previous inequality we have:

t 1 . 1 1
[ Ly vt oaaa] < Ol Limommeyelin o e,
Indeed we have:
1 1 1 1 1 1
4+ -4+ —=1and -4+ —+4— =1,
2 p2 p1 2 @ ¢
and:
1 3 1 1 31 1 1 3 3,1 2 1
—t—=s—-——+(z—-—)=5+ —s(=+)=3
p1 21 2 p2 22 @ 2 4 2¢q 3p 2

We finally have:

t
1 .. )
—div(pv)(t, z)dtdx| < C(T)( sup B(t)) ||v ’
[} L, et aa| < O s BOFllus o aocemy

PR - 2
< C(T)T@ 0 (sup B(t))[|v]| pore(0.1), La(rvy)-
te(0,T)

This term can be absorbed in (6.53) for T' small enough. To obtain the result on a general
interval (0,7) it suffices to use a density argument, indeed we can easily write v under
the following form:

v = V1 + Vg,

with [|v1]| zr1 (0,7), 201 (7)) small enough in function on T and vy belongs in LP'+<((0,T), L% (TV))
with € > 0. By repeating the previous procedure, it is sufficient for concluding. Indeed
the smallness on vy ensures the possibility to use a bootstrap argument and the gain of
time integrability on ve allows us to develop a Gronwall argument. We proceed exactly
in the same way when v belongs in C((0,7), L3(TV)). O

Final blow-up argument
N

——T€
p1+

Lemma 13 Under the assumption of theorem 2.4, In p belongs in B, | . for € > 0 small

p1

N

Ny
enough and 3 < p1 < 6. Furthermore the norm of Inp in B;117+; depends only on the
wnitial energy data.
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Proof: To do this it suffice to recall that V,/p is in L>((0,T), L*(TV)), and as p%
is in L>((0,T), LY(TY)) for any 1 < a < +o0o we deduce that Vpip belongs in any
L>((0,T), L?>~¢(TV)) for any 1 < p < 400 and any € > 0 small enough. It implies in
particular since p% is in L>((0,T), LY(TY)) for any 1 < o < 400 that for any 1 > p <
+00, p% belongs in any L°°((0,T), W12=¢(TV)) for any € > 0 small enough.

For the sake of simplicity, we are only dealing with the case N = 3, the case N = 2 is
similar. Since for any 1 > p < 400, pip belongs in any L*((0,T), Wh2=¢(TV)) for any
€ > 0 small enough, by Besov embedding and interpolation in non homogeneous Besov
space we have that for any 1 > p < 400, = is in L>((0,7), Bg—e,l) for any € > 0 small

pp
enough.
N

We are now interested in proving that V In p belongs in L>((0,T), B;’llpolﬁ) for a certain
p1 > N and a small € > 0. We are going to use Bony papraproduct (for the classical
notation we refer to [3, 23]), more precisely we have for any 1 < p < 400 and any € > 0
small enough:

1 1
HT%VPHB;;) < ||;HB;5,OO”VPHBB,OO <C@+ H;HBQ’OO)HVPHBIQW'

Indeed by Besov embedding for ¢ large enough and by interpolation we have a control
on % in B

Similarly for the same reasons we have:
1 1 1
1T 55z, < Vol | lag . < OO+ 19l )1l

The only delicate point is to treat carefully the remainder term R(Vp, %), we have then
for any 1 < p < 400 and any € > 0 small enough:

1 1
IR(Yp, ) lmg.. < ClVlag, 5 leg .,
R B | 1
——14€
In conclusion we have prove that for 3 < p; < 6, Vp is in LFP(Bpl ) for any

e > 0 small enough. We can easily observe that % is in L*®((0,T), BY), ) since it is
in L>((0,T), LP*(TN)). It concludes the proof of the lemma. O

N _14e
The idea now consists in proving that u and In p are bounded respectively in L>°((0,T), By

N

Ny
and in L*((0,7), B;lﬂo:. By using the theorem 2.2 and 2.3, we will be able to extend

the strong solution (p,u) on an interval (0,7 + «) with « > 0.
N

N1t

From the previous lemma, it remains only to bound w in L*>((0,7"), By} s *. We recall
1

that we have obtained a bound on prv and % in L°°((0,T), LP(T)) for any 1 < p < +o00

N 14
and that VIinp € L*((0,7), By .« E). In particular we easily verify that v is in any
L>((0,T),LP(TN) for 1 < p < 400. Asu = v — ngnp, we obtain easily by Besov

N
embedding that u is bounded in in L>*((0,7), By~ ). To summarize what we have
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obtained, we have:

N N,

——1+e
ue L*((0,7),Bplo ) and Inpe L>((0,T), Bploo)- (6.66)

N _q N
An important fact is that we easily can prove that if ug € By} oo “and In po € B,fll,oo6
then the system (1.1) has a strong solution (p,u) on (0,T") with 7" bounded by below

as follows: o
T >

(T fJuol| Nyt | In po| %+5)57

p1,00 Bpl,oo

with C, 8 > 0. We refer to [22] for the proof. This is an easy consequence of the fact
that the initial data are chosen subcritical this fact is well-known for the incompressible
Navier-Stokes equations).

It means that there exists a time 7' > ¢ > 0, where ¢ depends only on the physical
coefficients (typically the pressure term, the viscosity and the capillary coefficient) and
the subcritical initial data. We can construct by theorem 2.2 a solution (pi,u;) on
(T — a,T — a +T') with initial data (p(T — «),u(T — «)) (here @ < T'). The only
difficulty is to prove that on (T — «,T) we have:

(,01,7141) = (pa u)

To do this, it suffices only to use the uniqueness part of theorem 1 in [22] or the theorem
2.2. It concludes the proof of theorem 2.4. O

7 Appendix

In this appendix, we only want to detail the computation on the Korteweg tensor and to
give a brief sketch of the proof of the theorem 2.2.

Lemma 14
divK = kdiv(pVV 1Inp) = kdiv(pD(V ln p)).

Proof: By calculus, we obtain then:

. 't
(divK); = (VAp — dlv(EVp ® Vp))j,

. . L1, (7.67)
—0:Ap— “Apdip — —0- Bl .
9;Ap g pip 2p5;\Vp\ + pg\Vp\ dip,
Next we have: 1
Ap=pAlnp+ ;\Vp\z.
We have then:
1 1 1,
9jAp — —Apdip = 0j(pAlnp+ —|Vp|") = Alnpdjp — —[Vp[*9p,
p P P (7.68)

1 2
= pd;Anp -+ 0,(Vol) — [VDj

32



Putting the expression of (7.68) in (7.67), we obtain:
. 1 1
(@ivE), = 0,80+ 5-0,(1Vp) = Vo0 (7.69)
Next by calculus, we have:

1 1
%@'(!VP!Q) - ?\VP\Q@‘P = (8l pdyjp — (9 1n p)*Dsp),

)

= Z 0iInp pd; jInp, (7.70)
p
= 29(mp);
Finally by using (7.75) and (7.69), we obtain:
divK = p(VA(In p) + quvmpﬁ)).

We now want to prove that we can rewrite (7) under the form of a viscosity tensor. To
see this, we have:

div(pV(VInp)); = > 8i(pdi;Inp),

= Z[aipaij In p + p0si; In p|,

7

=p(AVinp); + Z p0; In p0;0; In p),

= p(AV lnp)j + g(V(WlanQ))j,
=divK.

We have then:
divK = kdiv(pVV 1np) = kdiv(pD(V ln p)).

We are now going to give a sketch of the proof of the theorem 2.2.

Proof of the theorem 2.2

We are interested in giving here a sketch of the proof of the theorem 2.2. As a first step,
we shall study the linear part of the system (2.14) about constant reference density, that
is:

ivu = F
(N) {o%q + divu ;

Oyu — aAu — bVdivu — ¢cVAq = G,

We want to prove a priori estimates in Chemin-Lerner spaces for system (N) with the
following hypotheses on a, b, ¢, d which are constant:

0<a<a<M <o, 0<c<a+b< My<oo and 0<c3<c< Mz <oo.
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This system has been studied by Danchin and Desjardins in [16], the following proposition
uses exactly the same type of arguments (see [22] for the proof).

N N
5 +s 5 —1+s

Proposition 7.11 Let 1 <r < 400, 0 < s <1, (g, u0) € By, X (By, W, and
1 pats 1 pa o lhs\\N
(F7 G) € LT(BQ,T ) X (LT(B2,7‘ )) :
Nts+2 Nts Ntst1 Jts—1

Let (Q7u) S (LIT(B2,T ) n L%O(BQ,T )) X ((L%—'(B2,T‘ ))N N (L%O(BQ,T )N) be a
solution of the system (N), then there exists a universal constant C' such that:

Vgu)l . ~ N e SOV o, N IIVEG . 5 ,,.)
II( QU)IIU(B%VHH)HL%O(BZ% ey (Vo uO)HB;%yQﬂ II( )”L;(BQ%V,_ H))

We now are going to prove the existence of strong solutions in critical space for system
(2.14). In particular we recall that the main interest of theorem 2.2 is to allow discon-
tinuous initial data for the density, such that we can authorize discontinuous interfaces.

Existence of solutions

We use a standard scheme:

1. We will use a classical iterative scheme to constructed a sequence of approximated
solutions (¢",u") on a bounded interval [0, 7] which depend not on n. We will get
uniform estimates on (¢",u") in:

~ N N

2 713 t+2 ~ 21 1 patl
ET = (CT(BQ,OO) mLT(‘BZ,OO )) X (CT(BZ,OO )mLT(BZ,oo ))

2. We will prove that the sequence (¢",u™) is of Cauchy and converges to a solution
of (2.14).

First step
We smooth out the data as follows:

Q(T)Z = SnQOa UBL = Spup and ]m = Snf
Note that we have:

VieZ, |Aggller < |Agollr and [lggll ~ < llqoll ~ ,
Byloo Byloo

and similar properties for ug and f", a fact which will be used repeatedly during the
next steps. Now, according [25], one can solve (2.14) with the smooth data (qg, ug, f*).
We get a solution (¢",u") on a non trivial time interval [0, T},] such that:

N N_4

~ N ~ N ~ N ~ N
¢" € C([0,T), B7) NIh(B2, ") and u" € C((0,T,), B, )Nk (B7 ). (771
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Uniform bounds

Let:
¢"=qr+q", u" =ur +u",

where (qr,ur) stands for the solution of:

0, di =0
fous+ s =0, )

Owur, — Aup, — kV(Aqr) = 0,
supplemented with initial data:
qr(0) = qo , ur(0) = uo.

Using the proposition 7.11, we obtain the following estimates on (qr,ur) for all T' > 0:

N

~ o ~ X2 ~ o1 o~ N4
qr € C([0,T], By'ss) N Lp(Bpso ) and uy € C([0,T], Byiw ) N L (Bpiso )-

We let (¢°,u") = (0,0). We now want study the behavior of (g, ii,) where (g, u,) are
the solution of the following system:

oq" + div(a") = F,—1,
(Ny) Oy, — Aty — kV(ATY) = Gp-1,
(G Tn)i—o = (0,0),
where:
Foi=—u"1. Vg,
=—wuy- Vg —u"" Vg, —ub Vg —am v

1
Gt = — ()" 4 uVg" - D 4 AV dive™ T 4 SV (V") - KVt

1) First Step , Uniform Bound

Let € be a small parameter and choose T" small enough so that by using the estimate of
proposition 7.11 we have:

ur|l.  ~,; tllarll. N, Se€
" [ IILlT i | ”LIT(B;;Q) :
€
hul sy +larl < Ao
LE (Bpoo L (Bylo)

We are going to show by induction that:

(Pn), (g™, a") | < Ve

for € small enough with:

> 1+ PN ATl prtt
FT = (C([OaT]va,OO) N LT(BILOO )) X (C([OaT]va,OO ) N LT(BP,OO ))
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As (@",u%) = (0,0) the result is true for n = 0. We now suppose (P,_1) (with n > 1)
true and we are going to show (P,). Applying proposition 7.11 we have:

I e < OUTFims G v (773

Bounding the right-hand side may be done by applying proposition 4.7, lemma 1 and
corollary 1. We begin with treating the case of ||Fn,1||~1 ~ , we have then:
L

P

T p,o0
ur - Var|l.  ~ <ugl. w arll_ v Hllarll. oy, lurll. o~
| I, b | HLlT BP;)H | Pl gzl ; p;?)H | P
Similarly we obtain:
lur - V@ x <lurll w7y 1T s v full N
(Bl Th(Bf ) L5 (Blwo) GBI TAB )
la*-Varll_  x <@H g wg el sy el o @ THL N
L (Bo) 21UV AL R PNV AL (B LF(Bjw
and:
[ 7 OV [ IO [ 1|L v AT o @
Lh(Bfw) (Bl ) L5 (Byfc) LB LF(Bfs )
By using the previous inequalities and (), we obtain that:
IF]l . n < C(240€ + 262 + 2\/eeh + 2e). (7.74)
LL(B7P)

Next we want to control |G| . ~_, . According to propositions 4.7, corollary 1 and
LY (Bpleo )

7.11, we have:

un—l *‘vun—l N un 1 N1 un—l N
(™) IILlT(Bppml S [l it | HL%(B;,’OO

xo, SIVe TP I,

(Vg1
L

7(Bploo T (Bploo)

S HVQ"*IHZ%(BMI IVg"HI
T

L7 (Bploo

1,
2
)

< n—1 n—1
Sy g I

T p,00 T (BPZ:OC )

We proceed similarly for the other terms and we obtain by using (7.73) and the different
previous inequalities:

(@1, Tnr1) [y < CVe(vedo + Ve + ed). (7.75)

By taking 7" and e small enough we have (P,11), so we have shown by induction that
(¢",u™) is bounded in Fr.

The rest of the proof is standard and consists in using compactness arguments for proving
the existence. The uniqueness is also classical and we refer to [22]. ]

We are now going to give a sketch of the proof of the theorem 2.3 by especially em-
phasizing on the estimate (2.16).
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Proof of the theorem 2.3

We are proving the estimate (2.16). It only suffices to recall a more precise estimate on
the heat equation as in the proposition 4.8, indeed we have with the same hypothesis as
in the proposition 4.8 (see [3]) for a constant C' > 0:

1 R N IR S
gy s srony < OO ol + 35~ T5 7)1l v

+[2(

1— e—C’qu1221 1 1 —e C’qu222l -

)7 (25 Aol )]+ [ (

l Cup1 l Cupy
(7.76)
with py, = (1 + p% - pil)_l. For using estimate (7.75), it is only a matter of proving

smallness assumptions on ¢r, and uy, in critical Besov space. Let us remark thatqr and
ur, verify an heat equation (to see this it just suffices to introduces the effective velocity
vp =ur + 4 Var).

By the estimates (7.76) when f = 0, we easily show that:

1 (N_1
Il v < OO ol s+ [T 25 (6 )]

T( p,1

1 120 N
+ 17 laoll x + (S re2m 250 | Auoll)]).

p,1 l

N_1.2
(Tm HUOH N . +Tﬂ1 [2(21( » 1+p1)”Alu0HLP)]
pl l
FT aoll T [ Aaollze)]).
p,1 l

(7.77)

N_ 14 N _
Here we recall that ug belongs in By« “ which is embedded in Bp2,1 ' By choosing p;

large enough such that p% < €, we have shown that:

lecll_,, +z/p1)§CT”1(HuOH v ool v (7.78)

( poo Bpoo

In particular by choosing 7" small enough as in (2.16) we are able to show that uz, is small
N 2

in Lp (B, ™). By interpolation we are then able to show that ur, - Vuy, is sufficiently

N /
+
small in LIT(Bp‘fooE ). To see this, it suffices to apply paraproduct law. We obtain the

same type of estimate on ¢ which allows to show that VP(qr) is small in appropriate
norm.

In particular it is sufficient on (0,7") for applying bootstrap estimate in (7.75). O
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